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Abstract

Ve assume that the phenomenon under study is such that the time-to-
failure may be modeled by an exponential distribution with failure-rate
paranéter. A. For Bayesian analyses of the assumed model, the family of
gamma distributions provides conjugate prior models for A. Thus, an experi-
menter needs to select a particular gamma wodel to conduct a Bayesian re-
liability amalysis. The purpose of this paper is to present a methodology
which can be used ﬁo translace engineering information, experience, and
judgment into a choice of a gamma prior distribution.

The proposed methodology assumes thnt the practicing engineer can provide
percentile data relating :o either the failure rate or the reliability of the
pheromenon being investigated. For example, the methodology will select the
gamma prior distribution which conveys an engineer's belief that the failure
rate, A, simultaneously satisfies the probability statements, P(X<1.0:10-3) -
0.50 and P(k<l.0:¢10_5) = 0.05. That is, we use two percentiles provided by
an engineer to determine a gamma prior model which agrees with the specified
percentiles. For those angineers who prefer to specify reliability percentiles
rather than the failure-rate percentiles illustrated above, we can use the
induced ae;::ive-loé gamma prior Aferribution which matinfies the probability
statements, P(R(t0)<0.99)- 0.50 and P(R(to)<D.99999) = 0.95 fer some operating
time to Also, the paper includes graphs for selectéd percentiles which

assist an engineer in applying the methodology.



1. Introduction
A wvidely used assumption in reliability analyses is that the time-to-
failure variable, T. is exponentially ‘distributed with failure-rate para-

meter, A. That is, the time-to-failure variable, T, has density function

et , t>0,
£(el2) =
0, othervise .
When conducting a Bayesian reliability analysis, conjugate prior models

for the failure rate, A, are given by the family of gasma density functlons

ya-1 -A/8
h()) = 8°T (@)
0, otherwise .

» A>0

Q)
A particular Bayesiin analysis requires that values be assigned to the prior
parameters, 0 and 8. The purpose of this paper is to present two methods
by which enginéering experiences, judgments, and beliefs can be used to assign
values to & and B. One method relies on expertise and knowledge concer.uing
the failure rate, A, while the other technique assumes information about the
reliability, R(t) = e—Xt. Both methods require an engineer to provide two
percentile values which are used to solve a pair of simultaneous equations
' to determine values for a and B. Since the solutions do not exist in closed
form, we present graphs which aid the engineer in applying the methodology.

The subsequent development is divided into three sections and three

appendixes. Section 2 presents the development based on failure-rate per-

centiles. The technique using reliability percentiles is given in Section 3.



S8ection 4 provides discussion of the procedures vhich considers some of the
consequences which follow from the assumption or a gamms prior model. Appendix
A provides a table and graphs for applying the results in Section 2. Tables

and graphs for application of the results in Section 3 are given in Appendix

3. Justification for mathematical results given in Section 4 is provided

in Appendix C.



2. Technique for Fa‘lure-Rate Percentiles
In this section, we suppose that an engineer can best susmarize his
experiences, judgments, and beliefs about the performance of an item by
making statements about the failure reote, A. The type of information
desired is called a percentile. The pth percentile, say AP, is tha* value
of A such that the probability that A is less then Ap is p. In symbols

We use h(A) in Eq. (1) to write

P(AQP) - fp h(A)dA = p. (2)
0
In practice there exists a set of values for (a,B8) which satisfies
Eq. (2) with any given value of.p. Therefore, the method we propose requires
that the engineer provide two distinct percentiles which generate a pair
of simultaneous equations. Explicitly we ask that the engineer provide two

percentiles of A, say Al and Az, such that A, < Az and

1
P(X<A1)'P1 ’

(3)
PA <)) =p, -

Clearly, the specifications of Al and Xz are made with reference to the prob-
adilities, Py and Py» vhere Py < Py- The simultaneous solution of Eq. (3)
will select the pair of values for (a,B) which determine the gaoma prior that
summarizes the engineer's information.

A specific outline of the methodology is as follows:

Step 1: The engineer specifies the values for A Az. P, and P, which

1’
best represent the totality of his experiences, judgments and



beiiefs about the failure rate, A. These values provide
Eq. (3).

Step 2: An iterative procedure is used to determine ¢ and B for
Eq. (1) which simultaneously satisfy the conditions of
Step 1.

The cable and graphs in Appendix A present values of a and B for

selected choices of Ao and Po vhere

PO < 2g) = py - (4)

By overlaying the tvo graphs which present the specific choices of 11, Aps

Pl' and pz of interest, we car determine graphically the desired valuer of

a and 8.

Exswple: Suppose we are stwdying the reliability of an item for which the
available engimeering informat!.nm indicates rhat the failure rate,

A, is such that
P(A<1.0x10"°) = 0.05 and

P(A < 1.0x10°3) = 0.50 .

By overlaying transparencies of the graphs in Figs. Al and A2
ve determine that a = 0.505 and £ = 0.004 in Eq. (1) provide a
gacma prior distribution which possesses the percentile proper-
ties given by the stated conditions. The selected prior is

described by



70-495 _-1/0.004
(0.004)%-3%3 1¢0.505)

RQ2) = A>0.

sad is grephically represented in Fig. 1.

-~
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" Fig. 1. A gamma prior distribution with a = 0.505 and
8 = 0.004.



3. Technique for Reliability Percentiles

An alternative approach to the failure-rate method in tie preceding
section 1is to use percentiles of the ;eliabllity. This procedure would be
preferable to the previous method when the engineer providing the percentile
information is more knowledgable about reliability prcperties than failure-
rate characteristics of the item under study.

To begin the development we transform the gamma density for A (Eq. (1))
into a negativi-log gamma distribution for the reliability, R = R(t) = ‘-Xt.
The resulting density is

.
(-1n r)a-l rtB

p(r) = t8)® T'(a)

0, otherwise .

The density in Eq. (5) has been used by Springer and Thompson (1965, 1967),
Mann (1970), and Mastran and Singpurwalla (1974). Locks (1973) provides a
discussion of the negative-log gamma distribution. Thus, the prior dis-
tribution induced on the reliebility by assuming a conjugate gamma prior for
the failure rate occurs frequently in the literature. Our purpose here is
to present a methodology that allows & reliability engineer to use available
information as a tool for selecting values of a and 8 to be used in a Bayesian
reliability analysis.

From Eq. (5) it is clear that there is a different prior on R for each
choice cf time, t. Yet for analysis, it is convenient to raparameterize the
density in Eq. (5) by using y=tB. With thet change, the density of interest

becomes



i,

(-1n £)%1 .Y
yu' I'(a)

k(r) =
(6)

0, octherwise .
The pth percentile of the reliability at time t is Rp - Rp(t). In syms-

bols we write

P
P(R<R)-f k(r) dr = p .
P %

Ouce rha angineer supplies two percentiles with respect to a reference time,
say t(, We can set up two simultaneous equations whose solution provides
values for a and Y. The desired values of (a,B) are then given by a and 8 =
\ Ylto. An outlina of the method 1s as follows:
Step 13 The engineer provides a reference time, tye
Step 2: With respect to tos the engineer specifies two percentiles
R, and R2 for 12 and Py respectively, which best summarizes
his experiences, judgments, aud beliefs about the reliability

and are such that
P(R < Rl) =Py and P(R < R2) =P, -

Step 3: An iterative procedure is used to determine & and Y which
satisfy the probability statements in Step 2 for the density
in Eq. (6).

Step 4: Solve for 8 = Y/to. The values 8o determined for (a,B)
are the selected parameters for either the gamma prior on

the failure rate (Eq. (1)) orf the negative-log garme= prior



cn the relisbilicy (Eq. (5)).
Appendix B presents tables and graphs giving velwes of ¢ aad Y which

satisfy

PR < Ro) “ Py N ¢))

for selected values of R, aud py. By overlayiag the two graphs vhich contain
the values of Rl(to), Rz(to).pl,amd P, used in Step 2 of the procedure, ve
determine the vezlues of @ and Y. The valne of 8 1e given by Ylto vhere ty
is the reference time provided by the engineer in Step 1.

~ Exampl::: Suppose a reliability engineer believes that the reliability of a

motor is such that for to = 100 hrs:
P(R(100) < 0.99) = 0.50 ,
P(R(100) < 0.99999) = 0.9S5 .

By overlaying transparencieS of the graphs in Figs. B2 and B3,
we determine that a = 0.35 and vy = 0.10. Therefore, B = 0.001 in

Eq. (5) to yield the selected negative-log gamma prior

1000 _
(-1n rlfO.GS r t
p(r) = 0.35 ’

(‘Etdﬁ) r(0.35)

0, otherwise .

1

0<r<1,

Recall that we get a different prior for each clioice of mission time, t.

A graph of the selected prior is given for t = 50, 100, 500, 4000 in Fig. 2.
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Fig. 2. A negative-log gamma prior for « = 0.35, 8 = 0,001,
and t = 50, 100, 500, 4000.
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4. Discussion

In this section we discuss some of the mathematical properties of the
prior distributions selected by the percentile -ath6d| of Sections 2 and 3.
Mathematical justification of the properties is provided in the appendixes.
4.1 The Conjuga’2 Gamma Prior on A

By differentiating h(A) in Eq. (2) with respect to A (see Appendix C.2),
ve find that h()) is a unimodal function of A with a mode at A = 8(a-1)
vhen a > 1. For a = 1, we have an exponential distribution with parameter

8. These properties are summarized in Table 1.

L-ghaped Unimodal
B>0 or Exponential with
decreasing mode at

A = 8(-1)
0<ax1 a=1 a>1

Table 1. Shape properties of a conjugate gamma
prior on A.

Since error bounds on engineering estimates of failure rates are frequently large.
the useful gamma prior distributions are those with 0 < a < 1. That 1is, the
selected gamma prior models have density functions which are heavily concen-
trated on values of A near zero. With a = 0.505 and B8 = 0.004, the gamma
prior in Fig. 1 exhibits a concentration of density near zero.

The precision on some incomplete gamma subroutines deterilorates as Q
approaches zero. Then precise calculation of the necessary gamma percen-

tiles for small values of a becomes difficult. To address that problem



~12-

ve can use the theorem of Appendix C.l. Let Ap denote the pth percentile of

a gamma prior with parameters o and f . Then

P a1 -
oa—L f 01 MB 4,
0

8% I'(a)

A
- .I. xg-l e ¥ dx
T(a) 0
1
From thi theorem, AP/B ~ pa vhere "~" is defined in Appendix C.1l. Thus,
XP ~ Bpa for small values of a. This result can be used to extend the table
4n Appendix A to smaller values of a.
4.2 The Negative-Log Gamma Prior on R
By differentiating kfr) in Eq. (0) with respect to r (see Appendix C.3),

we find that the possible shapas of k(r) can be summarized as in Table 2.

U-shaped with| L-shaped L-shaped
an.imode at or or
1<y decreasing | decreasing
Y= exp[ld!:l%ﬂ_
(=1
J-shaped L-shaped
Y =1 or Uniform or
increoasing decreasing
J~shaped J-shaped Unimodal
with
0<y<l1 or or mode at
rege Y{a-l)
increasing increasin ' xp_ y-1 14
0<a<1l1 ae] 1<a

Table 2. Shape proper.ies of a negative-log gamma prior
on R.



Our interest, as stated in Section 3, is to seisct a pair of values (a,B)
for the negative-log gamma prior in Eq. (5). However, since Y = t8, it follows
that Y increases as t increasee. Thus, we have a different prizr on thc re-
liability for each choice of t. That property was illustrated in Fig. 2 for
a=0.35 8=0.0601 and t = 5C,100,500,4000. The portion of Tsbla 2 frequent-
ly encoun;ered in reliability analyses is for 0 <a < 1. Mow for 0 <a <1
and t small enough so that 0 < v = tB € 1, the prior distribution p(r) is an in-
creasing function of r. But, when t is such that vy = ;B >land 0<a< i.

p(r) is U-shaped with its minimum (antimode) at r = .xp[xjsf%l] . Thus, the
negative-log gamma prior on the reliability is concentrated near one in

early life (small t). As t increases to large values (late lifs), the dis-
tribution beccres U-shaped. That is, values of r near either zero or one are
more likely to occur than other values. Thus, 1; "_ld-age” the prior pre-
dicts the item will be either quite recliable or quite unreliable. The dern~
aity function in Fig. 2 for t = 4000 1illustrates that point.

As for the gamma prior on A, precision problems may be ancountered when
computing the percentiles of Eq. (6) for linll o valuas. The theorem in
Appendix C.1 again assists us by providing good approximations to the rali-
ability percentiles as follows. Let Rp be the pth percentile in Eq. (6)

for paramete:s o and y. Then

R
P *® - -
p= k(r)dr--—l—— axxa'ldx
0 I'(a) 1
-ln R
C—P

Y
or
=ln R
.._;_JE
l-p = f%;) o % x*lax .

[~



From the theorem in Appendix C.1

=in R
_T_g - (l-p)llu .

To apply the result we act as if the "~" 1is an equality even though it is
only an asysptotic result.

To exanine the performance of the approximation we refer to Table B3

in Appendix B. Let a = 0.05, p = 0.95, and y = 1.795 x 1023, Then the

approximation gives no = 0.9983 in place of 0.9990 in the Table. Similarly,

for Ry = 0.999, a = 0.05, and p = 0.95, we find v = 1.049 x 103 in place

23

of 1.795x 10" in the table. Thus the spproximation is of reasonable quality

even for moderately large values of a.
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Appendix A

Table and Graphs of a and 8 for Gamsa Prior Distributions

Table Al gives 8 values which satisfy Eq. (4) for p = 0.05, 0 S50, 0.95,

6

a solected sot of a values, and Ag = 1.0 x 10"". We use the fact that B is

& scale parameter to obtain values of 8 which correspond to failure-rate

6

percentiles different from 10 = 1.0 x 10 °. For given values of Po

‘and a in BEq. (4), the ratio AO/B is constant. Therefore, in Table Al for
a and Py, multiplication of the 8 value by (A /1.0 x 10°%) yields the 8
value corresponding to a poth percentile of A’.

.Example: Let Pp" 0.05S and a = 0.25. Then

8 = 2.3705 x 10~} for Xy =102 1078,
Thus, for A_ = 1.0 x 107°
B= (1.0 x 1077/1.0 x 10°5)(2.3705 x 10™1) = 2.3705 x 1072 .

That is, the 5th percentile of a gamma distribution with a = 0.25 and B =

2.3705 x 107}

with o = 0.25 and B = 2.3705 x 10~ 1s 1.0 x 10™°.

In Figs. Al, A2, AS, we have graphed a and 8 for selected values of

A The results are derived from Table Al as illustrated by the above

o.
example. To provide better resolution in the graphs, a logarithmic scale
is used for 8. The notation in Table Al and Figs. Al, A2, A3 is defined

as follows: nEa » n x 10",

i 1.0 x 10-6 while the 5th percentile of a garma distribution
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a which solve Eq. (4) when A
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Aypendix B
Tebles and Craphs of @ amd Y for Negative Log-Camma Prior Distribution
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Table B2. Table of y values for Py * 0.50 and a selected set of values
a and R in Eq. (7)
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Pigure B2. A goaph of Table B2.
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Table B3. Table of y values for Po" 0.95 and a selected set of values
for a and Ro in Eq. (7).
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Figure B3. A graph of Table B3.



Appendix C
Mathematical Results
C.1. A theorem on the uy'-ptotié behavior of gamma percentiles.

Theorem: 1If, as a + 07, K(a) is defined by

(@) _ _
r(lajfo( 'x!aldx-p.

then
1
K@) ~ p° ,

uberenf(cx) ~ g(a) means lia -E%:—:))- =1].

Proof: Consider

1 K -x a-1
F(a) -_ms'jo e X dx

for smel]l a and fixed 0 < K < =, Row

K
f oxxa—ldx
0

F(a) = =
‘-x xa--l dx + f o—! xaﬁl dx
K

K

0

and

-x a-1
x

[+ ]
(11) there is an M such that, for 0 < a < al, f e dx <M.
K

Therefore, F(a) + 1 as a + 0+. This implies, 1f K(a) satisfies



(a)
1 -x _0-1 -
——l' @ j‘: e x dx = p ,

- [a I‘(a)]-l [K@))®
- [Fe+T? [R(@)]®

~ k@] .

Therefore, the conclusion, K(a) ~ p

1/

¢ holds.

1



C.2. Differentiation of gamma density.

Let

1a--l .-XIB

, 0K<A.
8% )

hQ}) =

_ Differentiation gives

11:--2 -/

h e 8 _A
St igt— len-g.

>0 %) <Bx1)
B { =0 =BE-D

<0+)>B(1) .
C.3. Differentiation of a negative-lcg gamma density. Let

L
(-1n 1:)"-1 Y

5 , 0<r<1.
vy T()

k(r) =

Differentiation gives

1.,

-2 ¥
ak(r) _ (<ln )%* r [ .
- vy-1l) Inr - (@-1)y] .
ar I'(a) Ya+1

Row for 0 <r <1,



>0* (y-1) In r > (a-1)Y
1:—55)- «0®(y-1) In r = (a-1)y

<0* (y-1) Inr < (a-1)Y .

The nine possible cases for different combinations of a and Yy values are

summarized in Table 2.



