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ABSTRACT

A unified basis from which to study the transport of tokamaks at low
collisionality is provided by specializing the “generalized Balescu-Lenard”
collision operator to toroidal geometry. Explicitly evaluating this operator,
tipple, turbulent, and neoclassical transport coefficients are obtained, simply
by further specializing the single operator to different particular classes of
fluctuation wavelength and mode structure. For each class of Auctuations,
the operator possesses a diffusive, test-particle contribution D, and in ad-
dition a dynamic drag term F, which makes the operator self-consistent,
and whose presence is accordingly essential for the resultant fluxes to pos-
sess the appropriate conservation laws and symmetries. These properties,
well-known for axisymmetric transport, are demonstrated for one type of
turbulent transport, chosen for definiteness, by explicit evaluation of both
the “anomalous diffusion” term arising from D, as well as the closely related
“anomalous pinch” term coming from F. The latter term is neglected by
test particle calculations, but is shown to have an important impact on the
predicted Ruxes.



I. Introduction

In previous work,' the action-angle formalism?® was used to generalize the
Balescu-Lenard {BL) collision operator to its (fully electromagnetic) ana-
logue in the space of invariant actions J = (J),Jy,Ja) of the unperturbed
motion. Assuming only that the unperturbed particle motion is integrable,
this “generalized-BL" (gBL) operator describes the process of diffusion and
drag in action space J, just as the standard BL operalor describes diffusion
and drag in momentum-space p, the invariant actions for the especially
simple case of unmagnetized motion. The gBL operator is thus easily spe-
cialized Lo a wide range of geometries, including the unmagnetized case, as
well as inhomogeneous slabs, cylindrical plasmas, and axisymmetric config-
urations,\simply by assigning a specific physical significance to the actions
J and cortljugate angles 8. As for the standard BL operator in the homo-
geneous, unmagnetized case, the effects of perturbations of all wavelengths
appear in the gBL operator in a uniform way. The gBL operator thus pro-
vides a common framework from which to view the effects on transport of
perturbations of very short wavelength (A < Ap), which give rise to col-
lisional symmetric (“classical” and “neoclassical”) transport, of the longer
wavelengths in the turbulent range, and of wavelengths in the macroscopic
range of ripple perturhations. In Ref. 1 it was accordingly argued that, along
with the quasilinear diffusion tensor? D{J) to describe transport induced by
non-self-consistent perturbations, the gBL operator developed there pro-
vides a unifying basis from which to view these three basic mechanisms of
tokamak transport, which are normally regarded as different and distinct.

The principal purpose of the present work is to make contact between
the formal expressions of Refl. 1 and tokamak physics, by specializing the
gBL operator to the case of tokamak geometry, and showing that the formal
operator may in fact be explicitly evaluated, how the mechanics of this
evaluation proceeds, and what the explicit results lock like. In so doing, we
more concretely demonstrate two general aspects of the unifying character
of the gBL operator. First, it will be seen that, within the action-angle
framework, symmetric, turbulent, and ripple transport coefficients emerge as
specializations to different particular perturbing spectra of the same general
expression. Second, the implications for transport of important properties
shown by the gBL operator to be shared by the different mechanisms can
be studied.

One of the most important of these common properties is the effect of



“self-consistency,” i.e., of including the back-reaction of the particles on the
fluctuations, in addition to the transport effects of the fluctuations on the
particles. As for the standard BL operator, for the gBL operator inclusion of
self~consistency means retaining the ‘dynarmic friction’ term F, in addition
to the diffusive term D in the operator. The operator may be written

Cf=-85-T
dy-(D-33f-Ff). (1)

(In general, we shall use the convention that 3; denotes the partial deriva-
tive with respect to any variable z, and if z is a vector (eg, z — J), a
gradient in the space of that vector is denoted. T' is a flux in action space,
due to the perturbing fields.] As shown in Ref. 1, F is essential for the
operator to possess the correct conservation laws, and, in particular, the
conservation of toroidal angular momentum p¢. As observed in Ref. 1, and
as will be demonstrated here in more concrete form, the constancy of p; im-
plies intrinsic ambipolarity of the transport induced by any portion of the
fluctvation spectrum, and thus this property holds for the turbulent as well
as the collisional spectrum. For a two species plasma, the turbulent trans-
port is accordingly characterized by properties well-known for symmetric
transport®:

1. Interactions between particles of the same species do not produce any
net particle transport.

2. The particle fluxes of the two species are equal.
3. The transport is independent of the radial electrostatic potential.

For symmetric transport, it is well-known that violating self-consistency
by dropping F in C leads to a prediction for the jon particle flux much larger
than the electron flux, in contradiction to property (2) here. Similarly, it
will be seen that doing the analogous test-particle calculation for turbulent
transport results in a prediction for the particle flux of one species which is
much larger than the self-consistent result. (Which species depends upon
the particular transport mechanism.) As noted from the abstract form in
Ref. 1, the turbulent contribution to F represents an “anomalous pinch”
term, closely related in form to the “anomalous diffusion” term coming from
D, which cancels the like-particle portion of the test-particle flux. In this
paper, an explicit expression for this anomalous pinch term will be siven,
for one particular turbulent transport mechanism.



The manner in which self-consistency of the turbulent transport is in-
cluded in the present work requires some clarification. Entering into the
expressions for D and F in Eq. (1) is the spectrum of the perturbations
inducing the transport. As for the standard BL operator, the spectrum
which appears in both I and F in the gBL operator is a thermal fluctuation
spectrum, which will not properly predict the spectrum of a fully turbulent
tokamak. However, the important properties of the gBL operator follow not
from the specific form of the spectrum, but from the related way in which
the spectrum appears in D and F. Thus, in this work, we adopt a “pseudo-
thermal” madel for the turbulent fluctuation spectrum, taking literally the
thermal structure of the spectrum {cf.Eqs. (90},(91)], but replacing the form
of the thermal spectrum with a model spectrum which better represents the
spectra of realistic experiments. In so doing one cbtains an cperator con-
taining a realistic spectrum, while at the same time maintaining the desired
conservation laws, H-theorem, etc.

Performing this replacement, but retaining only the term in D in Eq. (1)
is equivalent to doing the guasilinear, test-particle approach followed by a
good deal of existing work in turbulent transport. This approach has the
virtues of being analytically manageable, and of using fluctuation spectra
one regards as properly modelling experiment. However, as already noted,
all such approaches are non- self-consistent, with the loss of important prop-
erties this implies, On the other hand, more complete theories of turbulence
retain self-consistency, but result in formidable complexity of the equations
to be solved. (Numerous examples of both approaches may be found in the
review article by Liewer.%) The present treatment may be regarded as an
intermediate approach, retaining the advantages of mathematical simplicity
and ease of physical interpretation of the former, while also acquiring im-
portant self-consistency properties of the latter, without actually having to
compute the turbulent spectrum.

The structure of the remainder of the paper is as follows. In Sec. 11,
we summarize the formal results which will be needed for the applications
to follow. Section III introduces the notation and additional physics neces-
sary to specialize the general expressions of Sec. II to toroidal geometry. In
particular, central to the formalism are the “coupling coefficients” A(1,J,w),
which succinctly describe the characteristics of the interaction between par-
ticles and the perturbations of the system. Abstractly defined in Eq.(6),
h(l, J,w) specialized to toroidal geometry is given in Eq. (33). This single
expression contains all three of the basic tokamak transport mechanisms,



for bath electrostatic and magnetic perturbations.

Studying a particular transport mechanism in this formalism amounts
to specializing h(l,J,w}) to the relevant class of perturbations inducing the
transport, inserting it into the general expressions for D or F, and perform-
ing the necessary swmmations. In Sec. IV we illustrate this, and with it,
the first of the unifying aspects of the formalism, by evaluating D for three
classes of perturbations, one representing each of the three general types of
tokamak transport.

Evaluating D alone brings out a good portion of the mechanies involved
in the evaluation of the full flux T, but in a somewhat simpler context. In
order to further aid clarity, we evaluate D in this section in the “Lorentz
limit,” where the mass Af; of diffusing particles is negligible in comparison
with the mass Af; of the scattering species. This causes substantial simpli-
fications in the evaluation process. In Sec. V, both of these simplifications
are removed, evaluating I’ for the turbulent mechanism of Sec. IV-B for the
cases Ay &€ M, M; > M, as well as the case M; ~ M,. This permits
us to derive explicit expressions for the radial fluxes [cf. Egs. (98),(101),
and (116)] due to all combinations (1-1,1-2,2-1, and 2-2) of species-species
interactions, and in so doing, to demonstrate explicitly properties (1-3) of
self-consistent transport already cited, for the chosen turbulent transport
mechanism. The two terms in the factor A, /e; — Az/e2 in each of these
expressions for the flux correspond to the diffusive and frictional contribu-
tions to I'. Thus, the second of these terms is an explicit expression for the
“anomalous pinch,” whose existence was pointed out in Ref.1, from consid-
eration of the abstract form of the gBL operator. We conclude Sec. V by
demonstrating that the results obtained obey the Onsager symmetries.

In See. VI, we provide some further physical interpretation of the trans-
port results of Sec. V, considering the relative size and scaling of the trans-
port contributions from different species-species interactions. This discus-
sion completes the analogy which exists between symmetric transport and
this representative turbulent mechanism. We conclude the section with some
summarizing comments.

II. The Formalism

Here, we briefly review the abstract results from the action-angle formal-
ism which bear on the transport problem, without reference to any particu-
lar magnetic configuration. The essence of the action-angle formalism is the



reparametrization of the phase point z of a particle from the more directly
physical set (r, p) of the real-space position r and its conjugate momentum
p, to the mathematically more convenient set (8,J). Because the J are
constants of the unperturbed motion, the unperturbed Hamiltonian Hy is
independent of &:
H(z,t) = Ho(J) + h(8,3,1), (2)
where
e €
h(z,t) = -Ev(z) <A le{2), t] + edy[r(2),8) = —Eu"‘.-'l“, (3)

is the perturbing Hamiltonian. In it, Ay and ¢; are the perturbing parts
of the vector and electrostatic potentials, respectively. In the second form
here, h is written in covariant 4-vector notation for compactness. IFrom

Hamilton’s equations, one has
8 = 8yH = Q(J) + dyh, (4)

and
J = -8gh=—-iY (L J,t)exp(il  8). (5)
1

The time-transform A(l,J,w) of the Fourier coefficients of (1, J,t) here
are the “coupling coefficients,”

dé

PE e‘il'oh(z,w), (6)

AL J,w) =

which play a central role in the formalism. In Eq. (4), = 8y Ho is the
unperturbed time rate of change of 8. Thus, in the absence of &, the 8 evolve
linearly in time, at rate §2. In Eq. (5) 1= (),l,13) is a three—component
vector index, specifying the Fourier harmonic.

When no ambiguity results, we shall abbreviate species label sy, 32 with
simply the subscripts 1,2, Unless otherwise indicated, we adopt the con-
vention that a subscript “1” refers to the particle or phase point being
scattered, and subscript “2” refers to scattering particles. The quasilinear
diffusion tensor in action-space may then be written®

Dy(1) = Y- 3" Llmé(h - @ — wa)lh(ly, Iy, wala)?. (7)



Here, a is a mode index, labeling each of the ccherent perturbations to
the system. The diffusive term D in the gBL operator is given by

D(1) = ¥ D(112),
2
where the diffusion of species 1 induced by species 2 is given by

D(112) =33 1L Y (2m)® ,[ ATz f(2)xb(ly - ~wi)dmal?, o - (8)
a ], L

Here, £(2) = f(J2) is the 8;-average of the scattering distribution, and the
coefficients a, defined by

h(L,Jy,wla)h*(12, 37, wia)
Nadg(w) !

measure the effectiveness of made a in coupling particles 1 and 2. In a,
Ny = [dxiE,(x)]? is a normalizing factor, E,(x) is the electric field for
normal mode a, and A,(w) is the eigenvalue for mode a of the Maxwell
operator,! the generalization to inhomogeneous, electromagnetically inter-
acting plasmas of the dielectric function e(k,w) whose square appears in the
denominator of the standard BL operator. In Eq. (8), D(1|2) is writtenin a
form where its structural resemblance to Dy is most apparent; the spectrum
|h{? in Dy is replaced in D(1]2) by the sum ) (27)? [ dJ2f(2)l4mal? over
contributions ‘to the spectrum from all particles in the scattering distribu-
tion. It may also be written in a form more transparently resembling its
analogue in the standard BL operator,

(9)

Q(II:JI’ILJLW: (Z) =

D(12) = (2m)? [ d3:Qp(1,2)1(2), (10)
where the diffusive kernel Qg is given by
Qp(1,2) = ) LhQ(L,2), (11)
Ll

with scalar kernel

Q(L,2) =3 w6l R - L R)dmall,_ o =Q(2,1). (12)

Sitnilarly, the dynamic friction term F is given by

F(1) = >_F(12),
2
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where

F(1'2) = (27r)3/szQF(1.2)-6J,f(2), (13)
and with the frictional kernel Qp defined by
Qr(1,2) = 3 11,Q(1,2), (14)

llu'?

differing from Qp only in the replacement ,1; — 1;1;. Using expressions
(10) and (13) in the expression in Eq. (1) for the J-space flux T', one finds

r(1) = S_r(i2),
2

with

-T2 = 3 @ an 0y, - 85,05 (15)
l].lz

Here, [ d%; = (27)® [ 43, denoctes an integration over the full phase space of
species 2, and so may also be written as [ dry [ dp,, when this parametriza-
tion is convenient.

Closely related to Eq. (15} for T' is the expression derived in Ref. 1 for
the time-rate of change of the total entropy:

: : d
§=%,5(1)=-% — [ &%, 7(1)In f(1)
Zl ?dﬁ/ 21 )
= ALY [#a [Eouasie s

121,
x {( -8y, - kz- 8y, ) In{f(1)f(2)}}?,
which is manifestly positive definite, giving zero only when f(1) and f(2)

are Maxwellians, f ~ exp(—Ho/T). Equation (16} will be useful later in
Sec. V in considering the (Onsager) symmetries of the transport.

III. Specialization to Toroidal Geometry
We now specialize the general formalism of Sec. II to the axisymmetric

geometry of a tokamak. We parametrize real-space r by the flux coordinates
(r,8,¢), with minor-radial variable » constant on a flux surface. It is useful
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to use the contravariant basis vectors e', given by € = Ur ~ 7, e‘ Vo ~
g/ref =V = C/R dual to the covariant set e, ~ 7 eg ~ r e = RC.
Thus, one may write wavevector k as

k = kie' = k.Tr + m¥8 + nV(,
and the unperturbed vector potential Ag as
Ao = Agie' = ¥(r)V0 - x(r)V(,

i.e., Ag has covariant components { Agr, Aos. Ao¢) = (0, %(r), —x()). The
unperturbed magnetic field is thus given by

B=B,+B,=VyxV+V(xVy,

and the safety factor is g(r) = di/dy. It will also be useful to employ the
right-hand triad of unit vectors (7,4, 6), where 6= B/B,and = b6 x 7, in
terms of which one may write k = ky + k1,k) = bk“, and k; = fa. + gk
For toroidal geometry, an appropriate specialization of the actions J
ish358 (I, Jo, J3) — (Jy, b, J; = pg), with J, the gyrcaction (equal to
Mc/e times the usual magnetic moment p), Jy the bounce-action (equal to
the toroidal flux ¥ enclosed by a drift orbit), and p; the torcidal angular
mormentum, .
pe=e p= EAO( + M. (17)

The conjugate angles 8 are (8,0, {), the gyrophase, the bounce phase,
and the bounce-averaged toroidal azimuth, respectively. The set of sub-
scripts (g, b, ¢) used here in designating the actions J will also be used for
related triplet quantities, e.g., 1 = (Ip, by, {;).

In J-space, we will have use for the (contravariant) basis vectors €' =
8yJis (z = g,b,¢), which are unit vectors. For any function F{J), we also
define e = = 03 F, useful in extracting more directly physical information
from action-space quantities.

One usefu] physical function of J is the particle “banana center” ry, the
average value of r which a particle has over a bounce period. By considering
transport in r, rather than in r, one eliminates from the problem the com-
plexities of the unperturbed motion, such as finite gyroradius p; and banana
width r1, which one knows are irrelevant to the net radial step taken per



bounce in the diffusive motion of the particle, no matter how large they are.
Bounce-averaging Fq. (17} and using the constancy of p¢, one has

€ _

For 7 = 0, one has ¢ = b Rty = 0 (where by, = B, ,/B), so one may define
rp for this case by
€ -
p¢ = _Aog(m)- (19)

For 7 = 1, p; in Eq. (18) acquires a kinetic portion, while J, becomes a
purely minor radial variable.238 The appropriate definition of r, in this
case is

Jy = = Aoa(re)- (20)
Thus, one has
e a | —€/MQRY, (r=0)
€ =037 = { S/MOrh | (r=1). (21)

Forr=0,Jp1is v”—like,
Jy = (2m)7 j{ ds My = (2x)? f dbqMu; = M,
while for 7 = I, one readily shows from Eqs. (20) and (18) that®
Jo = Js - Ew(x = —fpc) = gMiy. 22)
Thus, extending this T = 1-definition for J, to ¥ = 0 by J,(7 = 0) = J,, we

can extract bounce-averaged v information from the J using

e = 03, = { e (r=0), (23)

& +ge¢ (7 =1)

A. The Coupling Coefficients

Fundamental to the calculation of I are the coupling coefficients
h(},J,w|a). These have been worked out for various cases previously.5”
Here, we give a more complete evaluation. The h(l,J,wia) require a de-
scription of the spatial structure of each contributing mode a, and of the
unperturbed particle motion. Fully describing the structure of the modes
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in a tokamak is a field in itself. We shall content ourselves with a model
description, chosen to satisfy a number of the general important character-
istics which one knows the modes should possess. Our model for the mode
structure for all components Agu{u = 1,...,4) of mode a is the eikonal form

Aau(x) = Aau(r)expil / " dr’ k(') + mf + ng), (24)

The toroidal “gquantum number” n is rigorously constant, due to ax-
isymmetry, while taking m constant is only approximate, due to toroidal
effects. &,(r) is the radial wave number, and A,,(r) is the mode amplitude.
We shall assume here that k, and A..(r) may be assumed about constant
over the minor-radial excursion of the unperturbed orbit of the particle in
question. (We emphasize that situations for which this assumption is not
valid present no difficulty for the basic formalism; the integrals to be per-
formed are simply somewhat different.) Thus, over a particle’s orbit, mode
a is characterized by a Jocal wavevector k(r =~ r). For externally imposed
perturbations, such as ripple from the toroidal-field coils, fim typically falls
off as one moves radially inward. For internally generated perturbations, a
reasonable model is taking Aq,, localized about some minor radius r,, with
localization width w,. We choose the simplified form

-‘iap = ZQFS(WQIZ,T - ru)) (25)
where s(z,y) is a step-like localizing function, defined as
1 (@2

(Here, and in what follows, the double overbar will be used to denote the
amplitude of quantities with this radial localization explicitly displayed.) In
addition to being radially localized, the set of modes a are to represent a
full set of eigerunodes of the Maxwell operator, which, owing to the (near)
Hermiticity of that operator, one expects to be orthogonal and complete.3
We incorporate this general property into our model by envisioning each
mode a to be specified by both wavevector k, and by localization radius r,.
Thus, modes with the same k are localized within sequential nested toroidal
shells, each of thickness w,, centered at radii 51,752, . . ., and having volume
Vo = {277, )(2m R)w,, jointly comprising the plasma volume V, = 3, V..
Therefore, the sum over a in £(1,2) becomes a sum }°_ 33

11



We describe the particle motion as in Ref.5. We make the usual sepa-
ration of r into contributions from the guiding-center motion and the gyro-
motion,

r{z)= R+ p,. (2n
The gyromotion is given by
Pg(sg) = Pg(f cos 8y — gsin Bg)- (28)
with pg = v, /€2 the gyroradius. The guiding-center motion is described by
R{65, (o) = (er75 + 2aT6p + €clo) + Py, (29)
where the oscillatory portica of the bounce motion is given by

Pu(Bs) = errycos by + (€961 + €;6y) sin By, (30)

Here, 1, is the particle banana center, constant in time. The canonical
phases @ = (8,8, o) evolve Linearly in time, as discussed in Sec. II. The
particle velocity, neecded in Eq. (3), is thus obtained from Eq. (27) by

v{z) = £(z) = Q:0p, r(2). (31)

The time-independent amplitudes r1,8;, and {, measure the size of the
particle excursions in the r,8, and {-directions in the course of a bounce
(or tramsit) period 7,. Trapping-state index r, already defined, provides
the secular contribution to & for passing particles, and none for trapped
particles, as js appropriate.

The use of only the fundamental harmonics cosé, and siné, in ex-
pression (30) makes it strictly valid only for particles not too near the
trapped/passing boundary. The coupling coefficients for particles near this
boundary involve integrals which yield functions less standard than those
from the “harmonic approximation” of Eq. (30). However, the qualitative
behavior is not much changed.

Using expressions (24)-(30) and Eq. (6}, the evaluation of h(l,J,wla) is
straightforward, using the Bessel identity

dé -ilé_izsin
Ia) = § 5 e Bennt, (32)

12



One finds

R(LJ,w) = §(l - n)e BTtk [eg) Ty
- (Ev_-";)%(-ft,—leia"—io" + Ty e Oy
- (Eu,.n.)J,,J,,_m (33)

e ity — By 104 1
= Cuod)iy 3 (Jymrm € TR 4 T e B

First, we define some terms in this expression, and then provide some
interpretation. In it, mode label a has been suppressed. All of the perturb-
ing potentials ¢ or A appearing in (33) denote the amplitudes A(ry, m, n),
obtained by setting » = m,,8 = 0 and { = 0 in A(x} in Eq. 24. Each
Bessel function Ji(z) with [, as its index / has argument z = 2, = &, p,,
while each J; having bounce-harmonic J, in its index has argument z = z, =
[(krr )2 + (mf +n(1)?]2. (2 is called y; in Ref.5) A, in (33) is that com-
ponent of A normal to b, while A = 4], and Ag; = eg¢ - A. 85, is the
gvrophase at which v_ is parallel to Ay, iz, vy -As = v A cos(f;-8,4),
and 8y is defined by k- p, = zgsin(f; — 6g), the gyrophase where v is
parallel to k. Analogously, we define the phase 8,4 and velocity ug by
Py A = ugAcos{fy — Bp4), and Bpe by k- py, = z5in(0 — Opi). The velocity
u) is defined as u; A = Tl Ag + Q¢ A¢. The term in uy(;y dominates for
particles with = = 0(1).

One first notes the overall factor §({; — n) multiplying the factor in square
brackets in Eq. {33), a consequence of axisymmetry, used in Ref. 1 in the
demonstration of p¢-conservation. The factor in square brackets is a sum
of four terms, each coming from a different portion of the inner product
v, giving h; the first is the electrostatic contribution, from the u = 4-
component, the second is the contribution v, - A due to the gyromotion,
the third is from that part of the guiding-center contribution R - A evolving
secularly in time, and the fourth is from the part of R- A which is oscillatory
in time. The structure of each term is the same; each has an amplitude with
units of (e/c)vA (hence energy), times a factor involving Bessel functions
Ji(2y)} coming from: the 8;-integration, times a factor involving Jj(2;) arising
from the 8;-integration. The gyro- and bounce- related Bessel functions are
the strength of that portion of mode a which is oscillatory at exp i({;85+1595),
just as the overall factor 8(l; — n) gives that portion (namely, all or none)
of the mode which is oscillatory at exp i(o.

13



In contrast to the all-or-none dependence on I, of the contribution of a
given mode, one notes that a mode contributes over a range of I, and .
One recalls the asymptotic forms for the Ji,

Ji(z) = (/20" /01, (> 2) (34)
Ji(z) > (2/m2)3 cos(z — In/2 - w/4), (1] < 2). (35)

We consider J; as a function of {. One sees that for il! < z, J; has

an l-independent amplitude (2/#2)%, times a factor oscillatory in I. For
[l > z, J; falls off rapidly to zero. Thus, the gyro-reated Bessel functions
contribute over a range Al; ~ 2zg about I = 0, while the bounce-related
ones contribute over a range Al, ~ 22, about §, = Tm.

Because it is helpful in physically interpreting these expressions, and
also because it will be useful in making analytic progress in what follows,
we pursue this examination of the asymptotic forms of the J; a bit further.
Applying the method of stationary phase to approximately evaluate Eq. (32),
one obtains Eq. 35 for |I' < 2, and J; ~ 0 in place of Eq. (34) for |I| > ..
The points g of stationary phase, from which the dominant contributions
to the integral come, are given by

= zcosby. {386)

From this, one may ascribe a particular position g and fg on a par-
ticle’s orbit from which each k(l,J,w) arises. Thus, in contrast to the un-
magnetized case, where a particle is resonant or nonresonant with a given
mode for all time, for the time-varying velocities in magnetized geometries,
a particle passes through a series of local regions at which the variation of
a given mode is as exp il - ¢, for a succession of values of 1. This is the
physical significance of the range of 1 contributing to D.

From Eq. (33), one discerns the common origin of the three types of
tokamak transport. Axisymmetric (collisional) transport is caused by short-
wavelength electrostatic perturbations. Thus, it arises from the first term in
square brackets in Eqg. (33). The electrostatic portion of turbulent transport
also comes from this term, while the magnetic portion, arising from modes
which tend to have A .> A comes from the third and fourth terms. Finaily,
as will be seen for lonzer -wavelength modes, which leave p invariant, the
second term yields just the uB; - ripple perturbation which is the origin
of magnetic ripple transport. (B is the perturbation of the magnetic field
strength B.) The first term provides the electrostatic contribution to ripple
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transport. In the following section, we use this singie coupling coefficient
to derive expressions for transport coefficients for each of the three basic
tokamak transport mechanisms.

IV. Ewvaluation of D

In this section, we illustrate the first aspect of the unifying character of
the action-angle formalism referred to in the Introduction, evaluating th=
diffusion tensor D for each of symmetric, turbulent, and ripple transport
mechanisms, simply by specializing the same expressions for D and k(1,J,w)
to the context relevant to the mechanism of interest.

A. Axisymmetric Collisional Transport (Banana Regime)

We begin with transport induced by the shortest wavelengths (A < Ap),
viz., axisymmetric “banana” transport. It is instructive to consider first
the transport of electrons (species 1) scattering off ions (species 2) in the
Lorentz limit M, /M2 — 0. From the symmetry of C f under interchange of
species label, performing this calculation is essentially the same as treating
the opposite limit M; /M2 — oo (cf.8ec. V). The evaluation in the more
general case M ~ M; can also be performed analytically, as will be seen in
Sec. V. A fuller treatment of the non-Lorentz case will be given elsewhere.’
Because the §(i¢ —n) in the A{l,J,w) insures that {;; = {zc = n, and because
the F x B-drift is species independent, the £ x B—contribution Qg to the
toroidal precession frequency in the argument Q,., =1; - §¥; - 13- 25 of the
delta-function in Eq. (12) drops out. Referring to the remaining portion of
the particle frequencies §? as €2, in the Lorentz limit, one may take

-9 —0

in Eq. (12}, for those 13 having appreciable A(l, J,w). Keeping only the first
(electrostatic) term in Eqg. (33), and taking A,(w) to its short-wavelength,
unshielded limit A, — 1, one has

NaAq = K2V,
and thus,
|a|2 = Ielez/kzvnlzs(wn/g,rbl — 1o )s(wa/2, 7y — Ta) X

bl - n)é(lag — n)i, 2 Jigomm > Jta, oy - e (37)

15



Here, ry; 2 = ry(J1 2). Using this in Eqs. (10-12), one finds

D(112) —fa‘zzf(2)z > 3 hhs(hy n,)|4;r:‘1le

8 ligdialagda

2
3(‘!‘1,;/2, T — rn)s(ua/‘?; Th2 — "ﬂ)‘]h,z‘]ln nm le.z‘]f;.—ﬁmz L=l =n

4mwere
- Z Z L 78l - 92})s(wa/2, 751 — Ta)l k'-'; 2 2
a ligdyy
E";nz(rn)]-lh,z'}ln-ﬁ"‘z
4mwe e
=V Y X Mhwb (- ) P Wi, Py —nm (38)

k gl

In moving from 1312 first to the second form given for D here, we first note
that the only dependence on I in the first form lies in the Bessel functions
Ji,y and Ji,, —mym. Therefore, the sums over lp; and by, may be performed
exactly, using the important identity

oo
Z Ji3(2). (39)
I=-o00

The remaining integration fdS;, = (2z)% [dJ, = [dr; [ dp, over phase
space yields the factor [Vyna(r,}], with na(r,) the density of species 2, av-
eraged over the volume V; around r,. In going from the second to the final
form, we have performed the sum over rg, yielding a nonzero contribution
from only that volume V; in which ry; lies.

As usual, the delta-function present in Eq. (38) is to be interpreted not
as strictly singular, but as broadened about the resonant surfaces (where
l; - 2] = 0), with resonance widths large enough that, given the density of
resonances from the sums over ly, 1), and mode index a (or k) in (38), the
resonances overlap. Then these sums may be convarted to iniegrals.

We perform the integrations, first over the (I ,/s)-plane, and then over
k. (Since all the l,-dependence has been eliminated, for brevity we here
drop the subscript on h). It is convenient to reparametrize the (I, {;)-plane
with wg = Qgly,wy = Oy, The integration (summation) to be performed is
illustrated in Fig. 1. As seen there, over the (wg,ws)-plane, the sum (or
integral) in (38) is nonzero along a line with slope -1, given by the resonance
condition

0=1-9 =wy +uw + 2, (40)
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and is appreciable only where the J; are appreciable; hence, in a rectangle
centered about (wg,ws) = (0, rmfly), of width Aw, and height Aws, defined
by

Awg/r =20, =k v, Awy/m = z;,ﬂb kbv, -k vp. (41)
Here, vg =~ {py/2R)v, is the amplitude of the ‘grad-B’ drift, normal to
b, and vy is the amplitude of the oscillations in v, over a bounce period.
Physically, Aw, 5y Tepresents the range of frequencies a particle moving
through perturbation a encounters due to its gyro~(bounce-} motion over
the course of its orbit. (The reason for the factor of = in the definition
will become apparent shortly.} For modes having k; ~ k), typical of this
section, the last term in Eq. (41), proportional to vg, is negligible. However,
when k. > ky, as is typical of the turbulent spectrum, to be considered in
Sec. B, this term is important.

For the short wavelengths of relevance to this section, one has 2,4 3» 1,
so many bounce and gyro-harmonics are contained in this rectangle. We
therefore approximate both the bounce-and gyro-related factors J? by the
pairwise average of the asymptotic forms for J? discussed following Eq. (35),
which eliminates the oscillatory character from the sums:

JA2) = HA(2) + (2]
= 8(rz(2,0)/(=z). (42)

This gives the correct small- and large-{ limits previously discussed, and the
coefficient 7/2 of z in (42), determining the precise transition point from the
small- to large-! regimes, is fixed by requiring that (42} satisfy the averaged
counterpart of identity (39).
We now use the approximation (42) in evaluatmg (38). With 35, ~
1,(2m) -2 f dk, one has, for any component D' = &' . D ¢/ of D,

Ik 4me; 182

Di(1]2) = f Gl Prelrw) f_ " da /_‘md.;glilj‘lr&(l-ﬂ;} x
3(5%/2 wh) 5(Awg/2,wp)

Awg (43)
47"31 2.2 s(Awp/2, “"b) 5(Awy /2, “-’90)
/ @Rt TR na(mw) / danlili = Ay
where w| = wp — 'rmﬂ:,, and wgo(ls,?) = —(wp + nfi;). For both = = 0

and 1, Awp/Awg < e2k“/k. , i.e., the contributing rectangle in the (wq, ws)-
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plane is short and broad, for most k. Thus, we may approximately raplses
Iy in Eq. (43) by its value §, = Tm at the vertical midpoint of the rect-
angle. This replacement in wgyo makes the second {gyro-related) s—factor
in {43) independent of wy, rendering the remaining wy-integration trivial,
25 dwps(Awy/2,wp)/ dwp, = 1. This corresponds to using the identity
(39).” This leaves

. dk - 4meiea , ${Awy/2,weo(ly, n);
i - 7 :
pia2) = [ e R e S
where . o _ B
1= (G b ) = [~ () + ic0%)/ Ry, 7, m) (a5)

is the averaged value of 1, having now performed the sum 3°). The value
of I, is a consequence of {40). As a result of this, one notes that there are
really only three independent components of D, namely D", D*, and D¢,
the rest being given in terms of these by

D99 = (MZD™ + 20,0 D¥ + Q2 D) /2,
ng = Dbg = - (QbDw -+ QEDM)/Qg-
D% = D9 = (D + QL D¥) /0, (46)

From Eqs.(46) it follows that

2, D=D-9, =0. (47)

Thus, since €&’ = Oy Hf = Q' (where H = Ho - Sk is the particle energy
in the frame precessing at Q¢g), the diffusive portion alone of C conserves
energy in this precessing frame, in the Lorentz approximation. (We shall
see that the contribution F to C also conserves £’ separately in the Lorentz
approximation. For the non-Lorentz case, only the contributions from D
and F together, summed over species, conserve energy.?)

One notes from relations (46) the symmetric way in which diffusion in
velocity space and real space enter the theory in the action-angle framework.
This is in some contrast with more standard treatments,®'? where radial
diffusion appears as a secondary consegquence of diffusion in v.

We now complete the evaluation of D%, D%, and D¢¢ by performing
the integration over k. Using n = Rky = R(kyby — kobp),m = rkp =
(kybp + kqbe), the remaining integrals are easily evaluated. For 7 = 0,wgp =
-n{ly &« k vy, so that the gyrorelated s-function s(rk v, /2,wg) ~
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s(mk1v,/2,0) = 1, for essentially al k. For r = Lwg = ~(mQy + nfY) =
—kyty, (9 s the bounce-averaged parallel velocity), so that
s(mkevy /2, —kyBy) = s(wv. /25, ky/k_) in Eq.(44) selects contributions
only from those k having ax| < au, where

tanay = &y /ky tana, = 1v, /24 (48)

As a passing particle approaches the trapped/passing boundary, o goes to
0, and the domain prescribed by the s—function for r = 1 goes smoothly to
that for = 0, making the D' continuous across the ¥ = 0 — 1 transition.

Physically, for the local resonance discussed around Eq.(36), one needs
0=k-v =k + kv cosfy, or

tanay = —v. cosfg /vy (49)

Because v goes through 0 for trapped particles, resonance occurs for alj
values of aj in the interval [—a/2,7/2], for some #,. For passing parti-
cles, however, (49) implies |tan a,| is always smaller than some maximum
|UJ_/U|T“"| hence such particles cannot resonate with modes having [k, /&, |
too large.

Using the required k-integrals

k2 I (ay)
1 - QX
/ dks(:” k‘:") kji =x2nA | Lfay) |, (50)
1
ke 0
where I.(a,) = ¢(a, = } sin2ay), one finds
D , r2(621_ + 1621,
DY | = op(u)(—)*(Mivy)? | rRE0(T- - 305) |, (B1)
D v R(BZ1_ + 4B214)

with
_ 2nefed In Ang(rs)

V[g(!}) = va:!
the collision frequency for species 1 on species 2. For trapped particles, one
has )| = 0, hence a, = 7/2, so that [; = 1. For deeply passing particles,
a, — 0. In this limit, one has [, — (4/7)a,,{_ — (4/3x)a3.
From Egs.(51) and (21), we compute the radial diffusion coefficient
Df=¢e -D.e:
b= { n2ed(v/u FL. + (e/aFL) (r=1). %2)
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The first term in the 7 = 0 expression here is the dominant, neoclassical
term, yielding banana diffusion D, =~ v;zpsqz/e"’/z when averaged over
pitch-angle. The second term for = = 0, smoothly joining the first term for
7 = 1 at the = 0 — 1 transition, represents classical diffusion, Dy ~ vlng.
The second term for T = 1 is negligible, down from D by (¢/q)%.

Diffusion in velocity space is also described by Eqs.(51). For example,
for T = 1, using Eqs.(23) and (51), one has

Sy v 1 S 1 5 ¢ 2 n¢¢
W e —— DYy —
D ~ ( ‘,‘_ )2D ( A[R)z(D + 29D + ¢ DY)

= va(wpl ()L (53)

Similarly, using Egs.(46) and (51) along with 8J,/8v, = Mv, /9 and
the fact that (¢ ~ ¢ for T = 1, one finds

Q Q0
v vy _ 3 32 99 — b 12 nJede
Dt = (3, VD% = (3, )0

= ulz(v)ﬁﬁ(i)af_. (54)

The factor (v/v, I_ appearing in Egs. (53) and {564) is a weak function of
pitch angle, varying from 1 at &, = 7/2 to #2/6 at a, = 0. For both D%
and D%+%4 one notes that only 7_, and not /., appears. This is because D
is a particular k-average (...)) of 1], and so

D = (eh T eh)y = (m o+ ng)hy = (R (R « I,

noting the definition of /. in (50). For the turbulent spectrum, treated in the
next section, one has (lclzl)k =~ 0. Thus, as concluded from earlier quasilinear
calculations,®!? turbulence causes very little velocity-space diffusion (e I_),
even while quite effectively inducing radial transport.

We relate these results to the more familiar Lorentz collision operator.
Parametrizing velocity-space by (Jg, E’), the bounce-averaged Lorentz op-
erator may be written”

2
Cuf = s, 520300, 1. (55)
9

This is to be identified with the velocity-space portion of the diffusive con-
tribution in Eg. (1), written in the noncanonical variable set y = {y'} in
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which J, in the canonical set z = {@,J) has been replaced by E’. This
diffusive term may be written

8y-D-3yf =J7'8,TD"Y 4, f, (56)
where the Jacobian between the sets y and z is given by
= |8(z)/3(w)! = |8Js/OE') = |,

Taking the restriction C, f of expression (56) to the 2 x 2 velocity nace
submatrix of the full D, and using the fact, following from Eq. (47}, that
DE'i = D' = 0, one has

Cuf = 85,0, D%, f

2v12 8
= 20, —ngRMv“( ) 1_\8y,1, (57)

where we have used Eq. (54) and &y = ¢R();. One sees that Egs. (55) and
(57) are in agreement, making the identification J, ~ ¢gRM op(v/v.s PI-,in
approximate agreement with (22).

B. Turbulent Transport

We now move to the somewhat longer wavelengths (A ~ pg; > Ap) char-
acterizing plasma microturbulence, and perform an analogous calculation of
D, using the same expression (33) for the coupling coefficients used in the
preceding subsection, but specialized to this different regime.

Specifically, we consider the transport induced by magnetic microtur-
bulence at vanishing collisionality. For thermal electrons, whose gyroradius
and drifts across field lines may be neglected (2,5 — 0), this mechanism was
studied by Rechester and Rosenbluth,*? who found an anomalous diffusion
coefficient for passing electrons

D~ —(ub)? 58
o P, (58)
where b= B/B is the average amplitude of the perturbing radial field B,,
normalized to B. (Here, u = [/ is the bounce-average of the absoclute value
of the paralle] velocity, nonzero for trapped as well as passing particles.) The
modification of this mechanism by the | rge z, and 2z of energetic electrons
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and ions was estimated in Ref. 5. Here, we do a more complete evaluation
of D than was done there, for comparison with the collisional and ripple
mechanisms considered in this section, and in preparation for the inclusion
of the contribution {from F in Sec.V.

We thus consider m:des having ¢ and 4, negligible, and therefore retain
only the last two terms in Eq. (33). Additionally, the spectrum is character-
ized by k; ~ p,-",k" = L', with L, the shear scale length. Thus, k. > ky,
as opposed to a typical contributing fluctuation for collisional transport, for
which k; ~ k. For Ay = 0, one has 6,4 = 0 in Eq. (33). Then, again
using the stationary-phase approximation for the bounce-associated J; in
Eq. (33), one finds

AL d,w} = —-EAJ(I( — nh, %(m cos &, ~ tug sin Gay sinﬂ,)e_i("_’m)ﬂ"
V w2
(58)
for |l ~ Tm| < 2, and
h(LT,w)=0 (60)
for |l — rm| > zy. Here, 8, = z — (ly — Tm)x/2 — n/4, and ug, defined
following Eq. (33), now simplifies to ugAd = (8 4g + (1A;). From the
definitions following Eq. (33), for k. > k)|, one has

sinfye = —kpri /2 > ~kp kL, (61)
and (2/r)
- ) (2/m)ue, (r=0)
v { huf, (r=1), (62)

with Egs. (62) valid not too near the trapped/passing boundary.

As in subsection A, one may replace the contributions cos? 8, or sin? 9, in
|hj2, oscillatory in i, by their pairwise average. Thus, again using Eq. (42),
one can write

h(L,J,wla)? ~ {h(Jla)26(l ~ n) 22 _,.., (53)
where |R(J|a)® = |(e/c)ur A, with

u, = ugsinbp, {7 =0),
U, (T = 1)



Using (63), we write |a|? in a form paralleling the symmetric collisional
expression (37):

lei® = (a126(h¢ — n)bllag — n)h, 2y —rom Sty iy mgem
161% = @ifs{we/2, ror - a)s(Wa/2, ro2 — Ta),
h(lla)h {2la) 7

Nodg !

where we have written |h? with its localizing factor s() explicitly displayed,

(64)

1a|* =
hi? = thi%s(wa /2,7 - ra).
Summing over 1, as done in Eq. (38), one finds

D(112) = 3. 3 hhabll - 9)ihen(Lla, 2200, 2 Ty nm s (65)

a lLgtl,

the same as vielded by the quasilinear expression (7), with thermal spectrum
/ &2, f(2)|4ma)*
oy [ syl

|Aen(lia, 2)7°

arh (2]a) 2 (66)

ll.

The arguments (1]a, 2) here mean “the spectrum felt by species 1 from that
portion of fluctuations @ which are driven by species 2.7

As discussed in the Introduction, the thermal fluctuations given by
Eq. (66) do not properly represent the turbulent spectrum of realistic exper-
iments. Thus, we replace &,|? in Eq. {65) by a mode] spectrum, |h{1ia, 2)F?,
satisfying the general characteristics of the turbulent spectrum given ear-
lier. We assume that A, in expression (66) is nonlinearly modified from its
thermal value, so that the fields A{a, 2) driven by species 2, given by the z»
integration in (66), are given by

(A(g, 2)? = (A(a,2)]*s(wa/2, 78y — Ta),

Va (2m)*/2 B2 [ P kf

V. @k P |T2(BkE T 2Bk (67)

|A(a,2)2 =

Here, Ak, ~ p' and Aky ~ L;! are the spectrum widths in the perpen-
diclar and parallel directions, V' = (Ak:)?Aky measures the volume
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in k-space over which A%(k) is appreciable, and B? measures the overall
strength of the turbulent fluctuations. The normalization is chosen so that

(B = v f dxik A(x)? = B2,

Thus, {A(1]a,2)]? has the same form as |k(1}a)}? in Eq. (63), but with {42
there replaced by |4(a,2)[* in Eq. (67). [More detailed use will be made of
the structure of the spectrum in Eg. (66) in Sec. V, where we consider the
relative contributions to the spectrum from different species.]

Because &y <« ki, (m6) + n(y) in 2 is given by the perpendicular drift
motion. Within a flux surface, (m8, + n(y) = k,q =~ kym, and thus,

~k.ry >~k vg/Q. (68)

The summation over the (w,,ws} or (I, 1)-plane in Fig. 1 is conceptually
the same as for collisional transport, but, because the wavelengths invelved
are longer, the characteristic frequencies are smaller. Two consequences of
the fact that k; « k_ are first, that the resonance line in Fig. i passes
through the contributing rectangle very nearly centered about [; = 0, and
second, the height Awy of the contributing rectangle about wy, = vm(l is
so small that the resonance line crosses only a very few values of [;. From
Eq. (41), the change #!; in [, of the resonance line in crossing the rectangle
is

1
blp/m = Awy [y > €2kypy + (pg/2R)z5. (69)

For the turbulent spectrum, the term in &) in (69) (which dominated for
a typical mode of Sec.A) is totally negligible. The term in z; is negligible
as well, except for extremely energetic ions, such as alpha particles. Even
for these (using TFTR-like parameters T; ~ 10keV,R = 2.5m, B = 5T),
one has p; = 5.2cm, 25 = kypg ~ py/pgi = 26, hence 6l ~ 0.8. Therefore,
for most particles, only the I, = 0 term contributes, while for alphas, the
{; = %1 terms may or may not also contribute, depending upon the specifics
of the turbulence.

In the absence of [; # 0 contributions, one has g = J, = 0, D% = D% =
0,and F? = ¢ - F = 0, i.e, no pitch-angle scattering can occur. Thus, the
turbulent contribution to pitch-angle scattering of these I, # 0 terms might
be of interest for very energetic ions. A similar problem has been treated by
Putvinskii and Shurygin'? considering TF-ripple as the perturbation, but
the wavelength from this source is too long to produce significant effects.'*
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Here, we treat the case where only the l; = 0 harmonic contributes, which
applies to most classes of particles and types of turbulence,

Whether a single or several terms are kept, the sum over I, in (65) may
not be converted into an integration, in contrast to the case of collisional
transport. However, since the factor Jg,z in Eq. (65) is rapidly oscillatory
in the particle energy and pitch-angle, one may replace it with the averaged
form (42) as well. Making this replacement, and the replacement |k, 2 —
|hi? just discussed, from (65) we write the analogue of expression (43) :

D) = [ @%m-ﬂ(llk.z)l’ i : il 3 blsmb(1-5%)
]

s(Awy/2,w;) a(Aw,/2,w,)-

Awp Aw, (70)
& 2 o 3{Awn/2,wio) 8(Awy/2, wq)
- ‘”f (2”)3‘/0"‘(1“‘,2)1 Qp%:“.v Awp Aw, = l|=|.

where

(I +2), (r=0
wio(lg, M, 1) = —(wg + 2l + Tmily) = { —El:ﬂ: + ku‘l-«';)): g’ = 1; (™

and 1 is as given in Eq. (45). (Because Awy < Awg, the “short and broad”
approximation used in Eq. {44) is still better satisfied here.)

Now, we impose the additional relation that {; = 0. Thus, Eqs.(46),
while still true, are replaced by the si pler relations already mentioned,

D% = DW= . (72)
Since &y « k, , we neglect kj in m and n, hence m =~ rbk,,n ~ - Rb.k,,
and thus

DP = —gD% = —qD% = g2 D%¢, (73)

leaving only a single component D, which we take as D¢, to be determined.

Both wfy and wj in the s-functions in (70) are approximately zero, so

both of these may be replaced by unity. Keeping only the i; = 0 term

there, using {67) in (70), the reniaining k-integrals needed are again easily
evaluated:

f dk _ezpl-K1/2AkL ) - kf/2AMK) KE [ singy | _ | 1/8
(2m )3/ (Ak Ak L B RN R VE N

(74)



where we have used Eq. (61). The upper (lower) component here is needed
for r = 0(1). Using Eqgs.(74), one finds

D(1.2) = (8pc/Bra )2 DER(12)4 1,2 Jiyy-mem s (73)

with 8p¢/0ry = — (M Rby) = —(eBRby/c). DRp(1:2) is as given in (58),
with u = u(1), b due to species 2 {via Eq.(67)], and

Tnd? Topomm e = o = [”2/”], (76)

K= 2akip,mAkT | 1/2

where the upper (lower) component again applies for = 0(1).
Parallel to Eqs. (52)-(54) of the preceding section, from Egs. (21) and
(23), one has

D= FRTR(Jluz Jlu-ﬂmz)k (77)
for r=0and 1, and
D™ x D¥+%+ o Dfedr (kﬁ)k ~0. (78)

The reduction of the Rechester-Rosenbluth result due to finite z; and
zy, discussed in Ref. 5, is contained in the factor {.. .}y in Eqs. (75) and (77).
As discussed in more general terms around Eq. (36), this factor measures the
(square of ) the fraction of each gyro- and bounce- time that a particle spends
locally resonant with a given perturbing mode a. In the z;, — 0 limit,
where this fraction becomes unity (or zero), the J;2 there become Kronecker
§-functions §(!), and the Rechester-Rosenbluth result is recovered.

C. Ripple Transport (Stochastic Regime)

We complete the series of illustrations for this section by computing
from the same expressions for hA(l,J,w) and D a ripple-transport result.
Specifically, we generalize the expression for the “stochastic regime”!® to
include an electrostatic component, and to ripple perturbations having m #
0,w # 0, and to allow g¢N = gn-+m of order unity, as well as the limit gN¥ > 1
previously assumed. These generalizations make the theory applicable to
internally generated modes, including low-n MHD-modes, as well as to the
TF- coil ripple with which the theory was originally concermed. This is
the same generalization for the stochastic regime which Ref. 7 achieved for
the more collisional “banana drift” regimes, and is thus relevant for very
energetic jons, such as alpha particles.
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The modes we consider have still longer wavelength than those of the
previous subsections, long enough so that §lg discussed around Eq. (69) is
small compared with unity (even for alphas). Then only terms 1 with [, = 0
contribute to D, so that Eq.(72), which held for almost all particles in
turbulence, holds for all particles here. Thus J; is constant, and a guiding-
center description of the particle motion is valid.

It has been noted that the second term in Eq. (33) yields the uB;-
perturbation in the guiding-center Hamiltonian H¢. Taking the small-z,
limit (34) of the Jj, ’s there, and setting {; = 0, this second term reduces to
(momentarily restoring mode index k for clarity)

h(1,d,wa) = —%Zv_pgik_,_.‘l‘k sin(Bga — 05 )6(lc — )Tty —rrm X
E—i(lg—fm)ﬂn-il,ﬁ.k (-‘79)
= (ﬂBlk)'s(l( _ n)J!._TmE—i(l|—fm]5.5—il's’k’

where By = b ik x Ay sin(fgq - B4k) is the perturbation to B = 'B| due
to Ay. A more fundamental derivation of this form, which does not rely
on the eikonal representation (24), comes from recognizing that the {; = 0
Fourier component of k(1,J,w) simply involves a line-integration around a
gyro-orbit:

df, ey

Z2n(0,d) = —zﬁcfdll AR +p,) (80)
_ €Sy . _efly, o _
= 52 fdsy - (Vx &)= TE(mid)By = B,

where dl, = v dt is an incremental line element, and dS; = inS” is an
element of area on the disk formed by the gyro-orbit. Expression (79) has
the same form as the first term in (33), to which it may be added to yield
the full coupling coefficient for the ripple problem,

AL, w) = bl = n) Sy rme ™0 —ilebpk (81)
where hg = ed(ry, m,n) + uBi(rs, m,n) is the amplitude of the perturbing
portion of Hg, from which ripple-transport calculations normally begin.

As usual in ripple calculations, we consider the effects of a single mode
a (or k). This perturbation may be internally or externally induced. For
either, the quasilinear expression (7) applies. Thus, using Eq.(81) in (7),
one has (suppressing species subscript “1" for simplicity of notation)

D(1) = S 116(1- 4 - w)hEJy - rmm It =n- (82)
by
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This parallels Eq. (38) or (65) of the previous sections, except that it lacks
the sums over both !, and mode index a , and so is substantially simpler
to evaluate. Diffusion now occurs only due to overlap of the rescnances
of successive bounce-harmonics l,, equivalent to the overlap criterion given
in Ref. 15. When overlap exists, the sum over {, may be converted to an
integral, as in the previous subsections, yielding

T

D¥(1) = mliljﬁéﬁ.-vmz(zb) 1=’ (83)

where now .
1= (0, (w — nf2)/Sh, n).

Thus, Egs. (72) again hold, as already noted. Specializing to 7 = 0 for

comparisen with the previous theory, from Eqgs. (83) and (21) one finds

r_ T 272 i
D= mv J(. (Zb)hh. (84)
Here, ¥ = 2gnhg/(M2,7) is the amplitude of the radial drift 7, due to the
ripple, given by

fp=€-J = —ﬁZJt, sin(no + I8y — wt), (83)

Is

following from Eq. (5). The physics of the result (84) may be described as
follows ‘almost the same description may be applied to the turbulent result
(77)]: a particle resonant with bounce harmonic I, performs a random walk,
taking a radial step at velocity ©J,, for coherence time 7. The factor Jj,
represents the fraction of the full bounce period when the radial motion is
non-oscillatory. Contrary to the usual lore, one notes that the point on the
bounce-orbit during which this radial step is taken is not at the particle's
turning points, in general. From Eq. (36), the step is taken at the turning
point only for I/, ~ 0, a condition holding only for particles precessing at
almost the same frequency as the ripple perturbation (i.e., w ~ nQ¢). This
condition does not hold, for example, for a typical alpha particle precessing
in ripple due to TF coils, for which I,/2, can be comparable to unity. One
also notes the dependence of Il on mode frequency w. For (w — nfl;) large
enough, the factor Ji,? can be made to move into the Iy > 2 limit of the
Bessel function, where J,.z, and so D™, fall off rapidly.

For the longer-wavelength modes of this section, one has z, ~ mé, +
n¢, ~ gN8,. One recovers the result of Ref. 15 by letting g = uB),w = 0 =
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m, and assuming z, > gn > 1, so that the large-z form in (42) may be used
for T."' Foar z, ~ 1, the point on a bounce orbit where the particle receives a
radial kick is no longer localized, and correspondingly, the stationary—phase
form (42) fails. Then the full form of the Bessel function must be retained.

V. Evaluation of T

Having gained experience through the evaluation of D) with much of the
mathematical mechanics, we can proceed to consider the effect of reinstating
self-consistency, by computing the full flux T’ in J-space, retaining both the
D and F-contributions.

We will perform this evaluation for the same turbulent mechanism as
examined in Sec. [V-B, because this yields results which are new, and which
can thus be compared with the analogous results for collisional symmetric
transport, which are already well-established.

Up to this point, nothing has been said about the specific form of the
distribution functions f(J). We now adopt the near-equilibrium form for
both species (suppressing species label)

fo(d) = mexp(—ffoﬂ"), (86)
where n,$, and T are functions of ry(J), Ko = Ho - e® is the (unperturbed)
kinetic energy when a particle is at 7 = rp, and for simplicity we take equal
temperature distributions, Ty = T = T. If ry in (86) were replaced by r,
fo would be of the “local Maxwellian” form fas used as the lowest-order
distribution function in more standard approaches to transport. Because it
is a function of J alone, fo is an exact soluticn of the unperturbed (h = 0)
Liouville equation, and thus contains, in addition to far, the collisionless
correction (in banana width to minor radius) to far, which is what produces
the radial fluxes.’®® We thus substitute Eq. (86) into expression (15) for
I'(1]2) to compute the transport.

To evaluate T'(1[2), one needs 1- 8y f. Using fg in (86) for f, one finds

1.93fo=(1-€A-1-9T)fo, (87)
where
ed’ K, n 3 T
A Ank + S Ank = An + AK"TToaAn =(- - ;4Akhdk = = (88)
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describes the thermal forces. ‘The prime denotes derivative with respect to
rs.) Using (64) and (87) in E3. (15), one finds

“r12) = /dﬁz,,z 3 w6(Q,.,)4malh (L -8y - l2 - 8y, ) fo(1)fo(2)
= I,

= fdsz;,Z Z Z ﬂJ(Q,u);hr&-?Jh'zJ[u_,]sz[,,"J,n_,.,mz X

8 lygdiptagday

]l(l] . Gr‘.‘lj - lz 'Er'.‘lz)fo(l)fq(z), (89)

where the contributions from D (~ 1,1;} and F (~ L;12) are still apparent.
The contributions to these terms from the term in |- 2 in (87) have cancelled,
due to the argument 1; - 2; - 1, - &5 of the §-function. (An analogous
cancellation occurs in linearizing the standard BL-operator.)

One notes in Eq. (89) the same z;-integral over |47&|® which produced
the scattering spectrum h(1ia, 2)|? in the calculation in Sec.IV.B of D{1'2),
and the same identification can be made here in computing I'(1,2). Here,
however, we wish to consider the symmetries which the retention of F creates
between I'(1'2) and I'{2i1), and this requires that we make further use of the
spectral structure given in Eq. (66), to strip away the z;-integration present
in the model spectrum (67). Dropping the subscript “th” on hy, in Eq. (66),
an expression for |&j? yielding the spectrum (67) is

= dmeres un(l) u(2)
I 2 1€2 Uyr 2
awall, 21a) = Y e, (50)
with Aq given by
1 - — _
‘ ;el\ez % = ley Ae, 2) /IVana(jur(2)/c?)) (91)
a=—ta

Here, Vana(...) = f, ®22/(2)(...), where f,, &2z;(...) = [foms(.,mp -
Ta){(...) is the phase space integral over the toroidal shell V,. Thus, the
desired model spectrum {A[? is achieved in Eq. (91) by modifying the di-
electric function A, from its form in a stable plasma, which would produce
a thermal spectrum.

As in Sec. [V, we simplify the summation over I, by taking the Lorentz
limit 15 - 22 — nfd¢g, and then approximately perform the summation over
l;, again using (42). Equation (89) then yields

-T(112) = fa"ZZZQ(l,ma)h(i] €A ~ L€ A)fo(1)fo(2),  (92)
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with the l-averaged kernel @ given by

C’(I»Q a) = 6(1:2!‘1)5('1%1 ~ 7a)s(.:Th2 — Ta), (93)
= - S(Awgl/zwwg) 5(-’3‘*’61/21“"!’,0)» = 2
Q(1,2a) = 7, Ay Ay dra i
=y, M0/ 2.0g) (A /2 wi) lur ()21 A(e, 2) P e, (2)i ‘
g Awgl Awpy Vara(lur(2)'2) i

Here, as in Sec. IV-B, we have assumed that only {;; = 0 contributes, so
that I; ; are again given by 1 = (0,7m,n). With Eq.(93), one readily sees
that the term in 1;1; in Eq.(92) yields expression (70), as it should.

From Eq. (21), one has

ee” -1 = (-c/BRb), (94)

for any species, and for = = 0, 1. Therefore, the terms in e®’ in the thermal
force factor in Eq. (92) cancel, resulting in property (3) of turbulent (or
symmetric) transport noted in Sec. I:

- T -e 1 1
(l] N -1 «'!l - lz - € .‘12) =n (BRbp) (gl‘l] - e—zflz)

-c 1 1
=n (m) (ZAM“ - e—zA"KZ)' (95)

The k-integration over @ in (92) yields the same D%(1)2) as in Eq. (70) or
(73) :

S 31,210 = = 3 i1k, 2,7 Ty in? B

k |nbl| k : o Liz"?(lu'r(z)lz)
_ pte |'u-r(2)|2
R e O (96)
Using this in Eq. (92), one finds

P(1:2) = { == D<C12(lA—l4) . 1)
-F(112) = BRG, (1/2) ot B -fi‘fl Jo(1)lngy~my-

(97)
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Dotting this with €™, the radial flux is given by
. 1 1

~T7(12) = -€* T(12) = e; D(112) (e—lfh - e-zA,) Fol1) rpy2res- (98)

We now consider T'(2-1). This is given by interchanging species indices

I and 2 in Eq. (89). We evaluate the resulting expression in the same limit

ly - N2 — nQcg used with I'(1j2). This vields
-T(21) = /a‘azl ST Q(1,20a)2(lz - €72 A2 — 1y € Ay) fo(1) fol(2),  (99)

with @ the same as given in Eq. (93). Except for the integration over z;
instead of z;, the evaluation of this is essentially the same as for I'(1]2) in
Eq. (92). With {96), one has

Y - lu.(2)]2
-I(21) = /V. &2 fo(l) (m) D“(W)]m X
0
(Z42- 24) |-am| o2z, (100)
€2 €1 1

and thus
1
€2 :

ST7(21) =~ T(2]1) = e2D™(2.1) ( 1 - eilrh) oD legmnss (101)

where

e (2)2
Vang(ju,(2)12)
Using Eqs. (98) and (101), one easily verifies property (2) cited in Sec. [:

egp"(zu)zfv B fo(1)e2 D7 (1 2) (102)
/d“zLelr'(mH/ d®z7e,07 (211) = 0. (103)
v, v,

Taking like-species interactions (1=2, i.e.,5, = 33), either of Eqgs. (98)
or (101) confirms property (1) of Sec. 1, viz.,

/V 2 T7(112)1=2 = 0. (104)

However, since these results were derived in the Lorentz approximation,
neither is strictly valid for like-particle interactions. To prove property (104)
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correctly, therefore, one must return to expression (89), and reevaluate it in
the non-Lorentz case, where Ay ~ Al;. We shall see that the essential feature
of Egs. (98) or (101) needed for Eq. (104) to hold, namely the presence of
the factor (A,/e; — A2/ep), still holds for the case M; ~ M,.

Motivated by the form of Eqgs. (103) and (104), therefore, we define the
particle and energy fluxes, averaged over a toroidal shell V;:

I.(12) = f‘ 2 T7(112), I (1]2) = /; d‘z,ﬁr'(lz) (103)
where Kq; = Ko(1). Using Eqgs. (64) and (89) in the definition of Iy, and
again using the averaging effect of the z-integrations on the factors J; ,2, one
has

-L(12) = / af’-,/ Py 3 Y (D) x
k hylulzdn
Jll,z Jiu—"'lmz Jfﬂg ‘]lzn—"?"" X (106)
arE %™ - L €7 Ay — 1p - €2 43} fo(1) fo(2) ey, =ryzmre-
The new feature of the non-Lorentz case is that the term b, - 25 in the

argument Q, of the é-function cannot be neglected, thereby coupling the
sums over 1; and 1;. The full resonance condition is now

0= Qrcl = Wgl — w2 + Wy — w2 + n(QCI e ch), (107)
and the relevant ordering is
Awgl ~ .'liu'gz 3 Awpy ~ Awpy. (108)

The new aspect of the problem is thus the evaluation of the l-sums in the
presence of the full Q.. :

S Y w6 QeI I IR IR = Y B, O (109)
ligdis lagsas ligdag
[t [ it sech).
Awps  Awy
=n Y J:,l &,,° 1,22 I By, Ao, wio) .,
1024

where Wiy = wy2 — wg1 + M2z — 1) + n{Q¢2 — 1), and where the

overlap integral I, given by

3(.3@2/2,{#2) S(Au)] /2,(4)2 - I)
Au}z .luh

I(dwn, Az, ) = [ dun (110)
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is even about z = 0, and symmetric in Aw;, Aws. With the definition
Aws = max(Awr, Aw;), one has

(111)

I () - 0 z| > IAwl -+ Au}z!/?,
BT 1/Aws 2l < 1Aw - Aws|/2,

and [, varies linearly with z in the intervening interval |Aw; - Aw;./2 <
z < 'Auwp + Awal/2.

Owing ta relations (108), the “short and broad” approximation used for
the Larentz case is still well satisfied, and thus, again, one has

a2 >z = rom. {112)

As indicated by the spectrum in Eq. (67), the modes considered here have
nearly zero frequency in the frame precessing at (3¢g. Thus, for M, ~ My,
the dielectric function Ag(w = Iz - ;) appearing in (106) again permits
contributions only from terms with

lyia =1y =0, (113)

causing the remaining sums over Iy and [z in (109} to drop out. Using
Eqs. (109),(110),(112), and (113) in (106}, therefore, one finds

—1,1(1;2)='/:’.d’5z1 '/:’.dszz%:-Q_-(l,ma)x (114)
e Nl e A -1 € A3) fol1) fo(2)
= [ &= ./;’.dszz%:a(lﬂla)nz( ;;bp)zx
~(F 1= 2 a) fl0)so(2)

€1 \€

with kernel 6 given by

Q(1,2/a) = 7dy,,? T, 7 To(Awr, Awia, wig)AnE Pl 1, (115)

extending the Lorentz expression (93). The expression for [k(1/2) is the
same as given in Eq. (114) for I,,(1)2), but with an additional factor of Ko /T
in the integrand. The factor (A; /e, — A2/ez) in expression (114), present also
in the Lorentz results, implies Eq. (104), as already noted. In the Lorentz
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limit, the factor J,, in (115) recovers the factor Jgh_—ﬂmz,’ﬂb, = 8(, wip )}/ Aws,
in Eq. (93). For the case My ~ Mo, It(,,wiy) is a function of comparable
size (~ Awy;') over a comparable range (~ Awy,;) of wi, as in the Lorentz
case, but with a somewhat modified functional form. The factor Ji,° in
(115} is not present in (93), since there, all gyroharmonics I 5 contributed,
while only gz = 0 contributes in (115).

The k-summation in (114) may be performed using Eq. (96), yielding

2
i) - N TR
L(1f2) = f A f 2 D112 e T 57 )
1 1
. ( o Ay - —-!z) fo(1)fa(2), {116)
where the non-Lorentz kernel @ in Eq. (115) now yields a slightly modified
diffusion coefficient D(1|2) from that in (96) or (75):

De(12) = 7 3 [h(1k, 2) 201, 2 Iy, v
k
= (8p¢ /B0t DER(12){In,? Jia, 2 1)) (117)

with

— 1 1 1 2232
z ] — ™
(I, Jo, B )y = Tk po: 7Ok pes TAKLT: [ 12 ] ‘#2, {118)

and where as in (76), the upper(lower} component holds for = = 0(1).

We now turn to the Onsager symmetries of the transport coefficients.
In the following, it is convenient to use indices p or g, which may take on
values n and K in designating the components of the fluxes 7, and forces
Ap. We define the coefficients of the thermal force terms, which can be read
off from Eq. (114), and from its counterpart for Jx(1(2) :

=4 () [ 4t [

fora (213 Q2,2 la)n?, (119)
k
_ 1 -\ , Ko(2)1""
M:=;l—ez—(BRb)/dﬁzf d‘zfn,,(z)[ ! ] x
fou {2 )[KO(Z } ZQ z,2'a)n’. (120)
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The L)Z are the coefficients arising from D, and the M}? are those arising
from F. We have used z and 2’ for the variables of integration here instead
of z; and z; ysed previously to emphasize that the species labels 1 and 2 in
the superscripts of L;,g and M;qz correspond to the species labels 51,52 on
the distribution functions, and not to the integration variables. This avoids
ambiguity when s; = sz. The exponent z, of the energy-weighting equals
0(1) for p = n,(K), and similarly for z;. In terms of the L’s and M’s, one
can write [,(1!2) and /g (1'2) succinctly as

- L(U2) = Y (Lprdg - M2Ap),(p=n, K). (121)
g=n.K
From inspection of Eqgs. (118) and (120}, one notes the following symmetries:
Loa = L2, M2 = ME e\ L2 = ea M2, (122)
but
eILFl,i» # ezx'l«!;,"}

These relations may be used to efficiently prove Egs. (103) and (104), as
well as the Onsager symmetries, now under consideration.

Following essentially the same steps as used to obtain I, in Eq.(114),
one may evaluate expression (16) for 8. The resuit is

§= 222/ dﬁll/ 22 fo(1)fo(2) (BRb ) (elle - él‘lz)z X

ra 1,2
Y- Q. 2’
k
= =313 ¥ (A a(12) « Anala(211) + A1k (112) ~ Ax2lk(112))
re 1,2
==Y Y Aulh12). (123)
e 12 P

The first form given parallels expression (114). The four terms in the second
form come frmm identifying the coefficients of each of the four terms in the
first thermal-force factor A; /e, — 42 /e2 on the first line, and the final version
presents the second form somewhat more compactly. The total particle and
energy fluxes for species 1 are given by I,(1) = 3, [p(1{2). Assuming the
thermal forces A, are independent of species, the total particle and energy
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fluxes (summed over species 1) are given by

L= =3 LRy =Y Ludq {124)
1,2 q

I

where from Eq.(121), Lpy = X, o(Ly} ~ M,3). Using (124) in (123), S may
be written in the symmetric form'®

5=3"¥ A LgA, (125)

Ta P.g

The Onsager symmetries are expressed in the relations
Lpg = Lgp. (126)

Since we are considering only a 2 x 2 matrix Ly, here, the only nontrivial
member of relations (126) is Lnix = Lin. This is easily demonstrated, using
the definition of Ly, and the first two of the symmetries (122).

VI. Discussion

In previous sections, we have evaluated both the diffusive and frictional
portions of the radial fluxes, for a particular turbulent transport problem
of interest. The evaluation has been carried out for each of the three cases
when the mass of the scattered species is much less than [Eq. (98)], much
greater than [Eq. (101)}, and equal to {Eq. (116)} that of the scattering
species. For each of these, both portions of the flux are simply given in
terms of the corresponding diffusion coefficient D™ (1|2). Here, we assess the
physical implications of these expressions, by considering the relative sizes
and scalings of D™ (1/2) for all four possible species-species interactions.

We use (1)) as shorthand notation for the orbit-averaging factor
(J1, ,2 Jgu_,,mz)k appearing in Egs. (75)-(77). For simplicity ignoring the
factor Ji,,? entering the comparable-mass expression D(1/2) in Eq. (117),
as it is of secondary importance, the remaining angle-bracketed term is ap-
proximately equal to (1)) as well. Then the expressions for D™(1!2) for all
cases may be approximately written

D(112) > #:—;(>)ku2(1)52(2). (127)

Consistent with the definition of Aw, in Eq. (111), the symbol “>” here
refers to the species with larger thermal speed vr (and so smaller mass).

37



Expression (127) transparently reduces to Eq. (77) for the case M; « M;
to which (9B) pertains, and also approximately yields the equal-mass case
(117), as already noted. For the case M, > M, described by Eq. (101}, ap-
proximately evaluating expression (102), one finds D""(2/1) given by Eq. (127),
with B?(1), representing the perturbing fields driven by species 1, given by

B(1)/6(2)]2 =~ (melvhy)/ (needvd,). (128)

Expression (128) arises from our adoption of Eqs. (90) and (81) to describe
the coupling &(1, 2) between any two species 1 and 2. Applying expression
(127), one finds

D™(11) : D(112) : D™(2)1) : DT(212)

- a2 (E(1) S0 w2 (ie) Sk w2 iagien) S 2 (a)5ee) Bk
978 s Dy Mz
2 4 2.2 2 2.2 . 2 4 (2fln
1 NEYUT) [ N2€3UT UTg | METUT  UTg | T2€5UT g , (129)
(DcShe2

and thus, for M} € M,,
ny e DTT(1:1) > n1el DT (1)2) = noe2 D™ (2{1) > npe2DT(2:2).  (130)

The statement rye3 D™ (1.2) ~ n2e3D™"(2{1) here is the approximate coun-
terpart of statement (103} of intrinsic ambipolarity. Because D™(1/1) »
D (1j2), the energy flux of species 1, which is dominated by D™(1!1), will
be much more rapid than the particle flux, to which only D™"(112), and not
D™(1|1), contributes. Both the particle and energy fluxes of species 2 due
to this mechanism will be dominantly governed by D™(2!1). One notes that
the situation is quite analogous to the relations holding for collisional {neo-
classical) transport, except that for that mechanism, the roles of the heavier
and lighter species are interchanged. This is because collisional transport is
an electrostatic mechanism, and thus lacks the velocity-weighting in both
the factors u? and ¥ in Eq. (127), which in the present the magnetic mecha-
nism enhances the transport and fluctuation spectrum of the higher—velocity
species.

This completes the demonstration of the unity which exists between the
different tokamak transport mechanisms, facilitated by use of the gBL opera-
tor. Extension of the properties demonstrated above for the case of magnetic
turbulence (and already well-established for syrametric transport) to other
cases of interest (for example, electrostatic turbulence, or internally gener-
ated ripple) shouid be straightforward. For the sample turbulent mechanism

38



chosen, we have obtained an explicit expression for the anomalous pinch
term, and showed that, because of its close relation to the contribution from
the diffusive term, the total flux possesses the appropriate conservation laws,
which are lost by test-particle calculations. Moreover, we have seen that,
just as for symmetric transport, neglect of this term can totally modify the
expected particle flux for one species from the correct answer.

The theory developed here is incomplete. Possible modifications in the
transport results may result from using more realistic descriptions of the
mode structure, including the appropriate combination of electrostatic ver-
sus electromagnetic components. The treatment of the non-Lorentz case
given here in Sec. V is only for the particular turbulent mechanism stud-
ied, and applied principally toward treatment of the equal-mass case. The
effect of the DC inductive electric field has been ignored here, resulting in
only a 2 X 2 Onsager matrix, rather than the 3 x 3 matrix of a full theory.
Some work in incorporating this extension into the action-angle transport
framework has already been carried out in Ref. 6, for a test-particle calcu-
lation, and an extension of this to the present theory should be possible.
Finally, we again note that the application of the thermal structure of the
gBL operator to fully turbulent transport is somewhat ad hoc. Thus, for ex-
ample, it is unclear that our demonstration cf the Onsager relations for this
theory, which depended on the use of the thermal form (90) of the particle-
particle coupling, can be extended to a fully turbulent theory. However, our
“pseudo-thermal” ansatz does yield an analytically manageable theory with
the requisite symmetries, conservation laws, and features of self-consistency,
and which becomes fully valid in the limit of a stable plasma, where the di-
electric function A, reverts to its usual thermal form. Thus, the theory rep-
resents an improvement upon the traditional quasilinear approach, adding
to that approach several of the important properties required of a complete
theory.
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Figures

FIG. 1. Dlustration of the summation/integration to be performed over the
(tg,Ip) or (wg,ws)-plane, in the evaluation of the gBL operator. Indicated
is the resonance line 1., = 0, along which the integration contributes,
and the rectangular box, of width Aw, and height Aw,, within which
the integrand is appreciable. The dots within this rectangle indicate
the position of resonance with individual Fourier components 1, of the
perturbing Hamiltonian of the scattering test-particle.
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