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Abstract. \,Ve discuss a. new model to study alternati,,g..phaso focusing

(APF). Our a.l)proacl,, is ba,ed on representing the a('ceh,raling, ,,lectric tield

with a continuous phase modulated traveling wave. 'I']_e resulting nonlill-

ear equations of motion can be solved ailalytically t() pr(,(li('t the regions of

stable API" motion. We also identify the key pa.rallwlers wllictl a(le(tllatelv
(lescribe the t)hysics of ,,XPf!'. The model is t)eli(,v,.:'(t to t)e al)tali('al)h" to low-3
ion linacs with short indel)endently-cont roll('d SUl)er(:on(lu('t irlg cavil ies t)('iIlg

developed at ANL.

1. Introduction

The })a.sic idea o7 APt" is to achieve stable bealn transport ill t)()t.ll axial a]l(t radial

planes ()[ motion by' alt,ernating t.he sign of e(luilibrill_n l)has,' of tile a c(,elerati,,_g electric

field. The advantages of r(,alizing a. three-dimensional beam fo(:usitlg williotlt til(:' us,' of

sol,moids or quadrupole magnets must be weighed against the (:o_l_t).,'on_ises in ]ongil.u(li-

nal a.ccepta.nce one is forced t.o make. Previous works in the riehl [1,2, :a;,.1.5] a(ldresse(t
APF in the context of a linac with a discrete nunal:)er of a(,celeraling ga.ps spaced in a

predetermin(:d manner to achieve a particular value of the syncl_ronou.s [)liarS(' iii (',.,('h gat)

(st_ch as tile case in the ,'T-mo(h: \Vi(leroe linac and the Alvarez I)TI,). In contrast, the

application we llave iu mind is a linac with su p(,l'COn(iu('t ing a(:cel,'rating cavities of t.ile

type described in [6]. These ]oxrv-;]('avities are shorl, can be. iridet)('n(te_ltiy co_trotl("(t in

adjustivtg botll the phase and the an_t)lit.ude of the electric field, and. w;,r(' shown t()])ro..

(t_=ce very high acc(,l(,rating gra_li('_=t.s [7]. 'l'h_' _node[ presel_te(t i_t this l)ap.-r is tt_oughl

to be a good descriplion of (,-"_ential :\t'V physics for the .,_lperc()vl(l_l('tilig linacs alld a

starting point in trying to (h, tern}ine the practical lin_its of Al)t r .

2. Beam dynamics it, APFlinacs _.','_"_2g'_P"i'': :.._ I, :;,';'_
'2.I. A nalgtical modal au d a,ssu,,l:'tio,

We a.ssl_me that the electric field is described by a cylindrically symmetric traveling waw,

[ /o ,]_| E:(,., ._)= E0,--,. .. (1) c._.
- .o., ,.'t- k(z')dz' +Oo4. olsin(')r,z/,', .
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wher(: _ is the angular velocit,y and /,, is the wavr nurnb(,r of the i'[' field, Oo is the

equilibrium l:)lla.se in t tw a})sence of AI)V, and :_.and (;_1are the .,.\PI_ p_,riod and t)tlase

. nloclulat, ion alnplii.ude respect.ively, t:or the central reference trajectory z,:., we choose

_.,¢- k(z')d:' = 0 (2)

In subsequent analysis, we will neglect, the effect of the velocit.v change in one APF

period' the t{..krem."'- "e..particle is assulned to travel wittl a COllStalil. .(_.

We ca.n comI)Ute the average accelerating gradient by integrating eq. 1 for the

• _ '('" ' t.raj('ctorvl(:[:l( lice ,. '

1:7of0 'x
< E >= _ (,os [40 -4-6, sin (2rrc/,,\)] = Eo COSOo,lo( O, ). (3)

:\

2.'2. Eq uc.tio ns of m ot ion

The equa!,iotls of nlot, ion are

d_" -- -±E.(,', z: ,'), (.1)
dr."- m, "

Er _ q E,,(r, -"t) (,5)
(tr'2 m

with b2. given by eq. 1 arid lC gi 'e....... ,. x.:n to t.lle first, order in r by Max well's e(luatiorls.,

r i) t;.;:

t:L(,',z;t) = '20z" (6)

[eor an arbitrary, longitudinal deviation fro_ll the r,"f.r(_',ii((."" traj(wt()ry ,giv('n I)\' ..Xe = z -z,.,

the equal, ion of nlot, ion I)ecotm,s

d" ._Sz q 1'2o-= ((.o,_[o0- _.z:..+o,,i:,(:_-(::_-+z:)/A)]- ,,,,._[,:,,,+ o,,_i,,('_,_.:,_/._)]}.
dt ,a 7r_.

(r)
\,Ve will first look at, the APF linear nlot.ion.

2 J. Li,._'ar s'tabilily

I,et. us detiIw some dimensionless paranwt_,rs whicll we are going to ilse throllghollt this

l)at)_'r,

Ac
_o --- -...k.Xz= .--2a----. (S)

r =_ :%- A' (9)

t, =7 .... (10)

ql};o,!¢,\
= (l_)

li '- I,ln._2

The linearized equations of motion are

(F?,0
•+ rr,l,, [(--,' + 0, cos'er, r ) si,,(00 + o, sin '2a,r)] Ao = (), (12).4-2

e_ tl. i
d2 r, ,"r

!| dT_ L;'_''[(-'' + o,co.._',_,.),_i,,(o(,+ o, _in'_'_._)1.Xo = 0 (1al
_| ,.,



By expanding the linear coetlicients in eq. 13 in a Fourier series, we get tile familiar

Mathieu.-t[ill equations:

{ ](t2Ao ') t._ 4- __, ('.,, sin (2rrnr +0,) -\6 = O, (1.1)
d T 2 - n = 1

dr: + B+ (.,._si.n(2_nr+O.,, r O, (15)n.= I

whore
71" ,)

H = ;2-_lu"Jo(O_)sin cb0, l(i)

C,,- -.Tr,lul.l,( o, )l I _" "'°s2 o0 + n2 si,, ' O0 if ,, odd 17)
• [ sill" o0 + n._cos :_O0 if 7_ex'eI_

'-'. ifn odd
tan 0,, = - tall o0 " ]S)"-' if zt even

1l

The e(tuations are analogotls 1o lt_ose obtained in ref. [5] _itig a _tiscl'ete thili..

]eIls apl)roxill_ati_)n and a sl.all(ling wave approac}l, tlere, floweret, l[_e beanl _lyxlamics

variables I_ an(t C',, del)en_t oIllv Oil follr independent l)aramelel',_: (5o, oi, p. and q;

nl¢,reover, tl_e _h'l)ef_l_,_c_' is given in au explicit, analytic fornl. [,;('_,piiig jusl the 1_= 1

ternl, we obtain a w{,ll.-kt_owt_ klall_ie_ eq_tatio_ tk3r whicli w_" <a_ ('o1ilt)_llt, lt_e stal>l_'

regio_ I>ol_ndaries. Fig. 1 shows tile linear stable regio_. Fig. '2shl,ws slal,ilitv 1)_daries

B

3

L_/// //'Sx

_ .... _ .... C

Figure 1. 'l'ransverse (T)an{I loiigitttdinal (L) I.,_l__,tal"i_'s f,,r tile li_,,ar_m
_1_ st al)ility regio_l.

"1 irl file Or --1/ sl)ac(' for APF phase a(lvanc('s of l_'ss tllat_ !1{)oa1_t ,:,_ ::::5°. _! .= (t.05: ti_. :{
II

acc_'lera, liOll l)aralrl(',ler'" U Io ()._,r)sl_ows tlw eifect of increasi_g tl_e " ' .

__ kkr'_ lie,Xi t, llrrl Ollr a,ttl,rll iOll to t l_e nor_li_war l_rol_h,_'_lof <'ah'_lal iI_4 t)l_, l,,_it _l,li_)al
"') fort, h('Al

l

-ii ':>4. Longitudinal acc_plane'_:_-,__ ,,,,.,

;! The fi_li nonlinear equation of longitu(lir_al rr_,.)tion i._gix','a l>v

-- ,{ [ ( }- d".\o _qr'" ('o:, O0 + Ao + (:,_sin 2_,r ........... cos[oo + ol sin")_r] (i9)
dr._ p /
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Figure ;2. Stability boun<tatu, for trajectories not exc(,('ding 90 ° irl eitl_er

t,ransver,_e ()r longitudinal phase advarlce ,,vitll ¢'0 = 5 ° an(t _/ = (/.11)5.

We can firld the effective poteutial for eq. 19 by using the av(,ragi_lg lnet]lo(l given

in ref. [8] a.n,t apt)lied to l.l_e problem of longitndi,_al a(,cet)la.,_(:e in ref. [5]. \Ve review
rh{' mr't}lo(1 lerc for (:omt)l{'teness.

(. <m,;lde.' an C{ltlal..ion of t.lle t'()rin
,)

d" ,r OI''0
= +f, 20)

dt.2 O,r

W }10 I'(_'

n=l

If the period of the motion caused only 1)5' the poterltial /.'(>is 7' arl<t _ _ 1/7', the

t)attl<.l_"" "' (' Irlol.i<)n carl b(' (l(,scribed l)y

:,.(,')= .',((t) + _(t), (22)

whet(' .\'(l) and ((1) a.r(, ca.used by tlm slowly varying I)ote111ial (ro and tile ral)i_lly

(>scillatirlg force .f respectively. In this <'ase, eq. 21 can be a.verage<t to yield

<t_X /)l /,,fr
- (2a)di 2 OX '

wh<,r,,, Iii(, effe<'tive p<)telitial /';efr is giv(:'ti t)y

lr(.fr - l,'0 + ,_5 " (2,1)71"

Irl the l)rol_l_'m at hand, eq. i,(7.)can be transforlne<t to 111_,('aI,o_i('al form of ('(t. '21

I_5' _sing wcll-k_own Fourier exl)ansi_ns"
,7"_,

,.,)_(+._i,o) = ,/o(. ) + >__,.h ,,(,,'),,,,._(2,,o); (:_5)
Tt "- l

C',<..,

&i s_n(z sinO) = "22..,,i,,,.,__(.r)sin((2, - i )0). _-,,,)

_'-! = 1
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Figure 3. StaJ.fility bourldaries for trajectories r_c._texccedillg 900 in either

transverse or longitudinal phase advance with 0o -= 50 axJd q = 0.25.

k,Vefind t.tle effectiw_ potential to t)e givcii by

(.roar--=Uo + _ L_',, (2 7)
TI,W- |

wit,h

ilo = 7rTit/",]o(_5,)[siz_ (4o + AtS) - Ac_,cos Oo - sin oo], ('2S)

_,= _ ,J;_(o,)i, (,29)
11"'

W h oF(_

{ sin"(0o+A0)+sin24_o--2si_(4o+A0)sin0oCOs(_Ao) if,, oddcos-(,So+ ze,)+ cos-_,,- '2,-o_(oo+ zO),:o._,:_oC,,_"):_xoi_,, ,,,,,:,n

(',hcckiIlg the validity of the assu11lpt.ioIl that _ >> 1/7'., we fitl_t _ = '27r, '2rc/T -.-=.

ff]zqt/",lo(O'_)sin O0, and the a.,_sumption is satisfied if rlt,"I,Io(o_)sin 00[ "_ 167c:_. For
aIly l)ra.ct.ical al)l)lication, the roquirelnent is t,, << 150.

(liven the ct[eclivc polcntial, ,,vecan calc_lla.t,e l.llc, ,.'qllalioll for llw' separalrix iii
l,tle (.AO, AI,V/W) .'.,tracea zld the total loiigit_ldillal accct:,tallc< 'l'l_c, SCl_aratrix is _4ivc_l

"_ 1 V/(_" ,AW --;:;:-- ,,W =-4- [.Al 7 - l _r(Ao)}, (31

where

AI." =/_,_r(AO,-) (32

and 'Ad,,: is t.lw _sta.l_lc. fix¢'_l poi_t of tire _v,::,t.io_tgiven t),,'

O! 7_tr = 0., i)eI '_,_tr.x,,.=.x < (1" (;'13)OA O ._.,._,,,.,_ 0 :_A 0 ,,,.
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_" :,[[(.( IVUfigure 4. Rclationshil_ between (a) the e '_'t' f)otelltia] //_fr(_\<D) and
(b) the stabh:, region in tlm (AO, _],V/W)phase space.

Fig. 4 illustrates the relationship between the potential well /I,,rr(AO) and the stability
,'/ ' '_ , qsi simplyI)oliiida, ries iii tlie (AO, AH, I4<) plane of inotion. 1 ii+, width of the s,'_paratrix s

the disl,ance t:>etween the values of AO at which 2I+fr(Ad)) = A(: (cf. fig..i). The height
of the separatri× is giveii by

('ALI") v/riA, l;
-- (:_,l)

The area of i,]le sl,al:,iliiy regio_ in the (A0, AIV/W) t.tiase :_pa,ce(lor_gitudinal accep-
l,a,llC(') is

l d(AO). (35)
<_I,= '2 t,W-),,,,<_. , _, A,,,'

Below we give an explicit sollll, ioli for <-ii. accura, t,l" I,o l,lie second order iii -Xb, i. e.

we (,on!_ider ternls Ii l) t,o O ('._0 3) only irl the Tayl,'_ I?Xl)allSiOll of/fm.

2.,[.I..%co1_d-or&r .,'o/u/ion Consider a poteiitial function l;(.r)described by

(llo b 3U(,r) = -, .... - =,r (36)

al



Figure 5. A general potential U(x) described by a cubic t)oly,l,,mlial in x.

and the stable motion coilfined to x2 < :*:< xi as shown irl fig. 5. The turning points xi,

x2, pot;entia.l well depth U(xl), and the a.rea, of the stable (x,x') r¢,gioll are calcula.ted to
b e

a

,_:1= 7,' (at)
la

:,:,, = --,__, (as)
1 a, 3

U(3?l) .-_ _'-b72, (3 (})
5 ')

= "_ IU(xi) - u(x)]= g-_ . (4o):2

In the problem at hand, the effective potential Uoff given iii eq. 27 ca.n b(-'.T_tylor

expanded to O (/.Xq,a) to yield

a ,, bA_/,3+-" (,liuo,_(_x¢)= ._ 6---:_

where a is the square of the linear motion's t)hase advance o'L,

a = aT_ = 2B + ,-7-:.;_ "-' (429a-- \. n /
n'- 1

and b is given by

rr ,, , 3 ,, _ /' ,/_,
b= ,5.,/,/'J0(eP,)cos ¢0 + _,1 ,/2 since0 _-'(-1)" l"(d)- ,_., ,_,,,_,) _,)1- (_la)"" n-I ?_2 '

• _ _ _ , .[h(n the width of tile set)a.ra.trix (_ an(t the, (.-'_&,_W/W) ac('ol)t, an('(' (_'L ar(? given by

3 a

'_ = .2t,' (44)
6 asl':_

o'L = (45)
,.57ru b2

Fig. 6 shows the results of acceptance calculations for ¢0 = 5°, 71= 0.1 using eq. 4,'.')

and keel)ing just the n = 1 term in eqs. ,12, ,13. Computer silnulations indicate that
"('O 'for most practical cases the second-order a( .... pt,ance approximation is accurate with an

error of less than 1.0%.

,, ,,
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Figure 6. l>lots of t,hc longit_ldinM accept_ilce aL for <,!'o-= 5 °, q = 0.1.

(a) Plot, of c_'z.as a. function of _51a.x_d u. (b) Co)_(,our I)1O1.r(,l)rcs('lll.al, i()n

of (a). ((:) Plot of a'z, as a function of o'L and o',r, (,l,e longit, u(liila] and

transverse pha.se adva.nces resl)ecl, ively.

3. Conclusions and future work

The model of the (,ra,veling wa,ve with cont, i)luous phase mo(ttllat.ion pr(,s(ml,(,(t in this

I)a,t)er gives quaill, ita.l,ive I)redictions to the problem of longi(udinal stability in ,.\PI"

"s" "" ,' . 's of APF witll four para)ll('t.('rs a)Id yidds analyticlinacs. Tile model (h, (Ill)(:s (,h(."physic ,

solutions for the efl'ectiv(-_ potential a,nd the a,ccept, ance for the loilgil.lldiila.l nlO(,iOIl to
any order iI_ A(;/>.

I:ut,ur(" work o)l the Inodel will include investiga/,iolls of t)ra(:l,ical liIIlil,s in linacs wit li

in(l('l)(')l(l(')_t s_p(!,rcond_cting cavities, sl)ace-charge ct_rr(,)_(, li_il.s, an(l ways l.o i)nl)rov(,
the aCCel)l.ance by n_o(lula.(,i)_g both rh(, l)l_ase and (,l_(:a._l)lil, u(Ic of (.l_(-ac('(,h"rating field.
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