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ABSTRACT 

The reaeons  f o r  t h e  l a r g e  d i sc repanc ie s  12  the  magnitude of t h e  

nN a-commutator. g(nN), obta ined by s e v e r a l  au tho r s  a r e  discussed us ing  a  

d y n a d c a l  theory of t h e  nN s c a t t e r i n g  amplitude. With a(nN)?. 25 MeV t h i s  

theory reproduces  reasonably  v e l l  both  the  exper imental  S-wave phase s h i f t s  

a t  low ene rg ie s  atxi t h e  amplitudes ?(+)(v=O,tD) determined by Langbein. I n t h e  

method of Cheng and Dashen the  value  of a(nN) is  obta ined from these  amplitudes 

2  
by s x t r a p o l a t i o n  u, t -2mn .  A s tudy of t he  exper imental  D r a v e  " s c a t t e r i n g  

lengchs" imp l i e s  t h a t  the  c o e f f i c i e n t  of the  term quadra t i c  i n  t i n  t h e  HOhler 

expansion of ? ( + ) ( 0 , t )  i s  negat ive .  Adding scch a  term t o  the  r e s u l t s  of t h e  

S-vave theory w i l l  tend t o  improve the  agreement f o r  ? ( + ) ( o . ~ s o ) .  These r e s u l t s  

suggest  t h a t  t he  l a r g e  "world value" a(nN) = € S f 5  MeV obtained us ing t h e  Cheng- 

Dashen method is  a Consequence of e r r o r s  i n  tt.e e x t r a p o l a t i o n  of amplitudes t o  

2  
the  unphysical  po in t  v=O, t=2m . Only t h e  s m ~ l l e r  value  a(nN)?.25 MeV appears  

t o  b e  c o n s i s t e n t  w i th  the  exper imental  d a t a  and t h e o r e t i c a l  c o n s t r a i n t s .  
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I. INTRODUCTION 

The pion-nucleon a-commutator, in t roduced by Weinberg.' is a  measure 

of c h i r a l  symmetry breaking and a  v i t a l  parameter of low energy nN s c a t t e r i n g .  

Becauae of its importance t h e r e  have been many a t t empt s  t o  eva lua t e  t h i s  

quan t i t y2  a i n c e  t h e  f i r s t  e f f o r t  of von l i ippel  and 

The work of Cheng and ~ a a h e n ~  (CD) provided a  new method f o r .  determining 

the  pion-nucleon a-commutator, a(nN). The method involves  e x t r a p o l a t i o n  of 

t h e  s c a t t e r i n g  ampl i tude i n  t h e  v a r i a b l e s  v  - (8-u)/4M and t ,  t h e  i n v a r i a n t  

2  momentum t r a n s f e r ,  t o  unphysical  va lues  v  - 0 and t - 2mn b u t  keeping a l l  

p a r t i c l e s  on t h e  mass s h e l l .  Thia appears  t o  be s u p e r i o r  t o  t h e  methods based 

5 on t h e  work of Pubini  and Fur lan . vh ich  uses  amplitudes where one pion is off  

the  masa s h e l l .  Only a  dynamical theory can g ive  these  off-mass-shell  ampl i tudes .  

On the  o the r  hand i t  is bel ieved t h a t  t h e  unphysical  amplitudes r equ i r ed  i n  

t h e  CD approach can be determined reasonably w e l l  through t h e  use  of aophia- 

t i c s t e d  e x t r a p o l a t i o n  methods and d i spe r s ion  r e l a t i o n s .  One f i n d s  a  a i g n i f i -  

can t  d i f f e r e n c e  between t h e  r e s u l t a . o f  t he  two methods. Ear ly  e f f o r t s  based 

on t h e  Fubini-Furlan theory gave va lues  of6  25 t o  30 MeV f o r  o(nN) wh i l e  t h e  

more r ecen t  work us ing t h e  Cheng-Dashen approach hsa  s e t t l e d  on a  va lue  be- 

tween 60 and 70 M ~ v . ~ ' ~ - ~ ~  

Recently we have presented a  dynamical theory of low energy p i o n n u c l e o n  

s c a t t e r i n g . 1 2  This  work is an extension of t h e  Chew-Lou theory13 i n  vhich 

both  nucleon r e c o i l  and the  s e a g u l l  terms a r e  included.  The i s o s c a l a r  aea- 

g u l l  term is evaluated wi th  t h e  help  of t h e  s o f t  p ion l i m i t  where one pion 

is made s o f t ,  and i n  t h e  s o f t  p ion amplitude a(nN) appears  a s  a  parameter of 

t he  theory.  Another major parame,ter is  the  coupl ing constant  in ~ g , , ( 4 M ~ ) )  

appear ing i n  t h e  z-graphs, vhich a r e  t he  main i aovec to r  terms. The c a l c u l a t e d  

S-wave phase s h i f t s  a r e  extremely s e n s i t i v e  t o  both a(nN) and in. We determine 



o (nN) - 25.5 MeV 

-= r e q u i r i n g  good agreement between ca l cu la t ed  and e x p e r i w n t a l  phase s h i f t s .  

I 3e agreement betweer. t h i a  va lue  of o(nN) and t h e  values  obta ined from s e v e r a l  
I 

Fdin i -Pur l an - type  c e l c ~ l a t i o n s ~ ' ~  is ,  i n  a sense ,  e c c i d e n t a l  s i n c e  the re  a r e  

=o JCiDds of e r r o r s  jn  t hese  c a l c u l a t i o n s  which 'end t o  cance l  one another .  
14 

. In t h i a  paper WE demonstra te  t h a t  t h e  discrepancy beween  our value  of 

~ [ r 8 j  and t h e  very high value  obta ined from the  CD approach is e n t i r e l y  due 

-2 e x t r a p o l a t i o n  e r r o r s  i n  t he  l a t t e r .  

Ihe e x t r a p o l a t i o n  involves  t h e  v a r i a b l e s  v i n d  t .  The cu r ren t  p r a c t i c e  

rj t h e  Cbeng-Daahen approach i s  t o  d e a l  wi th  the  amplitude 
15 

a r r a  .4 and B a r e  t he  usual  C G L N ' ~  amplitudes and 

t h e  va lues  of :he amplitude f o r  phyaic'al  t s 0 and v L mnJ(l  -t) (1 -+) 
4u2 4m 

. r s t  e x t r a p o l a t a s  i n  v t o  v = 0 f o r  f i xed  t .  h e  then cons ide r s ,  i n  t he  

i = t a t i o n  of ~ ~ h l e r , "  ;he expansion 

&st au tho r s  have r e t a ined  only  the  f i r s t  two t e r n  on the  r i g h t .  ! 
b i e l s o n  and.'0ades9 k e p  %?), a l s o .  The form (1.3) l a  then used t o  eva lua t e  

'?(+)(0,2mz) from which o (nn) i s  obta ined from the  r e l a t i o n  
10.17 

; 

4 

The a q l i t u d e  ? (+ ) (0 , t )  can be  eva lua t ed  us ing  our theory.  When we do 

t h i s  us ing e x a c t l y  t h e  same s e t  of parameters  which were used i n  (I) t h e  

r e s u l t i n g  2") (0, t 5 0 )  a r e  i n  reasonable  agreement w i th  thoae of Langbein 10 

2 
i n  t h e  range 0 L t L -0 .1  GeV . We po in t  ou t  t h a t  t o  improve t h e  agreeeent  

one must decrease  o(nN) s l i g h t l y  r a t h e r  than i n c r e a s e  i t .  To accomplish t h i s  

whi le  mainta ining a good f i t  wi th  t h e  lw energy S-uave phase s h i f t s  i t  i s  

necessary  t o  change t h e  form f a c t o r  maas IJ which is  used t o  parametr ize  t h e  

P-wave off-mass-shell  ampl i tude.  It muat be  inc reased  from t h e  value  amn, 

used i n  ( I ) ,  t o  a va lue  c l o s e  t o  lorn,. A l l  o t h e r  parameters remaining 

t h e  same, b u t  u - lornn, a good f i t  t o  t h e  low energy S-uave phase s h i f t s  can 

be  obta ined wi th  o(nN) s l i g h t l y  l a r g e r  than 24 MeV and in s l i g h t l y  sma l l e r  

than 11.9. The f i t  wi th  Langbein's va lues  of 2 (+ ) (0 , t )  is improved f u r t h e r  

by g iv ing  a sma l l  nega t ive  value .  We d i s c u s s  t h e  p l a u s i b i l i t y  of such a 

value  f o r  ? i f ) .  We cannot c a l c u l a t e  ??) r e l i a b l y  b e c a u e  our theory,  

designed f o r  low energy pion-nucleon s c a t t e r i n g ,  l eaves  out  an important  s e t  

of t e r n s  ope ra t ive  p r imar i ly  i n  t he  D-wave. These terms a r e  obta ined by re-  

p lacing the  an t inuc leons  by a n t i d e l t a s  i n  t h e  z-graphs. 

With o r  wi thout  t he  nega t ive  ?:+) our  t h e o r e t i c a l l y  c a l c u l a t e d  2;) and 

?:+) a r e  inva r i ab ly  smal ler  than those  of Langbein and va r ious  o the r  au tho r s .  

-1 
We f i n d  - -12.4(-10.8) G ~ V - '  and ?p) = +7,0(6.0) CeV f o r  

!J = 8(10)mn, whi le  t he  means of t he  values  of Refs.  8-11 a r e  2:) = -10.2 Cev-' 

and ?;+) = 7.5 G ~ v - ~ .  The e f f e c t s  of t hese  d i sc repanc ie s  a r e  compounded i n  

?(+) (0,2m:) = ?r) + 2 2 r )  r e s u l t i n g  i n  t he  l a r g e  d i f f e r e n c e  beween  our va lue  

of 25.5(24) MeV and a mean value  of 58 MeV from the  ex t r apo la t ed  r e s u l t s  of 

Refs.  8-11. 

Our success  i n  g e t t i n g  good agreement w i th  the  low energy S-wave phase 

s h i f t s  wh i l e  s imul taneously  g e t t i n g  q u i t e  c lo se  t o  Langbein's va lues  of Z (+) (O .~<O)  



5 

l eaves  ua no cho ice  bu t  t o  r a i s e  doubt about t he  p rec i s ion  of t h e  values  of 

i zy) and ob ta ined  by o t h e r  au tho r s .  

1 A f t e r  reviewing wr t h e ~ r y  of t h e  off -mass-shel l  nN amplitude i n  t h e  f o l -  

i l o d n g  s e c t i o n ,  we p r e s e n t  i n  Sec t ion  I11 our  mett.od f o r  computing 2 (+) (0 , t ) .  

I n  Sec t ion  I V  ou r  r e s u l t s  f o r  t h i s  amplitude a r e  compared wi th  the  two s e w  of 

va2ues of 'lj("(0, t L O )  obta ixed by Lsngbein, and wi th  t h e  r e s u l t s  f o r  t h e  HLlhler 

pa raue re r s  t?), and ??) obtained by Langbejn and o the r  au tho r s .  I n  

Sec t ion  V we sunmarize our  f l nd ingc .  

11. Theory of t he  Off-Maes-Shell nN Amplitude 

In  t h i s  s e c t i o n  we surrmarize the  resulffiof ( I ) .  We consider  t he  8111- 

18 
tude ,  schemat ical ly  dep ic t ed  i n  Fig .  1, 

where we use  PCAC and w r i t e  

3 
wi th  f n  = 0.939%. 

The express ion f o r  Fga(k) can a l s o  be r e w r i t t e n  i n  t h e  form 

FEa(k) - J d4x eik'x<p 1 6 ( 5 )  [eE(x)  , j a (0 )  lko + i6(xO) [ i B ( x )  , j a (0 )  11 pi> f 

+ 11 d4x eik"<pf I T ( ~ ~ ( X )  , J , ( r ) )  /p i> (2.3) 

where 

(0 +m;)+,(x) - j a (x )  

is t h e  pion source  cur;ent. f i r s t  two terms a r e  t h e  so-cal led  s e a g u l l  

terms. We assume t h a t  t h e  i s o v e c t o r  p a r t  of the  s e a g u l l  term is  e i t h e r  e x a c t l y  

zero  o r  s t  l e a s t  neg l ig ib ly  sma l l .  We then e l imina te  t he  i s o s c a l a r  p a r t  of 

the  s e a g u l l  term with  the  help  of t h e  s o f t  p ion l i m i t  of Pga(k) obta ined by 

f i r s t  l e t t i n g  -. 0 and then k + 0 i n  Eq. (2 .1) .  This  l i m i t  is 
0 

where 

upon using .sA(0) = 1.25.  The ope ra to r  o (0 )  is  the  o -comuta to r  dif ' ined by 

> = 1 f d4: 6(xo)<pf 1 [A:(.) ,aY*;(o) 1 l p i> ,  <pf , 

and we w r i t e  
o(nN);(pf )u(pi)  

< P ~ ~ ~ ( O ) ~ P ~ )  = ( I - ? )  t 2  ( 1 - 5 )  (2.6) 



The second term i n  (2.L) a r i s e s  from the  s o f t  pion l i m i t  of t h e  nucleon po le  

; terms. 

1 2 
We want t o  draw t.he r e a d e r ' s  a t t e n t i o n  t o  t h e  f a c t o r  ( t -mn)  i n  t h e  

a-commutator term, s i n c e  t h e r e  appears  t o  be  some confusion regarding t h e  

, s t r u c t u r e  of t h i s  term. One f i n d s  i n  t h e  ~ i t e r a t u r e , ' ~  f o r  example, such 

2 2 
£orma a s  a(nN) [ ( I  - 0) (h + k t 2  - 2)  + B(t - mn) 1. I n  the  absence of any dynamical 

theory such a form may appear  poss ib l e  because i t  s a t i s f i e s  t h e  Adler con- 

bis=ency c o n d ~ t i o n . ~ '  We want t o  emphasize f h k  t h e  c o r r e c t  value  of.  6 = 1. 

The a -comuta to r  term appears  through t h e  s o f t  pion l i m i t  k + 0 ,  which 

y i e l d s  t h e  form (2.4).  Any o t h e r  s o f t  p ion l i m i t .  such a s  k + k '  -t 0 , w i l l  

I invalve .  f o r  non-forward s c a t t e r i n g ,  unkkwn u t r i ;  elemen. <p  S ( O )  I p '  .qy> 

of :he a x i a l  vec to r  c u r r e n t  between a one-nucleon s t a t e  and a one-pion p l u s  

one-nucleon s t a t e .  Thus our s o f t  pion l i m i t  has  two advantages. F i r s t ,  we 

avold  t h i s  unknown amplitude and second, t he  Adler cond i t i on  is  manifes t .  

Af t e r  e l i m i n a t i n g  t h e  s e a g u l l  terms we g e t  

where FBa(0) is  given (2 .4) .  Next we make Low expansions of t he  i n t e g r a l s .  

We zruncate  t h e  expansions i n  the  CM frame where the  energy denominators a r e  

I 
I t he  l a r g e s t .  We r e t a i n  in t e rmed ia t e  s t a t e s  of one nucleon, one pion p lus  

one nucleon, and the  ;-graph terms which occur wi th  two nucleons p lus  one 

an t lnuc leon  in t e rmed ia t e  s t a t e s .  A s  we w i l l  s e e  l a t e r  we can inc lude  i n e l a s t i c  

i n t ? rmed ia t e  s t a t e s  q u i t e  e a s i l y  i n  many s i t u a t i o n s .  

It i s  u s e f u l  t o  i n t roduce  the  p a r t i a l  wave e=psnsion i n  t h e  CM frame 

+ - 
~ ~ ~ ( k )  - 4n 1 f , , ( ~ G ~ l . ~ i ; ~ l )  A , ( P ~ . P ~ . B , ~ )  (2.8) : 

V + 
where pf and ;: a r e  the  f i n a l  and i n i t i a l  nucleon CM momenta. The p r o j e c t i o n  

i 

ope ra to r  Av i s  a product  

* * + + 

v 

of angular  momentum and i aosp in  p r o j e c t i o n  ope ra to r s .  

1 
nlI2(B.a) - - 3 T BTa 

These angu la r  momentum p r o j e c t i o n  ope ra to r s  s a t i s f y  the  idempotency cond i t i on  

J d f i i P ~ J ( ~ ~ ~ ~ . G f ) f L t J l ( ~ ~ ~ ~ . ~ i )  = 6LL;6JJ0fLJ(Gf,;i). (2.12) 

The complete express ion f o r  the  off-mass-shell  amplitude i s  



I +a +a a a 
i .I . d ( ~ f v ~ i . ~ f  , Y ~ ) ,  

(2.13) 

where W and q a r e  zke t o t a l  CM energy and momentum of t h e  in t e rmed ia t e  s t a t e .  

The f i r s t  rw. rerms of (2.13) have been d i s c u s e d  be fo re .  'The t h i r d  

and t h e  f u u r t h  re- a r e  t h e  d i r e c t  and the  crossec  nucleon po le  terms. They 

vanish when 2 -. 0 .  The next  t vo  terms a r e  t h e  d i r e c t  and t h e  crossed z-graphs 

and  the.^^ subseql;l:r ones a r e  t h e i r  s o f t  p ion l i m i t s .  

For t h e  pior. r ~ c l e o n  v e r t e x  func t ion  g,(t)  vt.ich appears  i n  some of 

t hese  terms v e  m a  5 3 :  t 1. 0 the  form 

2 
The q u a n t i t y  g t l ( t ,  Lrj an approximation t o  l g n ( t  24H 11 and we r ep resen t  . i t  aa  

Z A 

The four-momenta P ,  i . . . L .  pi and pf a r e  def ined by 

The l a s t  term i n  (2.13) r ep resen t s  t h e  four  r e s c a t t e r i n g  t e r n  of t he  

LW expansion. The l a b e l  a runs  from 1 through 4 and designates  t he  hard 

r i g h t ,  the hard l e f t ,  t h e  s o f t  r i g h t  and the  s o f t  Lef t  terms, r e spec t ive ly .  

The 'hard r i g h t  r e f e r s  t o  t he  d i r e c t  term of the  f i r s t  i n t e g r a l  on the  r i g h t -  

10 

hand s i d e  of (2.7),  and s o  f o r t h .  The o t h e r  q u a n t i t i e s  i n  t h e  last term a r e  

de f ined  i n  t h e  Appendix. The v a r i a b l e  v denotes  (21,2J).  

I n  (I) we discussed hov t h e  i n t e g r a l  equat ions  (2.13) a r e  used 

t o  gene ra t e  S r a v e  phase s h i f t s  a t  l ov  ene rg ie s .  A l a r g e  amount of computer 

t ime i s  r equ i r ed  t o  o b t a i n  a reasonably  accu ra t e  s o l u t i o n  f o r  a g iven s e t  of 

parameters.  Because a f  t h i s  t h e  sea rch  of t h e  var ioua form f a c t o r  masses 

was c a r r i e d  ou t  by examining t h e  [1 ,1]  Pad6 approximants. The values  we 

s e t t l e d  on a r e  u1 = 8.24mn, u 2  = 7.5mn and mo - 8.6mn. We a l s o  s t r e s s e d  t h e  

s e n s i t i v i t y  of t h e s e  phase s h i f t s  t o  t he  main parameters  a(nN).and in f o r  

a given s e t  of form f a c t o r  masses. Comparison with Car t e r .  Bug8 and Car t e r  2 1 

phase s h i f t s  y i e l d s  t h e  values  i - 11.69 and o(nN) - 25.5 MeV. The reason 

f o r  t h e  discrepancy hetveen t h i s  va lue  of o(nN) and t h e  values  of 60-70 HeV 

obtained by s e v e r a l  au tho r s  u s ing  t h e  method of Cheng and Dashen fol lows from 

an a n a l y s i s  of t he  ampl i tude t (+)(v-o, t )  of Eq. (1.1). We nov d i acuas  t h e  

eva lua t ion  of t h i s  amplitude i n  t h e  context  of t h i s  theory.  



111. EVALUATION OF t (+) (0 ,  t )  

j Cheng and  ashe en^ consld.red t h e  i s o s c a l a r  ampHtude 

~ ( + ) ( k ~ , k ' ~ , v , ~ , )  I $ ( ~ ~ ~ ( k )  + ~ ~ ~ ( k ) ) .  (3.1) 

The anp l i t udes  which appear on t h e  right-hand a i d e  a r e  t h e  ones def ined by 

(2..1). Of course ,  t h i s  equat ion d e f i n e s  t h e  functLon f o r  r e a l  vec to r  k and 

, phyaical  pi and pf .  The Adler cons i s t ency  c o n d ~ t i > n ~ ~  r equ i r e s  t h a t  

k2+k12  
~ ( + ) ( k ~ , k ' ~ . 0 , 0 )  = ( 1  -- 4 

) P(+)(o ,~,o .o . )  + ~ ( k  (3.2) 

='n 

/ v h e ~ e  0(.L4) s t a n d s  f o r  terms of t h e  o rde r  of k4,k" and k2k'2. This  means 

I ,(+I ' 2 4 
i (m;.mn,o.o) - -F(+)(o,o,o,o) + ~(m,,) 

4 - ($ )2m:o (n~)+~(mn) ,  (3.3) 
n 

where t h e  l a s t  l i n e  fol lows from (2.4) and (2.6) u)on s e t t i n g  pi - Gf - 0. 

Cheng and Dashen noted t h a t  t h e  amplitude P ( + ) ( ~ ~ . I I ~ . o , o )  involves  on-ss- 

2 2 
s h e l l  p ions  and nucleons wi th  unphysical  s - H and t - 2mn and, t he re fo re .  

j can be eva lua t ed  wi th  the  h e l p  of d i spe r s ion  r e l a t i o n s  and phys i ca l  da t a .  

i U ~ u a l l y  one e v a l u a t e s  t h e  amplitude t ( + ) ( v , t ) .  def ined i n  (1.11, i n s t e a d  of 

1 
I P ( + ) ( < . ~ : . ~  ' B  v ) - ~ ( + ) ( v , t )  + v ~ : + ) ( v , t )  (3.4) 

2 2 
becsuse of t h e  i n s e n s i t v i t y  of 2'') t o  t he  p r e c i s e  value  of gn(mn). The 

p rac t i ce  i s  t o  e v a l u a t e  ?!(+)(v,t) f o r  phys i ca l  v t s  and t ' s  f i r s t ,  and then 

t o  s x t r a c t  ?(+)(O, t )  by us ing  e i t h e r  d i s p e r s i o n  r e l a t i o n s  o r  some s o p h i s t i c a t e d  

ex t r apo la t ion  technique.  F i n a l l y  most au tho r s  have used a l i n e a r  e x t r a p o l a t i o n  

! t o  =b ra in  ?(+)(0,2m:) Irom which a va lue  of a(nN) 1s obta ined us ing Eq. (1 .4) .  

I We can e v a l u a t e  t t e  amplitude 2 (0 . t )  from Eq.  (2.13) by a s s ign ing  values  

t o  rhe va r ious  QI v a r i s b l e s  i n  t h e  fol lowing manner: 

! 

Pf0 - Pi0 = - kg. 

c 2 _ ; , 2 _ ; 2 _ ; 2  2 2 
f i - k o - m n *  

M 
L(P,) Yo "(pi) - - (3.5) 

G 
To f a c i l i t a t e  i d e n t i f i c a t i o n  of t h e  Huhler parameters  of Eq. (1.3),  we expand 

t h e  va r ious  term8 of Pq. (2.13) i n  powers of t. The c o n t r i b u t i o n  t o  ?(+)(0 , t )  

from t h e  a-commutator, N-pole and z-graph terms is s c r a i g h t f o r v a r d l y  obta ined.  

The con t r ibu t ion  from t h e  S-vave r e s c a t t e r i n g  i n t e g r a l s  r e s u l t s  from two 
t *  

sources .  F i r s t  is t h e  dependence on 1;1 of t he  S r a v e  amplitudes f v ( l q l .  1 ~ 1 ) .  

where c is t h e  CM momentum of an on-shel l  p ion and nucleon. One may w r i t e ,  

-+ 
f o r  sma l l  l p l ,  

Our S-vave c a l c u l a t i o p s  show t h a t  f o r  S11 fv2 / fv l  % 0.1, wh i l e  f o r  531 t h e  

r a t i o  is % 0.01. Prom t h e  l a s t  i n t e g r a l  i n  (2.13) and t h e  d e f i n i t i o n  of 

+a 
p 1 and 7 f g iven i n  t he  Appendix one s e e s  t h a t  t he  numerators of t h e  r e s c a t -  

t e r i n g  i n t e g r a l s  f o r  t h e  s o f t  t e r m  and t h e  hard l e f t  term a r e  t-dependent. 

A second and somewhat l e s s  important sou rce  is t h e  t dependence of t he  energy 

denominators of t he  i n t e g r a l s .  

Wri t ing the  S-wave r e s c a t t e r i n g  c o n t r i b u t i o n  t o  ? (+ ) (o , t )  a s  

?(+) + f-i ?::), we f ind  
1s - 



and, 
m 

n39 n2 + ( 2 ~ - M )  
2  

?(+: - -&+j +-A 1 d W 
1s " =r2 ~ + r n ~  w'(w-H) w2 

(3.8) 

where 

+ 
fvq;;l ,it=J ' fVl(l;; l)  - f v 2 ( I q I ) .  

The i n t e g r a l  =ra i n  (3.8) i s  the  value  of t h e  S-veve r e s c a t t e r i n g  i n t e g r a l s  

2  
a t  t h e  -h&en p a i n t ,  v  = 0 ,  t - 2mn. Prom (3.6) we s e e  cha t  

4 
i_ and s o  t h e  term is -., m n .  We d i d  no t  include S-wave ine l a s -  

fv2 - I. - JIG; 
t i c f t g  i n  (I)  a& hence t h e  walues of t h e  i n t e g r a l s  i n  (3.7) and (3.8) a r e  

not  a s  r e l i a b l e  as t h e  lou energy phase s h i f t s .  The va lues  we ge t  w i th  the  

parameters  of (1; a r e  

To e v a l u a t e  t h e  P-wave r e s c a t t e r i n g  contributLon t o  ?(+)(0 , t )  we use  t h e  

anaa tz  

s i m i l a r  t o  t n e  rd use3 i n  ( I ) ,  where fv (q ,q )  i s  tne  phys i ca l  e l a s t i c  s c a t t e r i n g  

ampl i tude f o r  the c h a n l e l  v  en3 $,(PI is  a  s u i t a b l f  chosen f o m  f a c t o r .  The 

c o n r r i b u t i o n  of a i l  P-vave i r . e l a s t i c  i n t e rmed ia t e  s t a t e s  is  included by re-  
k 

p lac ing  t h e  p r&te  f J (q ,p ) lv{q ,p ' )  i n  (2.10) by 

wheze a,, nv and 6 .  a r e  the  p a r t i a l  wave c ros s  s e c t i o n ,  i n e l a s t i c i t y  and 

phase s h i f t  f o r  t h e  channel b. 

By f a r  t h e  l a r g e s t  P-wave r e s c a t t e r i n g  con t r iSu t ion  t o  ?(+)(O, t )  comes 

i r o n  t h e  P33 channe l ,  f o r  which o u r . f a c t o r a b i l i t y  ansa t z  seems.eminently 

reasonable .  We have includee a l l  P-wave channels and have used the  same form 

1 
$(P)  = - (3.12) 

where t h e  mass parameter P 8m was used i n  t h e  numerical  work d i scussed  

For t h e  P-vave r e a c a t t e r i n g  c o n t r i b u t i o n  t o  ?(+)(O,t) we use  t h e  form 

2;) ++ ~::)(p) + (5) 2ti:), t hus  r e t a i n i n g  t h e  term q u a d r a t i c  i n  t .  We g e t  

., 11-2n(w-n)  1 - n  cos 26 
. 3  w2 3 )p33 ' 

(3.15) 
2q 

The symhol 

1 1 - n C o s 2 6  + 2 ( 1 - q C o s 2 6  . . 
' H ( w ) - ? [ (  IPl1 2  ' ~ 3 1  

. . 

(3.16) 

. The l a s t  term i n  (3.15) i s  t h e  value  of t he  P-vave r e s c a t t e r i n g  term a t  t h e  

. 4  Cheng-Dashen po in t .  It i s  man i fe s t ly  -% q. 

Combining t h e  terms we have 

f a c t o r  f o r  each channel .  v i z .  



We no te  t h a t  t h e  nucleon po le  terms vanish a t  t he  Cheng-Daahen poin and t h a t  ,£ 
t h e  on ly  c o n t r i b u t i o n  .of t h e  r-graphs a t  t he  CD pc.int is a term % and l a  

4 2. 
noc included i n  (3.171. The o t h e r  t e r n s  ma a t  uhe CD po in t  a r e  a l s o  sma l l .  

4 
Tbe a-term ha8 a q p tece  

us ing 0t.N) - 25.5 )lev. v1 - 8 . 2 4 ~ 1 ~  and v 2  - 7.5~4,. The P r a v e  i n t e g r a l  w i th  

" - aml h a s  an  m: c o n t r l b u t h n  of 0.16 G ~ v - ' ,  wh i l e  t h e  S r a v e  i n t e g r a l  con- 

t d b u t i o n  ha8 been given i n  (3.9) a8  O,11 GeV-'. I nc lud ing  the  e-graph term 

4 
mentioned above of -0.0.5 C~V-I ,  we f i n d  t h e  t o t a l  magnitude of t h e  m, terms 

2 
t o  be  0.49 G e v ~ ' . ~ ~  Since t h e  malo term i n  (3.18) (of o rde r  m-) is 

up s e e  t h a t  t he  b a s i c  i d e a  of Cheng and Daahen t h t  t h e  terms ?. m: i n  (3.2) 

e r e , a m l l  is q u i t e  reaeonable  a s  long a s  t he  ob jec t  l a  t o  e a t i n a t e  o(nN) 

wi th in  161 o r  ao. We should a t r e a e  t h a t  a 16% c h g e  i n  t h e  value  .of o (nN) .  

c e t e r i s . p a r i b u e ,  w i l l  r e e u l c - i n  a s u b s t a n t i a l  chmge  i n  t h e  c a l c u l a t e d  S r a v e  

phaae s h i f t s .  

With Eg. (3.17) we can eva lua t e  ? (+ ) (0 , t )  f c r  e i t h e r  space l ike  o r  t ime l ike  

&; By comparing our p red ic t lone  f o r  ?(+)(0.t  LO) and ?(+)(0.2<) wi th  t h e  

valuee  of Langbein 8c.d o t h e r s  we can determine tt.e reason theae  au tho r s  have 

o'>tained such l a r g e  valuee  of o(nN) 'uaing t h e  m t h o d  of Cheng and Daehen. 
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rv. CWARISON WITH LANCBEIN'S t ( + )  (0, t )  

I n  Pigs .  2 and 3 we p re sen t  hogbein 'a10 s o l u t i o n s  I and I1 f o r  ?(+)(o, t SO). 

Solu t ion  I is baaed on t h e  phase s h i f t s  of Befe. 21, 23, and 24, end e o l u t i o n  

I1 uses  t h e  phase a h i f t e  of Refs. 21. 24. and 25. I h e  curve l a b e l l e d  a i n  

each f i g u r e  r ep reaeo ta  our t h e o r e t i c a l  ?(+)(D,t) BB ca lcu la t ed  wi th  t h e  parametere 

of ( I ) .  

I b e  agreement between our  c a l c u l a ~ e d  ?(+)(0.t)  end Langbein'a va lues  l a  

much b e t t e r  than what a c o q a r i a o n  of ou r  value  of 25.5 MeV f o r  o(nN) wi th  

Langbein'a va lue  of 60 H e V  may suggest .  By m k i n g  a l i n e a r  f i t  t o  each of 

h i s  eo lu t iona  Langbein obta ined two s e t s  of valuee  of t he  Hlihler parameters 

2;) and tr). Theae and the  r e s u l t i n g  o(aN) a r e  l i s t e d  i n  Table I. It is 

not  poss ib l e  t o  reproduce these  va lues  from our theory i f  we r e q u i r e  ceaaonable 

agreement w i th  t h e  exper imental  lw energy S-wave phase a h i f t a .  I n  o t h e r  

words, t h e  r e s u l t s  of o u r ' t h e o r y  a r e  not  compatible wi th  a l i n e a r  f i t .  

A Linear f i t  i e  a t rong ly  auggeated i f  one aaaumes, aa  Langbein, t h a t  

a l l  t he  e r r o r s  a r e  purely  s t a t i s t i c a l .  However, i t  l a  l i k e l y  t h a t  t h e r e  a r e  

aystemet ic  e r r o r s  i n  t h e  p h d e  a h i f t a  used and i n  t h e  e x t r a p o l a t i o n  i n  t h e  

v a r i a b l e  v from t h e  phys i ca l  region t o  v - 0. Asauming t h i s  l a  ao  we m y  ask  

how the  f i t  can be improved. An i n spec t ion  of Figs .  2 and 3 auggeats  t h a t  

we muat decrease  t h e  e lope ,  ??), and have a amall nega t ive  curvature,!:+). 

To decrease  tr) whkle &in ta in ing  good agreement w i th  t h e  S r a v e  

phase a h i f t a  one muet i nc rease  t h e  P r a v e  form f a c t o r  m & ~  II from t h e  va lue  

Em,. From (3.13) one s e e s  t h a t  t h i s  w i l l  reduce 3:;). The P-wave r e s c a t t e r i n g  

i n t e g r a l a  have a sma l l  b u t  non-negl igible  con t r ibu t ion  t o  t h e  S r a v e  equat ion.  

Inc reas ing  u dec reases  the  P-wave c o n t r i b u t i o n  t o  t h e  S r a v e .  So t o  mainta in  

a f i t  of ,  t h e  S r a v e  phase s h i f t s  we must r e a d j u s t  o(rN) and in. In  Fig. 4 we 

ahow the  phase a h i f t a  due t o  t he  s e t  ~r - lorn,, o(nN) - 24 MeV and iq - 11.64, 



d l  x c h e r  parameters remaining the  same, as t he  curves  l a b e l l e d  b .  

C-a W e d  a a r e  t h e  r e s u l t s  of ( I ) .  The sma l l  d i f f e r e n c e s  between t h e  

NO sets pbase  s h i f t s  e r e  of no consequence i n  t h e  present  d i scuss ion .  

The -1ues 2;). 2:;). 2;) and 2'') f o r  the  two s e t s  a r e  shorn i n  Table 2p 
11. The m e 8  l a b e l l e d  b i n  P igs .  2 and 3 r ep resen t  t h e  i r ( + ) ( ~ , t )  d i e  t o  t h e  

new s e c .  The cu rves  b .have ?:+) 0.012 G~V-l. I f  we tan change ?:+I t o  

4 . U  W-- then curve b w i l l  pass  through a l l  t he  e r r o r  f l a g s  of s o l u t i o n  11. 

The r e p u h - v e  cha rac t e r  of t h e  D-wave nN phase s h i f t s  sugges t s  t h a t ,  i n  f a c t ,  

2:) s h d  b e  nega t ive .  Our f a i l u r e  t o  ge t  a negs t ive  ??) is due t o  t he  

f a c e  that r e  have no t  included i n  our theory t h e  process  n + N+i. Its 

c o n c r l b u c ~ o n  t o  2'') i s  diagrammatically represented by r ep lac ing  t h e  N i n  t h e  

z-graph8 ivy E .  This  mechanism is ope ra t ive  mainly i n  t he  D-wave. The 

r e s u l t i ~ s  ~ o n t r i b u t i o n  t o  ??) is  

In iisr po le  model one e s t ima te s  

gnLNA (m:) 
- 2 .  kn . 0.3 . .  2 2 

IgnNA(W+MA) 1 I, 
To reach z r  va lue  -0.13 G ~ v - '  f o r  2:) we need 4n = 6.2. We 

do no t  lcwv i f  t h i s  is a reasonable  value .  Further i n v e s t i g a t i o n  of t h i s  po in t  

i s  p r o f i ~ l e  i f  t h e r e  i s  assurance t h a t  t he   value^ of ?? (+ ) (~ , t )  a r e  f r e e  

from s y s = t i c  e r r o r s .  I f  indeed t h i s  is t h e  case then the  t r end  of our 

nunr r i&  r e s u l t s  sugges t s  t he  fol lowing.  The a c t ~ a l  value  of u i s  c lose  t o  

lorn,. ~(73, is  = 24 M e V  and 2 r )  is  = -0 .1  GevL1. We may draw the  r eade r ' s  

a t t e n t i o c  :o t he  f a c t  t h a t  Langbein's e s t ima te  of t he  D-wave ' s c a t t e r i n g  

l e n g t h s '  g:ves 
10 

m4 n 2 f ( + ) ( v , t )  = -(0.9 r 0.7) G~v- ' ,  
d t  

1 8  

a t  t he  e l a s t i c  t h re sho ld ,  which i s  i n  a g r e e m t  wi th  t h i s  va lue  of 2:). 

I n  Table I we p re sen t  t h e  va lues  of ??) and ?:+) due t o  va r ious  au tho r s  

and ou r  r e s u l t s  f o r  t h e  s e t s  a and b. The values  obta ined by these  

au tho r s  by l e a s t  squa re  f i t t i n g  a r e  c o n s i s t e n t l y  g r e a t e r  than ours .  Natural ly .  

2 t h e  discrepancy f o r  t h e  amplitude ?(+)(0.2mn) - ?:+) + 2 2 r )  is p ropor t iona te ly  

g r e a t e r  because of t h e  cumulative e f f e c t .  The reason f o r  t h e  discrepancy is 

two-fold. F i r s t ,  we have presented t h e o r e t i c a l  arguments f o r  a small, nega- 

t i v e  ??I, b u t  gene ra l ly  a term quadra t i c  i n  t is no t  even incLuded i n  t h e  

f i t t i n g  c a l c u l a t i o n s .  And second, t h e  e r r o r s  i n  t h e  va lues  of ?!(+)(O,trO) of 

Ref. 10 a r e  no t  pu re ly  s t a t i s t i c a l  i n  na tu re .  There a r e  s y s t e m t i c  e r r o r s  

p re sen t ,  and a s  a consequence, t h e  l e a s t  square  f i t t i n g  procedure g ives  

erroneous  r e s u l t s .  

Though our a n a l y s i s  has  been based on the  work of Langbein, our  conclus ion 

concerning the  value  of o(nN) i s  a l s o  supported by a s tudy of t h e  work of Uoir. 

Jacob, and lii te. '  These au tho r s  eva lua t e  t h e  amplitude ?(+)(0 , t )  us ing an 

i n t e r i o r  d i spe r s ion  r e l a t i o n .  Their  method involves  f i r s t  eva lua t ing  an  

amplitude D(t ,aCD). c a l l e d  t h e  discrepancy func t ion ,  f o r  t L 0.  An extrapo-  

2 l a t i o n  i n  t i s  then c a r r i e d  ou t  t o  t = 2m,. The au tho r s  f i n d  t h e  ex t r apo la t ed  

2 
value  D(2mn,aCD) - 5.77 k 1.06 G~V-l ,  which g i v e s  o(nN) - 67 + 8 MeV. We 

2 note  t h a t  o(nN) 25.5 MeV corresponds t o  D(2mn,aCD) ' 1 . 5  G~V-l.  

In  Fig .  5 we p l o t  t he  va lues  of D(t.aCD) given i n  F ig .  1 of Ref. 7 f o r  

2 
-0.08 GeV 5 t 1 0 .  We add t o  t hese  p o i n t s  e r r o r  f l a g s  of *1 G ~ v - ' . ~ '  ( I n  

Ref. 7 t he  e r r o r  f l a g s  a r e  placed only  on t h e  CD po in t . )  On t h e  t 9 2mS l i n e  

we i n d i c a t e  t h e  p o i n t s  corresponding t o  t he  va lues  5.77 G ~ v - '  and 1.5 G~v-'. 

I t  i s  c l e a r  t h a t  t he  lower value  cannot be  ru l ed  o u t .  



'4. SWMARY AND CONCLUSION 

We ob ta ined  a va lue  of o(rN) by f i t t i n g  lov  energy S-vave phase s h i f t s  
I 

v i t h  a t h e ~ r y  based on t-te no t ions  of PCAC and s o f t  ? ion l i m i t  and t h e  assump- 

/ t i o n  t h a t  t h e  i s o v e c t o r  s e a g u l l  term i s  zero.  The txeory involves  t h e  Lou 
I 

j expansion of t h e  off -mass-shel l  nN amplitude. The expansion is t runca ted ,  

/ b u t  a f t e r  s u b t r a c t i o n ,  f>rming a non l inea r  i n t e g r a l  equat ion f o r  t h e  o f f -  
! 

/ s h e l l  amplitude. l%e iszwector  and t h e  i s o s c a l a r  term6 of t h i s  equat ion a r e  

I. : both r e p u l s i v e  i n  t h e  531 channel ,  v h i l e  they a r e  of oppos i t e  s i g n  i n  t he  S11 
I 

/ channel.  'Because of t h i s  t h e  procedure of f i t t i n g  both  phase s h i f t s  simul- 
: 
i t anecualy  f i x e s  f a i r l y  w e l l  t h e  va lues  of o(nN) and in, vhich a r e  t he  -in 
I 
I p a r ane te re  of t h e  i s o a c a l a r  and i sovec to r  terms, r e spec t ive ly .  We es t ima te  

t h a t  p o s s i b l e  numerical  i naccu rac i e s  i n  our vork c a n  only cause e r r o r s  of a 

feu pe rcen t  i n  t hese  parsmeters .  For a value  of Emn f o r  t h e  P-vave form.  

f a c t c r  mass we g e t  o(nN) = 25.5 MeV. For u = lorn, a s l i g h t l y  l w e r  value  

of o(nN) I6 obtained w i t 5  nea r ly  a s  good agreement w i th  t h e  S-wave phase s h i f t s .  

Uhen we c a l c u l a t e  ; 4 ( + ) ( 0 . ~ ~ 0 )  wi th  e l t h e y  s e t  of parameters v e  come 

very c l o s e  t o  t h e  va luds  obta ined by ~ a n ~ b e 1 n . l '  The agreement can be improved 

' with u = lorn,, o i n ~ )  z .24  MeV i f  we inc lude ,  ad  hoc, a t2 term ?:+) = -0 .1  G~v- ' .  ' 

The s i g n  zy) is  v h a t  one expects  from the  repulsive: cha rac t e r  of t h e  D-vave 

4 d2 i n t e r a c t i o n .  The magnitude i s  no t ' i ncompa t ib l e  v i t h  t h e  value  of m - F(+) 
" d t 2  

a t  t h e  e l a s t i c  t h re sho ld .  

The disagreement beween  our value  of o(nN) - 25.5 MeV and the  l a r g e r  

I "vor ld  value"28 of 65 t 5 MeV b o i l s  down t o  the  quesition of whether a second 

d e r i v a t i v e  of t h e  s i z e  'and s i g n  t h a t  ,we need can be . su l ed  ou t ' f rom the  accuracy 

of t t e  = u n e n t l y  a v a i l a b l e  values  of ? ( + ) ( ~ , t ) .  We be l i eve  ii cannot be. 

20 

Since t h e  o-commutator p l ays  such an important r o l e  i n  t h e  lw-energy 

nN amplitude, i t  w i l l  a l s o  be  important i n  p i -nuclear  processes .  It has  

been t h a t  t h e  form of t h e  0-term i n  Eq. (2.13) l eads  t o  a Laplacian 

term i n  t h e  pi -nuclear  o p t i c a l  p o t e n t i a l .  One expects  t h a t  a c a r e f u l  s tudy 

of lw-energy pi -nuclear  e l e a s t i c  s c a t t e r i n g ,  t he  many-body renormal izat ion 

of t he  pion propagator  i n  nuc lea r  ma t t e r  and o t h e r  such proceseee can be  

used t o  determine t h e  magnitude of o(nN), s u r e l y  t o  an  accuracy of b e t t e r  

than t40  MeV, i n  s p i t e  of poss ib l e  u n c e r t a i n t i e s  of nuc lea r  physics .  We 

note  t h a t  a p re l imina ry  s tudyz9 of p i -nuclear  s c a t t e r i n g  s t r o n g l y  f avor s  

t he  love r  va lue  of o(nN) mentioned above. 
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APPENDIX 

D e t a i l s  of t he  d e r i v a t i o n  of t he  l a s t  term of (2.13) may be found i n  Ref. 

30. Here we t a b u l a t e  t h e  va lues  of t h e  va r ious  q u s n t i c i e s .  
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TABLE I 

TABLE CAPTIONS 

! 
1 T U L E  I .  ~onpariso.  of values of the Hahler parameters 2:) , and ?:+) 

obtained by severa l  authors. I n  Refs. 8, 10 and 11 these e r e  

the only parameters quoted, while i n  Ref. 9 2:) i s  included 

and found t o  be 0.25 t 0.05 , G ~ v - ~ .  The f i n a l  column l i s t s  the  

i 
1 values of a(nN) obtained by each a u t h ~ r .  ' 
1 
I 

1 'IABLE 11. The S- an3 P-vave contr ibut ions ( i n  GSV-l) t o  2:) and 

corresponding t o  the  parameter s e t s  a and b. 

Authors o (nN) 

i n  MeV 

Chao. 
e t  a l . 8  -9 .67 i0 .30  8.19 t 0.72 5 7 i  12 

Langbein 
Soln. 110 -10.27f 0.69 7 . 2 8 i 0 . 7 0  5 7 t 1 4  

Langbein 
S o l n . I I l ~  -9 .73f1 .11  7.52 i 0.53 66 i 14 

Nielsen 
6 0ades9 -10.39i0.72 7.50i0.36 ' 6 6 i 9  

Ours a -12.35 6.98 25.5 

Ours b -10.69 5.95 24.0 

TABLE I1 

Parameter %(+) %(+) %(+) 
Set C 1 ~  C 2 ~  IP C 2 ~  



FIGURE CAPTIONS 

Pig. 1. Diagramatic representation of the scattering amplitude for 

Pig. 2. Comparison of theoretical curves of tt+)(O,t) vith the results of 

Langbein's solution I from Ref. 10, vtich are shovn as points vith 

error flags. The curve labelled a represents our theoretical 

2'') (0, t) as calculated vith the parameters of (I) ; in particular 
- 

v = 8 m , .  ~(RN) -25.5 MeV and q,= 11.69. Curve b results from the 

set v  - 10 mn, o(nN) 24 MeV and in = 11.64, vith all other para- 

meters the same as for curve a. 

?ig. 3. Comparisor of theoretical curves of 2") (0, t) for parameter sets 
I 

a and b wlth Langbein's solution I1 from Ref.10. 

.?ig. 4. The solid lines are our theoretical ptase shifts corresponding to 

parameters sets a and b. 'The flagged points represent the energy- 

independert phase shift fit of Ref. 21, vhile the dashed line 

 represent^ the energy-dependent fit oB Ref. 26. The ~ 3 1  phase shifts 

resulting-from both set a and b parameters exactly reproduce the 

results of the energy-dependent fit fc~r T < 100 MeV. n .L 

?ig. 5 .  Values of the discrepancy function D(t,a ) from Moir, Jacob and Hite, 
CD 

Ref. 7, are ploftedfor -0.08< t 5 0. C'n the t - 2m2 line we show the 
2 

value D(2mn.aCD) = 5.77 i 1.06 G ~ v - ~  obtained in Ref. 7 by extrapolation 

from D(t20,aCD). This value of D yields o(nN) - 6 7 t 8  MeV. Also 

2 -1 shovn is the value D(2m ,aCD) =1.5 Gel . which corresponds to 
, o(nN)= 21.5MeV. 
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