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G~ Prior Distribution, Selection for Bayesian

Analysis of Failure Rate and Reliability

R. A. Wailer, Il. M. Johnson, H. S. Waterman

be Alaxm Scientific Idoratory

H. F. Martz, Jr. ,.

Texaa Tech University

Ab~tr8ct

We aasme that the phe~non under study is such that the tim-to-

failure may be tieled by an exponentti distribution with

parroter, A. For Bayeaien analyses of the anmmed mdel,

g- dietributiona provides coqjugate prior models fnr A.

reenter needs to select ● particular g- mdal to conduct

failure-rate

the family of

Thus, an experi-

a Baymmian re-

liability ●aalysis. The purpose of this paper i. to present a methodology

which can be used to tranmlate ●nginaering information, ●xperience, and

judgmmt into a choice of ● gm prior distribution.

The proposed methodology aasws that the practicing engineer can provide

percentile data relating to either the failure rate or tha reliability of tha

phenomenon being investigated. For example, the methodology will aalect tha

gamma prior distribution which conveys an engineer’s belief that the failure

rate, A, ●imultaneoualy satisfies the probability statements, P(K1.Ox 10-3) -

0.50 and P(X1.0x10-5) - 0.05. That 1s, we use two percmtiles provided by

●n ●ngineer to determine ● ~auma prior model which ●gree. with the specified

percentiles. For those mginaers who prefer to ●pacify reliability patcentiles

rather than the failure-rate percentiles illustrated abcw, we can use th~

i~kkiid ii:&=ti”:6-108 gamma pYi=: ~f~~ribution +ich nntinfiem the probability

statements, P(R(to)Q.99]- 0.50 and P(R(tO)Q.99999) - 0.9S fer some 0Perath8

time to. Also, the paper includes graphs for selected percentiles which

●ssist an engineer in applying the methodology.
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1. Introduction

A widely used aaa~tion in reliability analyae~ is that the tiu-to-

failuro variable, T, la exponentially ”distributed with failure-rate para-

-ter, ~. That la, the t--to-failure variable, T, has density function

{

Ae-At, t>
f(th) -

0, Othemiae

o,

.

Vhen corulucting ● Bayeaian reliability analysis,

for the failure ratu, A, ●re given by the family

[

~a-1 *-A/B
, A>o

h(A) - t’1’(a)

0, otherwise .

●

conjugate prior models

of P density functlona

A particular llayesian analyais requires that values be assigned to the prior

par-ters, a and B. The purpose of this paper is to present two wthods

by which engineering ●xperiences, judgments, and beliefs can be used to assign

values to a and 8. One =thod relies on ●xpertise and knowledge concer-.ling

tha failure rate,

reliability, R(t)

percentile valuea

A, while the other technique assumes information about the

-At
-e. Both methods require an engineer to provide two

which ●re used to solve a pair of simultaneous equations

to determine values for a ●nd B. Since the solutions do not exist in closed

form, we present grapha which ●id the ●ngineer in applying the methodology.

The subsequent devglo~nt is divided into three sections and three

●ppertdixes. Section 2 presents tha development based on failure-rate per-

centiles. Tho technique using reliability percentiles is given in Section 3.



Section 4 provides discussion of the procedures which considers S- of the

consequences which follow fro= the asamption OL a gama prior model. App%ndix

A provides atable and graphs for applying the results in Section 2. Tables

and graphs for application of the results in Section 3 ●re given in Appandix

a. Justification for mathematical results given in Section 4 la providad

in Appendix C.
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In this

axparimcae ,

2. Techniqw for Fa?.lure-Rate Percentiles

section, we suppoee that an e~ineer can best smrize his

jud~nts, and beliefs about the perfoziaance of an itemby

-~ statements ●bout the failure r~te, A. fie type of itio~tion

dcaired is called ● percentile. The pth percentile. say Ap, is tha- value

of A such that tha probability that A la lass than Ap is p. In syabole .

we use h(~) in Eq. (1) to write

In practice there mists a set of values for (a,B) which satisfies

~c (2) tith O.UY given value of p. Therefore, the

that the euginser provide two distinct percentiles

of SMUMOW equatione. Explicitly we ask that

~rcantilao of A, aay A, and A9, such that Al < Am

P(I

?(A

C1’8mrly ,

(2)

~thod we propose requires

which generate ● pair

the engineer provide tvo

and

<$)-PI,

(3)

<A2)-p2.

the specifications of 1. and am are made with reference to the prob-
A L

kbilitiea, PI ~d P2V where pl< p2. The simultaneous solutionof Eq. (3)

~ -lact the pair of values for (a,6) which determine the g~ prior that

~risas thaanginaar’ sinformation.

A ●pacific outline of the methodology is ●s follow.:

Stap 1: Tlm ●ngineer specifies the val-ues for ~1, A2, PI, and p2 which

Mst repressnt tho totality of hia experiences, judgments and
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bdiufo ●bout the failur~ rata, A. Ittue values provide

Eel. (3). 1

step 2: An iterative procedure i. u88d to determina a ti ~ for

ECI. (I) which simultaneously mtiafy tb c~itiona of

step 1.

W cable and graphe in Appendix A present valuas of a d @ for

selected Cbokea of +) - P. vhar9

(4)

By overkylag the tw gre ub.ich pruant the specificchoices of Al, A2,

pl. ati P2 of Intetuat. w a ~ ~aphically the desired valuer of

aami (il.

Ex@*le : Suppcwa s m s-q tb reliability of an item for which the

rnilAbl. eagi-rimg infoNt~a indicates ttit the failure 2Ate,

A, ia SNd that

P(A< 1.0 X10-5) = 0.05 and

P(A< 1.0 X10-3) - 0.50 .

By overlaying tranaparencleo of tho graphs in Fiw. Al and A2

we determine that a = 0.505 and S = 0.004 in 4. (1) provldc ●

$- prior distribution which possesseo the percontilc proper-

tioa given by the 8tated conditions. Tha ●alactad prior is

daacribed by
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p495e-a/o.oo4

~o*w)o.so5 r(oosos) ‘
1>0.

in Fis. 1.

0“0000ok?5 o“bo50 O“ixm o “ho
. )4”

.

‘ Fig. 1. A gmma prior distribution with a = 0.S0S and

@ = 0.0.04.
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3. Techniqm for Reliability P@rcantiles

An alternative approach to the failure-ate mthod in t“~e preceding

section is to use percentiles of the reliability. This procedure vould be

preferable to th previous ~thod when the engineer providing the percemtlle

Imformtion is mre knowladgable ●bout reliability propertiaa than failura-

rate

into

characteristics of the item under study.

To begin tk developmmt we transform the

a negativa-log _ distribution for the

The ren~lting density is

b )
1

-ln r
a-1 r= ‘1

P(r) =
, ()<r<~,

(tB)a I’(a)

,,

g~ density for A (Eq. (l))

-at
reliability, R = E(t) = ● .

(5)

(o, othexwise .

.

The density in Eq. (5) has been used by Springer ●nd Thmpson (1965, 1967),

Mann (1970), and Mastran and Singpumalla (1974). Locke (1973) provides a

discussion of the negative-log g- distribution. l’hue, the prior dis-

tribution induced on the reltibility by aasumlng a conjugate gamma prior for

the failure rate occurs frequently in tk literature. Our purpose here is

to present a methodology that allws a reliability engineer to use available

information as a tool for selecting values of a and B to be used

reliability analyois.

horn E-q.(5) it is clear that there is a different prior on

in a Bayesian

R for each

choice of ti~, t. Y@t for analysis, it is convenient to raparameterize the

density in Eq. (5) by using y-tO. With that change, the denuity of Intereet

becomes
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13
~-1

-In r)-l ry
k(r) -

, O<r <l,
Ya r(a)

O, ctherwise . “
(6)

W pth percentile of tha reliability at time t is Rp = Up(t). h sym-

bols we -ite

( P
P(R < Rp) w k(r) dr - p .

0

OncethO engineer supplies two percentiles with respect to a reference tlms,

●ay top w cen sat up two almltaneous equations whose solution proti.des

ti- fora ●nd y. The desired values of (a,B) are then given by a and ~ =

Y/to. An outlina of the ~thod is aa follcws:
9

Step 1:
●

step 2:

Step 3:

Step 4:

The engineer provides a reference time, tO.

With respect to tO, the engineer s~cifies two percentiles

RI ●nd ~ for pl ad p2, respectively, which best summrizes

his experiences, judgments, auti bellefs about the reliability

and are such that

P(R<I$) = pl and P(R<F$) ‘P2 .

An iterative procedure is used to determine a and Y which

aetisfy the probability state=nts in Step 2 for the density

in Eq. (6).

Solve for B - y/tOo The values so determined for (a,~)

are the selected parameters for either the gama prior on

the failure rate (:q. (1)) ~r the negative=log g?= FT%zr
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m=d~

mtisfy

a tbe ralfabnity aq. (s)).

B p~ 8tablas &udgr8p&gi*v9188a Ofaadyti

P(R < ++ - P. (7)

f- Mlected ValU of ~ ~ PO. By 0var18yug tbe * grapha tich c&ltalm

the valus of ~(tO), ~(tO), PI, &d p2 ud in Step 2 of the pzxedure, we

determi- the valua of u ad y. m ml- of R la gfven by y/t. where to

is the reference t~ provided by the engineer in Step 1.

-l’? : Suppose a reltibillty engiwer believes that the relidi.lity of a

~tor Is such that for tO - 100 hrs:

P(R(1OO) < 0.99) - 0.50 ,

P(R(1OO) < 0.99999) = 0.95 .

By overlaying transparencies of the ~aphs in Figs. B2 and B3,

we determine that a = 0.35 atuf y = 0.10. Therefore, 8 = 0.001 in

q. (5) to yield the selected negative-log gems prior

I()
1000 ~

-In r -0.65 ~ t

p(r) = 0.35
, O<r <l,

mI?ii6
r(o.35)

.
0, othemise .

Recall that we get a different prior for ●ach choice of mission time, t.

A graph of the selected prior is given for t = 50, 100, 500, 4000 in Fig. 2.



o’ . -

4 c
r

J

Pig. 2. A negative-log gamma prior for a = 0.3S, $ = 0.001,

andt = so, 100, Soo, 4000.

.
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4. Discussion

In this section we discuss sow of the -theutlcal properties of the

prior distributions selected by the percentile =thods of Sections 2 auf 3.

Hatheutical justification of the properties is provided in the ●ppendixes.

4.1 The Conjugat2 - Prior on A

By differentiating h(~) in E-q. (2) with respect to A (see Appendix C.2),

we f?.d that h(A] is a unlmodal function of A vith a mode at A = S(a-1)

wbezka>l. For a = 1, we have an exponential distribution with parameter

6. These properties are s~rlzed in Table 1.

13>o

Table 1.

L-ehaped

or

&creasing

O<a<l

Unhdal

Exponential with

-de at

a - @(a-l)

a-l a>l

Shape properties of a conjugate gamma
prior on A.

Since error bounds on engineering estimates of

the useful gauma prior d?%tributions are those with

selected gamma prior models have density functions which

tzated on values of k near zero. With a w 0.505 and @ =

prior in Fig. 1 exhibits a concentration of density near

failure rates are frequently large.

O<a<l. That i8, the

are heavily concen-

0.004, the gama

zero.

The precision on some incomplete gains subroutines deteriorates as a

approaches zero. Then precise calculation of the necessary gaama percen-

tiles for small values of a becomes difficult. To address that problem
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we can use the theorem of Appendix Cl. Let Ap denote the pth percentile of

● g~ prior with parameters aand~. Then

1
f

P a-1 .-
A W &

P“—
~aI’(a) o

&

Hem th theorem, Ap/B --pa whare
1

“-” is defined in Appendix Cl. Thus,

A~~ ~pa for small values of a. This result can be used to extend the table

in Appendix A to smeller values of a.

4.2 The Negative-Lo$ Game Prior on R

By differentiating k(’r) in Eq. (6) with respect to r (see Appendix C.3),

wa find that the possible shapss of k(r) can be sumrized an in Tnble 2.

.

Icy

y -1

O<ycl

Table 2,

J-abaped
I

or I Uniform

or
I

or

increasing I increasing
~a<l a-l

L-duped
or

decreasing

L-shaped

or

dmcreaming

Unimodal
with

-da ● t

-
l<a

I

Shape propar,iew of ● nesativc-log U- prior
on R.
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Our interest, as stated in Section 3, IS to ●eioct ● pair of velues (fl, P)

for the negative-log gamma prior in Eq. (5). Eowver, sinco y - t~, it folbwa

that y increases as t increasea. Thus, we have ● differmt prjer on G re-

liability for each choice of t. That property waa illustrated in Fig. 2 for

a = 0.35, B = 0.001 and t = 5C,1OO,5OO,4OOO. The portion of Tablo 2 frequent-

ly encountered in reliability analyses is for O <a< 1. W for O<a<l

and t mall enough so that O <Y - t~ < 1, the prior distribution p(r) IS an in-

creasing function of r. Bu&when t is such that y = ts> 1 ad O<a<l,

[1X&#p(r) is U-shaped with ite ●inimum (ant~de) ● t r - exp - . Thus, the

negative-log z prior on the reliability is concentrated ~ me in

early life (mall t). Aa t increases to lerge valme (lat. lifa), zbe dis-

tribution beccw~ U-shaped. That is, values of r near ●ither zero or ~ 8ra

wre likely to nccur than other values. Thus, i:” .ld-a# the prior pw

dicta the item will be either quite reliable or quit. unreliable. W dmi-

aity function in Fig. 2 for t - 4000 illwtratos that point.

Aa for the gama prior on A, precision problem -y ba encountered when

computing the percentile of Eq. (6) for small a va.l~s. TIM theorem in

Appendix C.1 again aaaists us by providin$

ability percentil~s as follows. Let Rp be

for paraumtei-a a and y. Then

good approximation- to the rali-

the pth percentile in Eq. (6)

\

R
P 1

1,

m

P“ ‘(r) ‘r “ m -In ~ e
‘x Xa-l dx

o

Y

or

2!5

/

l-p ● &
-Y

e
-x Xa-l

dx ●

o
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-a the U3aorem in Appadix C.1

-& R
+2 - (l-p) l’” .

To apply tlm ruult wa ●ct ae ii’ the “-” is an equality even though it is

only 8n ●symptotic raault.

To tine the parforunce of the ●pproximation wa rafer to Table B3

in App8.ndix B.
23

Let a - 0.05, p = 0.95, ●nd y = 1.795x1O . Then the

approximation givu ~ - 0.9983 in place of 0.9990 in the Table. Similarlyt

for~_O.999, a
23= 0.05, ●d p = 0.95, we find Y = 1.O49X1O in place

23
of 1.795XI0 in the table. The the ●pproximation is of reasonable quality

●ven for *eratQly large valms of a.
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Appendix A

Table and Graphs of a and B for Gun Prior Distributions

Tsbla Al qives B values which satisfy Eq. (4) for p

selectd sot of a values, ad AO = 1.0 x 10
-6 . We use

scalo paraaeter to obtain values of 0 uhith correspond

so, 0.95,

the fact that B is

to failure-rate

percentiles different fr= 10 = 1.0 x 10-6. For given values of PO -

and a in Bq. (4),the ratio 1./9 is constsnt. Tlmrefore, in Table Al for

a and PO, multiplication of the S value by (A#l.O x 10-6)yields the B

valus corresponding to ● poth percentile of As.

6xa9ple: Let pO” 0.OSanda=O.25. llwn

B= 2.3705XIO-l for Ah- 1.OY 10+.

-9Thu. for A.- 1.OX1O

That is,

2.S705 x

uitha=

In Figs. Al,

(1.0 x 10-9/1.0 X 10-6) (2. 3705 X 10-1)= 2.3705X 10+ .

the 5th parcentila of ● gausna distribution with a = 0.25 and B -

10-1 Is 100 x 10
-6

while the 5th percentile of a gama distribution

0.25 ad ~ = 2.3705’x 10-4 -9is 1.0 x 10 .

A2, M, ua have graphed a and f3 for ~elected values of

‘o” 71t0results are derived frm Table Al as illustrated by the above

-19* To provide bettar resolutior~ in the graphs, a logarithmic scale

i8 Usad for e. Tho notation in Table Al and Figs. Al, A2, A3 is defined

● a follows: *mnxl&O
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Table Al:

. .

Values

0.05

0.95
1:00
:::?

td
t.ao
1.50
9.60
T. o
i1. 0

1.90
a.ao

of !!

2.340!X-05
1.949W-05
1.4138M!5
1.0736E-05
8.85s2E-06
6.852W-06
5.6683&-06
@.8056E-06
@.t2&O&-06
3.5937f”06
3.16ME-06
2.89408-06

0.95

{.W;W:

l:~?Wz06

!%=:
6.St052-07
6.0*70L47
5.5729247
5.20642-07
8.a972tio7
8.63t7C-07
4.4007E-G7
4.tg7t&=G7
@*o1593-07
3.dS 45-07

i3*7D 4b07
3.5728E-07
3.8505&07
3.33dTiPo7

t
3.1 8tE-07
2,9 50E-07
2.ii13W-07
2.6792&-07
2*5593E-07
2.WIM-07
2.3S36E-07
2.26@6E-07

i
Z*ta OE-07
2.10 0s-07

.

forpfi= 0.0S, 0.S0, 0.9S, #nd aselected setof

u which sOIW Eq.-~4) whez-Ao= 1.0 X 10-O.

.

0

Figure Al,

PO 0’5 1*O 1*5 2*O
a

A graph ofTabIc Al forpO ● 0.0S and a selected set of ~. values,



------

?
o
w+

. . .

-4==1
)*O 096 1*O 1“5 2“

a
Figure A2. A graph of Table Al forpO= O.SOand ● selecte4 set

?’_ pa=o ● 95

.
a

.

0

of A values.
o

‘o

of An Vallms.F@ure A3. A cmph of Table Al for P. ● 009S ●nd ● sohctod -t



Tables ti Cf8ptU of a

O.w

.

i.9tmmM
4.000IL-01

1 .mtyt-cl
l.l,bu-ol

l.o’R#al
1.1 lB41

Di8trlhatloo

.

O.w

?ablo B1. Table of y V8~M h % ● 0.s d ● 80hCtd SOt Of VtIIUOS

fmmndRoM3q.(7).
p,=o ● 05

Figuro B], A graph of Tnblc B].
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O.moo

UJ%J.3:
b.lT74col
Y.~7b9k-01
Q.91J2bol
a.awbtiol
4.ob5w-ol

I

.739 QC-01

. MO$C-01

.219 E-ol
i.Oaj bol

2. S131E-01
2.26 Ibol

IS.05 at-ol
1.ad6Jii-01
1 .?amt-ol
1.61 A12-01
1 .50 T9C-01
1.41 Ikol

d1.s 92’-01

O.wa

1.a903L*05
1 o?756f%02
1 .6b9’)E*ot
$C0705L*00
a,412b L*oo
!. b4c17F*oo
9,81w&-ol
7.2(I?3E-01
5.6u5!L-01
4, LIJ19E-01

1
,di373i-01
.3)73E-01

2.3’68L-01
z.54boL-ol
a.3w9k-ol
a.lo15L-31
1.9195s-01
1.76364-01
1.6339C-01
1.5200L-01
1.333 ZE-01
1.ldb6t-01
1. OWC-01
9. Tlb Jk-OZ
d.9063i-02
1.8196[-02
7.6306L-oa
7.11962-Oa
p;:-;:

Table B2. Table of Y values for
u and R. in Eq. (7)

9

0.9500

9. 202 QE*04
U.6441E401
6. Z269C*O0
a.4724F.+00
i*1745buo
7.0139 F,-01

);%::

2:255 GL-01
1 .O%w-ol
1 .6?47b-of
1.4200C-01
1 .2S90L-01
1.1294L-01
1.0231c-ol
9. u6k-02

1s. 955*02
7.954~boz
7.4001E-OZ
6.490 Lc-02
5.7767c-oa
5.2022C-O?
4.73(J2+oz
4. )M9boa
4.0017s-02
3.714 !IE-C2
3.a661g-o?
;: Wjfi

0.9900

1. bo3!L%04
1.6937L*OI
1.tJ120L-oo
4.6444 F.-O1
2.30121.-O1
1.3743E-01
9.3i@5.-o?
6.9275L-02
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Appendix c

FLatheMtiul Rusults

Cl. A tbaorem on the maymptotic behavior of z percentiles.

Tlmorm : If, aa a + 0+, K(a) 1. defined by

f

(a)

* ~ ‘-x‘a-lCl X-p,

tbun

~

K(a) - pa,

where f(a) - g(a) -ans lti
-

Pro9f : Cansider

for-l aandflxod O<K< CO.

J
K

-x xa-l
●

F(a) u ~
o

J J

m
-x a“”l d’ +ex

-x Xa-l
o d’

o K

- 1.

Row”

d’

●nd

(1) Jlim K .-x Xa-l d~.+m

H+ o

J
m

(ii) there IU ● H ouch that, for O<a<al, e-x Xa-l dx<H.
K

Tharefore, F(a) + 1 88 a + O+. This implies, if K(a) satisfies



1
r

(a) ●-x =CS-l
m. &-p,

.

- lim K(a) = O.

W’o+

Than, as@o+,

1
J

K(a)

1

K(a) -l

P-m.
=-x Xa-l

dx-J--
r(a) ~

x dx

= [ar(a)]-l [lC(a)]a

-[r(*n]-l [K(a)]a

-[K(ct)~. .

●

Therefore, the conclusion, K(a) - p
l/a

., holds.



c. 2. DiffermtiAtion of

tit

p #/B
b(l) “

t’ Ma)

.Dlfforomtiatiai @vs9

z dansity.

0 <1.

C.3. Differentiation of a negative-kg g~ density. Let

1.=.
-In r a-1 ry 1

k(r) = , O<r <lo
Ya r(a)

Differentiation gives

~ -2

?!##m(

-h ~ a-2 ry

r(d Y*l
[(y-l) In r - (a-:)y] .

How for O<r <l,



I >0 *(y-1) in r> (a-l)y

a:~r)

/

- 0 * (y-1) l.n r - (a-l)y

<O *(T-1) in r< (a-l)y .

lbe nine possible cases for different combination of a and y values are

s~ized in Table 2.


