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ABSTRACT the relationship between the Poisson output con-

The relationships between the local balance
and randcm output properties of queues, and the
product form solution for networks of queues,
are established by analyzing finite discrete-
time queues, with Bernoulli processes for the
random output condition. The results can be ex-
tended to continuous-time queues with Poisson
output processes. It is shown that the random
output condition is necessary but not sufficient
for the network product form solution. Though
not all the necessary steps have been proven,
intuitive arguments and sample cases are shown
to indicate an equivalence between a generalized
form of local balance and the network product
form solution.

1. Introduction

The znalysis of queueing networks has been
demonstrated in the pioneering works of Jackson
[6] and Gordon and Newell [5], and others
[1,4,9]. All the known solutions for the equi-
librium state probabilities of arbitrary net-
works of queues are of the product form type;
the state probability of the network is ex-
pressed as the product of the state probabili-
ties of each of the individual qucues of the
network in isolation with a Poisson input of
the same mean rate as the queue has in the net-
work. The class of queues known to yield the
product form solution is limited to queues with
exponential servers, queues with an infinite
number of servers, the processor-sharing dis-
cipline, and the preemptive last-come-first-
served discipline.[1,10] The queues of this
class all share the properties of having a
Poisson output process when the input is a
Poisson process [8,9], and of local balance
(254,143

A queue that has a Poisson output process
when the input is Poisson apparently behaves in
a network of similar queues as it does in isola-
tion (with a Poisson input); the product form
solution for the network is then simply a con-
sequence of the independence of the queue be-
haviors. This explanation is satisfactory for
an open network without loops, since in that
case, the input to each queue actually is a
Poisson process, and the queues are truly inde-
pendent. But it fails when the network has
loops, since the input process of a queue is
then not independent of its output and, there-
fore, not independent of past inputs. Hence,

*Work performed under the auspices of the ERDA.

dition and the product form for general networks
remains incomplete.

In this paper, we summarize current research
that establishes the ralationships between queues
that yield product form network solutions, local
balance, and the Poisson output condition. Not
all the results reported have been conclusively
proven; the incomplete proofs will be indicated,
and an intuitive explanaticn and sample case will
be shown.

The technique used in this analysis effort
is to consider finite-state discrete time queues
rather than continuous-time queues, and Bernculli
processes instead of Poisson processes. However,
the results shown here can be shown to hold for
continuous Markov processes and Poisson inputs
by the well-known limiting process in which the
time increment approaches zero. Throughout, in-
put and output processes are described as 'randem',

. indicating Bernoulli processes for the discrete
case, Poisson processes for the continuous case.

The queues considered also have finite ca-
pacity; when the queue is full, arrivals pass
through to become part of the output process.

But, as long as the mean service rate of the

queue is greater than the mean arrival rate, the
probability of an overflow approaches zerc as

the capacity of the queue is increased. Eence,

by letting the capacity of the queue increase be-
yond 211 bounds, the results can be shown to be
valid for queues with an infinite number of states.

2. Definitions and Notation

Consider the finite-capacity queue with
Bernoulli input process. Let S(k), called level
k, 0 S k £ m, be the set of states for which the
queue holds k customers; m is the capacity of
the queue. For each possible transition there

is a conditional probability: Aj'i is the con-
ditional probability of an input transitiom to
Sj from Si’ given Si'

The probability of an arrival at any dis-
crete time is A, so all states have a total prob-
ability A of an input transition. Thus, if

s,es(k), 0 Sk<m,

A = A.

z
Sjes(k+1) jli

At level m, there are transitions from each state
back to itself, with probability A. These repre-
sent overflows; both input and output with no
change of state.
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The conditienal probability of 2 departure
transition from state Sies(k) (given S,) to

state S.eS(k-1) is ¥,|,. Let
3 (k=2) ilt

u, = z Moy, .
1 5,€8(k-1) il

The conditional probability of a transi-

‘tion from S, to some Sj at the same level is

1
n,,~ Letn. = z LY
ils 17 g5 esqy 3N
j#i

1f the queue is in Si and neither an in-
*

put, output, or transition at the same level
occurs, the queue will remain in S. until the

next diserctc interval. This conditlnnal evpnf
has probability 1 - A - W=y

Let A be the n X n matrix of transition
probabilities for an n-state queue, and let P
be the n-element vector of mean state probabil-
ities. Then AP = P.

The matrix A is a block tri- dlagonal matrix.
Along the main diagonal azre the probabilities

= -}\_ - =
ay 1 Be-ong. Let S(k)
{s, ,s, ,...S } be the set of states at level
k' ky
k. .Let S(j) = {s ,... .}, wWith j=k-1,
. Iy ’
. . . R
Hi H. H
Jl|kl jllkz ces jllku
Let U = lek B .
e k— : . -
s! U vee M.
\jvlkl .Jv|k2 Jvlku

be the v x u submatrixz of A, giving the (éutput)
transition rates from S(k) to S(k-1). Each of
the Uk’ 1 <k £m will be above the main di-

agonal of A.

Let T be the entire matrix of output tran-
sitions: this will consist of all submatrices
Uk’ 1 € k £m, and the submatrix AI for level m.
For example,

0 o, ] 0 0
.. 0 0 [y,] | o

o o0 -0 Lu,]

] 0 -0 (a3l

And let V = A-T be the matrix of transitions
without output.

Let £ = 1li...1 be a row vector of ones.
The dimension of ¥ is assumed to conform to the
row dimension of the matrix it premultiples.
Thus, £ may be considered an operator that con-
verts a rectangular matrix into a row vector by
summing the columns. It converts a column vector
into a scalar. .

Thus, for a queue with states S° to Sn’ in

which states Sj to Sn are at the highest level,

...H,

LT = . 4+A _,,un+A f. And, for any

e S ~1%; .
vector P of state probabilities, IP = 1.

Any queue such that .
= AP (la)

for all A, will be said to satisfy local balance.
The local balance conditién raquires that the
absolute probability (or rate) of leaving each
state due to an arrival, is equal to the abso-
lute rate of entering the state due to a depart-
ure. :

The ‘local balance condition (la) restated
for Sies(k), k<m, is

B u = Ap,, (1b)
jesqey 3t

Let P (\ n) = Pr[S(n)] be the marginal prob-
ability that _queue Ql contains n customers, when

the input to the queue is a random process with-
mean rate A. Let W be a finite open or closed

-network of queues {Q ,...,Qw). The structure

-of W is determined by the matrix B, of which the

elements {bjli}’ 1<1,jSw, are the probabilities

that a customer goes to queue j when leaving

‘queue 1. (For open networks, one queue number

may be used to designate both the source and
sink). Let L be any vector of relative flow
through the network; L satisfies the relation
BL=L. If the network is open then L is deter-
mined absolutely by the rate of the source;
otherwise L is determined to withim a constant.

Let Pw(nl,nz,...,nw) be the equilibrium

probability of n, customers at queue i, 1$isw,

i
of network W. Then network W has a product form
solution if, for some L,

w

 CHEI =-§ 121 P,An) . (@

1°% i

The normglization constant
w
ce=L I Pi(ki,ni), where the summation is over

i=1
all possible sets of states (nl...nw). The




sugmmation is infinite if this nstwork is open
and has infinite storage capacity.

3. Results: Product Form, Local Bzlance, and
Random Qutput

A queue has random cutput if, when the prob-
ability of an input in any discrete interval is
A, the probability of an output in any discrete
interval after any sequence of output and non-
‘output intervals, is A. This is stated in terms
of the queue parameters in the following theorem.

Theorem 1: A queue has random output if

and only if, for all strings Ra N consisting of
3

a occurrences of A and t occurrences of T,

DR, P = A+l ’ ‘ (3)

The proof of this is found in [12]. 1In-
tuitively, it states that the probability of any
output sequence that contajns t identified out-
puts is At, given that the intervals that are
not identified as producing an output are not
observed; they may or may not have an output.
Equivalently, any string of t output intervals
and n non-output intervals will have probability

AT(-n®

Theorem 2: Local balance implies random
output.

The proof follows from AP=P and TP=)P.
Then R P = ate, satisfylng Theorem 1.

Theorem 3: Random output does not imply
local balance.

This is demonstrated by the simple counter-
example of Figure 1. Assume that (1) holds for
the queue Q of Figure la, which then has random
output. But the queue Q’ of Figure 1lb may be

derived from Q by splitting Sa into Sal and SaZ,

with the rates as shown. Then P_ =P _ + P
a al a2,

since the probability of a transition into

either S or S, is the same as that into S
al a2 a,

and the combined probability of transition out

of S and S 1s the same as that of § . 1If
al a2 a

Q is in local bslance then APa = ualsz. But no

such. relation is then possible for either Sal
or Sa2 of the queue Q' of Figure 1b., (Although,
of course (Pal+PaZ) = ualsz)

The future behavior of Q' in no way depends

on which of § . or S _ has been entered, or on
al a2

the probabilities of transition between them, be-
cause of the equivalence of the transition prob-
abilities from each of these to the other states
of Q Therefore, Q has the same output prob-
ability as Q, and therefore has random output.

Defirition: A set of states S is an

eguivalent setr if a) S is contained in a single

level of the queue and b) the transition proba-
bilities from each state of S to any state, or
other equivalent set, outside of S is the same
as that of every other state of S.

In other words, S 1s an equivalent set if
it could have béen derived by means of state
splitting, as in the example of Figure 1. And
any equivalent set may be merged into a single
state without changing the output behavior of
the queue.

But equivalent sets of states may be derived
by splitting more than one state of the queue
simultaneously. Then the equivalent set may not
be identifiable until the other equivalent sets
are identified. An algorithm for identlfying
equivalent sets 1is given in L12J,

Dafinition: A queue will be said to have
generalized local balance if the queue obtained
by merging all equivalent state sets has local
balance.

Theorem 4: A queue with generalized loceal
balance has random output.

This theorem follows from the output equiv-
alence of a queue with equivalent state sets,
and a queue with all equivalent state sets merged
to single states.

Theorem 5: Random output does not imply
generalized 1nral halancea.

This is demonstrated by the queue of Figure
2. (The transition probabilities ia this exam-
ple have absolute values greater than ore in
order that the derived probability expressions
will have a simple form. However, if all of the
probabilities representing a change of state are
divided by a large number, and the probabilities
of remaining in a state correspondingly adjusted,
as in the limiting processes to a continuous-
time case, the example still holds.)

“Since u ”b and M are all different, there
a, c

are no equivalent state sets. The equilibrium
state probabilities are:

33 4+ 18% + 24

P
0 3 2
P 237 + 112° + 122
a 3 2
P=pb=,x+sx+ax %)
P 2+ 8+ 162
¢ 4 3 2
P A+ 66X + 8XY)
L2 4
- Y
where D = D,D,, D, X +6A+ 8,
and D, = 2 &N+ 3. (5)

i
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Frcm this, it can be seern that TP 7 AP,
hence the queue does not have generalized local
balance. In [12], it is shown that the condi~
tions of Theorem 1 hold, hence, the queue has
random output.

The marginal state probabilities for this
queue are:

{f<x,o) 3
PQA) = PA,L) | =1 4 D,. (6)
tP()\,Z) 12

Theorem 6: Random output is not a suffi-
cient condition for a product form network solu-
tion.

The queue of Figure 2 is again used.[12]
It is necessary to show only that there is one
.netwerk containing the queus, that does not have
a product form solution. The network can be as
simple as the queue itself, with a single feed-
back loop, as shown in Figure 3. (An even sim-
pler network, the closed network obtained in the
q=0 case, would not serve as a counterexample.
In that case, there would be a constant N cus-
tomers in the network and the queue would always
be in a state of level N. Through normaliza-
tion, this would meet the product foram require-
ments.) With q=!, the mean state probabilities
for the queue in the network are:

Beo] (3 + 600 +192
: 2 2

P 6A" + 54X° + 96A

Na 3 2 . .
P_=|P = | A7 + 183" + 32X 7
N Nb 3.2

P A0 4+ 2407 4 128A

Ne 4 3 2

P AT E 1207+ 32

N2 ///53

Where D, = 2 4 2003 4 13122 # 316A + 192. The

marginal state probabilities are:

P, (0) 302 + 60N + 192
p, =[P, = 823 + 9622 + 2561 L (8)
P, (2) Mraad s ol

/D3

The marginal state probabilities are not
equal to the marginal probabilities of the queue
in isolation, with random input with rate A, as
given in (6).

. Definition: A queue will be said to have
state-dependent input local balance (s.d.i.l.b.)
1f TP=LP, where L is a vector of state-dependent
input rates, {lnln=0,l,2.;.} for each state for

which the queue contains n customers.

Figure la

Figure 1lb

B MU




Obviously, if A1=k for all n, then the
h

s.d.1.1.b. is local balance.
implies local balance.

Hence, s.d.i.l.b.

Theorem 7: Local balance implies state-
dependent input local balance.

This theorem has not been proven in general.
Intuitively, 1if local balance holds, the state
probabilities of a queue are not modified by
either an output or the nonoccurrence of an out-
put. In particular, there is no shift of prob-
ability between states at a particular level n.
Therefore, if An is increased, the probabilities

of all states at level n+l are proportionately,
increased, and the probabilities of all states
at level n correspondingly decreased, but the
absolute rate out of a level n state due to an
arrival, will still equal the absolute rate into
that state due to a departure.

The theorem has been shown to hold in
examples of up to six states. (Beyond that, the
explosion of the combinations causes sericus dif-
ficulties.) The simpiest case, that of the queue
of Figure la,will be show

[}o (N by R My D i Ay b o prbIZ
Pa| PatokatohHoorMas
ey | AHaHat g Fa Aot My |2 @
Pol Porp Ormngog XAy G pagu)

where

D=(naub+nbua+uaub)u2+kl(uaual2+ubub|2)
QA FA B FAG (N 410)) (A ) HA oA, (A +u,) .
ao
Also, Aa+lb=ko.

The state~-dependent input local balance con-
dition is expressed by

0w, oW O TPO P,
00 0 u P e
TP= AR M wwwal I 1)
00 o JoMirita
[z |p, Py
00 0. |lp, P,

Of these equations, the only independent condi-
tion not equivalent to a balance equation is

Ha|2P2 = AP, 12)

(1-q)X
(1-q)

qx';'"'"'éajs_]::[:l:]_' e -

Figure 3

n_+(-qu A —
+(1-q)ub )\/ e

Queue of Figure la in Network

Figure 4:
" of Figure 3

which can be reduced to the condition

A MMy [ 2720 My | 2=

If local balance holds, that is, (12) is satis-—
fied for all AO = Al = AZ’ then s.d.i.1l.b., since

(12) holds for all Ao, Xl, Xz.

AOnaual2+Abuaua|2] 13

Theorem 8: Local balance implies a product
fcrm network solution.

Consider two locally balanced queues in a
closed two queue network containing N customers.
Since each queue 1is s.d.i.l.b. (by Theorem 7),

" the state probabilities are independent of the

occurrence or nonoccurrence of an output. Let
Uy o =-EuiPi, where the summation is over all
s -

states of queue one for which it contains n

customers, and let uz Nen be similarly defined
*
£ . v
or queue two, Then uf,n and uz,N—n will be the

input rates to queues two and one, respectively.



The marginal state probabilities of each of the
queues in isolaticen, with input A, are

A" A e
P1o~n P10 3™ Py N 0T Pr0 (%
My T wy 4
i=1 1,1 4=1 F

The network is simply represented by the
Markov chain with states (n,N-n), 0<ns¥, and
rates ul,n and uZ,N-n' The solution is

N
Sy,
j=N-n+1 1
P (n,N-n)="— P, (0,N)=2 — Y ’
Iy, : Ty My .
=1 bl 1=1 L1 g1 2,3
(15)

which is seen to satisfy the product form re-
quirement (2).

This simple example may be extended to the
general netwerk case, using induction and the
reasoning of Norton's Theorem for queueing
networks. See, for example, [3] and [10].

Theorem 9: The product form network solu-
tion implies that each queue in the network has
genaralized local balance.

This Theorem has also not been demonstrated
for all queues, since, for a large number of
states, there are many possible state equiwv:-
lences, and so many posoibilities for geaneva=
lized local balance. However, it has been es-
tablished for queues with a small number of
states.

1f a queue has a product form netvork solu-
tion, its marginal state probabilities must have
the product form in any network; in particular,
it must hold for the simple network of Figure 3.
As an example, consider the simple queue of
Figure la, whose state probabilities are given
by (9), with 30 = Al = A, when the queue is iso-

lated with random input of mean rate A, If the
input to the network is a random process of mean
rate gA, the mean throughput of the queue is A
Since all states of the queue in: isolation are
possible for the queue in the nétwork, the
normalization factor for the product form will
be one. '

The state diagram for the queue in the net-
work is given in Figure 4. The probability of a

departure from the queue, when in Sa is‘ua but
’ 3

the probability of the departure from the network
is qu, - If the customer remains in the network,

he returns to the queue in Sa with probability
Ay and to Sb with probability Ay, .
fore] the total probability of a transition from

There~

A
Sa to Sb is na+(1-q)ua—% . Substituting the rates
from Figure 4 for those of Figure 1 in (6) and
(10), the folliowing network equilibrium probabil-
ities are obtained:

- 1 - ~N
L (naub+ﬂbua+uaub)u2+qk(uaual2+ubub=2)

2
Pral | RaPpiatAngHatari, ),

2
Pu| | PpMaM2tn Mot Ty,
oo ]
Pyo| [ A AR +n )+ad 2z
LN | .
N,
(16)

with DN=(naub+nbua+uaub)u2+qA(uaual2+ubub|2)
2
+ (Aaub+kbua+k(na+nb))(A+u2)+qk (M,
ian

If the queue has a product form network sclutiom,

= +P, = P = .
then Po PNO, Pa b PNa+ b, and Pz PN2

The first relation yields
P0=[(naub+nbua+uaub)u2+A(uaual2+ﬂbub12{;6
=] = s
=Py [(naubmbua+uaub)uz+qk(uaua|2 ”b”blz)l/n )

N
(18)

After cancellationﬁ, this expression yields
(uaua|2+ubub|2)(Aaub+kbua+k(na+nb))

= A(naub+nbua+uaub)u2.

Multiplying theough, this can be placed in the

form
Abuaualz(ua_ub)+xaubublZ(Ub_ua)

+ X(naualz(ua-ub)+nbub!z(ub-ua)) = 0,
which results in either ua = ub, or

(kbua+lna)ua|2 = (laub+knb)ub[2- (19)

But for the queue, ua = Y, 1is all that is required
b* And (19) is

the condition (13) required for local balance.
Hence, either Sa and Sb are equivalent, or the

queue has local balance.
generalized lecal balance.

. b
for the equivalence of Sa and §

Product form implies
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