r ' i - b BNIL-22531
‘  AMD-758

Congp- '7705? o ~f‘

THROUGHPUT IN LOCALLY BALANCED
COMPUTER SYSTEM MODELS*

Andrew S. Noetzel

Applied Mathematics Department
Brookhaven National Laboratory
Upton, NY 11973

March, 1977

*Work performed under the auspices of the ERDA.

t

9
DISTRIBUTION OF THIS DOCUWIENT fS UNWMITED Y



DISCLAIMER

This report was prepared as an account of work sponsored by an
agency of the United States Government. Neither the United States
Government nor any agency Thereof, nor any of their employees,
makes any warranty, express or implied, or assumes any legal
liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process
disclosed, or represents that its use would not infringe privately
owned rights. Reference herein to any specific commercial product,
process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government or any
agency thereof. The views and opinions of authors expressed herein
do not necessarily state or reflect those of the United States
Government or any agency thereof.



DISCLAIMER

Portions of this document may be illegible in
electronic image products. Images are produced
from the best available original document.



ABSTRACT

The optimizationAof fhroughput in locally baIanced queueing
network models is investigated. A general result,~usefﬁl in the
design‘of computer system models,>shows that.throuéhput is a'nqn-.
decreasing function of the number 6f customers éontained in any
subnetwork. The throughput of the two queue network, which dupli-.
cates (through Norton's theorem) that of more complex netWorké,
is characterized in terms of the procéssing rates at each éueue.

Then processor allocation algorithms that maximize throughput are

.shown for the case where processing power can be switched between

queues.'.The maximization of throughput is shown first in the case

that processing power allocations to.a quéue depend on the queue

'state only, and then, in an extension of known locally balahced

3

queue, the case in which processing power is allocated on the basis

of an entire subnetwork state. The latter case provides a simple

~and optimum rule for processor allocations that maximize through- -

~put in networks containing multiprocessor systems.




1. Introduction

The complete solution of Queueing networks of arbitrary configura-
tion is possiblebonly for the class oﬁ networks that héve bgen variously
described as separable, or having the local balance property or the
product form solution,[13,3,8]. In its recent. development, this class
of networks has been made to reflect features such as general service
time distribﬁtions, various.scheduling disciplines and'multiple classes
of customers. As a resuit the local balance model has found wide
utility in tﬁe analysis of computer systems and networks [1,3]. It has
been impleﬁented as the basis of several interactive systems that yield
quick analyses of computer systems and configurations [7,12]. Because
of its uﬁique tractability in general network configurations, the net-
worK model has also been studied ac an approximation to netWorksAwhose
queues do not meet the local balance requirement [5].

A central consideration in the use of network models for ﬁhe de~-
velopment of computer systems, is that of throughput. In open network
models, throughput is determined by tﬁe rate of the assumed source.

In closed networks, throughput is détermined by the combined effects
of congestion at the queues of the network, usually with no one queue
being identifiable as the only bottleneck.

In this paper, we consider the optimization of throughput in
closed, locally balanced computer system modéls. First, the relation-
ship of the processing rate of a subnetwork, or the throughput of a
closed network, to the number of customers contained therein, is

established. Then throughput is related to the processing rates of
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the queues in a closed two queue network. The two queue network is
important because of its role as a model of lafger netwdrks, through
the.construction of Norton's equivalent queues.

These'results are then used to show the optimization of through-
put in locally balanced networks in which processing power tradeoffs
between queués are possible. This model will reflect the cases in
which several independent queues or logical processes are located at a
multipfocessor‘system whose processors can be switched between the
fUnctiohs. A processof allocation rule for subnetwcrks,‘which extends
the known queueing models with product form solutions, is demonstrated.
The processor allocation rule éan be shown to yield maximum throughput

for the subnetwork.

2. Loéaliy Balanced Networks and Norton's Theorem

The separable or locally balanced networks to be considered have
fixed topolégy. After leaving queue i, a cusfomer‘will go to queue j
with_fixéd probability pij' Let P be the matfix'of transition prob-

abilities pij’ l<i,jsu, for a network of M queues. Let Xi be the

1,
cee A is a vector of
2 M,

relative flow rates for the network, then LP=L. If the network is

mean flow rate into queue i. If L = 'Xl A
. 1

open, L is determined by the absolute input rate to the network. For
closed networks, the above relation determines L to within a constant.
Then the actual throughput at queue i, when the network contains N

. L G (N-1)
customers, is given by Ti(N) = xi-7565r-

, where G(n) is the normali-
zation factor for some L when the network contains n customers. G(n)

is computed by the convolution algorithm [2,11,13]. Since the



throughputs at the various branches of the ﬁetwork remain fixed as N
and the processing rates at the queues aﬁe varied; the network through—
put, or total processing rate, is optimized as throughputAin any bfanch
of the network is optimizéd,

The throughput characteristics of two queue networks are of con-
siderable importance because of the reduction of arbitrary closed
networks to an equivalent two queue network, made possible by Nortoﬁfs

theorem for computer networks [4]. The behavior of a pafticular queue

. g within a closed network n is the same as that of g in a network

with one 6ther queué, which serves as the equivalent of all the queues
of ﬁ exceét for g (see figure 1). The processing rate U(n) of the
equivalent queue, when it contains n customeérs, is determined by
constructing network n’, which is the same as n except for a short
circuit in place‘of g. U(n) is simply the mean throughput in the

link replacing g, when n’ contains n customers. To study via the
equivalent network the effects of @ in n when @ contains N custoﬁefs,

the rates U(l),...,U(N) must be measured in the link in n’, when n’

contains l,...,N customers.

‘It is possible to analyze in the same manner as g the behavior
of any subnetwork g that can be isolated by a single pair of ihput
and output terminals. Network n‘may be therefore reduced to a tﬁd
queue network; an equivalent queue for g, and an equivalent for thg
complement of ¢ in n. Study of throughput in the two quéue network
is straightforward, since the normalization constant G(N) is expressed

as a single convolution.
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. 3. Throughput as a Function of Load

An impbrtant characteristic of separable queueing networks that
can be determined with the aid of Norton's Theorem is that the
throughput, of,output raﬁe, of any subnetwork is a nondecreasing func-

tion of the load, or the number of customers in the subnetwork. It

is first shown that this holds for the equivalent two-queue network.

Theorem 1. Let pu(m) and U(n) be the prdcessing rates of two 1OCally
balanced queues in a closed two queue network, when they contain m
and n customers, respectiVely.v Let 71(N) be the mean throughput of
the closed network when it contains N customers. Then if u (n+1)>u (n)

and U(n+1)2U(n) for all O<nsN, then T(N+1)2¢(N)

G (N-1)
—-i-——— The details

The proof follows from the form of r(N)= s -

are in Appendix A.

The characteristic of nondecreasing throughput with increasing

load may now be proven for all locally balanced networks, through

the use of Norton's Theorem.

Theorem 2. Let T(n) be the ﬁean throughput in any branch of a closed
network of locally balanced queues that contains n customers. If the
process;ng rate of each queue is a nondecreasing function of the num-
ber of customers at the queue, then for all n>0, rt(n+l)zr(n).

Proof. The proof is by induction on M, the number of queues in the
network. Let ty(n) be the mean throughput in some branch b.of a net-

work of M queues that contains n customers. Let p(n) be the processing
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rate of an arbitrary queue when it contains n customers, and let
u(n+l)zu(n). For M=1, then Tl(n+l)=pp(n+l)294(n)=}l(n), where p
is the prbbability that a customer takes branch b in returning to
the queue.

Let U(n) be the processing rate of the. equivalent queue for an

M-1 queue network with respect to branch b. Then by Norton's Theorem

~and the inductive hypothesis, U(n+1)=+M_i(n+l)zTM_l(n)=U(n). And if

the equivalent queue is placed in series with a queue with processing
rate p(n+l)=u (n), l<n<N, and there are N customers in this network,

then the throughput of the closed two queue network is TM(N). But

then TM(N+1)2¢M(Nf by Theorem 1. This completes the proof.

The usual interéretation of a queue meets the conditions of this
theorem. For the queue considered by Gordon and Newéll 6], a fixed
number r of processors are available. If a single customer can be
serviced on a processor aﬁ rate u, then p(n)=hp for nsr, and p(n)=nu

for n>r.

4. Throughput with Queue-State Dependent Processing Rates

A queue may have the local balance property if each customer has
an exponential processing time, or else if the queueing discipline
is processor sharing or preemptive last-come-first-served. The total

processing rate of the queue may be any function of the number of

-1

customers in the queuve. If pu is the mean processing time of one

1
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' customér, and r(ﬁ) is the number.of availablé processors when the
queue contains n customers, then‘p(n)=r(n)p. These processing rates
will be called queue-state dependent. |

There are several instances in which increased throughput can
be 6btained by dynamically ﬁwitching.processors from one queue to
another. For example, two queues may represent two'different proc- .
esses or programs to be executed in one multiprocessor system. fhen
any or all of the processbrs may be available for either queueAwhen
they are'not required for the other. However, with the developed
model of a locally balanced queue--that is, a queue with queue-state
dependent processing rates, the analysis of procéssing power trade-
offé is gseverely constrained. When the network state changes by
means of a customer moQing from one queue to another, processing power
exchanges may take place only between the two queues involved in thé
transition. |

Throughput with processing power tradeoffs between a single queue
and the'remainder.of the network can be analyzed in the network con-
sisting of the selected queue and the Norton's equivalent queue. But
first, the relationship of throughput to processing rates in a two
queue network will be established when the rates at each of the
queues are independent of each other. This is exbressed in the fol-

lowing theorem.
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Theorem 3. Let i (m) and U(n) be the processing ratés at the'queues'
of a locally balanced two queue hetwérk,'when the queues contain ﬁ
and n customers,'respectively, and suppose all the.U(n) and the p (m)
are mutually indeééndent for O<m,ns<N, Let T(N) be thé network through-
put when it confains N customers.  Then
a5 T(N), as a funétion of U(n), O<nsN, has no e#trema.
b) r(N). is a nondécreasing functioﬁ of U(n) if}p(i)zu(j) for
all N2i>N-n and j<N-n.
c) If 7(N) is a nonincreasing function of U(ﬁ), then it is a
strictly increasing function of p(N-n).

The theorem is proved by differentiating T(N)=§é%§%l

with re-
spect to U(n), for l<nsN. The details are in Appendix B.

The optimum allocation of R(N) available processors to a net-
work that contains N customers, will now be shown. Suppose ri(ni)‘
processors are allocated to queue i, when it‘contains n; customers.

A possible allocation strategy may be to hold some processipg power

in reserve, that is,Zri(ni)<R(N) f@r some network state (nl...nn);

the reason for dbing this may be to ensure that more processing power
is available for ri(ni+l), or even ri(ni—l). But throughput cannot

be optimized by such strategies.

Theorem 4. Let R(N) be the procéssing power available to be allocated

to the queues of a closed network of M locally balanced queues when

the network contains N>0 customers. Let ri(n) be the. processing power
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allocated queue i, when there are n customers at queue i, for
1<i<M. Let TM(N) be the mean throughput at some branch. of the net-
“work.

a) Then for maximum 7y (N), the available processing power must

M
always be fully utilized; that is ¢ ri(ni)=R(N) for all
_ : i=1
M ' .
£ n;=N, and ri(0)=0 for l<i<M.
i=1

b) And any processing power distribution meeting the above con-
straints provides the maximum throughput, and when TM(N)
is maximum, TM(N)=kR(N), where k is a constant. .

The proof is again by induction on the number.of queues in the
network. ‘The.M qgueue network is reduced to a two queue networkbby
Norton's Theorem. Then Theorem 3 is used to show that for maximum
throughput, each processing rate of ﬁhe two queue netwofk must be
maximized. The details of the proof are in Appendix cC.

From this result, it is seem that for maximum throughput with
queue-state dependent rate assignments, the processing power added
to one queue must be exactly that taken from another, whenever there
is a transition between the queues. But for closéd networks with

more than two queues, this determines the processing power uniquely.

Theorem 5. Consider any network of M>2 locally balanced queues,
containing N customers, in which any fraction of the processing power

of R(N) processors may be assigned to any queue. If ri(n)
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is the processing power assigned queue i when it contains n customers,

for l<i<M, then throughput is maximized by the assignment ri(n)=§R(N).

Proof. From Theorem 4, for maximum throughput, one must consider

processing power allocations such that

M
¥ r.(n.)=R(N) for each network state (n,...n ). When there are
j=1 1 1 1 n

N~k customers at.queue one, the procéssing rate at gqueue one remgihs
constant and independent of the distribution of the remaining k cus-
tomers. ‘Therefore, for

l<i<n, ri(k)=R(N)-rl(N—k).
Similarly, when there are N~k customers at queué two for 2<icM,

r, (o)=r; (K)=R(N)-r, (N-k) . |
Hence, ri(k)=rj(k) for 1ls<i,j<M, .as long as M>2.
Consider the case k=2. .With N-2 customers at queue one, the remaining
two customers may both be at queue i, or may be at quéues i and j,
l<i<j<M, while the processing rate at queue one remains constant.
Hence, r, (2)=r; (1)+ry(1)=2r, (1).
Similarly, conéidering k=3,4...N it is seen that ri(k)=kri(l).
And, since ri(N)=Nri(1), ri(k)=§-for l<i<M and 1<k=<N,

The proof is complete.

5. Throughput with Subnetwork-State Dependent Processing Rates

Queue-state dependency of processing power allocation allows

little flexibility in dynamié processor allocation. Furthermore, the
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results of the previousAsection appiy only if processors may be freely 
switchéd té any queue in the netwdrk. This limits the applicabiiity

of the model to hetworks of which all the queues are éoftware proc-
essors within a éingle multiprocessor system, in wﬁich any processor
may execute any iogical function;. but in such caée there is little
scheduling difficulty. A more realistic model would limit the cap-
ability of processing power tradeoffs to subnetwofks, representing
processes that cah be served by chpatible devicés located at.the

same processing center.

But for this case, it can be séen that queue;state'dependencies
cannot yield an efficienﬁ[solution.- Maximum throughput requires full
ﬁtilization of the available processors. Since the number of éustomefs
in a subnetwork does not remain constant, either processing power must
be held in reserve when the number éf customers in the subnetwork is
. less than N, or else there is the possibility of an arrival to the sub-
network when all‘of the processors are busy. But this latter case pre-
cludes queue-state dependent rates. If, for example, the arriving
customer joins a queue that is idle, a processor must be taken from
another subnetwork queue, even though there is no change in the num-
ber of customers at that qﬁeue.

As an example of processing power tradeoffs with subnetwork-
state dependent processing rates, consider the parallel and series

subnetworks, as' shown in'Figure 2. For either case, when there are
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'm and n customers at queues one and two, respectively, the processing
rates are pl(m,n) and pz(m,n), respectively. Each of these two-queue
subnetworks will have the local balance property if and only if

by (m,n-1)  y,(m-1,n) '(5_1)

pl(m,n) - ngm,n)

A generalization for more than two queues is straightforward
for the parallel case, but not for the series subnetwork case. The

staté probabilities for either subnetwork are expressed by

m ' n
Ay A
P(m,n) = . 2 P(0,0), (5-2)
m n
j=1 T j=1 M2

where xl = plx, xz =‘p2x for the parallel gase, and xl = *2 = A

for the series case.

According td Norton's Theorém, the processing rate of aAsubnet—
work that contains n customers is the same as the throﬁghput of the
subnetwork when it stands alone as é closed network containing n cﬁs-
tomers. This is because the distribution of customers in the sub-
network is the same in either case. Maximization of throughput in
the subnetwork entails maximization of throughput in the two queue
network (i.e., the isolated subnetwork), containing n=1,2,...N cus-
tomers. But these cases are not independent, if the local balance
constraint (5-1) is met. The detailed maximizétion,which uses the
theorems of the preceding sections, results in ?he processing rate

assignments
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b=

- e n .
r, (m,n) = o R(N), rz(@.n)_ =5 RN,

where m and n are the number.of customers at queueé one and two,
respectively, N=mt+n, and R(N) is the total processing power available
to the éubnetwork when it cqntains N customers.[lO]' |

For a realistic model, in which one customer uses one processor,
and there is a fixed maximum number R of-processors available to the
‘'subnetwork, R(N)=N for N<R, and R(N)=R for N>R.

The result, that maximum throughput is achieved by sﬁaring the
processing power proportionatély based on the load at each queue,
can be generalized for the case of any fixed number of queues in
parallel. .This will serve as a local balance model éf a multi-

processor system handling parallel queues in a computer network.
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Appendix A.

Proof of Theorem 1.

The‘throgghput T (N) of the locally balanced two queue network can
be expréssed aé the ratio of the normalizétion cénStants with N-1

and N customers in the network. Hence, the theorem is proved if

rawl) = S, e@-1)

Ga+l) Ce(N) (N, | | (a-1)
where
n o | noa g 1
G(N) = izo Z(N-1)X(i), and Z(n) = 131 1 (1) and X(n) = o (L)

The inequality (A-1) can be written
5 o _
G (N)ZG(N+1)G(N—1) : ‘ (a-2)

The terms of GZ(N) contain the factors X(1i)X(j) for 0=<i,jsN. The
terms of G(N+1)G(N-1) contain the factors X(i)X(j) for 0sisN-1,

0sjsSN+1l. 1In both cases 05i+j<2N. The inequality is demonstrated

by grouping the terms into 2N+l inequalities. Inequality k will

have all the terms with factors X(i)X(j) such that i+j=k.

First, consider the case 0sk<N. Collecting terms from (a-2),

k
T Z(N-i)X(i)Z(N-k+i)X(k-1i)
S i=0
k (a-3)
> ¥ Z(N+1-i)X(i)zZ(N-l-k+i)X(k-1i). ‘
i=0




A Groﬁping coefficients of X(i)x(k—i);
. |

T [z2(N-i)Z(N-k+i)-2Z(N+1-1)Z(N-1-k+i) JX(1)X(k-1)20. " (A-4)

i=0 .

This sgm can be rewritten as two summations; first for index i=0

to [g], and then for i=k-[%]-+llto k. If klis-eVen, tﬁesé'two

ranges obviously cover the range 0 to k. If k is odd, the term for

1= [%] + 1 is missiﬁé.v.But the term in fhe summation for this

value of i is zero. Hence, (A-4) can be written as foliows; when

/

j=k+1-i replaces i ‘as the index of the second summation.

k
2 |
Y [(Z(N-i)2Z2(N-k+i) -2 (N+1-1)Z (N-1-k+i)]1xX(i)X(k~-1i)
i=0 | |
3 |
+ T (2Z(N-k-1+3) Z(N+1-3) -Z(N-k+3) Z(N-3F) IX (k+1-3)X(j-1) =0.
j=1

(A-5)
Note that for each Z(m)Z(n) in (A-5), m+n=2N—k;‘ Also, note that

for any m,n with m2zn and any jsn,

Z2(m)2(n) -2 (m+3j)2(n-3)

n 1 S mt
=Z(m)z(n-3) [ 0 — -
i=n-j+1 “(l)l

1
W(i)

]. 2 OI (A_6)
.i=m+l ‘



_A-3

lsiﬁceiall~of the indices i, and hence'rates'u(i)‘ih the second’
product are greater than those of the first product. 'Therefofe,
the products z(m)2z(n) for ail m+n=2N-k are orderéd invefsely-asA
|m—n|, or directly as miﬂ(m,n). If i=min(m,n) let Eki)=z(m)z<n)
and leﬁ iki)=x(m)x(n). Then the inequélit§‘(A-5) can be rewritten

" by selecting the smaller index of each product.

k

E‘z-]
T (Z(N-k+i)-2Z (N-k+i-1))X(i)
"i=0 ‘ :
5 - I
+ ¥ (Z(N-k+3-1)-Z(N-k+3))X(j-1) = O  (a-7)
j=1 : . o

Rearranging terms, -

K
5] B

(Z(N-k)-Z (N-k-1)X(0) + % [(Z(N-k+i)-Z(N-k+i-1))X (i)

. i=1
+ (Z(N-k+i-1)-2(N-k+1))X(i-1)]=0
or ]

5 |

(z (N-k) -Z (N-k-1))X(0) + £ [Z(N-k+i)-zZ(N-k+i-1)][X(i)-X(i-1)]=0.
i=1

(A-8)



It is seen that each factor of every term of the summation is

‘nonnegative. Hence, the inequality is demonstrated.

Now consider the case k=N. -In collecting all terms of (A-2) with
factors X(i)X(j) where i+j=N, G(N-1) contributes terms with factors
X(i) for 0<isN-1l. Hence, G(N+1l) contributes terms with factors

X(j) for 1<jsN. The inequality corresponding to (A-3) is

n

T Z(N-i)X(i)z(i)X(N-1i)

i=0
n-1 : . , }
z ¥ Z(i+l)X(N-i)Z2(N-1-i)X (i) , (A-9)
i=0 ,

Collecting terms, and then adjusting the index of the summation to
range from 1 to N, this inequality is written as follows:

n

Z(O)Z(N)X(O)X(N) + I EZ(N+l—i)Z(i—l)-Z(i)Z(N-i)]X(N-i+l)x(i—l)20;

i=1
(A-10)
The summation can be expressed as two summations, first with index

i=1l to Cg], then with i=N+1 - [g} to N, noting that if N is odd,
the term for i = t%] + 1 disappears. Then rewriting the second

summation with index j=N+1l-i one obtains



Bl
2 B
- 2(0)Z(MX(0)X(N)+ T (Z(N+1-i)Z(i-1)-2(1)2(N-1) IX(N+1-i)X(i-1)
A o i=1 | .
3 . o
+ = [2(3)2(N-3)-2(N+1-3)Z(3-1)IX(j)X(N-j)=20 - (a-11)
j=1 . :

Then, if i=min(m,n), let z(i)=Z(m)Z(n), and X(i)=X(m)X(n), (A-11)
is rewritten

.
5]

Z(0)X(0)+ T [(Z(i-1)-2(i))X(i-1)+(Z(i)-2(i-1))X(i)]=0.
,. 21 S . \

Rearranging terms,

N
(3] | |

Z(0)X(0) + T [(Z(i)-2Z(i-1)7[X(i)-X(i-1)]=0. (A-12)
i=1

Since each term in the summation is (A-12) positive, the inequality

is demonstrated.

" Last, the case for N<ks2N+l must.be considered. But from the
symmetry of Z and X in the definition of the functiop G, inequality
k of A-2 is exactly inéquality 2N+1-k with the roles of Z and X
exchanged. Hence, it has been demonstrated in the first case.

The theorem is proved.



Apbehdix B: Proqf of Theorem 3

n ‘n -
1
Let Z(n) = - nd X(n) = — for O<n<N. Let
| () = .1 Gy 2 Xk =1L D -
N , . :
G(N) = T Z(i)X(N-i) be the normalization constant for the state

i=0
probabilities of the two queue network with N customers. Then for
all N>O,

T(N) = QM ' (B—l)

G (N) °
" For O<n<N let G;(N) be all of the terms of G(N) that haVe the fac-
tor U~L(n)
+ N : : [
.G _(N) = ¢ z(1)X(N-i), , (B-2)
n i=n A .

and G~ (N)=G (N) -G ().
n .n :

Then, differentiating'G(N) with respect to U(n),

e _ 1+

U@ - omen ™.

' and differentiating T (N) with respect to U(n).

(M) [G(N) 26(N=1) _ (oo, anNL} 1

dU(n) — 3U(n) d3UMn) § g2 (w)

- + + -1
[-(Gn(N)+Gn(N))Gn(N-l)U(n)

. ’ - 1
. +G (N_1)+G+(N-l))G+(N)U(n) l]' 2
n n n G (N)

[_G“ (w)et (N=1)+G~ (N—l)G+ (N)] _r
n n n
. U(n)G2(N) (B-3)
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The derivative will be nonnegative if

¢ w-1)eT ) =c” (e’ (v-1). |  (B-4)
n n n n

But each term of this inequality has exactly one factor U-l(n).
Hence it may be cancelled out of the inequaiity. As a function of
U(n), 7(N) is thereforeAeither aiways increasing, always decreasing,
or is cohstant. This proves part a)ybf the theorem.l

The terms on the right of the inequality (B-4) haQe factors
z(k)z(i), O<k<n, n<i<N, and the terms on the left have factors
Z(k)Z(i), O<k<n, n<i<N. TheAcdefficient of each Z(k)z(i) that ap-
pears on the right is X(N-k)X(N-1-i), and the coefficient of that
term\on the left is X(N-1-k)X(N-i). Hence if X(N-1-k)X(N-i)=z

X (N-k)X (N-1-i), the inequality holds. But since i>k,X(N-1-i)X(N-1-k)

can be factored out of this inequality, leaving —L _ > 1 __,
| H(N-1) © u(N-k) |
Therefore, if y (N-k)2u (N-1) for all O<k<n<isN, 1(N) is a nondecreas-
ing function of U(n). This proves part b) of the theorem.
In particular, it should be noted that if p(i)zu (j) for all i>j,
which is the usual case, then r(N) is a nondecreasing function of
U(n), for all n.

Now let H;(N) be the sum of all of the terms of G(N) that have

the factor p—l(m).

N .
Y 2Z(N-i)X (1) ‘ (B-5)
__..m' :

+
H (N)
m

and

B (N) = G)-H (N).
m m



c-1

. ] . +
Then, from the definition of Hm(N), the following relationships

are noted

. ) | .
H (N) =6 _(N) (B-6)
N,—n n+1 :
and ‘
+ - . .
H (N-1) = G (N-1) ‘ : (B-7)
N-n n . : R ‘
A . N ' :
By the steps leading to (B-4) the condition for‘gf%é:%7‘> 0 is de-
- o+ - +
termined to be H (N-1)H ° (N)>H (W) (N-1). ‘ (B-8)
N-n N-n N-n N-n

Using (B-6) and (B-7) this can be expressed as

e (e (N-1). |  (3-9)

+
G (N-1)Gc
n n+l n+1 n

+ +
And then G (N) can be related to G (N),

<+

et m-1)[6T (M) +2(N-n)X(n)]> [T  (N)-Z(N-n)X(n)]e (N-1), (B-10)
n n ) .

ni1 n

which can be written

[G+ (N-1)G ™ (N) -G (N)G (N-1)]-+ Z(N-n)X(n)G (N-1) > O (B-11)
n n n n

The inequality (B-11) must be satisfied if the term in brackets is
nonnegative. But this term expresses the condition (B-4); it will
be nonnegative if 7(N) is a nonincreasing function of U(n). This

proves part c) of the theorem.

Appendix C: Proof of Theorem 4

The préof is by induction on M., First, consider all networks
with only one locally balanced queue. A network with only one queue
may have several paths from the output of the queue to the input:
Let p be the probability that a customer leaving the queue uses a

particular branch b in returning to the queue. Let the processing
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rate at the queue be p When a single processor is assigned the queue.
If r(N) processors are assigned the queue when the_ﬂetwork contains
N customers, the throughput in bfanch b is Tl(N) = pr(N)u. The
thrOughputAis maximum when r(N)=R(N). Then Tl(N)=ppR(N), which
satisfies the theofem.

Suppose the theorem holds for all networks of M-l queues. Let
T _i(n) be thg,throughput at some branch b of the M-1 queue network
when there are n customers inAthe M-l gqueue network.

" Then by Norton's Theorem, the M-1 queue network may be represented
by an equivalent queue with respect tq branch b. If U(n) is the proc-
essing rate of the equivalent queue when the queue contains n custémers,
then U(n)=¢M_l(N). By the inductive hypothesis, if processing power
Rl(n) is available to the M-l queue network, the maximum throughput
at branch b is TM_l(n)=URl(n), where U is a constant, and is achieved
'when‘processing power Rl(n)‘is maximally utilized. This is also the
maximum processing rate of the equivalent queue when it contains n
customers and has available processing power Rl(n).

Let TM(n) be the throughput in the two queue network consisting
of the equivalent queue in series with queue M. Then TM(n) is equal
to the throughput in branch b of the M-1 queue network with queue M
inserted in branch b. Suppose the processing rate at queue M, when

it contains n customers and has processing power r(n), is p(n)=r(n)u.

The throughput of the two qﬁeue network is determined as follows.
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c-3

’ T —t »d 1.- Z(n) ﬁ L
Let G(N) = ¥ X(i)z(N-i). : . ~ (c-1)
i=1 - : '
_ G(N-1) N
Then TM(N) = e (c-2)

Let R(N) be the processing‘powerwavailable to the M Queue'net—
work when it contains N customers. And let p(n) = in) o the
optiﬁum fraction of the available processing power to be used by
queue M when it contains n<N customers,‘in order to magimiée TM(N).
Then p (n)=p(n)R(N)u are the processing rates at queue M that maximize
TM(n). -

Let EKn)=l—p(n);, Then,.forlmaximum TM(N), processing power
7(n)R(N) is available to be allocated to the equivalent queue when
.it containé N-n customers. R

Examining (C-2) shows that for maximum TM(N), U(N) and p (N)
are'tg bé'maximized. Clearly, all available processing power is
used for these rates, so that §(N)£E(O)=l.

‘Note that p(n)>0 for all n>0 may be assumed. For if this i§
nof the case, let m be the largest integer for which p(m)=0. Then
at'least m customers will always be at gqueue M. Let N'=N—m and
u/(n)=u (n-m). Maximization of Ty(N) is accomplished in this case
by considering only the rates U(N’—n) and u’(n), for n<N’. The

result will be the same as maximization with p(n)>0 for nsN, if it
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is shown that processing bower is fully utilized when there are m
customers iﬁ queue M. But hote that p(m)=0 only if TM(N) is a non-'
increasing functién of u’(0). By Theorem 3C, then TM(m) is an in-
creasing'function of U(N’). Therefo:é,'3(0)=l.

With the rates p(n)R(N) for'queuelM fixed at the values required
for maximﬁm TM(ﬁ),'the rates U(n) may be selected within the range
0=U(n)<Up (N=n)R(N) to maximize TM(N).

Suppose Tﬁ(N) is not an increasing fﬁnction of U(n), for some

n<N. Then, by Theorem 3C, it must be an increasing function of

- u(N-n). Then p(N-m)=1, and therefore U(m)=0. If m is the largest

integer for which TM(N) is not an increasing function of U(m), then
there will never be less than m customers at‘the equiva}ent quevue.

Hence, letting N/=N-m and ﬁ'(n):U(n—m), only rates U’ (n) for Osnsﬁ’
must be conéidered in maximizing TM(N). And this’maximizgtion will

yield the same result as maximization with TM(n) an increasing func-

tion of U(n) for all n>0. Therefore, the maximum value U(n)=U5(N-n)R(N)

must be chosen for U(n),‘hsN in order to maximize TM(n). This proves
part a) of the theorem. Then each term X(j)Z(k) of G(N-1), where

j+k=N-1, can be written
-1
. 3. k_j+k j .k .
xX(3)z (k) = [ij RN T (i) T p(N-l)]. A (c-3)
i=1 i=1

The terms of G(N) have the same form, but j+k=N. Each term X(3)z(k)

of G(N) with j,k>0 contains the product
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1 + 1
0(3)

T3 T e !

' 5 (3)

Hence, it can be written

-1
- . j-1 k
, 1 j-1 k N-1 . J : — s ]
X(3)z (k) = IR -p U R (N) igl p (i) iEl o (N-1i) A
. _ . . :_]_
. 1 j k-1 N-1 j k-1
+tUrRm) |MU R (N 1 p(i) m p(N-i)
" i=1 i=1
= 1 X(3-1)z2(k) + 1 X(j)z(k-1). (c-4)
MR (N) UR(N) A .
G(N) also includés the terms
[ NN, o }-l 1
X(N)z(0) = R (N j = ——=— X (N-1)Z(0 Cc-5
(N z( ') _H ()131 o (i) RO (N-1) (0) (C-5a)
and .
NN N-1 _ -1 1 R
X(0)z(N) = _U R (}\1) iEl o (N-1)| = TR X(0)z(N-1). (C-5b)
G(N) may then be:expressed as follows:
) = 3 X(3)zK)
jtk?N
= X(N)z(0) + ¥ X(3)2(k) + X(0)z(N)
j+k=N '
j.k>0
= LR(N) x(N-1)z(0) + j+]§=N LR (N) X(j-1)2z(k)
j,k>0
UR(N) X(0)z(N) + j+]§=N —— X(j)z(k-1)

j.,k>0




1 , . | 1 .
= r  X(3)z(k) + T X(3)z(k)
MRIN) ypeon1 _J UR(N) jascaiol

(C-6)

]
/-\
[t=
j=
SN—
Q
—
=
}_-l
L]

Therefore, when TM(N) is maximum,

G(N—i} 1 1\-1 v ‘ ’
_TM(N) =sm) =\u*7T R(N). (c-7)

Then part b) of the theorem is proved.
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Parallel and series networks
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