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ABSTRACT 

The optimization of throughput in locally balanced queueing 

network models is investigated. A general result,·useful in the 

design of computer system models, shows that throughput is a non­

decreasing function of the number of customers contained in any ; 

subnetwork. The throughput of the two queue network, which dupli­

cates (through Norton's theorem) that of more complex networks, 

is characterized in terms of the processing rates at each queue. 

Then processor allocation algorithms that maximize throughput are 

.. shown for the case where processing power ·can be switched between 

queues .. The maximization: of throughput is shown first in the case 

that processing power allocations to.a queuedepend on the queue 

state only, and then, in an extens.ion of known locally balanced 

queue,. the case in which processing power is allocated on the basis 

of an entire subnetwork state. The latter case provides a simple 

and optimum rule for processor allocations that maximize through­

put in networks containing multiprocessor systems. 



1. Introduction 

The complete solution of queueing networks of arbitrary configura-

tion is possible only for the class of networks that have been variously 

described as separable, or having the local balance property or the 

product form solution [13,3,8]. In its recent-development, this class 

of _networks has been made to reflect features such as general service 

time distributions, various scheduling disciplines and multiple classes 

of customers. As a result the local balance model has found wide 

utility in the analysis of computer systems and networks [1,3]. It has 

been implemented as the basis of several interactive systems that yield 

quick analyses of computer systems and configurations [7,12]. Because 

of its unique tractability in general network· configurati.ons_, the net­

work model has also been studied u.o an approximat.inn to networks whose 

queues do not meet the local balance requirement [5]. 

A central consideration in the use of network models for the de ... 

velopment of computer systems·' is that of throughput. In open network 

models, throughput is determined by the rate of the assumed source. 

In closed networks, throughput is determined by the combined effects 

of congestion at the queues of the network, usually with no one queue 

being identifiable as the only bottleneck. 

In this paper, we consider the optimization of throughput in 

closed, locally balanced computer system models. First, the relation-

ship of the processing rate of a subnetwork, or the throughput of a 

closed network, to the number of customers contained therein, is 

established. Then throughput is related to the processing rates of 
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the queues in a closed two queue network.· The two queue network is 

important because. of its role as a model of larger networks, through 

the construction of Norton's equivalent queues. 

These results are then used to show the optimization of through-

put in locally balanced networks in which processing power tradeoffs 

between queues are possible. This model will reflect the cases in 

which several independent queues or logical processes are located at a 

multiprocessor system whose processors can be switched between the 

functions. A processor allocation rule for subnetworks, which extends 

the known queueing models with product form solutions, is demonstrated. 

The processor allocation rule can be shown to yield maximum throughput 

for the subnetwork. 

2. Locally Balanced Net:.works and Norton,. s Theorem 

The separable or locally balanced networks.to be considered have 

fixed topology. After leaving queue i, a customer will go to queue j 

with fixed probability p ..• Let P be the matrix of transition prob­
l.J 

abilities p .. , lsi,j~, for a network of M queues. Let A· be the 
l.J l. 

mean flow rate into queue.i. If L = Al A2 ••• AM is a vector of 

relative flow rates for the network, then LP=L. If the network is 

open, L is determined by the absolute input rate to the network. For 

closed networks, the above relation determines L to within a constant. 

Then the actual throughput at queue i, when the network contains N 

• I G(N-1) . . 
customers, is gJ.ven by T· (N) = A· ( ) , where G(n) J.S the normalJ.-J. J. G N 

zation factor for some L when the network contains n customers. G(n) 

is computed by the convolution algorithm [2,11,13]. Since the 
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throughputs at the various branches of the network remain fixed as N 

and the processing rates at the queues are varied, the network through-

put, or total processing rate, is optimized as throughput in any branch 

of the network is optimized. 

The throughput characteristics of two queue networks are of con-

siderable importance because of the reduction of arbitrary closed 

networks to an equivalent two queue network, made· possible by Norton's 

theorem for computer networks [4]. 
. . 

The behavior of a particular queue 

q within a closed network ~ is the same as that of q in a network 

with one other queue, which serves as the equivalent of all the queues 

of~ except for q (see figure 1). The processing rate U(n) of the 

equivalent queue, when it contains n customers, is determined by 

COnStrUCting network , I 1 Which iS the Same aS ~ except for a ShOrt 

circuit in place of q. U(n) is simply the mean throughput in the 

link replacing q, when 11' contains n customers. To study via.the 

equivalent network the effects of q in ~ when ~ contains N customers, 

the rates U(l), ••• ,U(N) must be measured in the link in,', when~' 

contains l, ••• ,N customers. 

It is possible to analyze in the same manner as q the behavior 

of any subnetwork cr that can be isolated by a single pair of input 

and output terminals. Network 11 may be therefore reduced to a t~o 

queue network; an equivalent queue for cr, and an equivalent for the 

complement of cr in 11• Study of throughput in the two queue network 

is straightforward, since the normalization constant G(N) is expressed 

as a single convolution. 
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I ~ 3. Throughput as a Function of Load 

An important characteristic of separable queueing networks that 

can be determined with the aid of Norton's Theorem .is that the 

throughput, or output rate, of any subnetwork is a nondecreasing func-

tion of the load, or the number of customers in the subnetwork. It 

is first shown that this holds for the equivalent two-queue network. 

Theorem 1. Let ~(m) and U(n) be the processing rates of two locally 

balanced queues in a closed two queue network, when they contain m 

and n customers, respectively. Let T(N) be the mean throughput of 

the closed network when it contains N customers. Then if ~(n+l)~(n) 

and U(n+l)~U(n) for all O<n~N, then T(N+l)~T(N). 

The proof follows from the form of T(N) GJ~;~> The details 

are in Appendix A. 

The characteristic of nondecreasing throughput with increasing 

load may now be proven.for all locally balanced networks, through 

the use of Norton's Theorem. 

Theorem 2. Let T(n) be the mean throughput in any branch of a closed 

network of locally balanced queues that contains n customers. If the 

processing rate of each queue is a nondecreasing function of the num-

ber of customers at the queue, then for all n>O, T(n+l)~T(n). 

Proof. The proof i~ by induction on M, the number of queues in the 

network. Let TM(n) be the mean throughput in some branch b.of a net-

work of M queues that contains n customers. Let ~(n) be. the processing 
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rate of an arbitrary queue when it contains n customers, and let 

is the probability that a customer takes branch b in returning to 

the queue. 

Let U(n) be the processing rate of the.equivalent queue for an 

M-1 queue network with respect to branch· b. Then by Norton's Theorem 

. ' 

and the inductive hypothesis, U(n+l)=TM_1 (n+l)~TM_1 (n)=U(n). And if 

the equivalent queue is placed in series with a queue with processing 

rate ~J.(n+l)~~J.(n), l~n~N, and there are N customers in this network, 

then the throughput of the closed two queue network is TM(N). But 

' 

then TM(N+l)~TM(N) by Theorem 1. This completes the proof. 

The usual interpretation of a queue meets the conditions .of this 

theorem. For the queue considered by Gordon and Newell [6], a fixed 

number r of processors are available. If a single customer can be 

serviced on a processor at rate~-.~., then ~J.(n)=~ for n~r, and ~J.(n)=r~J. 

for n>r. 

4. Throughput with Queue-State Dependent Processing Rates 

A queue may have the local balance property if each customer has 

an exponential processing time, or else if the queueing discipline 

is processor sharing or preemptive last-come-first-served. The total 

processing rate of the queue may be any function of the number of 

customers in the queue. If ~-.~.-1 is the mean processing time of one 
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customer, and r(n) is the number of available processors when the 

queue contains n customers, then ~(n)=r(n)~. These processing rates 

will be called queue-state dependent. 

There are several instances in which increased throughput can 

be obtained by dynamically switching.processors from one queue to 

another. For example, two queues may represent two different proc-

esses or programs to be executed in one multiprocessor system. Then 

any or all of the processors may be available for either queue when 

they are not required for the other. However, with the developed 

model of a locally balanced queue--that is, a queue with queue-state 

dependent processing rates, the analysis of processing power trade-

offs is severely constrained. When the network state changes by 

means of a customer moving from one queue to another, processing power 

exchanges may take place only between the two· queues involved in the 

transition. 

Throughput with processing power tradeoffs between a single queue 

and the remainder.of the network can be analyzed in the network con-

sisting of the selected queue and the Norton's equivalent queue. But 

first, the relationship of throughput to processing rates in a two 

queue network will be established when the rates at each of the 

' 
queues are ind~pendent of each other. This is expressed in the fol-

lowing theorem. 
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Theorem 3. Let ~(m) and U(n) be the processing rates at the queues· 

of a locally balanced two queue network, when the queues contain m 

and n customers, respectively, and suppose all the U(n) and the ~(m) 

are mutually independent for O<Jn,n~N. Let T(N) be the network through-

put when it contains N customers. Then 

a) T(N), as a function of U(n), O<n~N, has no extrema. 

b) T (N) . is a nondecreasing function of U(n) if ~ (i) ~ (j) for 

all N~i>N-n and j~N-n. 

c) If T(N) is a nonincreasing function of U(n), then it is a 

strictly increasing function of ~(N-n). 

The theorem is proved by differentiating T(N) G{N-l) with re­
G(N) 

spect to U (n), for l::;;n$N. The de·t.ails are in Appendix B. 

The optimum allocation of R(N) available processors to a net-

work that contains·N customers, will now be shown. Suppose r. (n. ) 
~ ~ 

processors are allocated to queue i, when it contains ni customers. 

A possible allocation strategy may be to hold some processing power 

in reserve, that is, L;ri (ni)<R(N) for some network state (n1 ••• nn) ~ 

the reason for doing this may be to ensure that more processing power 

is available for ri(ni+l), or even ri(ni-1). But throughput cannot 

be optimized by such strategies. 

Theorem 4. Let R(N) be the processing power available to be allocated 

to the queues of a closed network of M locally balanced queues when 

the -network contains N>O customers. Let r. (n) be the. processing power 
~ 
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allocated queue i, when there are n customers at queue i, for 

l~i~M. Let TM(N) be the mean throughput at some branch.of the net-

·work. 

a) Then for maximum TM(N), the available processing.power must 

M 
always be fully utilized; that is L: ri(ni)=R(N) for all 

i=l 
M 
L: ni=N, and ri(O)=O for i~i~M. 

i=l 

b) And any processing power distribution meeting the above con-

straints provides the maximum throughput, and when TM(N) 

is maximum, T (N)=kR(N), where k is a constant. 
. M 

The proof is again by induction on the number of queues in the 

network. The M queue network is reduced to a two queue network by 

Norton • s Theorem. Then T.heorem 3 is used to show that for maximum 

throughput, each processing rate of the two queue network must be 

maximized. The details of the proof are in Appendix c. 

From this result, it is seem that for maximum throughput with 

queue-state dependent rate assignments, the processing power added 

to one queue must be exactly that taken from another, whenever there 

is a transition between the queues. But for closed networks with 

more than two queues, this determines the processing·power uniquely. 

Theorem 5. Consider any network of M>2 locally balanced queues, 

containing N customers, in which any fraction of the processing power 

of R(N) processors may be assigned to any queue. If r. (n) 
. ~ 
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is the processing power assigned queue i when it contains n customers, 

n 
for l~i~M, then throughput is maximized by the assignment ri(n)=NR(N). 

Proof. From Theorem 4, for maximum throughput, one must consider 

processing power allocations such that 

M 
~ r. (n.)=R(N) for each network state (n1 ••• nn). When there are 

i=l . ~ ~ 

N-k customers at queue one, the processing rate at queue one remains 

constant and independent of the distribution of the remaining k cus-

tamers. Therefore, for 

l<i~n, 

Simi~arly, when there are N-k customers at queue two for 2<i~M, 

Hence, ri(k)=rj (k) for l~i,j~M, as long as M>2. 

Consider the case k=2 •. With N-2 customers at queue one, the remaining 

two customers may both be at queue i, or may be at queues i and j, 

l<i<j~, while the processing rate at queue one remains constant. 

Hence, r. (2)=r· (l)+r. (1)=2r. (1). 
~ ~ J ~ 

Similarly, considering k=3,4 ••• N it is seen that r. (k)=kr. (1). 
~ ~ 

k 
And, since ri(N)=Nri{l), ri(k)-N for l~i~M and l~k~. 

The proof is complete. 

5. Throughput with Subnetwork-State Dependent Processing Rates 

Queue-state dependency of processing power allocation allows 

little flexibility in dynamic processor allocation. Furthermore, the 
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results of the previous section apply only if processors may be freely 

switched to any queue in the network. This limits the applicability 

of the model to networks of which all the queues are software proc­

essors within a single multiprocessor system, in which any processor 

may execute any logical function;. but in such case there is little 

scheduling difficulty. A more realistic model would limit the cap­

ability of processing power tradeoffs to subnetworks, representing 

processes that can be served by compatible devices located at the 

same processing center. 

But for this case, it can be seen that queue-state dependencies 

cannot yield an efficient.solution. Maximum throughput requires full 

utilization of the available processors. Since the number of customers 

in a subnetwork does not remain constant, either processing power must 

be held in reserve when the number of customers in the subnetwork is 

less than N, or else there is the possibility of an arrival to the sub­

network when all. of the processors are busy. But this latter case pre­

cludes queue-state dependent rates. If, for example, the arriving 

customer joins a queue that is idle, a processor must be taken from 

another subnetwork queue, even though there is no change in the num­

ber of customers at that queue. 

As an example of processing power tradeoffs with subnetwork­

state dependent processing rates, consider the parallel and series 

subnetworks,as shown in'Figure 2. For either case, when there are 
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·m and n customers at queues one and two, respectively, the processing 

rates are ~ 1 (m,n) and_~ 2 (m,n), respectively.· Each of these two-queue 

subnetworks will have the local balance property if and only if 

~l (m,n-1) 

~l (m,n) 
= 

~ 2 (m-l,n) (5-l) 
~ 2 (m,n) 

A generalization for more than two queues is straightforward 

for the parallel case, but not for the series subnetwork case. The 

state probabilities for either subnetwork.are expressed by 

m n 

P(m,n) = 
A.l A.2 

P(O,O), (5-2) 
m n 
II ~ 1 (i,n) II ~ 2 (O,i) 

i=l i=l 

where A.
1 

= p 1 A., A.
2 

= p
2

A. for the parallel case, and Al = A2 = A 

for the series case. 

According to Norton's Theorem, the processing rate o~ a subnet-

work that contains n customers is the same as the throughput of the 

subnetwork when it stands alone as a closed network containing n cus-

tomers. This is because the distribution of customers in the sub-

network is the same in either case. Maximization of throughput in 

the subnetwork entails maximization of throughput in the two queue 

network (i.e., the isolated subnetwork), containing n=l,2, ••• N cus-

tomers. But these cases are not independent, if the local balance 

constraint (5-l) is met. The detailed maximization,which uses the 

theorems of the preceding sections, results in the processing rate 

assignments 
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r
1

(m,n) 
m · n 

=- R(N), r
2

(m,n) =- R(N), 
N · . N · 

where m and n are the number of customers at queues one and two, 

respectively, N=m+n, and R(N) is the total processing power available 

to the subnetwork when it contains N customers.[lO] 

For a realistic model, in which one customer uses one processor,_· 

and there is a fixed maximum number R of processors available to the 

subnetwork, R(N)=N for N~R, and R(N)=R for N>R. 

The result, that maximum throughput is achieved by sharing the 

processing power proportionately based on the load at each.queue, 

can be generalized for the case of any fixed number of queues in 

parallel. This will serve as a local balance model of a multi-

processor system handling parallel queues in a computer network. 
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Appendix A. 

Proof of Theo.rem 1. 

The throughput T(N) of the locally balanced two queue network can 

be expressed as the ratio of the normalization constants with N-1 

and N customers in the network. Hence, the theorem is proved if 

where 

T(N+l) = 
G(N) ~ G(N-1) = 

G (N+l) G (N) 
T (N) I 

G(N) = 
n 
~ Z(N-i)X(i), and Z(n) 

i=O 

The inequality (A-1) can be written 

n 1 
= i~l -=~-(-i-) and X(n) = 

(A-1) 

n 1 n _::;._ 
U(i) 

i=l 

2 . 
G (N)aG{N+l)G(N-1) (A-2) 

The terms of G2 (N) contain the factors X(i)X(j) for OS:i,jSN. The 

terms of G(N+l)G(N-1) contain the factors X(i)X(j) for QS:iSN-1, 

OS:jS:N+l. In both cases OS:i+jS:2N. The inequality is demonstrated 

by groupin9 the terms into 2N+l inequalities. Inequality k will 

have all the terms with factors X(i)X(j) such that i+j=k. 

First, consider the case QSk<N. Collecting terms from (A-2), 

k 
~ Z(N-i)X(i)Z(N-k+i)X(k-i) 

i=O 
k 

~ ~ Z(N+l-i)X(i)Z(N-1-k+i)X(k-i). 
i=O 

(A-3) 
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A-2 

Grouping coefficients of X(i}X(k-i}, 

k 
2:: [z (N-i} Z (N-k+ i} -z (N+ 1-i} Z (N-1-k+i} ]X ( i} X (k.-i} 2:0. . (A-4} 

i=O 

This sum canbe rewritten as two summations; first for index i=O 

to (~1, and then for i=k- [~J + 1 to k. If k is even, these two 

ranges obviously cover the range 0 to k. If k is odd, the term for 

. i = [~1 + 1 is missing •. But the term in the summation for this 

value of i is zero. Hence, (A-4} can be written as follows; when 

j=k+l-i replaces i as the index of the second summation. 

[~] 
2:: [Z(N~i}Z(N-k+i)-Z(N+l-i}Z(N-1-k+i}]X(i}X(k-i) 

i=O 

·ckJ 
2 

+ 2:: (Z (N-k-l+j) Z (N+ 1-j) -z (N-k+ j) Z (N-j) ]X (k+1-j) X ( j -1) "2:.0. 
j=l 

(A-5) 

Note that for each ·Z(m)Z(n} in (A-5), m+n=2N-k. Also, note that 

for any m,n with m"2:n and any jsn, 

z ( m) ·z ( n) -z ( m+ j) z ( n- j) 

n ·1· 
=Z (m) Z (n-j) [ il 

i=n-j+ 1 ~ ( i) 

. m+j 
1 

n "(i} J 2: o, 
i=m+l t--" 

(A-6} 
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since ·all ·of the indices i, and hence rates IJ.(i) ·in the second 

product are greater than those of the first product. Therefore, 

the products Z(m)Z(n) for all m+n=2N-k are ordered inversely as 

lm-nl, or directly as min(m,n). If i=min(m,n) let Z(i)=Z(m)Z(n) 

and let X(i)=X(m)X(n). Then the inequality (A-5) can be rewritten 

by selecting the smaller index of each product. 

(k] 
2 
~ (Z(N-k+i)-Z(N-k+i-l))X(i) 

. i=O 

(k] 
2 

+ ~ {Z{N-k+j-1) -Z(N-k+j))X(j-1) ~ 0 
j=l 

{A-7) 

Rearranging terms, 

or 

(k] 
2 

(Z (N-k) -z {N-k-l))X ( 0) + I: ( {Z (N-k+ i) -z (N-k+ i-1)) X { i) 
i=l 

+ {Z{N-k+i-1)-Z(N-k+i))X(i-1)]~0 

(k] 
2 

(Z(N-k)-Z{N-k-l))X(O) + ~ (Z(N-k+i)-Z(N-k+i-l)](X(i)-X(i-1)]~0. 
i=l 

{A-8) 
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It is seen that each factor of every term of .the summation is 

nonnegative. Hence, the inequality is demonstrated. 

Now consider the case k=N. ·In collecting all terms of (A-2) with 

factors X(i)X(j) where i+j=N, G(N-1) contributes terms with factors 

X ( i) for OSiSN-1. Hence, ·G (N+l) contributes terms with factors 

X(j) for l~jS:N. The inequality cor·responding to (A-3) is 

n 
~ Z(N-i}X(i)Z(i)X(N-i) 

i=O 

n-1 
~ ~ Z(i+l)X(N-i)Z(N-1-i)X(i) 

i=O 
(A-9) 

Collecting terms, and then adjusting the indax of the summation to 

range ·from 1 to N, this inequality is written as follows: 

n 
Z(O)Z(N)X(O)X(N) + ~ [Z(N+l-i)Z(i-1)-Z(i)Z(N-i)]X(N-i+l)X(i-1)20. 

i=l 

(A-10) 

The summation can be expressed as two summations, first with index 

i=l to [~], then with i=N+l - [~] toN, noting that if N is odd, 

-N 
the term for i = [-] + 1 disappears. Then rewriting the second 

2 

summation with index j=N+l-i one obtains 
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A-5 

Z(O)Z(N)X(O)X(N)+ l: [Z{N+l-i)Z(i-l)-Z(i)Z(N-i)]X(N+l-i)X(i-1) 
i=l 

N 
. [-] 

2 
+ l: [Z(j)Z(N-j)-Z(N+l-j)z{j-l)JX(j)X(N-j) ~ 0 

j=l 
(A-ll) 

Then, if i=min {m, n) , let Z ( i) =Z (m) Z (n) , and X ( i) =X (m) X (n) , (A-ll) 

is rewritten 

[N] 
2 

Z(O)X(O)+ l: [(Z(i-l)-Z(i.))X(i-l)+{Z(i)-Z(i-l))X(i)]~O. 
i=l 

Rearranging terms, 

[NJ 
2 

Z(O)X(O) + l: [(Z(i)-Z(i-l)j[X(i)-X(i-1)]~0. 
i=l 

(A-12) 

Since each term in the summation is (A-12) positive, the inequality 

is demonstrated. 

· Last, the case for N<k~2N+l must be considered. But from the 

symmetry of Z and X in the definition of the function G, inequality 

k of A-2 is exactly inequality 2N+l-k with the roles of Z and X 

exchanged. Hence, it has been demonstrated in the first case. 

The theorem is proved. 
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Ap.pendix B: Proof of Theorem 3 

Let Z(n) = 

N 

n 1 
n U(~) and X(n)· = 

i=l ... 

. n . 1 
TI for O<n~N. 

i=l 1-l { i) 
Let 

G(N) = L: Z(i)X(N-i) be the normalization constant for the state 
i=O 

probabilities of the two queue network with N customers. Then for 

all N>O, 

'1" (N) = G(N-1) 
G(N) 

(B-1) 

·For O<n~N let G+(N) be all of the terms of G(N) that have the.fac­
n 

tor u-1 (n) 

+ 
G (N) 

n 

N 
= .L: Z(i)X(N-i), 

~=n 

- . . + 
and .G (N)=G (N) -G (N). 

n .n 

Then, differentiating G(N) with respect to U(n), 

oG(N) 
oU(n) = -

and differentiating ,.(N) with respect to U(n). 

g,.(N) 
oU(n) [ 

oG(N-1) oG(N) J 
= G(N) au(n) - G(N-1) oU(n) 

1 

- G (N)+G (N))G (N-l)U(n) [ ( - + + -1 
n n n 

· ~-(N-l)+G+(N-l))G+(N)U(n)-l]· 1 

n n n G2 (N) 

= [-G- (N)G+ (N-l)+G- (N-l)G + (N)] 1 
n n n n 

· U(n)G2 (N) 

(B-2) 

(B-3) 

\ 
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The derivative will be nonnegative if 

- + - . + 
G (N-l)G (N)~G (N)G (N-1). (B-4) 

n n n n 

But each term of this inequality has exactly one £actor u-1 (n). 

Hence it may be cancelled out of the inequality. As a function of 

U(n), T(N) is therefore either always increasing, always decreasing, 

or is constant. This prove·s part a) of the theorem. 

The terms on the right of the inequality (B-4) have factors 

Z(k)Z(i), O<k<n, n~i<N, and the terms on the left have factors 

Z(k)Z{i), O<k<n, n~i~. The coefficient of each Z{k)Z(i) that ap-

pears on the right is X(N-k)X(N-1-i), and the coefficient of that 

' 

term on the left is X(N-1-k)X{N-i). Hence if X(N-1-k)X(N~i)~ 

X(N-k)X(N-1-i), the inequality holds. But since i>k,X(N-1-i)X(N~l~k) 

can be factored out of this inequality, leaving 1 ~ 1 
1-L {N~i) ' 1-L (N-k) 

Therefore, if j..L(N-k)~j..L{N-1) for all O<k<n~i~, T(N) is a nondecreas-

ing function of U(n). This proves part b) of the theorem. 

In particular, it should be noted that if 1-L (i)~ (j) for all i>j ,· 

which is the usual case; then T(N) is a nondecreasing function of 

U(n), for all n. 

Now let H+(N) be the sum of all of the terms of G{N) that have 
m 

the factor !-L-1 (m). 

+ N 
H (N) = .E Z(N-i)X(i) (B-5) 

m ~=m· 

and 
- + 

H (N) = G(N)-H (N) • 
m m 

·. 
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+ 
Then, from the definition of H (N), the following relationships 

m 

are noted 

+ 
H (N) = G (N) 

N-n n+l 

and 

(B-6) 

+ -
H (N-1) = G (N-1) (B-7) 

N-n n 
o,.(N) 

By the steps leading to (B-4) the condition for ·OI-L(N-n) .> 0 is de-

- + - + termined to be H (N-l)H . (N) >H (N)H (N-1). (B-8} · 
N-n N-n N-n N-n 

Using (B-6) and (B-7) this can be expressed as 

+ + -
G (N-l)G (N)>G (N)G (N-1). (B-9) 

n n+l n+l n 
+ + 

And then G (N) can be related toG (N), 
n+l n 

+ -. + -
G (N-1) [G (N)+Z(N-n)X(n) J > [G (N)-Z(N-n)X(n) ]G (N-1), (B-10) 

n n n+l n 

which can be written 

+ - + -
[G (N-l)G (N) -G (N)G (N-1) ].+ Z (N-n)X (n)G (N-1) > 0 (B:-11) 

n n n n 

The inequality (B-11) must be satisfied if the term in brackets is 

nonnegative. But this term expresses the condition (B-4); it will 

be nonnegative if ,.(N) is a nonincreasing function of U(n). This 

proves part c) of the theorem. 

Appendix C: Proof of Theorem 4 

The proof is by induction on M. First, consider all networks 

with only one locally balanced queue. A network with only one queue 

may have several paths from the output of the queue to the input~ 

Let p be the probability that a customer leaving the queue uses a 

particular branch b in returning to the queue. Let the processing 
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rate at the queue be ~ when a single processor is assigned the queue. 

If r (N) processors are assigned the queue when tl1.e network cont.ains 

N customers, the throughput in branch b is Tl (N) = pr(N)~. The 

throughput is maximum when r(N)=R(N). Then Tl (N)=wR(N), which 

satisfies the theorem. 

Suppose the theorem holds for all networks of M-1 queues. Let 

T (n) be the throughput at some branch b of the M-1 queue network 
M-1 

when there are n customers in the M-1 queue network. 

Then by Norton•s Theorem, the M-1 queue network may be represented 

by an equivalent queue with respect to branch b. If U(n) is the proc-

essing rate of the equivalent queue when the queue contains n customers, 

then U(n)=T (N). By the inductive hypothesis, if processing power 
M-1 

R
1 

(n) is available to the M-1 queue network, the maximum throughput 

at branch b is TM-l (n)=UR
1 

(n), whe,re U is a constant, and is achieved 

·when processing power R
1 

(n) is maximally utilized. This is also the 

maximum processing rate of the equivalent queue when it contains n 

customers and has available processing power R (n). 
1 

Let TM{n) be the throughput in the two queue network consisting 

of the equivalent queue in series with queue M. Then T (n) is equal 
M 

to the throughput in branch b of the M-1 queue network with queue M 

inserted in branch .b. Suppose the processing rate at queue M, when 

it contains n customers and has processing power r(n), is ~(n)=r(n)~. 

The throughput of the two queue network is determined as follows. 
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n 1 
Let X(n) - IT and let Z(n) = 

- i=l 1..1. {i) 

N 
Let G{N) = ~ X{i)Z{N-i). 

i=l 

Then T (N) = G{N-l) 
M G{N) 

n 1 
IT 

U{i)• i=l 

(C-1) 

{C-2) 

Let R(N) be the processing power available to the M queue net­

work when it contains N customers. And let p (n) = ~~~~ be the 

optimum fraction of the available processing power. to be used by 

queue M when it contains n<N customers, in order to maximize TM{N). 

Then I.J.(n)=p(n)R(N)!J. are the processing rates at queue M that maximize: 

T M (n). 

Let p(n)=l-p (n) •. Then, .for maximum TM {N), processing power 

p{n)R{N) is available to be allocated to the equivalent queue when 

it contains N-n customers. 

Examining (C-2) shows that for maximum T (N), U {N) and IJ. {N) 
M 

are to be maximized. Clearly, all available processing power is 

used for these rates, so that p{N)=p·(o)=l. 

Note that p(n)>O for all n>O may be assumed. For if this is 

not the case, let m be the largest integer for which p{m)=O. Then 
I 

at least m customers will always be at queue M. Let N =N-m and 

l.l.'(n)=!J.(n-m). Maximization of TM{N) is accomplished in this case 

by·considering only the rates U(N'-n) and I.J.'(n), for n~N'. The 

result will be the same as maximization with p{n)>O for n~N, if it 
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is shown that processing power is fully utilized when there are m 

customers in queue M. But note that p(m}=O only if TM(N} is a non­

increasing function of ~'(0}. By Theorem 3C, then TM(m) is an in­

creasing function of U (N') • Therefor.e, p ( 0) = 1. 

With the rates p(n}R(N} for queue ·M fixed at the values required 

for maximum TM(n), the rates U(n) may be selected within the range 

O~U(n)s:up(N-n)R(N) t.o maximize TM(N). 

Suppose T (N) is not an increasing function of U(n}, for some 
.. M 

n<N. Then; by Theorem 3C, it must be an increasing function of 

~ (N-n). Then p (N-m)=l, .and therefore U (m)=O. If m is the largest 

integer for which T (N) is not an increasing function of U(m}, then 
. M 

there will never be less than m customers at the equivalent queue. 

Hence, letting N'=N-m and u'(n)=U(n-m), only rates U'(n) for O~n~N' 

must be considered in maximizing T (N). And this maximization will 
M 

yield the same result as maximization with TM(n) an increasing func-

tion of U(n) for ail n>O. Therefore, the maximum value U(n)=Ui)(N-n)R(N) 

must be chosen for U(n), n~N in order to maximize TM(n}. This proves 

part a) of the theorem. Then each term X(j)Z(k) of G(N-1), where 

j+k=N-1, can be written 
-1 

[ .j k j+k ( ) j k 
p (N-i)J • X (j) Z (k} = ~ U R N II p(i) II (c-3) 

i=l i=l 

The terms of G(N) have the same form, but j+k=N. Each term X(j)Z(k) 

of G(N) with j,k>O contains the product 
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1 . 1 

p(j) ~p(j). 

1 
+ . 

. p (]) 
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Hence, it can be written 
-1 

G(N) 

and 

1 [ j -1 k N-1 j -l k J 
X(j)Z(k) = 1-J. U R (N) II p(i) .rr p(N-i) 

.1-l. R (N) i= 1 l.= 1 . 

1 [ j k-1 N-1 j 
. + UR(N) 1-l. U R (N) IT 

i=l 

. ]-1 k-1 . 
p(i) n p(N-i) · 

i=l 

- 1 X(j-l)Z(k) + _ 1_ X(j)Z(k-1). 
1-J.R(N) UR(N) 

also includes the terms 

= [1-lNRN(N) 
N-1 r X(N)Z(O) n p(i) 1 X(N-l)Z(O) = 
i=l 1-J. R (N) 

N-1 rl [ N N 
1 

X ( 0) Z (N) = U R (N) n p(N-i) = X(O)Z(N-1). 
i=l 

UR(N) 

G(N) may then be.expressed as follows: 

G(N) = ~ X(j)Z(k) 
j+k=N 

./ 

= X(N)Z(O) + ~ X(j)Z(k) + X(O)Z(N) 
j+k=N 
j ,k>O 

1 1 
= x.<N-1) z (o) + j+~~N 1-J.R (N) 

X(j-l)Z(k) 
1-J."R (N) 

j ,k>O 

1 1 
+ X(O)Z(N) + ~ X(j)Z(k-1) 

UR(N) j+k=N UR(N) 

j ,k>O 

(C-4) 

(C-Sa) 

(C-Sb) 
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i.J. 

~. 
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= 1 L: X ( j ) Z (k) + l L: X ( j ) Z (k) 
~R{N) j+k=N-1 UR(N) j+k=N-1 

= u + ~ ) R ~N} G (N-1) • 

Therefore, when ~ (N) is maximum, 
M 

rM{N) 
G(N-1) 

= G(N) (
1 1) -1 

= ~ + ~ R(N). 

Then part b) of the theorem is proved. 

(C-6) 

{C-7) 
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Figure 1 

Two Queue Network 
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Parallel and series networks 
with processing power tradeoffs 




