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Introduction

i A solution to a similar problem has been given
previously* in vhich the magnetic field was generated
by two sheet currents varying as cosine theta. One
sheet current was located at the boundary between the
innermost cylinder and the middle cylinder of struc-
tural material. The other sheet was located at the
boundary between the middle cylinder and the outermost
cylinder of structural material. The present note
addresses the problem of improving the representation
of the magnet excitation by replacing the two current
Bhects with a thick cosine theta current distribution
in the middle structural region.

I
; Equation for Elastic Displacement

If u is the displacement vector and the body
forces are derived from the Lorentz force then2

(1)
J.—* v «j

where E is Young's Hodulus.^v is Poisson's ratio, J

is the current density and B is the magnetic induction.

Generalized Plane Strain Approximation

For simplicity consider only the case for vhichczzz with Cz constant. The remaining compo-
z zz zz

nents are considered to be functions of (r,0) only.This is consistent with an excitation in which Jz
the only component of current density.
becomes

Hence Eq.

, 1+v .

where

is
(1)

(2)

(3)

Force on Thick Cosine Theta Conductor

By definition a thick cosine theta conductor
carries an axial current between two radii (b,c) with
a current density that varies .;s

J "J cos8. (emu)
z o

(5)

Froa this It follows3 that

JaB0-ij*[Ar-3X-b
3r"2j(l+cos29), (eau) (6)

(eou) (7)

- where for convenience In these and subsequent forau-

i 3 3 2 (8)

'Operated by the Vniverslttcs Research Association!
Inc., under contract with the Energy Research and
Development Administration.

the radius of the iron shield being r .

Form of Solution

Equations (6) and (7) indicate that the form of
the displacement within the conductor may be taken as

ur«Po(r)+P2(r)cos20

Substituting into Eqs. (2-3) gives

(9)

(10)

-uUr-3X-bV2 j, (11)

uf2r-3X+b3r~2~j, (12)

where again for convenience

(13)

Solutions of the Homogeneous Equation

In general these solutions are of the form

P^Ar^+Br P2"Cr
p Q2*Dr

p (14)

where p is found by substituting into Eqs. (11-12)
to obtain

[4-e(p2-l)]C+2[p+l-e(p-l)]D-0 (15)

2[-p+l+B(p+l)]C-[p2-l-4B]l>-0 . (16)

The determinant of the coefficients is

A(P)-B(P 2-1)(P 2-9). (17)

Setting this equal to zero gives p - il, 13. Hence
there are four solutions vhich oust be added together
to give

Thus the homogeneous solutions are seen to be identical
in form with those found previously1 after it is
recognized that (ur - 1 Grlnr, u9 - Gr6) the solution
describing pre-tension'Nnay also be added.

Particular Solution

Since each tern of the RHS of Eq. (10) is of the
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'lor-i Hr'1, one ir.jy takn for I'o In Kq. ( 9 ) : Po • Arp .
Adding llii: c o n n l l iut lons for q " 1 , 0 , - 2 glvtB » 0 m J&

VJ'Clr'-XrWj. (20)

For the remainder of the solution one may takrl,

(j?]rp corrcspondiiiB to I ̂1 r** as a term on the

R11S of Eqs. (11-12). Substituting into Eqs. (11-12)
and Inverting gives p » q+2 and

' " " " l . (21)

TO 7Sl CWY

(29)

(30)

(31)

The result is

A<PM-2[-p+HB(p+l)3 4-g(P
2-l)

Kotc that the q-values of interest are q - 1, 0, -2 or
p « 3, 2, 0. Equation (21) con only provide solutions
-for p - 2, 0 since p •= 3 gives A(3) • 0. In this case
one considers

- (A+Blnr)rJ Q2 •= (C+Dlnr)r
J (22)

Substituting these into Eqs. (11-12) yields terras in
r and rlnr. The terms In rlnr vanish in both equations
If

(l-2fl)B+(2-g)»=O. ' (23)

Equating the remaining coefficients of r then gives
two equations which when subtracted yields

Thus

(24)

(25)

Using these values for (B, D) the two equations for
(A, C) are identical. Since (A, C) are coefficients
ol r^ terms already included in the homogeneous solu-
tion one may choose one relation between A and C
arbitrarily. Lot C = -2A for convenience. Then

iH (26)

Plsplacenent

The incremental displacements to be added to the
homogeneous terms are from Eqs. (20-26)

A u r « | ir3-Ar2+b3+[-i(l-2$)b3-i(3+2B)Xr2

-~(l-9B-eZ)r3 + |(2-e)r3lnr]cos26{, (27)

18

l-i(2+3$)Xr*

Stress

. (28)

The Incremental strain to be added to the hotno-
1 geneoiis solution is found from Eqs. (27-28) using
Eqs. (61-63) of Rcf. (1). Then using Eqs. (48-SO)

* fron Ref. (1) one has after Inverting j

Ao

t- |(2-B)b3r"1 - i

(32)

Aoon« T £ - £ { - £ < 3-2£) r2+£ (A-3S) Xr+i BbV 1

DO 1+V P i £ * *

-j2 (3+SB+2B2)r2-(l-B)r2lnr3cos2ej, (33)

(34)-jjB(7+B)r2-|(l-B)r2lnr(sin26 .

Boundary Conditions

Since the form of the solution of the homogeneous
equation is identical with that of Ref. (1) one may
utilize Eqs. (55-65) of that reference. To these
equations add the particular solutions found here to
give the correct expressions for displacement, strain
and stress. Apart from the special condition related
to pro-tension and discussed in Ref. (1) the boundary
conditions are as follows:

At r=a, the innermost radius (

At r*b

' • S } -

At r-c Brr rr

u . u (

r8

At r»d, the outermost radius *~' - o^g •

(35)

(36)

(37)

(38)

(39)

(40)

Pse of the Vlrial Thcorcn

The vlrial theorem as discussed In Ref. (1) Is

j L.._
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-i-ed to obtain enough conditions to permit the longl- !
tildlnal strain c z z to be determined. The only change i
here Is to evaluate the magnetic energy and the Maxwell 1.
•tress tensor using fields1 for the thick cosine theta
conductor. Hence the vlri.il theorem becomes

TO 7b% COf-r
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