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! A solution to a similar problem has been given
prcvlously' in which the magnetic ficld was guenerated
by two sheect currcents varying as cosine theta, One
sheet current was located at the boundary between the
innermost cylinder and the middle cyliader of struc-
tural material. The other sheet was located at the
boundary between the middle cylinder and the outermost
cylinder of structural material. The present note
addresses the problen of improving the represeatation
of the magnet excitation by replacing the two current
sheets with a thick cosine theta current distribucion
in the middle structural region.

Equation for Elastic Displacement

If ¥ is the displacement vector and the body
forces are derived from the Lorentz force then?
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vhere E is Young's Hodulus.’v is Poisson's ratio, 3
is the current density and B is the magnetic induction.

Generalized Plane Strain Approximation

For simplicity consider only the casc for which
uz = €,,z vith £,, = constant. The remaining compo-
nents are considered to be functions of (r,B) only.
This is consistent with an excitation in which J; is
the only component of current density. Hence Eq. (1)
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Force on Thick Cosine Theta Conductor

By definition a thick cosine theta conductor
carries an axial current between two radii (b,c) with
a current density that varies as

| Jz-Jocosa. (eau) (5)
From this it follows® that
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" where for couvenience in these and subscquent formu-
las
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the radius of the iron shicld being r,.
Form of Solution

Equations (6) and (7) indicate that the form of
the displacement within the conductor may be taken as

ur=Po(r)+P2(r)c0520 ue-Qz(r)sin2B (9)
Substituting into Eqs. (2-3) gives
df1 4 _ 3.2
"3& ;a—;(t?oﬂ-—-u{}r—3)\ br ]. 10)
b gaf1 a2 8 0 p0d 32_) )
r2 2 "dr|r dr- "2 r2 dr 2 dr\r
-u[h-ax-b’r'z . a1
P
a [F2), 28 4 afia 48 .
23 (r )+ .2 dr("’z)‘d_:‘[r dr(rQZ)J+r2 Q,
u[z:-3x+b3r'z_] R a2)
where again for coavenience
Qv 2
y=2 E 3% ° Qa3)
Solutions of the Homogenecus Equation
In general these solutions are of the form
-1
P mATT 4Br pz-Cr" Q2=nr" (14)
where p is found by substituting into Eqs. (11-12)
to obtain
[4-8(p?-2) Jc+2[ p+1-8(p-1) JD=0 as)
2[-p148(p+1) J-[p2-1-481D=0 . ae)
The determinant of the coefficients 1is
() =B(p?-1) (p2-9). an

Setting this equal to zero gives p = ¢1, 3., Hence
there are four solutions which must be added together
to give

3 3
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Thus the homogeneous solutions are seen to be identical
in form with those found previously'! after it is
recognized that (v, = 1 Grinr, vg = Grf) the solution
describing pre-tensiongiay also be added.

Particular Solution

Since each term of the RHS of Eq. (10) is of the
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‘form #r¥, one may take for Py tn Eq. (9): Py = AP, T TTTT T T
AddIng the contilbutfons for q = 1, 0, -2 given '
; . 1 .23 ! bo .= 1+U[ Bae - 2(2 Bacy ] (29{
‘ r--[‘r-xrﬂ,J (20) i
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For the rematnder of the solutjon one may !Bkr(Qz) - Aooo [ z(2 B)Ac &3 BACDﬂ] (30)
{g)rp corresponding to § rd as a term on the ,
RIS of Eqs. (11-12;. Substituting into Fqs. (11-12) Bo o~ -ﬁ—v— be g - a1)
‘and lnverting gives p = q+2 and .
i 2
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Mote that the q-values of interest areq =1, 0, -2 or
p= 3, 2, 0. Eguation (21) com only provide solutions i
‘for p = 2, 0 since p = 3 gives A(3) = 0. In this case _Yeoayed, - ___
‘onc considers +( 6(2 )b T (2+138)hr
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Substituting these into Eqs. (11-12) yields terms {n
r and rlnr. The terms in rlnr vanish in both cquations
if Aoee l+ B (3 Zﬁ)r +5 (l» 3B)Xr+ Bb .
(1-28)B+(2-8)D=0. (23)
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Equating the remaining coefficients of r then gives 6 10
two cquations which when subtracted yields
(1428) B+(248) D=is. (24) ——11—2(3+5&F282)r2-(l-6)rzlnr]coszez, 33
Thus J
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Using these values for (B, D) the two equations for --—-8(7+B)r ——-(1 B)r ln;ISJHZB (34)

(A, C) arc identical. Since (A, C} are coefficients
of 3 terms already included in the homogeneous solu-
tion one way choose one relation between A and C
arbitrarily. Let C = -2A for convenience. Then

A=- 2 219882 c= (26)
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Pisplacement

The incremental displacements to be added to the
homogeneous terms are from Eqs. (20-26)

Bu_ -%{-‘;—r3—kr b4 & (l-ZB)b -— (3+2B)Ar2
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Stress

The incremental strain to be added to the homo-

- geneous solution is found from Eqs. (27-28) using
- Eqs. (61-63) of Ref,
i from Ref. (1) one has after inverting

(1). Then using Eqs. (48-50)
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Boundary Conditions

Since the form of the solution of the homogeneous
equation is identical with that of Ref. (1) one may
utflize Eqs. (55-65) of that reference. To these
equations add the particular solutions found here to
give the correct expressions for displacement, strain
and stress. Apart from the special condition related
to pre-tension and discussed in Ref. (1) the boundary
conditions are as follows:

At r=a, the innermost radius 0‘::) = "S) =0 (35)
At r=b 01(:—) - of,;) - GS) - 0‘(,;) =0 (36)
AN S A P on

" At T=c °1(-:) - °£;) - °:(-;) - :8) -0 (38)
R e e (39

At =4, the outermost radius io‘(,;) =a) =0 (40)

Use of the Virial Theorem

The virial thcorem as discussed in Ref. (1) is

S
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'al..ed to obtain ennugh couditions to permit the lonpi-

tudinal strain ¢z; to be determined. The only chanpe
here is to cvaluate the magnetic energy and the Maxwell
stress tensor using fields® for the thick cosine theta

conductor. Hence the virial theorem becomes
,,'_[wl‘l‘ 00+u Yrdzrd0 =
;“2.‘2 %(c"—b‘)ﬂcﬂc b )r—'z](cl 3

“b3(c-b) (41)
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