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A STATISTICAL STUDY OF EBR-I1 mTEL ELEMENTS 
' MANUFACTURED BY THE COLD LINE AT ARGONNE-WEST 

AND BY ATOMICS INTERNATIONAL 

A. L. Harkness 

ABSTRACT 

Nine elements from each ba t ch  of f u e l  elements manufactured f o r  t h e  

EBR-I1 r e a c t o r  have been analyzed f o r  U-235 content  by NDA methods. These 

va lues ,  t oge the r  wi th  those  of t h e  manufacturer ,  a r e  used t o  e s t ima te  t h e  

product va r i ance  and t h e  va r i ances  of t h e  two measuring methods. These 

va r i ances  a r e  compared wi th  t h e  va r i ances  computed from t h e  s t i p u l a t i o n s  

of t h e  c o n t r a c t .  A method is  derived '  f o r  r e s o l v i n g  t h e  s e v e r a l  va r i ances  

i n t o  t h e i r  within-batch and between-batch components. Some of t h e s e  v a r i -  

ance components have a l s o  been es t imated  by 'independent and more f a m i l i a r  

convent ional  methods f o r  comparison. 



F u e l  e lements  f o r  t h e  EBR-I1 r e a c t o r  a t  Argonne-West have been prepared i n  

s e v e r a l  j ob  l o t s  by t h e  Cold L i n e  a t  Argonne-West and by Atomics I n t e r n a t i o n a l  

Company. 

The manufactur ing o p e r a t i o n  can  b e  descr ibed  b r i e f l y  a s  c o n s i s t i n g  of two 

ope ra t ions .  I n  t h e  f i r s t ,  a n  a l l o y  i s  made by mel t ing  uranium meta l  of t h e  

p rope r  U-235 enrichment t o g e t h e r  w i t h  sma l l  amounts (5% of t h e  t o t a l )  of 

t h e  s e v e r a l  f i s s i u m  meta ls .  Then, i n  a n  i n j e c t i o n - c a s t i n g  ope ra t ion ,  t he  

a l l o y  i s  remel ted  and c a s t  i n t o  vycore-glass molds. The r e s u l t i n g  p ins  

are c u t  t o  l e n g t h  and t h e  s c r a p  i s  r ecyc led  t o  subsequent a l l o y  runs. The 

fo l lowing  s e c t i o n  d i s c u s s e s  some of t h e  p e r t i n e n t  s p e c i f i c a t i o n s  f o r  t h e  

Mark-I1 f u e l  e lements  which have  uranium of about 67% enrichment. The 

t a r g e t  uranium/fiss ium r a t i o  and t h e  t o t a l  U-235 con ten t  of t h e  Mark-I 

e lements  i s  t h e  same as f o r  t h e  Mark-I1 .elements. The enrichment of t h e  

Mark-I uranium i s  about  52%, r a t h e r  than  67%; and t h e r e f o r e  t h e  Mark-I 

e lements  w i l l  con ta in  about  29% more t o t a l  m a t e r i a l .  

Each job  l o t  c o n s i s t s  of  a  l a r g e  number of ba t ches  (50 < n < 300),  each 

of  which produced elements  vary ing  i n  number from s e v e r a l  t o  about 1UO. 

The Vendor ass igned  a  U-235 con ten t  t o  each element based on chemical and 

i s o t o p i c  analyses of samples from each c a s t i n g  ba tch  and t h e  measured weight 

of  each pin.  Nine elements  from each b a t c h  have been analysed by t h e  Nondestruc- 

t i o n  Assay Sec t ion  (NDA) of t h e  S p e c i a l  M a t e r i a l s  l l i v i s ion  (SPM) us ing  a  

gamma-counting meth0d.l A s  a  r e s u l t  , t h e r e  a r e  two independent ly determined 

v a l u e s  f o r  t h e  U-235 con ten t  of a  l a r g e  number of elements f o r  each job 

l o t ,  a l l  having t h e  same t a r g e t  value.  The v a r i a n c e  f o r  each s e t  of va lues  

h a s  f o u r  components: a  within-batch ( subsc r ip t ed  f f o r  fandom) and a between- 

b a t c h  ( subsc r ip t ed  s f o r  sys temat ic )  f o r  both t h e  product (P) and e i t h e r  

t h e  Vendor (V) o r  t h e  NDA (N) measurement methods. That i s ,  t h e  t o t a l  

v a r i a n c e s  are 



3 

Var (VT) = Var (VrsPrs) = Var (Vr) + Var (Vs) + Var (P ,r ) + Var (P s ) (1)  

and 

. 

I n  t h e  fol lowing,  p e r t i n e n t  d a t a  from the  c o n t r a c t  s p e c i f i c a t i o n s 2  a r e  

used t o  compute t h e  va r i ance  r e s t r i c t i o n s  on t h e  Vendor.. Some of  t h e  sources  

of t h e s e  va r i ances  a r e  d iscussed .  F i n a l l y ,  the,methods used t o  compute t h e  

a c t u a l  va r i ances  from t h e  two s e t s  of measurements a r e  d iscussed  wi th  summary 

t a b l e s  f o r  each of t h e  f o u r  job l o t s .  

CONTRACT SPECIFICATIONS 

The c o n t r a c t  spec i f  i c a t i o n s 2  read i n  p a r t :  

3.0 TECHNICAL REQUIREMENTS 

3.2 ChemicaZ Properties of Fuel Pin 

3.2.1 . The final composition of any sample from 
any fuel pin shaZZ be: 

Chemica Z Element 

Mo Zybder~wn 

Ruthenium 

Rhodium 

Pa Z Zadium 

Zirconium 

Niobium 

S< Zicon 

~ n a ~ ~ t i c a ~ ~ ~  
Measured Composition 

Weight Percent 

Uranium 95.00 - + 1.00 

Total Impurities 2550 ppm m a .  



Isotopic Uranium Weight Percent 

3.3 Physical Properties 

3.3.2 The weight of the completed fuel pin shall 
be 51.7 - + 1.0 grams. 

4.0 QUALITY ASSURANCE AND CONTROL 

4.2.3 . A m  Zy t i ca  Z Procedures 

Ths ScZZor chZZ nstnEZish prec&se ch~mLnnl, 

mass spectrometric, or other analytical 

techniques that  yield accuracy confidence 

intervals  within the l imi t s  shown below: 

Confidence LeveZc Roquired of Ana2ysi.s Method 
-- =- of ___-: Fissiwn Alloy ~ u e l  - Pins 

X of Wt X of BZsmsnt Presen* 

Chemicul Element AnaZysis Method 95% Conf. fit. ---. - --- 

Total Uranium - + 1 . 0  

Isotopic Uranium 

4.3.6.2 The fo Zlowing tolerances app l y  to  
the required accuracy on kke 
physical measurements of covpts3sd 
fuel pins and elements. 



( a )  Length - measure t o  - + 0.002 in. ,  s tandards  

accurate t o  0.0005 in.  

(b )  Weight - weigh t  t o  - + 0.02 g, s tandards 

accurate t o  0.001 g .  

The va lues  g iven  i n  subsec t ion  3.2 f o r  t h e  chemical and i n  subsec t ion  

3.3 f o r  t h e  phys i ca l  p r o p e r t i e s  of t h e  f u e l  p i n s  a r e  s u f f i c i e n t  f o r  t h e  com- 

p u t a t i o n  of a s p e c i f i e d  t o t a l  vendor 's  va r i ance ,  Var(V P ) ,  f o r  t h e  U-235 
rs rs 

content  of  t h e  p ins .  Although i t  i s  n o t  e x p l i c i t l y  s t a t e d ,  t h e  assumption 

.is made t h a t  t h e  l i m i t s  r e f e r  t o  t h e  95% confidence l e v e l ;  t h a t  is, t h e  l i m i t s  

a r e  equal  t o  20. It i s  e x p l i c i t l y  s t a t e d  t h a t  t h e  va lues  a r e  of t h e  ana ly t -  

i c a l l y  measured composition. 

Note t h a t  t h e  f i r s t  s ta tement  i n  subsec t ion  3.2.1 i s  i n  c o n f l i c t  w i th  

what fol lows.  The s ta tement  r e f e r s  t o  t h e  "composition" of t h e  samples r a t h e r  

than  t h e  "measured composition" of t h e  samples. Only t h e  measured composi- 

t i o n s  can b e  known, and they  w i l l  have a va r i ance  equal  t o  t h e  sum of t h e  

v a r i a n c e  of t h e  product  and t h e  v a r i a n c e  of t h e  measurement method.. 

The t o t a l  U-235 con ten t  of a p i * .  'is 

where U i s  t h e  % t o t a l  uranium 

I i s  t h e  X U-235 

W i s  t h e  p i n  weight i n  grams 



Summary o f  Technical  Requirements from 
S e c t i o n  3 of Cont rac t  .Spec i f i ca t ions  

Value 95%CL a - 

Thi s  va lue ,  computed from t h e  c o n t r a c t  spec i f i ca t i . ons ,  can b e  compared 

t o  t h e  Var(VrsPrs) a c t u a l l y  achieved f o r  t h e  fou r  job l o t s  df elements.  

These v a l u e s  a r e  l i s t e d  i n  t h e  f i r s t  column of t h e  f i r s t  row of Tables  I - I V ,  

below, which summarize t h e  a n a l y t i c a l  r e s u l t s .  

The va lues  g iven  i n  subsec t ion  4 r e f e r  t o  the p r e c i s i o n  of t h e  Vendor's 

measurement methods. It i s  e x p l i c i t l y  s t a t e d  t h a t  t h e  va lues  given r e f e r  

t o  t h e  95% confidence l e v e l ;  they  a r e  t h e r e f o r e  equal  t o  20. The va lues  given 

f o r  t o t a l  uranium and t h e  s e v e r a l  i s o t o p e s  are expressed a s  percentages of 

t h e  amount present .  These a r e  converted t o  abso lu t e  amounts i n  t h e  follow- 

i n g  computations.  It i s  s p e c i f i e d  . t h a t  weighings b e  made t o  .02 grams. 

The we igh t s  then  belong t o  a .  uniform, o r  r e c t a n g u l a r ,  d i s t r i b u t i o n .  The s t an -  

dard  d e v i a t i o n ,  a ,  . o f  such a d i s t r i b u t i o n  i s  t h e  range  d iv ided  by a . 
There fo re  



Summary of Qual i ty  Cont ro l  Requirements from 
Sec t ion  4.0 of Cont rac t  S p e c i f i c a t i o n s  

Value - % Absolute  o - 

These va lues  a r e  s u b s t i t u t e d  i n t o  Eq. 4. Because t h e  va r i ances  involved 

(oW2, o 2 ,  and o 2, a r e  t hose  of t h e  measuring method only ,  wi th  no cont r ibu-  u I 
t i o n  from t h e  product , 'we have: 

This  i s  t h e  n e t  l i m i t f n g  Vendor's measurement va r i ance  as s p e c i f i e d  

by t h e  c o n t r a c t  and can b e  compared w i t h  t h e  f i f t h  i t em i n  t h e  f i r s t  column 

of Tables  I - I V  below. 

An implied,  allowed product  va r i ance  can b e  computed a s  

Var(Prs) = Var(P V ) - Var(Vrs) rs rs 



95% of  t h e  elements  from a g iven  job .  l o t  must have a U-235 content  w i t h i n  

-606 grams (20) of t h e i r ,  .average. 

PRODUCT VARIANCES 

About 10  kg  of  uranium o f  t h e  proper  enrichment and a '  s u f f i c i e n t  q u a n t i t y  

of  t h e  s e v e r a l  f i s s i u m  m e t a l s  a r e  melted toge the r  t o  produce an a l l o y  which 

i s  95% uranium. The f i r s t  a l l o y  ba t ches  a r e  made wi th  v i r g i n  meta l ,  b u t  

l a t e r  ba t ches  may b e  p a r t i a l l y  o r  completely made up of s c r a p  from previous 

i n j e c t i o n - c a s t i n g  ba t ches ,  and a small .amount of added molybdenum c a l c u l a t e d  

t o  r e p l a c e  t h a t  l o s t  du r ing  t h e  previous  a l l o y i n g  process .  About 952 'of  

t h e .  charge  becomes u s a b l e  a l l o y ,  and about  5% becomes an  oxid ized  s c r a p  c a l l e d  

dross .  During t h i s  p roces s  t h e  f issiuni me ta l s ,  no t ab ly  molybdenum, pref  eren- 

' t i a l l y  e n t e r  t h e  d r o s s ,  l eav ing  t h e  a l l o y  s l i g h t l y  r i c h  i n  uranium. This  

amount w i l l  v a r y  i n  a random manner from run  t o  run ,  and is probably t h e  

major component of  the.between-batch product  va r i ance ,  Var(P ). Another 
S 

component would b e  t h e  random e r r o r  i n  . ad jus t ing  t h e  uranium- and f iss ium- 

charge  amounts t o  equa l  t h e  t a r g e t  value.  This  component would l i k e l y  be  

g r e a t e r  f o r  t hose  runs  con ta in ing  a l a r g e  amount of r e c y c l e  m a t e r i a l ,  'because 

t h e  uranium and f i s s i u m  con ten t s  a r e  determined from a chemical a n a l y s i s  

r a t h e r  t han  from t h e  more a c c u r a t e  method o f  weighing t h e  pure  elemental  

iue Cals . 
I n  a second process ,  t h e  a l l o y  i s  mei fed  in a vacuum furnace and in- 

j e c t e d  i n t o  vycore-glass  tubing.  When cool  t h e  g l a s s  i s  removed, and t h e  

p i n s  a r e  cu r  t o  l e n g t h  and weighed. There i s  some s e p a r a t i o n  of t h e  a l l o y  

components dur ing  t h i s  p.rocess; t h a t  i s ,  t h e  uranium/fissium r a t i o  v a r i e s  

over  t h e  p i n  l e n g t h  and, undoubtedly, from p i n  t o  pin. This ,  t oge the r  wi th  

t h e  randomness of t h e  p i n  we igh t s ,  is  t h e  major component of t h e  within-batch 

product  va r i ance ,  Var(Pr). 

VEND.0R MEASUREMENT VARIANCES 

The main sou rces  o f  t h e  between-batch Vendor-measurement Gariance,  Varws) ,  

are t h e  a n a l y t i c a l  and sampling e r r o r s  i n  determining t h e  t o t a l  uranium 

and t h e  U-235 con ten t  o f  t h e  c a s t i n g  ma te r i a l .  The within-batch Vendor-mea- 



surement var iance ,  Var(Vr), i s  p a r t l y  because t h e  same i d e n t i c a l  a n a l y t i c a l  

va lues  a r e  appl ied  t o  a l l  p i n s  i n  a  ba t ch  when i t  i s  known t h a t  t h e  m e l t  

i s  n o t  p e r f e c t l y  uniform, and p a r t l y  because of  t h e  random e r r o r s  i n  weighing 

t h e  pins .  Note t h a t  Var(P ) r e s u l t s  from t h e  d i f f e r e n c e s  between t h e  t r u e  r 
va lues  of t h e  U-235 con ten t  of t h e  i n d i v i d u a l  p i n s  and t h e  average va lue  

of t h i s  q u a n t i t y  f o r  a l l  p i n s ,  wh i l e  Var(V ) r e s u l t s  from t h e  d i f f e r e n c e s  r 
between t h e s e  t r u e  v a l u e s  and t h e  ass igned  va lues  which a r e  computed assuming 

t h a t  t h e  a l l o y  i s  of uniform composition. 

NDA MEASUREMENT VARIANCES 

I n  t h e  NDA gamma-counting method of a n a l y s i s ,  n i n e  elements from each 

of two ba t ches ,  t oge the r  w i t h  f i v e  s t anda rd  elements ,  a r e  placed on t h e  scan- 

n ing  t a b l e .  The f i v e  s t anda rds  a r e  scanned twice  on .each s i d e ,  and t h e  gamma 

counts  c o l l e c t e d  a r e  used t o  c o n s t r u c t  a c a l i b r a t i o n  curve. Each sample 

element is scanned once on  each s i d e ,  and t h e  .gamma counts  s o l l e c t e d  a r e  

converted t o  grams of  U-235 us ing  t h e  c a l i b r a t i o n  curve. The between-batch 

NDA va r i ance ,  Var(N ), r e s u l t s  from t h e  e r r o r s  i n  c o n s t r u c t i n g  t h e  c a l i b r a -  
s 

t i o n  curves  which w i l l  v a r y  i n  a  random manner from run  t o , r u n .  The wi th in-  

b a t c h  va r i ance ,  Var(Nr), r e s u l t s  p r i m a r i l y  from t h e  coun t ing  s t a t i s t i c s  o n .  

t h e  measured elements.  

COMPUTATIONAL PROCEDURES 

~ r u b b s ~  suggested t h a t  t o t a l  product  and measurement va r i ances  can be 

es t imated  from s e t s  of measurements by two o r  more methods on each of a  num- 

b e r  of  s i m i l a r ,  b u t  n o t  i d e n t i c a l  products.  This  r e s u l t s  from t h e  f a c t  t h a t  

t h e  expected v a l u e  of t h e  covar iance  between two measurement s e t s  is  t h e  

t o t a l  product  v a r i a n c e  (Var(Prs)).  Th i s  i s  demonstrated a s  fol lows:  

Le t  Ni .  = measured v a l u e  o f  i t em P. by method N 
1 

vi 
= measured v a l u e  of  i t em Pi by method V 

A i 
= d i f f e r e n c e  between t r u e  v a l u e  of i t em Pi and average of 

a l l  i t e m s  ? 
E = random e r r o r  in n ~ e a s u r i l ~ g  i t e n 1  P by method N 
i i 



i 
= random e r r o r  i n  measuring i tem P by method V 

- - i 
N = ave rage  measured v a l u e  over  a l l  N 

i 
- - 
V = average  measured v a l u e  over  a l l  V 
- - i 
P = average  product  va lue  

- - - 
The expected v a l u e  of b o t h  N and V i s  2, p l u s ,  perhaps,  a b i a s .  I f  t h e r e  - - 
i s  a b i a s  i n  N o r  V, it  w i l l  a l s o  occur  i n  each of  t h e  i n d i v i d u a l  measure- 

ments N o r  V and s o  w i l l  b e  s u b t r a c t e d  o u t  i n  t h e  fol lowing equat ions.  
i i 

The covar iance  between N and V i s  
i i 

Covar (NV) = z ( N ~  - G) (vi - 7) / (II - 1 )  (5) 

The expected v a l u e s  o f . t h e  second a n d . t h i r d  sums i n  t h e  numerator are zero. 

Wu blrvrr l r i l v  w i 

Biuce the v a r i a n c e  computed from the two s e t s  of  r n ~ ~ s ~ i r ~ r n c n t s  are 

and 



t h e  va r i ances  of t h e  two methods a r e  

It i s  a l s o  p o s s i b l e  t o  compute Var(N V ) from t h e  pa i r ed  s e t  of d a t a  
rs rs 

Var(N V ) = I[(Ni  - Vi) - (N - V)] / ( n  - 1 )  (11) 
2 

. rs rs 

This  i s  t h e  v a r i a n c e  which i s  used i n  t h e  f a m i l i a r  pa i red-d i f fe rence  t e s t  

t o  e s t ima te  t h e  s i g n i f i c a n c e  of t h e  d i f f e r e n c e  between t h e  average of two 

s e t s  of measurements. It a l s o  provides  a s l i g h t l y  d i f f e r e n t  computat ional  

approach t o  t h e  r e s o l u t i o n  of t h e  t h r e e  composite va r i ances  Var(P ), Var(Nrs), r s 
and Var(Vrs) : 

The measurement v a r i a n c e s  a r e  t hen  computed a s  i n  Eqs. 9 and 10 above, re- 

membering t h e  i d e n t i t y  

V a r  (Prs) = Covar (NrsVrs) 

It can b e  shown t h a t  t h e  two computat ional  approaches a r e  mathematically 

i d e n t i c a l .  ' The s i x  va r i ances  [ (Var (VrSPrs) , Var(N P ) , Var (N V ) , Var (P ) rs rs rs rs rs 
= Covar(N V ), Var(V ) and Var(N ) ] ,  computed from t h e  d a t a  of each of 

rs rs rs rs 
t h e  f o u r  job  l o t s ,  a r e  l i s t e d  i n  t h e  f i r s t  column of corresponding Tables  

I - I V  below. 

I f  t h e r e  were no between-batch va r i ances ,  t hen  t h e  expected r e s u l t s  

would b e  t h e  same a s  i f  t h e  n i n e  elements which a r e  measured a t  t h e  same 

t ime were drawn a t  random from t h e  t o t a l  popula t ion  wi th  no regard  t o  t h e i r  

ba t ch  i d e n t i t y .  I n  t h i s  c a s e  t h e  expected va r i ances  of t h e  average of n i n e  

U-235 dontents  would b e  119 of t h e  va r i ances  of u n i t  weight which have been 



d i scussed  above. The p roces s  descr ibed  above was r epea t ed ,  us ing  a s  d a t a  

t h e  n b a t c h  average  v a l u e s ,  where n is  t h e  number of ba tches .  The r e s u l t s  

a r e  l i s t e d  i n  t h e  second column o f  t h e  t a b l e .  A cursory  examination shows 

t h a t  t h e s e  va r i ances  a r e  cons iderably  l a r g e r  t han  1 /9  of t h e  corresponding 

v a r i a n c e s  of u n i t  weight.  Th i s  i n d i c a t e s  t h a t  t h e r e  is an  e r r o r  component 

which i s  t h e  same f o r  each element of a ba t ch ,  and t h e r e f o r e  a l s o  f o r  t h e  

b a t c h  average. These two components can  b e  sepa ra t ed  by t h e  s o l u t i o n  of 

a p a i r  o f  equat ions:  t h e  f i r s t  i n d i c a t i n g  t h a t  t h e  va r i ances  of u n i t  weight 

are t h e  sums o f  t h e  between-batch and t h e  within-batch va r i ances ,  and t h e  

second i n d i c a t i n g  t h a t  t h e  ba t ch  average  va r i ances  are t h e  sums of t h e  be- 

tween-batch and 119 of  t h e  within-batch va r i ances .  I n  t h e  fol lowing,  t h e  

g e n e r a l  v a r i a b l e  X i s  used i n  p l a c e  of P ,  V ,  o r  N. A s i n g l e  b a r  is  used 

(X) t o  i n d i c a t e  a b a t c h  average,  whereas a double Ram. (z) has beel, used LU 

i n d i c a t e  t h e  average  over  t h e  eocal job PuL. 

The r e s u l t i n g  v a l u e s  f o r  t h e  sys temat fc  o r  between-bat.ch va r i ances ,  

V a r ( ~  ), a r e  g iven  i n  column 3 ,  and t h e  within-batch va r i ances  i n  column s 
4 of t h e  t a b l e s .  

A second method of  e s t i m a t i n g  t h e  within-batch va r i ances  i s  t o  compute 

t h e  va r i ances  for each b a t c h  s e p a r a t e l y  t o  o b t a i n  n e s t i m a t e s  based on 8 

deg rees  o f  freedom. The average o f  these .  n va.S.ues are listed i n  column 5 

of t h e  t a b l e s  f o r  comparison wi th  cu1u11u-1 4. 

A second method w a s  a l s o  used t o  e s t i m a t e  t h e  t o t a l  NDA va r i ance  Var(N ). 
rs 



The t a b l e  of  t h e  gamma-ray scann ing , appa ra tu s  h a s  p o s i t i o n s  f o r  24 elements;  

1 8  of  t h e s e  were used f o r  t h e  samples be ing  measured, and 5 f o r  t h e  s tandards .  

The remaining p o s i t i o n  was used t o  o b t a i n  r e p l i c a t e  ana lyses  on one element. 

The element used had been prepared a s  a s t anda rd  w i t h  a chemical and i s o t o p i c  

con ten t  equa l  t o  t h e  t a r g e t  v a l u e  f o r  Mark-I1 elements.. The va r i ance  com- 

puted from 220 independent measurements of t h i s  element is  .0431. This  can 

be  compared w i t h  t h e  f o u r  o t h e r  e s t i m a t e s  which a r e  l i s t e d  a s  t h e  l a s t  i t e m  

of t h e  f i r s t  column .of t h e  f o u r  t a b l e s .  The weighted average  of t h e s e  f o u r  

v a l u e s  is  .0435. 

TABLE I. ANL-West F i r s t  Mark-I1 Job 

Var (Xrs Var (Brs) Var (Xs) Var (Xr) Var (Xr) 

Var (vP) .024394 .015027 .013856 .010539 .010605 
v ~ ~ ( N P )  .053986 .011914 .006655 .047331 .047363 
v ~ ~ ( N v )  .061629 .019653 .014406 .047222 .047291. 
Var (P) .008376 .003644 .003052 .005324 .005338 
Var (V) .016018 .011383 .010803 .005215 .005267 
Va r (N) ,045610 .008270 .003603 .042007 .042025 

Number of  Batches 209 

Average U-235 Content 

Vendor ' 32.97 g 

NDA 32.90 g 

TABLE 11. ANL-West Second Mark-I1 Job 

Var(VP) .020414 .011940 .010881 .009533 .009658 
Var(NP) .046790 .009497 .004835 .041955 .042010 
Var(NV) .051900 .013981 .009241 .042659 .042765 
V a r  (P) .007652 .003728 .003238 .004415 .004452 
V a r ( ~ )  .012762 .008212 .007643 .005119 .005206 
V a r  (N) ' .039138 .005769 .001598 .037540 .037558 ' 

Number o f  Batches 87 

Average U-235 Content 

Vendor 32.66 g 

ND A 32.85 g 
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TABLE 111. ~ t o m i c s  I n t e r n a t i o n a l  Mark-I1 Job 

Var(VP) .028961 . .017557 . .016131 ,012829 .012894 
Var(NP) .054060 .014484 .009537 .044523 .044561 
Var(NV) .059510 .019302 .014276 .045234 .045291 
Var(P) .011755 .006369 .005696 .006059 .006082 
V a r  (V) .017205 .011180 .010435 .006770 .006812 
Var(N) .042305 .008115 .003841 .038464 .038479 

Number of  Batches 232 

Average U-235 Content 

Vend o r  32.67 g 

NDA 32.80 g 

TABLE IV. AIL-Wo~t Mark-I Job 

Var (xrS) v a r  (Zrp) . V a r  (X ) Var (Xr) var (xr) 
S 

Number o f  Batcl~es 5 1  

Average U-235 Content 

Vendor 31.68 g : 

NDA 31.69 g 

DISCUSSION 

The t r ea tmen t  desc r ibed  above might be ' cons ide red  an . empi r i ca1  t e s t  

o f  t h e  Grubbs method. Very l i t t l e  t h e o r e t i c a l  s t udy  of  t h e  method has  been 

made s i n c e  Grubbs sugges ted  i t  i n  1948. A number of  people  have d iscussed  

t h e  f a c t  t h a t  n e g a t i v e  v a l u e s  of t h e  measurement v a r i a n c e  can occur  when 

u s i n g  t h i s  method, b u t  t h a t  t h e  p r o b a b i l i t y  of t h i s  happening dec reases  



as t h e  product  va r i ance  decreases  and t h e  number of degrees  of freedom in - '  

c r eases .  9 5 

winslow6 h a s  r e c e n t l y  shown t h a t  t h e  measurement v a r i a n c e  es t imated  

from a s e t  of measurements on a  number of d i f f e r e n t  products  having a  known, 

product  va r i ance  fo l lows  a  noncen t r a l  c h i  squa re  d i s t r i b u t i o n  i n s t e a d  of 

t h e  c h i  s q u a r e ' d i s t r i b u t i o n  a s s o c i a t e d  w i t h  va r i ances  es t imated  i n  t h e  usua l  

way. The shape of t h e  noncen t r a l  c h i  squa re  d i s t r i b u t i o n  curve  is  similar 

t o  t h a t  of  t h e  c e n t r a l  c h i  squa re  d i s t r i b u t i o n  curve  f o r  t h e  same number 

o f  degrees  of  freedom. Ins t ead  o f  te rmina t ing  a t  zero ,  t h e  noncent ra l  curve 

is s h i f t e d  i n t o  t h e  nega t ive  r eg ion  by a n  amount dependent on t h e  product 

var iance .  A s  t h e  number of degrees  of freedom inc reases ,  bo th  curves  become 

f l a t t e r  and extend f u r t h e r  i n  t h e  p o s i t i v e  d i r e c t i o n  wh i l e  t h e  lower t e r -  

minat ing p o i n t s  remain f ixed .  When t h e  number of degrees of freedom is  l a r g e ,  

t h e  r e l a t i v e  d i f f e r e n c e  between t h e  means of t h e  two curves dec reases  t o  

an  i n s i g n i f i c a n t  va lue ,  and t h e  f r a c t i o n  o f , t h e  noncen t r a l  curve i n  t h e  nega- 

t i v e  r eg ion  becomes n e g l i g i b l e .  The Grubbs method cannot b e  app l i ed  , t o  a l l  

s e t s  of  d a t a .  I n  o r d e r  f o r  t h e  d a t a  t o  be  used wi th  some degree  of conf i -  

dence, i t  must have a  l a r g e  number of degrees  of freedom, and t h e  va r i ances  

must b e  r e l a t i v e l y  small. The d a t a  used h e r e  f o r  t h e  EBR-I1 f u e l  elements 

f i t  t h e s e  c r i t e r i a .  

The NDA measurement va r i ance ,  Var(N ), es t imated  from 220 r e p l i c a t e  r S 

measurements of a  s i n g l e  element (.0431) ag rees  very  w e l l  w i t h  t h e  va lues  

computed us ing  t h e  Grubbs method. This ,  t oge the r  w i t h  t h e  f a c t  t h a t  t h e  

NDA's  and t h e  Vendor's d a t a  e n t e r  t h e  computations i n  a symmetrical way, 

sugges t s  t h a t  t h e  va r i ances  computed f o r  t h e  Vendor's measurement a r e  a l s o  

good approximations of t h e  t r u e  va lues .  

The. va r i ance  es t imated  f o r  t h e  A 1  product  (.011755) i s  s i g n i f i c a n t l y  

d i f f e r e n t  from t h e  va r i ance  es t imated  f o r  e i t h e r  of  t h e  Cold Line  Mark-I1 

job  l o t s  (.008376 and .007652). Note t h a t  t h e  term " s i g n i f i c a n t l y  d i f f e r -  

ent"  means only  t h a t  i t  i s  ve ry  probably r e a l  and n o t  due t o  random v a r i a -  

t i o n s .  It does n o t  n e c e s s a r i l y  mean t h a t  t h e  d i f f e r e n c e  is  very l a r g e  o r  

s e r ious .  The l i m i t  of e r r o r  [LE = 2*- 1, i n  grams, f o r  t h e  t h r e e  job 

l o t s  (AI, Cold L i n e  ( I ) ,  and Cold L i n e  (2 ) )  a r e  .218, ,183, and .175, respec- 



t i v e l y .  T h i s  means t h a t  t h e  grams of U-235 i n  95% of t h e  elements i n  t h e  

j o b  l o t  a r e  expected t o  b e  w i t h i n  t h e s e  LEs of t h e  average U-235 content  

of a l l  elements i n  t h e  l o t .  A l l  t h r e e  of t h e s e  va lues  a r e  w e l l  w i t h i n  t h e  

l i m i t  o f  .606 grams which - w a s  computed from t h e  c o n t r a c t  s p e c i f i c a t i o n s .  

The vendor ' s  measurement v a r i a n c e s  (.0160, .0128, and .0288 f o r  ANL-W, and 

.0172 f o r  AI) a r e  a l s o  w i t h i n  t h e  l i m i t  of .0536 which was computed from 

t h e  c o n t r a c t  sp'ecif i c a t i o n s .  

There a r e  some anomalies  i n  t h e  v a r i a n c e s  est imated f o r  Mark-1 elements 

manufactured a t  t h e  ANL-W Cold Line ,  Table I V  above. The. t o t a l  product v a r i -  

ance  i s  es t imated  t o  b e  v e r y  c l o s e  t o  zero.  This  va r i ance  i s  computed a s  

t h e  covar iance  between t h e  two s e t s  of measurements (.see Eq. 5 above),  

I n  o r d e r  f o r  t h e  computed v a l u e  t o  be  c o r r e c t ,  i t  i s  necessary  t h a t ,  a s  t h e  

a t t r i b u t e  va lue  ( i n  t h i s  c a s e  t h e  U-235 content )  changes f r o n ~  item t o  i tem, 

the measi~red v a l u e s  by bo th  methods w i l l ,  on t h e  average,  change i n  t h e  same 

d i r e c t i o n  by t h e  same amount. I f  e i t h e r  o r  bo th  measurements a r e  not  cor re-  

l a t e d  t o  t h e  a t t r i b u t e  c o n t e n t  of t h e  elements ,  t h e  expected r e s u l t  i s  a 

ze ro  covariance,  a s  is  observed. There is ,  of course,  a f i n i t e  p r o b a b i l i t y  

t h a t  a r e s u l t  such as t h i s  could occur  even when a l l  systems a r e  ope ra t ing  

p rope r ly ,  b u t ,  w i t h  t h e  l a r g e  number of  degrees  of freedom t h a t  we have, 

t h i s  p r o b a b i l i t y  is  q u i t e  small .  I t ' is more l i k e l y  t h a t  t h i s  r e s u l t  is  due 

t o  something i n h e r e n t  i n  one o r  bo th  ok t h e  measuring m r t l ~ u d ~ .  T h e  Mark- 

I elements  are made uf about 52%-.enriched uraniiim, and t h e  Marlc-I1 elernerlls 

a r e  made of  about  67%-enriched uranium. A s  they both have about t h e  same 

t a r g e t  U-235 con ten t ,  t h e  Mark-I elements must con ta in  about 67/52 = 1.29 

t imes  a s  much t o t a l  uranium as t h e  Mark-I1 elements. The'main c o n s t i t u e n t s  

of t h e  within-batch product  v a r i a n c e  a r e  t h e  random v a r i a t i o n  of t h e  ura- 

nium/fiss ium r a t i o  and t h e  p i n  weights .  These a r e  expected t o  be about t h e  

same f o r  t h e  Mark-I and t h e  Mark-I1 p ins .  A s  t h e  Mark-I p ins  a r e  more d i l u t e  

i n  U-235, t h e  v a r i a n c e  i n  t h e  U-235 con ten t  i s  expected ro  be s u ~ a l l e r  (By 

about  a f a c t o r  o f  .6) t han  t h a t  i n  t h e  Mark-I1 p i n s ,  b u t  n o t  by the  f a c t o r  

of about  .0025 which is  cumputed. The MDA gamma-counting method w i l l  mea- 

s u r e  t h e  t o t a l  U-235 con ten t  of ch in  sauples .  A s  t h i s  thiclcness i n c r e a s e s ,  

s e l f - abso rp t ion  of t h e  gamma rays  becomes a more prominent f e a t u r e .  A t  some 

l i m i t i n g  th i ckness ,  t h e  method becomes i n s e n s i t i v e  t o  increased  th i ckness ,  

and t h e  measuring dev ice  becomes e s s e n t i a l l y  an enrichment meter ,  This  e f -  



f e c t  would b e  more pronounced wi th  t h e  Mark-I e lements  which have co res  of 

g r e a t e r  diameter .  

The Vendor's v a r i a n c e  of t h e  ba t ch  averages f o r  t h e  Mark-I job l o t  is  . 

very  l a r g e  (.0254). This  i s  about  0.88 of t h e  Vendor's va r i ance  of u n i t  

weight (.0288). For t h e  t h r e e  Mark-IT job l o t s ,  t h i s  r a t i o  f a l l s  i n  t h e  

range 0.58 t o  0.61. Something about  t h e  Vendor's r epo r t ed  va lues  f o r  t h e  

Mark-I e lements  i s  d e f i n i t e l y  d i f f e r e n t .  The d a t a  has  been c a r e f u l l y  

checked f o r  e r r o r s  and o u t l i e r s  t o  exp la in  t h e  d i f f e r e n c e ,  b u t  none has  been 

found. I f . t h e  d a t a  is  taken  a s  c o r r e c t ,  t h e  conclusion is drawn t h a t  t h e r e  

is a much l a r g e r  batch-to-batch va r i ance  f o r  t h e  Mark-I elements than  f o r  

t h e  Mark-I1 elements.  Because t h e  t o t a l  Vendor va r i ance  Var(VrsPrs) f o r  

a l l  f o u r  job l o t s  i s  about  t h e  same, t h e  within-batch va r i ance  f o r  t h e  Mark- 

I elements  must b e  ve ry  small .  It i s  d i f f i c u l t  t o  s p e c u l a t e  on t h e  cause 

of t h i s  anomaly i n  t h e  Vendor's va r i ances ,  b u t  q u i t e  f e a s i b l y  t h e  cause 

might a l s o  e x p l a i n  t h e  extremely low computed va lue  f o r  t h e  product v a r i -  

ance. 

The NDA measurement va r i ances  computed f o r  t h e  f o u r  job l o t s  (.0456, 

.0391, .0423, and .0477) a r e  a l l  w e l l  w i t h i n  t h e  l i m i t  computed from t h e  . 

c o n t r a c t  s p e c i f i c a t i o n s  (.0536) a s  be ing  requi red  of t h e  Vendor. Although 

t h e s e  va r i ances  a r e ,  a s  expected, g r e a t e r  than  tho.se f o r  d e s t r u c t i v e  mea- 

surement techniques,  they  a r e  s u f f i c i e n t l y  small t h a t  t h e  method w i l l  de- '. 

t e c t  d i sc repanc ie s  between t h e  product  p i n s  and t h e  s p e c i f i c a t i o n s  wi th  a 

h igh  degree  of c e r t a i n t y .  It has  a l s o  been demonstrated t h a t  t h e  NDA ganuna- 

counting method is  s u f f i c i e i l t l y  s t a b l e  and p r e c i s e  t o  provide t h e  second 

s e t  of d a t a  r equ i r ed  f o r  t h e  Grubbs a n a l y s i s  technique. 
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