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I. INTRODUCTION

The pion-nucleon o-commutator, introduced by Weinberg,l 1s a measure
PION-NUCLEON o-COMMUTATOR* of chiral syumetry breaking and a vital parameter of low energy =N scattering.
nepar:mentM;fKthggz:j:id Astronomy Because of its 1mport§nce there have been many attempts to evaluate this
University of Maryland, College Park, Maryland 20742 U.S.A. quanticyz since the first effort of von Hippel and Kim.>
and The work of Cheng and Dashen“ (CD) provided a new method fot-determining
Dep:;czénia:?a;:;:ics the pion-nucleon g-commutator, o(sN). The method involves extrapolation of
virgioia Polytechnic Institute & State University, Blacksburg, Virginia 24061 the scattering amplitude in the variables v = (s-u)/4M and t, the invariant
July 1977 momentum transfef, to unphysical values vV = 0 and t = 2m: but keeping all

particles on the mass shell. This appears to be superior to the methods based
ABSTRACT on tae work of Fubini and Furlan5~wh1ch uses amplitudes where one pion is off
The reasons for the large discrepancies i the mggnitude of the the mass shell, Only a dynamiLaI theory can give these off—m#ss—shell amplitudes.
N °'°°?m“tat°r' a(nN), obtained by several authors are discussed using a On the other hand it is believed that the unphysical amplitudes required in
dynaaical theory of the 7N scattering amplitude. With o(nN)~ 25 MeV this the CD approach can be determined reagonably well through the use of sophis-
theory reproduces reasonsbly well both the experimental S-wave phase shifts ticated extrapolation methods and dispersion relations, One finds a signifi-
at low energies and the amplitudes E(+)(“=°'t£p) deternined by Langbein. Inthe cant difference between the results of the cwo.methods. Parly efforts based
method of Cheng and Dashen the value of o(nN) 1s obtained from these amplitudes on the Fubini-Furlan theory gave values °f6 25 to 30 MeV for o(nN) while the
by extrapolation to t = Zm:. A study of the experimental D-wave "scattering more recent work using the Cheng-Dashen approach has settled on a value be-

lengchs" implies that the coefficient of the term quadratic in t in the Hohler 2,7-11

tween 60 and 70 MeV.
. +) . .
1 tive. Adding scch a term to the results of the
e*pansion o ¢ ©.c) 1o negarive 8 o Recently we have presented a dynamical theory of low energy pion-nucleon

scattering.lz This work is an extension of the Chew-Low theory13 in which

+
S-wave theory will tend to improve the agreement for E( )(O,tso)u These results
1 "world value" g(sN) = €535 MeV obtained using the Cheng-
suggast that thé arge world v (mN) _ both nucleon recoil and the seagull terms are included. The isoscalar sea-
thod is a consequence of errors in thte extrapolation of amplitudes to
Pashen metho conseq 2 gull term 18 evaluated with the help of the soft pion limit where one pion
th hysical point v=0, t=2m . Only the smeller value o(nN) ~ 25 MeV appears -
€ uop )_vs cal point v o Y is made soft, and in the soft pion amplitude o(nN) appears as a parameter of
to be consistent with the experimental data and theoretical constraints.

" the theory. Another major parameter is the coupling constant Eﬂ = ]gn(bﬂz)l

* . appearing in the z-graphs, which are the main isovector terms. The calculated
Work supported by U. S. Energy Research and Pevelopment Administration and

S-wave phase shifts are extremely sensitive to both o(sN) and g . We determine
the National Science Foundation. - n

NOTICE " .

This teport was prepared as an account of wor

sponDr:: by the United States Government. Neither

the United States nor the United States Energy

h and [ i ion, nor any of

il tors,

their employees, nor any of their contractors,

subcentractors, or  their employees, makes any

wanenty, express of implied, or sssumes any legal
Labil ty or responsibility for (!\e .

or of any infe ppa product or

prooess disclosed, or represents that its use would not

: DISTRIBUT y
) : .
infringe privately owned rights. . N OF TH,S DOL UPA E NT ,S U NLIMITEQ




e

g, = 11.69 Mev, '

o(sN) = 25.5 MeV
3g~xequ1r1ng‘good agreement between calculated and experimental phase shifts.
“he agreement betweer. this value of o(7N) and the values obtained from several

3,6 is, in a sense, sccidental since there are

Fubini-Furlan-type celculations
~»0 kinds of errors in these calculations which tend to cancel one another.14
Ia this paper we demonstrate that the discrepancy between our value of
civN) and the very high value obtained from the CD approach i; entirely due
<o extrapolation errors in the latter.
The extrapolation 1nvqlves the variables v end t. The current practice

15
.o the Cheng-Dashen approach is to deal with the amplitude

2

2,2
' g (m) v
- + B
t(*)(v.t) = A( )(v.t)+ Y. s B( )(V,t) ———L—"—t—z—'—z R (1.1)
- 1-—5 Ml -—=5) Vg~V
4M 4M
16
waere A and B are the usual CGLN™ amplitudes and
2
o ket it 2t .2)
B 2M 4M W

- t t
ssing the values of :he amplitude for physical t < 0 and v 2 mﬂ/(l——i)(l ——2‘)
4M 4m

ome first extrapolat2s in v to v = 0 for fixed t. One then considers, in the v

wotation of Hﬁhler,ll the expansion

G PP T €O BT €O 1 S0 P S
o R I Y e + 8V E .y
° L Tll“
#ost authors have retained only the first two terms on the right.
Fielson and'IOHdes9 kaep %§+), also. The form (1.3) is then used to evaluate
™) (0,202) from which o (TH) is obtained from the relattont?*1’
Aot ' gz(ng)
2
—526(m = ¢ (0,20) ¥ 2 u’ _ ©(1.4)
% : " 2M3 v

4
%(+)
The amplitude C (0,t) can be evaluated using our theory. When we do
this using exactly the same set of parameters which were used in (I) the
N
resulting C(+)(0,t5.0) are in reasonable agreement with those of Langbeinlo
in the range 0 2 t 2 -0.1 GeVz. We point out that to improve the agreement
one must decrease o(nN) slightly rather than increase it, To accomplish this
while maintaining a good fit with the low energy S-wave phase shifts it 1is

necessary to change the form factor mass w which is used to parémetrize the

P-wave off-wmass-shell amplitude. It must be increased from the value an,

used in  (I), to a value close to 10m“. All other parameters remaining

the same, but p = 10mn,-8 good fit to the low energy S-wave phase shifts can
be obtained with o(nN) slightly larger than 24 MeV and E“ slightly sméiler
than 11.9. The fit with Langbein's values of E(+)(0,t) 18 improved further
by giving Eg*) a small negative value, We discuss the plau;ibility of such a .
value for a§+). We cannot caléulate E§+) reliably because our theory,
designed for low energy pion-nucleon scattering, ieaves out an important set
of terms operative primarily in the D-wave, These terms are obtained by re-
placing the antinucleons by antideltas in the z-graphs,

With or‘vithout the negative E;+) our theoretically calculated B{+) and
E§+) are invariably smaller than those of Langbein and various.other authors.
We find &™) 2 112.4(-10.8) cev  ana EY = +7.0(6.0) cev! for

o= 8(10)m“, while the means of the values of Refs. 8-11 are E§+) = ~10,2 GeV-l

and E§+) 1

g(+)

= 7.5 GeV . The effects of these discrepancies are compounded in

(0,2m§) = E§+) + 23;+) resulting in the large difference between our value
of 25.5(24) MeV and a mean value of 58 MeV from éhe extrapolated results of
Refs. 8—i1.

Our success in getting good agreement with the low energy S-wave phase

. . ' A
shifts while simultaneously getting quite close to Langbein's values of (0,t<0)
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leaves us no choice but to raise doubt about the precision of the values of
E£+) and E§+) obtained by other authors.

After reviewing our theary of the off-mass-shell wN amplitude in the fol-
lowing section, we present ia Section III our methed for computing E(+)(0,t).
in Sect&on IV our results for this amplitude are compared with the two sets of
vaiues of Z(ﬂ (0,t < 0) obtainzed by Langbein, and with the results for the HBhler
parameters Zi+), E§+).and E§+) obtained by Langbejn and other authors. 1In

Seetion ¥ we summarize our flndings.

II, Theory of the Off-Mass-Shell "N Amplitude
In this section we summarize the resultsof (I), We consider the ampli-

tUde%8 schematically depicted in Fig. 1,

22 2 2 4 ik-
Foo(K) = 107 -m) (k"7 -y S d'x e Fep | Tlo, (x) 10, (0)) |p,> (2.1)
where we use PCAC and write o
/3 3A (x)
$,(x) = f——p—ax , (2.2)
n v

with £ = 0.939m3.
L4 n

The expressaion for Fau(k) can also be rewritten in the form

ik-x

Foa@ = £ a'% & %p 60x) 105 00,3,(0) g + 16 (x) [ (0,3 (0) [ p,>

+1/a' R 110,00, (0 o> (2.3)

where -
i +m§)¢u(X) = 1,0

is the pion source current. The first two terms are the so~called seagull

terms. We agsume that the isovector part of the seagull terﬁ is either exactly

zero or at least negligibly small, We then eliminate the isoscalar part of

the seagull term with the help of the soft pion limit of Fﬁa(k) obtained by

first letting K -~ 0 and then i

2,2 2 -
Fpu O = (?—“_) w2 (c - a2 <p [0(0) [p,>5_, - 8, (D)g, (O)u(py)

0™ 0 in Eq. (2.1). This limit is

My, -p My, -p .
0 0 0 10
x [ TT T 1, lulp,) (2,4)
2M Pso g a M P @ 8 1
where : 2 :
. VM mn
8“(9) = —5 gA(O) = 12,7 ) (2.5)

L

upon using gA(O) = 1.25. fhe operator o(0) 1s the o-commutator defined by
I B ba
Pelol0s olp> = 1/d % 6(xp)<p]la5(x),0 Au(O)”pi>’ v

and we write

o(mM)ulp )ulp,)
pglo@pp = ————. @8

t.\2 t
(l--—z-) a-=
“1 ¥2
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The second term in (i‘L) arises from the soft pion limit of the nucleon pole
terms,

Ve want to draw the reader's attention to the factor (t-mi) in the
o-commutator term, since there appears to be some confusion regarding the
structure of this term, One finds in the literature,19 for example, such
forms as a(uN)[(1-B) (h2+k‘2-m12')+8(t—m12[)]. In the absence of any dynamical
theory such a form wmay appear possible because it satisfies the Adler con-
siscency condition.zo We want to emphasize that the correct value of 8 = 1.

The o-commutator term appears through the soft pion limit k -+ 0, which
yields the form (2.4). Any other soft pion limit.‘sgch as k+k' + 0,will
involve, for'non-forward scattering, ungnown matrix elements <p|A3(0)|p',qy>
of :he‘axiai vector cur;ent between a one-nucleon state and a'one—pion plus
one-nucleon state. Thus our soft pion limit has two advantages. First, we
avold this unknown ampiitude and second, the Adler condition is wmanifest.

After eliminating the seagull terms we get

. 4 1kex
,Fsa(k) = FBu"o) +1fd'x e

PTG (x).1,(00) |p,>
- 11 abxep |03, 00,3, O |p> 2.7)

wher-e FBG(O) is given by (2.4). Next we make Low expansions of the integrals.
We -runcate the expansions in the CM f;ane where the energy denomin;tors are_
the largest. We retair intermediate states of one nucleon, one pion plus
one nucleon, and the i—graph terms which occur with two nucleons plus one
antlnucleon intermediate states. As we will see later we cén‘include inelastic
intarmedi;te states quite easily in many situations.

It is usefu} to introduce the'partial wave expansion in the CM frame

Fao (k) = 4n E £ UpelL 13,1 A Bp7y.8,0) 2.8)

- . .
where Pg and Ei are the final and initial nucleon CM momenta. The projection

operator AV is a product .
A GBpg .80y =P Gp) (B
o(PgsPy B0 "L g (Peep) Ty (Ba) (2.9)
) vy v
of angular momentum and isospin projection operators.

1
"1/2(8’u) =3 TBTQ
(2.10)
(B,a) = § —%

H3/2 1810

M
4nv/ (pfoﬂl) (pm+H)

af

7 ORRE

ulp,) (v +1ulp,)
Sy £ Yo i

M

®..p,) o ————————— ulp ‘)(Y -Dulp,)
fPl/Z £P) 7 eI £ Yo 1

+ -+

M PP
3
-+ ->
4w (pfom) (Piom) |Pf| Ipil

Fo (b = W) (rgtDue) - P Gpap,)-
P3/2 £r71 £7070 1 , P1/2 £r71
(2.11)
These angular momentum projection operators satisfy the idempotency condition
+ ~ ~ > - . + o+
1 a0 3 pla B Py UplB) = 8,08, 7P ;B oby). (2.12)
The complete expression for the off-mass-shell amplitude is

Foo(K) = 4n E £,UB L 1B, 1) A (B Py, 8,a)

2
o (78) - v2.¢ 2 2
s —3 5 alp)ulp,) () o (twm.)
t,2 t af T f 17 L n
a-H2a-% "
o1 Y2

My -p Hy,-p
- 0 "f0 0 "10-
Eﬂ(t?zﬂ(o)u(Pf)l Zpro' (A + M, TuTB]U(Pi)

2
g, (2 g (o, -P))
2(k0+pfo—M)

+

G(Pf)(l—yo)TBTCl U(Pi)

g, (-0 Dg (G,-0)%) _ -
PRI 3 u(pf)[('110-;110-pf0)7r0 +M]rura ulp,).

o~ P10
i (pApDE (42D
gn pf gn i

- 20g TP +10 U(pf)(yo*'lhaxu u(pi)

- 2,- 2
B (D) ((p,4D)7) _
- Ef’ L S yg (gt yteeg) - Ml Ty uley)
2o (pyg+ 2o~ ko) A




- ~ 2= -2
(ra.+p )08 ((p,+p)7) _
+ b A2 LA SRt { ulpg) Yo g Taulpy)

Zpgg

- -2, A2
(3 4p )08 _({p,+p,)7) _
+a, z izp" L1 u(pf)vora‘-eu(pi)
10

- dW T M * g “+a
el [ B Mgt e Gl 32D
Ta *Mem MleL2-¢ A24L2y
4 a a a
~a *a & _a
« 1 .“(vapiva:Yi)» . (2.13)
where W and q are tae total CM energy and momentum of the intermediate state.
The first twc zerms of (Z.13) have been discissed before. The third
and the fourth terme are the direct and the crossec nucleon pole terms. They
vanish when X - 0. The next two terms are the direct and the crossed z-graphs
and the .two subseguect ones are theilr soft pion limits.

Por the pior = icleon vertex function gn(t) wkich appears in some of

these terms we use o7 t < 0 the form

g, (0) ,
gn(t) = (2.14)
1+t&-hM2 -
4H2 2
. )
The quantity §n(t)'L5 an approximation to |gﬂ(tz,bﬂ2)| and we represent it as
. _ . E,n
g, (t) = ———— . (2.15)
7 t - 4M
0
N N
The four~momenta P, i,. %, Py and pg are defined by
p2ag2 a2 oj2 52
Y > ->i be f -> e -+
- - -+ ~ ~
$=0,17-= P, *Pg Y= “Py ~Pgs Py = Py and p. ~Pg- (2.16)

The last term in (2.13) represents the four rescattering terms of the
Low expansion. The label a runs from 1 through 4 and designates the hard
right, the hard left, the soft right and the softr left terms, respectively.

The hard right refers to the direct term of the first integral on the right-

10
hand side of (2.7), and so forth. The other quantities in the last term are
defined in the Appendix. The variable v denotes (21,2J]).

In (I) we discussed how the integral equations (2.13) are used
to genzrate S-wave phase shifts at low energies. A large amount of computer
time 15 required to odbtain a reasonably accurate solution for a given set of
parameters. hecause of this the search of the varlous form factor masses
was carried out by examining the [1,1] Padé'approximgnts. The values we
settled on are M= 8.24mn, Hy = 7.5m“ and oy = 8.6mﬂ. We also stressed the
sensitivity of these phase shifts to the main parameters ¢(wN)' and E" for )
a given set of form factor masses. Comparison with Carter, Bugg and Carter21
phase shifts yields the valueé Eu = 11,69 and o(nN) = 25,5 MeV. The reason
for the discrepancy between this value of o(nN) and the values of 60-70 MeV
obtained b; several authors using the method of Cheng and Dashen follows from

an analysis of the amplitude E(+)(v-0,t) of Eq. (1.1). We now discuss the

evaluation of this amplitude in the context of this theory,
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111, EvaLuaTIoN of & (0,0)
Cheng and Dashen“ considered the isoscalar amplitude
+,2 ,2 -1
PP etk v = 0 0 +E L 00). 3.1

The amplitudes which appear on the right-hand side are the ones defined by
(2.1). Of course, this equation defines the functlon for real vector k and

physical Py and Pge The Adler consistency condici:nzo requires that

2 2
PPl e?00 = -2 s M o000 400" G

m,
w

% 2
wvhere 0(k“) stands for terms of the order of ka.k" and kzk' . This means

F® @?,02,0,00 = £ (0,0,0,0) + 2

/2.2 4 4
= (?;) mﬂc(ﬂN)+0(mﬂ), (3.3)
where the last line foilows from (2.4) and (2.6) upon setting ;1 - Ef = 0.

Cheng and Dashen noted that the amplitude F(+)(m:,n:,0,0) involves on-mass-

shell pions and nucleoms with unphysical s = H2 and t = 2m§ and, therefore,
can be evaluated with che help of dispersion relations and physical data.

Usually one evaluates the amplitude E(+)(v,:). defined in (1.1), instead of

M, + v w,0 (3.4)

because of the insensitvity of E(+) to the precise value of g:(mi). The

(+), 2 2 -
F y (nﬂ,mﬂ,v,vB) A

practice 1s to evaluate %(+)(v,t) for physical v's and t's first, and then
to.z2xtract E(+)(0,t) by using either dispersion relations or some sophisticated
extrapolation technique. Finally most authors have used a linear extrapolation
to obtain &(+)(0,2m:) from which a value of ¢(nN) -8 obtained using Eq. (1.4).
We can evaluate tte amplitude E(O,t) from Eq. (2.13) by assigning values

to the various CM varizbles in the following mannér:

12

m + ZHVB
k= k= ,
2/8
Peg = Pyo = 78 = koe

P2 2 22 22 2 2
k k Pe Py ko-mn,

- " M
u(p.) youlp,) = — . (3.5)
£f°'0 i /s
To facilitate identification of the HBhler parameters of Eq., (1.3), we expand
the various terms of Eq. (2.13) in powers of t. The contribution to E(+)(0,t)
from the o-commutator, N-pole and z-graph terms is straightforwardly obtained.
The contribution from the S—wave rescattering integrals results from two
-+ - >

gources. First is the dependence on |p| of the S-wave amplitudes fv(|q|.|p|),

where ; is the CM momentum of an on-shell pion and nucleon. One may write,

for small |p|,
+2
- + - ES P -
£ dal. oD = £, daD + 2 £Uah + ... (3.6

Our S-wave calculations show that for Sllﬂfvzlfvl ~ 0.1, while for S31 the
ratio is ~ 0.01. From the last integral in (2.13) and the definition of
;: and ;2 given in the Appendix one sees that the numerators of the rescat-
tering integrals for the soft terms and the hard left term are t-dependent.
A second and somewhat lesg important source 1s the t dependence of the energy
denominators of the integrals.

Writing the S-wave rescattering contribution to E(+)(O,t) as
%{;) +-% B;;), we find

® 3 | ¥
I +)_= 1 f,dw ___liL[(fZ (|E|)+2f2 (lal)) (W-M) (2M-W)
S g2 Him wiw-ny 112 312 2

- -+ -
+ 18, AADE L, UAD + 2840, (D E,), UTED)

P 2 e 2W-M ’ ;
- {£7 (|q]|,im ) +2f7, (q},im )} —5—] 3.7)
11 I l n 31 L4 QMZ(H—M)
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and,
» 3 2 2
= M M+ (2u-M 2 2
¥ e [ aw ,(L) QW (e Adh +262 (3D,
12" M+4m W (W-M W
T
(3.8)
where

-+ - > -+
£4al,tm) = £ ab) - £, (laD).
The integral term in (3.8) is the value of the S—wmve rescattering integrals

2
at the Cheng-Dassen point, v = 0, t = 2mﬂ. From (3.6) we see that

£, " nz ——d— £ and so the term 1s v m . We did not include S-wave inelas-
v v
alp

ticity in (I) aoc nence the values of the integrals in (3.7) and (3.8) are

&~

not as relizble as the low energy phase shifts. The values we get with the

parameters of (I; are ®
N (+ 5
CZS = ~1.12 GeV

?5;;) +2Eg) = 0.11 Gev L,

To evaluate the P-wave rescattering contribution to &(f) (0,t) we use the

(3.9)

ansatz
WP

W . (3.10)

= P
£ (q,p) fv(q,q)(q)

gimilar to the ome used in (1), where fv(q,q) 1s tae physical elastic scattering

amplitude for the chamael v &nd ov(p) is a suitably chosen form factor. The
con:ribution of ail P-vave irelastic intermediate states is included by re-

k
plazing the products fJ(q,p)l'v(q,p') in (2.10) by

opty RPIOBD sy e 8,60 gy Lo, Cos 26
&= 2 e = 6P 2 Mg

q 2
q ev(q) q ¢v(q)

where ¢ , n_ and i’v are the partial wave cross section, inelasticity and
v .
phase shift for the channel v.

%(+)

By far the largest P-wave rescattering contridution to C (0,t) comes
fron the P33 channel, for which our. factorability ansatz seems. eminently
reasonable. We have include¢ all P-wave channels and have used the same form

factor for each channel, viz,

(3.11)

14
¢(p) = —1[— (3.12
L 5/2 * .12)
Q+E5! :
. u
where the mass parameter p = an was used in the numerical work discussed
in (I).
2 (+)
For the P-wave rescattering contribution to C (0,t) we uge the form

(+) %+ 2%(+
EIP) += ¢ )( )+ (= 2) gP)' thus retaining the term quadratic in t. We get

?f(+) (w) = 101' dw —5 H(W) (1+L) (L - B L G
= -13)
Mg T 2T
(+) vl *é 5 b N R
'(Y (W) = - faw ;2—3 HW) (1 +i§') - (3.14)
q " (W-M) W (W-M)

10
P = 2P+ @ e+ —’; I "““(1+L)

. _2 M#-M), 1-n Cos 26
x {1 32 116 2q3 )P33 . (3,15}
The symbol ’
. = 31 1-nCos 26 1-nCos 24 R
HOW = SIC—7 gy + 2655
1- ncCos 26 1l- ncCos 26
+ 2¢ 2 )P13 + 4( 2 )P33]' (3.16)

. The last term in (3.15) is the value of the P-wave rescattering term at the

Cheng-Dashen point. It is manifestly '\"m:.

Combining the terms we have

E(+)(0 o - (/_m 2 o(nN)(t-m)

1 a-Hla-H

M ¥2
2 2 3
g (m) - g 2
- (t-n)) AT T+ (€ - 200) L a+k
2M oM Cm -

0

D L ¥+ 2(3“’ &+ HRD w.
m
ﬂ k4

(3.17)
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We note that the nucleon pole terms vanish at the Cheng-Dashen polnz and that
the only contribution of the z-graphs at the CD pcint 18 a term ™ E%v and is
not included ia (3.17). The other terms ™ m: at the CD point are also small.

4
The o-term has a LM piece

V72m_.
% o) 2m:(—22“ + lz) - 0.27 cev'},
¥ vy W

using o (WN) = 25.5 MeV, b= 8.24m" and v, = 7.5n%. The P-wave 1nkegral with

- Sml has" an mf contribution of 0.16 Gev-l. while the S~wave integral con-

1

tribution has been given in (3.9) as 0,11 Gey . Including the z-graph term

mentioned above of ~0.05 GeV—l, we find the total magnitude of the m: terus

tc be 0.49 GeV_‘l.22 Since the wain term in (3.18) (of order mf) is
/2o
( f 1’]2 mio(lN) - 2,89 GeV—l,
"

- we¢ see that the basic 1dea of Cheng and Dashen that the terms ~ m: in (3.2)
are small is quite reaasonabl e as long as the Objeﬁt'ia to estimate o(WN)
within lbﬁ ;r so. We should stress that a 16X change in the value of o(uN),
ceteris.parlbug, will resulc.in a substantial change in the calculated S-wave
phase ghifts,

ngh Eq. (3.17) we can evaluate E(+)(0,:) fcr either spacelike or timelike
t. By comparing our predictions for Z(+)(0,t £0) and E(+)(O.Zm:) with the
values of Langbein ard others we can determin? tt.e reason these authors have

odtained such large values of o(nN) ‘using the method of Cheng and Dashen.
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IV. COMPARISON'WITH LancBemn's &) (o,r)

In Figs. 2 and 3 we present Lansbeln'slo golutions I and II for t(+)(0,ts.0).
Solution I 1s based on the phase shifts of Refs. 21, 23, and 24, and solution
II uses the phase shifts of Refs. 21, 24, and 25. The curve labelled a in
each figure represents our theoretical 2(+)(0,t) a8 calculated with the parameters
of (1).

The agreement between our calculated z(+)(0,:) and Langbein's values 1s
much better than what a comparison of our value of 25.5 MeV for g(aN) wich
Langbein's value of ~ 60 MeV may suggest. By making a linear fit to each of
his solutions Langbein obtained two sets of values of the Hbhler parameters
2§*’ and E§+). These and the resulting o(wN) are listed in Table I, It is
not possible to reprod;ce these values from our theory if ve'require reasonable
agreement with the experimental low energy S-wave phase shifte. In other
words, the results of our theory are not comp;ilble with a linear fit.

A tinear fit 18 strongly suggested if one assumes, as Langbein, that
all the erroxs are purely statistical, However, it is likely that there are
aystematic errors in the phase shifts used and in the extrapolation in the
variable v froﬁ the physical regtion to v - 0. Assuming this 18 80 we may ask
how the fit can be improved, AA inspection of Figs. 2 and 3 suggests that
we must decrease the slope, %§+), and have a small negative curvature.?g*).

To decrease %§+) while méintalning good agreement with the S-wave

phase shifts one must increase the P-wave form factor mass y from the value

Bm“. From (3.13) one sees that this will reduce E;;). The P-wave rescatteriﬁs
integrals have a small but nonfnegligible coqtribution to the S—unve'equatlon.
Increasing u decreases the P-wave contribution to the S-wave. So ;o maintain
a fit of the S-wave phase shifts we must readjust o(sN) and E‘. In P1g. 4 we

.

show the phase shifts due to the set u = 10m“, c(%N) = 24 MeV and Ea - 11.64,
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with all 3—her parameters remaining the same, as the curves labelled b.
Curves labeiled a are the results of (I). The small differences between the

tvo sets af phase shifts are of no consequence in the present discussion.

#) 2+ xH)
8o G Oy

I1. The ~urves labelled b in Figs. 2 and 3 represemt the 8‘*’(0,:) due to the
1

The -@lues and Eg;) for the two sets are shown in Table

- . +
new set. The curves b have E§+) = 0,012 GeV ~. If we can change 8; ) to

-0.13 Gev—: then curve b will pass through all the error flags of solution II.
The Tepuis:=ve character of the D-wave nN phase shifts suggests that, in fact,
E;+) shouir be negative. Our failure to get a negstive E§+) is due to the
fact that we have not included in our theory the process w -+ N+4, Ité

E(+) 1z diagrammatically represented by replacing the N in the

concribucion to
z~graphs Y &. Tnis mechanism is operative mainly in the D-wave. The

: +
resultiag -ontribution to 8; ) is

. 2,2 2,2
gy, 2= sM.o7M, 2 -1 Jegy, (M)
- 5 7145 5ty —zt§ —3) = -0.021 Cev - .
12m’-!-MA)H a4 MA MA

In che pole model one estimates
2 2
gﬂNA(mn)

———— = 0.3,

4n

' 2.2
(o491

- I8 .
To reach =ne value ~0.13 GeV 1 for B§+) we need L1 T = 6.2, We

do not kaww 1f this 18 a reasonable value. Furthet investigation of this point
is grofizzzle if there is assurance that the valuee of E(+)(0,t1 are free

from sys-zzmatic errors. If indeed this is the case then the trend of our
numerical results suggests the following. The actual value of u is close to
10mn, c(7¥, 18 = 24 MeV and E§+) is = -0.1 GeV—l. We may draw the reader's
attentioc o0 the fact that Langbein's estimate of the D-wave 'scattering

lengths*® giveslo
2
m: W00 = 20.9:0.7) cev?,

dt
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at the elastic threshold, uﬂich 15 in agreement with this value of E;+).

In Table I we present the values of E{+) and E§+) due to various authors
and our results for the sets a and b. The values obtained by these
authors by least square fitting are consistently greater tﬁan ours. Naturally,
the discrepancy for the amplitude 8(+)(0,2m§) = E§+) + 2E§*) is proportionately
greater because of the cumulative effect. The reason for the discrepancy is
two-fold. First, we have presented theoretical arguments for a small, nega-
tive 8§+), but generally s term quadratic in t is not even included in the
fitting calculations. And second, the errors in the values of a(+)(0,t50) of
Ref. 10 are not purely statistical in nature. There are systematic errors
present, and as a consequence, the least square fitting procedure gives
erroneous results.

Though our analysis has been based on the work of Langbeim, our conclusion
concerning the value of o(mnN) is also supported by a st;dy of the work of Moir,
Jacob, and Hite,7 These authors evaluate the amplitude 3(+)(0,t) using an
interior dispersion relation. Their method involves first evaluating an
amplitude D(t,aCD), called the discrepancy function, for t £ 0. An extrapo-
lation in t is then carried out to t = 2m:. Th; authors find the extrapolated
value n(zm:,aw) = 5.77 % 1.06 GeV™Y, which gives o(nN) = 67+ 8 MeV. We
note that o(nN) = 25.5 MeV corresponds to D(Zm:,acn)v= 1.5 GeV-l.

In Fig. 5 we plot the values of D(t,acn) given in Fig. 1 of Ref. 7 for
-0.08 cevzs_:s.o. We add to these points error flags of *1 GeV—1.27 (In
Ref. 7 the error flags are placed only on the CD point,) On the t = Zm: line

we indicate the points corresponding to the values 5,77 GeV-1 and 1.5 GeV—l.

It is clear that the lower value cannot be ruled out.
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Y. SUMMARY AND CONCLUSION

We obtained a value of G(WN) by fitting low energy S-wave phase shifts
with a theory based on the notions of PCAC and soft pion limit and the assump-
tion that the isovector seagull term is zero., The taeory 1nvolves-qhe Low
expansion of the off-mass-shell sN amplitude. The expansion is truncated,
but after subtraction, forming a nonlinear integral equation for the off-
shell ampiitude. The isdvector and the isoscalar terms of this equation are
both repulsive in the $31 channel, while they are of opposite sign in thé S11
channel. “Because of this the procedure of fitting both phase shifts simul-
tanecusly fixes fairly wzll the values of ¢g(uwN) and E“, which are the main
parametérs of the isoscalar and isovector terms, respectively., We estimate
that possible numerical inaccuracies in our work can only cause errors of a
few percent in these parameters. For a value of an for the P-wave form.
factcr mass we get a(uN) = 25,% MeV, For u = 10m11 a alightl; lower value
éf o(aN) ie obtained with.nearly as good agreement with the S-wave phase shifts.

When we calculate e‘+)(0-l¥i0) with either set of parameters we come

very close to the values obtaiued by Langbein.10 The agreement can be improved

" with u = 10m, o(aN) = 24 MeV if we include, ad hoc, a t’ term E§+) = -0.1 cev'l.

2w (+
- The sign ég ) is what one expects from the repulsive character of the D-wave
. . 2
interactiorz. The magnitude is not incompatible with the value of m4 Jli F(+)
’ dt

at the elastic threshold.

The disagreement berween our value of o(uwN) = 25,5 MeV and the larger

"world value"28 of 65 + 5 MeV boils down to the question of whether a second

derivative of the size and sign that we need can be ruled out from the accuracy

of tke currently available values of E(+)(O,t). We believe it cannot be.

20
Since the g-commutator plays such an important role in the low-energy
7N amplitude, it will also be important in pi-nuclear processes. It has

been shoun29

that the form of the o-term in Eq. (2.13) leads to a Laplacian
term in the pi-nuclear optical potential. One expects that a careful study
of low-energy pi-nuclear eleastic scattering, the many-body renmormalization
of the pion propagator in nuclear matter and other such processes can be
used to determine the magnitude of o(nN), surely to an acéuracy of better
than 40 MeV, in spite of possible uncertainties of nuclear physics. We

note that a preliminary study29 of pi-nuclear scattering strongly favors

the lower valaé of o(nN) mentioned above.
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TABLE CAPTIONS

Conpatiso; of values of the Hihler Parametere 2§+), and E§+)

obtained by several authors. In Refs. 8, 10 and 11 these are
the only parameters quoted, while in Ref. 9 3§+) 18 included
and found to be 0.25% 0.05‘Gev—1. The final column lists the

values of o(nN) obtained by each author.

The S- ani P-wave contributions (in GaV-l) to %§+) and t;+)

corresponding to the parameter sets a and b.

TABLE 1
: ) +)
Authors E1 1 a2 a(nN)
in GeV in GeV-l in MeV
Chao
et al, -9.670.30 8.19:0.72 57+ 12
Hohler
er o b -10.96 + 1.43 7.00£0.14.  43%12
Langbein :
sug' ) -10.27£0.69 7.28+0.70° 5714
Langbein
501‘5:. 1110 -9.73:1.11 7.52+0.53 66 14
Nielsen
s Oades? -10.39+0.72 7.50£0.36° 66:9
Ours a -12.35 6.98 25.5
Ours b -10.69 5.95 24.0
TABLE II
Paraseter o (+) o !
Set 15 28 1P Cop
a 2.34 -1.12 -11.02 5.87
b 1.36 -0.66 -8.56 4.56

26



Fig. 1.

Fig. 2.

?ig. 3.

JFig. 4.

7ig. 5.
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FIGURE CAPTIONS

Diagrammatic representation of the scattering amplitude for

ﬂa(k') +N(p1) - ﬂB(k) +N(pf) .

Comparison of theoretical curves of E‘+)(O,t) with the results of
Langbein's solution I from Ref. 10, wkich are shown as points with
error flags. The curve labelled a represents our theoretical
E(+)(0,t) as calculated with the parameters of (I); in particular
w=8a , o(rN) = 25.5 MeV and Af 11.69. Curve b results from the
set u=10 m , o(uN) =24 MeV and Eﬂ =11.64, with all.other para-~

meters the same as for curve a.

. + | .
Comparisor of theoretical curves of 8‘ )(O,t) for parameter sets

a and b with Langbein's solution II from Ref. 10.

The solid lines are our theoretical prase shifts corresﬁonding to
parameters sets a and b. The flagged points represent the energy-
independert phase shift fit of Ref. 21, while the dashed line )
fépresen:s the energy-dependent fit of Ref., 26. The s31 phase shifts
resulting from both set a and b parameters exactly feproduce the

results of the energy-dependent fit for Tﬂ: 100 Mev.

Values of the disc%epancy function D(t,aCD) from Moir, Jacob and Hite,
Ref. 7, ate plotted for —0.085 t <0, Cn the t= Zm: line we show the
value D(Zm:.aCD)= 5.77+£1.06 GeV—1 obtained in Ref. 7 by extrapolation
from ﬁ(tf O,aCD). This value of D yields o(uN) @ 67+ 8 MeV. Aiso

shown is the valueAD(Zmi.aCD)= 1.5 CeV-l, which corresponds to

o(nN) = 25.5 MeV.

Fig. 1
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