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ABSTRACT 

A unified basis from which to study the transport of tokamaks at low 
collisionality is provided by specializing the "generalized Balescu-Lenard" 
collision operator to toroidal geometry. Explicitly evaluating this operator, 
ripple, turbulent, and neoclassical transport coefficients are obtained, simply 
by further specializing the single operator to different particular classes of 
fluctuation wavelength and mode structure. For each class of fluctuations, 
the operator possesses a diffusive, test-particle contribution D, and in ad­
dition a dynamic drag term F, which makes the operator self-consistent, 
and whose presence is accordingly essential for the resultant fluxes to pos­
sess the appropriate conservation laws and symmetries. These properties, 
well-known for axisymmetric transport, are demonstrated for one type of 
turbulent transport, chosen for definiteness, by explicit evaluation of both 
the "anomalous diffusion" term arising from D, as well as the closely related 
"anomalous pinch" term coming from F. The latter term is neglected by 
test particle calculations, but is shown to have an important impact on the 
predicted fluxes. 
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I. In t roduc t ion 

In previous work,' the action-angle formalism2 was used to generalize the 
Balescu-Lenard (BL) collision operator to its (fully electromagnetic) ana­
logue in the space of invariant actions J = (JiiJ2,Ji) of the unperturbed 
motion. Assuming only that the unperturbed particle motion is integrahle, 
this "general!zed-BI." (gBL) operator describes the process of diffusion and 
drag in action space J, just as the standard BL operator describes diffusion 
and drag in momentum-space p, the invariant actions for the especially 
simple case of unrnagnetized motion. The gBL operator is thus easily spe­
cialized to a wide range of geometries, including the unmagnetized case, as 
well as inhomogeneous slabs, cylindrical plasmas, and axisymmetric config-
urations,\simply by assigning a specific physical significance to the actions 
J and conjugate angles 9. As for the standard BL operator in the homo­
geneous, unmagnetized case, the effects of perturbations of all wavelengths 
appear in the gBL operator in a uniform way. The gBL operator thus pro­
vides a common framework from which to view the effects on transport of 
perturbations of very short wavelength (A < AD), which give rise to co(-
lisional symmetric ("classical" and "neoclassical") transport, of the longer 
wavelengths in the turbulent range, and of wavelengths in the macroscopic 
range of ripple perturbations. In Ref. 1 it was accordingly argued that, along 
with the quasilinear diffusion tensor2 D(J) to describe transport induced by 
non-self-consistent perturbations, the gBL operator developed there pro­
vides a unifying basis from which to view these three basic mechanisms of 
tokamak transport, which are normally regarded as different and distinct. 

The principal purpose of the present work is to make contact between 
the formal expressions of Ref. 1 and tokamak physics, by specializing the 
gBL operator to the case of tokamak geometry, and showing that the formal 
operator may in fact be explicitly evaluated, how the mechanics of this 
evaluation proceeds, and what the explicit results look like. In so doing, we 
more concretely demonstrate two general aspects of the unifying character 
of the gBL operator. First, it will be seen that, within the action-angle 
framework, symmetric, turbulent, and ripple transport coefficients emerge as 
specializations to different particular perturbing spectra of the same general 
expression. Second, the implications for transport of important properties 
shown by the gBL operator to be shared by the different mechanisms can 
be studied. 

One of the most important of these common properties is the effect of 
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"self-consistency," i.e., of including the back-reaction of the particles on the 
fluctuations, in addition to the transport effects of the fluctuations on the 
particles. As for the standard BL operator, for the gBL operator inclusion of 
self-consistency means retaining the 'dynamic friction' term F, in addition 
to the diffusive term D in the operator. The operator may be written 

= a j - ( D - 0 j / - F / ) . (1) 

[In general, we shall use the convention that dz denotes the partial deriva­
tive with respect to any variable i , and if x is a vector (e.g., x -» J), a 
gradient in the space of that vector is denoted. T is a flux in action space, 
due to the perturbing fields.] As shown in Ref. 1, F is essential for the 
operator to possess the correct conservation laws, and, in particular, the 
conservation of toroidal angular momentum p(. As observed in Ref. 1, and 
as will be demonstrated here in more concrete form, the constancy of p^ im­
plies intrinsic ambipolarity of the transport induced by any portion of the 
fluctuation spectrum, and thus this property holds for the turbulent as well 
as the collisional spectrum. For a two species plasma, the turbulent trans­
port is accordingly characterized by properties well-known for symmetric 
transport3: 

1. Interactions between particles of the same species do not produce any 
net particle transport. 

2. The particle fluxes of the two species are equal. 

3. The transport is independent of the radial electrostatic potential. 

For symmetric transport, it is well-known that violating self-consistenc* 
by dropping F in C leads to a prediction for the ion particle flux much larger 
than the electron flux, in contradiction to property (2) here. Similarly, it 
will be seen that doing the analogous test-particle calculation for turbulent 
transport results in a prediction for the particle flux of one species which is 
much larger than the self-consistent result. (Which species depends upon 
the particular transport mechanism.) As noted from the abstract form in 
Ref. 1, the turbulent contribution to F represents an "anomalous pinch" 
term, closely related in form to the "anomalous diffusion" term coming from 
D, which cancels the like-particle portion of the test-particle flux. In this 
paper, an explicit expression for this anomalous pinch term will be *iven, 
for one particular turbulent transport mechanism. 
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The manner in which self-consistency of the turbulent transport is in­
cluded in the present work requires some clarification. Entering into the 
expressions for D and F in Eq. (1) is the spectrum of the perturbations 
inducing the transport. As for the standard BL operator, the spectrum 
which appears in both D and F in the gBL operator is a thermal fluctuation 
spectrum, which will not properly predict the spectrum of a fully turbulent 
tokamak. However, the important properties of the gBL operator follow not 
from the specific form of the spectrum, but from the related way in which 
the spectrum appears in D and F. Thus, in this work, we adopt a "pseudo-
thermal" model for the turbulent fluctuation spectrum, taking literally the 
thermal structure of the spectrum [cf.Eqs. (90),(91)], but replacing the form 
of the thermal spectrum with a model spectrum which better represents the 
spectra of realistic experiments. In so doing one obtains an operator con­
taining a realistic spectrum, while at the same time maintaining the desired 
conservation laws, H-theorem, etc. 

Performing this replacement, but retaining only the term in D in Eq. (1) 
is equivalent to doing the quasilinear, test-particle approach followed by a 
good deal of existing work in turbulent transport. This approach has the 
virtues of being analytically manageable, and of using fluctuation spectra 
one regards as properly modelling experiment. However, as already noted, 
all such approaches are non- self-consistent, with the loss of important prop­
erties this implies. On the other hand, more complete theories of turbulence 
retain self-consistency, but result in formidable complexity of the equations 
to be solved. (Numerous examples of both approaches may be found in the 
review article by Liewer.4) The present treatment may be regarded as an 
intermediate approach, retaining the advantages of mathematical simplicity 
and ease of physical interpretation of the former, while also acquiring im­
portant self-consistency properties of the latter, without actually having to 
compute the turbulent spectrum. 

The structure of the remainder of the paper is as follows. In Sec. II, 
we summarize the formal results which will be needed for the applications 
to follow. Section III introduces the notation and additional physics neces­
sary to specialize the general expressions of Sec. II to toroidal geometry. In 
particular, central to the formalism are the "coupling coefficients" h(i,J,u/), 
which succinctly describe the characteristics of the interaction between par­
ticles and the perturbations of the system. Abstractly defined in Eq.(6), 
h(\,J,w) specialized to toroidal geometry is given in Eq. (33). This single 
expression contains all three of the basic tokamak transport mechanisms, 
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for both electrostatic and magnetic perturbations. 
Studying a particular transport mechanism in this formalism amouncs 

to specializing /i(l,J,u/) to the relevant class of perturbations inducing the 
transport, inserting it into the general expressions for D or F, and perform­
ing the necessary summations. In Sec. IV we illustrate this, and with it, 
the first of the unifying aspects of the formalism, by evaluating D for three 
classes of perturbations, one representing each of the three general types of 
tokamak transport. 

Evaluating D alone brings out a good portion of the mechanics involved 
in the evaluation of the full flux T, but in a somewhat simpler context. In 
order to further aid clarity, we evaluate D in this section in the "Lorentz 
limit," where the mass A/i of diffusing particles is negligible in comparison 
with the mass M3 of the scattering species. This causes substantial simpli­
fications in the evaluation process. In Sec. V, both of these simplifications 
are removed, evaluating T for the turbulent mechanism of Sec. IV-B for the 
cases A/] « A/2, Afj > A/2, as well as the case Afj ~ Mj. This permits 
us to derive explicit expressions for the radial fluxes [cf. Eqs. (98),(101), 
and (116)] due to all combinations (1-1,1-2,2-1, and 2-2) of species-species 
interactions, and in so doing, to demonstrate explicitly properties (1-3) of 
self-consistent transport already cited, for the chosen turbulent transport 
mechanism. The two terms in the factor -4i/ ei - Aj/ei in each of these 
expressions for the flux correspond to the diffusive and frictional contribu­
tions to r . Thus, the second of these terms is an explicit expression for the 
"anomalous pinch," whose existence was pointed out in Ref.l, from consid­
eration of the abstract form of the gBL operator. We conclude Sec. V by 
demonstrating that the results obtained obey the Onsager symmetries. 

In Sec. VI, we provide some further physical interpretation of the trans­
port results of Sec. V, considering the relative size and scaling of the trans­
port contributions from different species-species interactions. This discus­
sion completes the analogy which exists between symmetric transport and 
this representative turbulent mechanism. We conclude the section with some 
summarizing comments. 

II. The Formalism 

Here, we briefly review the abstract results from the action-angle formal­
ism which bear on the transport problem, without reference to any particu­
lar magnetic configuration. The essence of the action-angle formalism is the 
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reparametrization of the phase point z of a particle from the more directly 
physical set (r,p) of the real-space position r and its conjugate momentum 
p, to the mathematically more convenient set (8, J). Because the J are 
constants of the unperturbed motion, the unperturbed Hamiltonian Ho is 
independent of 8: 

H(z,t) = H0(J) + h(8,3,t), (2) 

where 

k{z,t) = --v(z)-Allr(z)tt} + e<t>l[r(z),t}= - V A , M (3) 
c c 

is the perturbing Hamiltonian. In it, Ai and <f>\ are the perturbing parts 
of the vector and electrostatic potentials, respectively. In the second form 
here, h is written in covariant 4-vector notation for compactness. FVom 
Hamilton's equations, one has 

8 = djH = fl(J) + djh, (4) 

and 
J = -dQh = - i£l / i( l ,J ,Oexp(i ie) , (5) 

1 
The time-transform /i(l,J,u/) of the Fourier coefficients of h(l, J, t) here 

are the "coupling coefficients," 

h(\,3,*) = f-^e-A9h(z,u), (6) 

which play a central role in the formalism. In Eq. (4), ft = djH0 is the 
unperturbed time rate of change of 6. Thus, in the absence of A, the 8 evolve 
linearly in time, at rate ft. In Eq. (5) 1 = (/uk./s) is a three-component 
vector index, specifying the Fourier harmonic. 

When no ambiguity results, we shall abbreviate species label si,S2 with 
simply the subscripts 1,2. Unless otherwise indicated, we adopt the con­
vention that a subscript "1" refers to the particle or phase point being 
scattered, and subscript "2" refers to scattering particles. The quasilinear 
diffusion tensor in action-space may then be written2 

D ^ l ^ X X M " ^ 1 ! ft. -uJlhiluJuWaWl*. (7) 
" 1. 
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Here, a is a mode index, labeling each of the coherent perturbations to 
the system. The diffusive term D in the gBL operator is given by 

D(1) = £ D ( 1 | 2 ) , 
2 

where the diffusion of species 1 induced by species 2 is given by 

• 1. h 
Here, /(2) = /(J?) is the 02-average of the scattering distribution, and the 
coefficients a, defined by 

a(IuJuh,h,«,') = ^ - ^ 1, (9) 

measure the effectiveness of mode a in coupling particles 1 and 2. In a, 
Na = /dxiE„(x)| 2 is a normalizing factor, E a(x) is the electric field for 
normal mode a, and An(u>) is the eigenvalue for mode a of the Maxwell 
operator,1 the generalization to inhomogeneous, electromagnetically inter­
acting plasmas of the dielectric function e(k, w) whose square appears in the 
denominator of the standard BL operator. In Eq. (8), D(l|2) is written in a 
form where its structural resemblance to D^ is most apparent; the spectrum 
|n| 2 in D, ( is replaced in D(l|2) by the sum E^pir)3 fdj3f(2)\4ira\2 over 
contributions 'to the spectrum from all particles in the scattering distribu­
tion. It may also be written in a form more transparently resembling its 
analogue in the standard BL operator, 

D(l|2) = (2*) 3 y"dJ 2 Q 0 ( l ,2) / (2) , (10) 

where the diffusive kernel QD is given by 

Cfo(l,2) = Y, M)Q(1,2), (11) 
l.,l3 

with scalar kernel 

Q(l,2) = 2 > * 0 i fi; - I 2 n2) |47ra [ 2 U, s . 0 j = <?(2,1). (12) 
a 

Similarly, the dynamic friction terra F is given by 

F(l) = £ F ( l i 2 ) , 
a 
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where 
F(l 2) = (2«)3JdJ2QF(l,2}dj3f(2), (13) 

and with the frictional kernel Qp defined by 

Q f ( l , 2 ) s ^ l , l , ( ? ( I , 2 ) , (H) 

differing from Q D only in the replacement 1,1, -* lj I2• Using expressions 
(10) and (13) in the expression in Eq. (1) for the J-space flux T, one finds 

r(i) = £r( i j2) , 
2 

with 

- r( l |2) = £ / A ^ l , 2 ) 1 , ( 1 , -flj, - l 2 - » j )/(l)/(2). (15) 
l , V 

Here, / (ft 2 = (2ir)3 / d J 2 denotes an integration over the full phase space of 
species 2, and so may also be written as / dtt J dpt, when this parametriza-
tion is convenient. 

Closely related to Eq. (15) for T is the expression derived in Ref. 1 for 
the time-rate of change of the total entropy: 

5 = E i 5 ( l ) H - £ i / A , / ( l ) ] n / ( l ) 
1 

f£Y. /<fti /"<fti<?<l,2)/(l)/(2) (16) 

x { ( l 1 - 3 J i - l 2 - a j 2 ) l n [ / ( l ) / ( 2 ) ] } 2 , 

which is manifestly positive definite, giving zero only when / ( I ) and /(2) 
are Maxwellians, / ~ exp(-Ho/T). Equation (16) will be useful later in 
Sec. V in considering the (Onsager) symmetries of the transport. 

III. Specialization to Toroidal Geometry 

We now specialize the general formalism of Sec. II to the axisymmetric 
geometry of a tokamak. We parametrize real-space r by the flux coordinates 
(r,0,£), with minor-radial variable r constant on a flux surface. It is useful 
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to use the contravariant basis vectors e*, given by eT = Vr ~ f,ef = Vff ~ 
9JT,e£ = ? ( ~ {/#, dual to the covariant set e, =; r,e$ ~ r6,e^ ~ Ri). 
Thus, one may write wavevector k as 

k = fc,e' = krYr + mV0 + nV£, 

and the unperturbed vector potential Ao as 

A 0 = A o i e' = xl>(r)V0 - x(r)*C 

i.e., A 0 has covariant components (<4or, /lew, -4oo = (0,V( r)i -x(r)) . The 
unperturbed magnetic field is thus given by 

B = B« + B p = V^ x Vfl + VC x Vx, 

and the safety factor is q(r) = dtp/dx- It will also be useful to employ the 
right-hand triad of unit vectors (f,4,6), where b = B/B, and q = 6 x r, in 
terms of which one may write k = k|| + kj_,k|| = bk^, and kj = rfc. + gkq. 

For toroidal geometry, an appropriate specialization of the actions J 
i s 1 , 2 5 , 6 (JuJi.Js) — (J3,Jb,J( = Pc)> w i t n Jo t l l e gyroaction (equal to 
Mc/e times the usuai magnetic moment /i), Jt, the bounce-action (equal to 
the toroidal flux v enclosed by a drift orbit), and p^ the toroidal angular 
momentum, 

PC = eC P - ~Ao( + M "C- ( 1 7 ) 

Ths conjugate angles d are (fl„, 0b, &), the gyrophase, the bounce phase, 
and the bounce-averaged toroidal azimuth, respectively. The set of sub­
scripts (g,b,Q used here in designating the actions J will also be used for 
related triplet quantities, e.g., 1 = ((gAi'c)' 

In J-space, we will have use for the (contravariant) basis vectors e' = 
djJi,{i - g,b,Q, which are unit vectors. For any function F(J), we also 
define eF = djF, useful in extracting more directly physical information 
from action-space quantities. 

One useful physical function of J is the particle "banana center" rj,, the 
average value of r which a particle has over a bounce period. By considering 
transport in rj rather than in r, one eliminates from the problem the com­
plexities of the unperturbed motion, such as finite gyroradius pg and banana 
width n , which one knows are irrelevant to the net radial step taken per 
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bounce in the diffusive motion of the particle, no matter how large they are. 
Bounce-averaging Eq. (17) and using the constancy of p<;, one has 

p c = ^ o < - Mv(. (18) 

For r = 0, one has v^ = btRv.^ = 0 (where 6 t i P = Btp/B), so one may define 
rb for this case by 

Pi = l^tfa)- (19) 
For r = 1, P( in Eq. (18) acquires a Icinetic portion, while Jb becomes a 
purely minor radial variable. 2 , 5 ' 8 The appropriate definition of rb in this 
case is 

Jb = -cAc(rb). (20) 

Thus, one has 

e - 4jr<> ~ | ^ / M t V k (r = 1). { 2 3 ) 

For T = 0, Jb is u-|-like, 

Jb = (2n)-1 f ds^Mvft ~ ( 2 T ) _ 1 j d6qMv( = qMv(, 

while for r = 1, one readily shows from Eqs. (20) and (18) that 6 

J„ = Jb- -il>(x- --p(} = qMv(. (22) 

Thus, extending this r = 1-definition for J„ to T = 0 by JV(T = 0) = Jb> we 
can extract bounce-averaged IA, information from the J using 

6 = 5 J J »- \ e * + ? e < ( r = l ) . (23) 

A. The Coupling Coefficients 

Fundamental to the calculation of D are the coupling coefficients 
h(l,3,u/\a). These have been worked out for various cases previously.5'7 

Here, we give a more complete evaluation. The h{l,J,ui\a) require a de­
scription of the spatial structure of each contributing mode a, and of the 
unperturbed particle motion. Fully describing the structure of the modes 
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in a tokamak is a field in itself. We shall content ourselves with a model 
description, chosen to satisfy a number of the general important character­
istics which one knows the modes should possess. Our model for the mode 
structure for all components Aa^(n - 1,... ,4) of mode a is the eikonal form 

••WW = A^r) exp i: J dr' k,(r') + m6 ~ rtfl. (24) 

The toroidal "quantum number" n is rigorously constant, due to ax-
isymmetry, while taking m constant is only approximate, due to toroidal 
effects, ibr(r) is the radial wave number, and Aait{r) is the mode amplitude. 
We shall assume here that kT and Aalt(r) may be assumed about constant 
over the minor-radial excursion of the unperturbed orbit of the particle in 
question. (We emphasize that situations for which this assumption is not 
valid present no difficulty for the basic formalism; the integrals to be per­
formed are simply somewhat different.) Thus, over a particle's orbit, mode 
a is characterized by a local wavevector k(r ~ r^). For externally imposed 
perturbations, such as ripple from the toroidal-field coils, Aatl typically falls 
off as one moves radially inward. For internally generated perturbations, a 
reasonable model is taking Aai, localized about some minor radius ra, with 
localization width wa. We choose the simplified form 

Aail = Aaiis(waf2, T - r n ) , (25) 

where s(x, y) is a step-like localizing function, defined as 

* . » > * { ; ) :^ :< (26) (* > Ivl) 
(* < l»J). 

(Here, and in what follows, the double overbar will be used to denote the 
amplitude of quantities with this radial localization explicitly displayed.) In 
addition to being radially localized, the set of modes a are to represent a 
full set of eigenmodes of the Maxwell operator, which, owing to the (near) 
Hermiticity of that operator, one expects to be orthogonal and complete.8 

We incorporate this general property into our model by envisioning each 
mode a to be specified by both wavevector It, and by localization radius r„. 
Thus, modes with the same k are localized within sequential nested toroidal 
shells, each of thickness u>0, centered at radii r Q ] , r„2,..., and having volume 
V'„ ~ {2TTTai)(2TrR)wa, jointly comprising the plasma volume Vp = J3 r > Va-
Therefore, the sum over a in Q{1,2) becomes a sum £ r # £lc-
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We describe the particle motion as in Ref.5. We make the usual sepa­
ration of r into contributions from the guiding-center motion and the gyro-
motion, 

r(z) = R + p s . (27) 

The gyromotion is given by 

Pg{8g) = Pg{r<:os6g-qsmds), (28) 

with pg = t>x/^ t n e gyroradius. The guiding-center motion is described by 

R(0b,Co) = (^rb ~ e8rS(, + e<Co) + Pb, (29) 

where the oscillatory portion of the bounce motion is given by 

p^fli,) = e P n cos Qb + (erfi + ecCi) sin 8b. (30) 

Here, i^, is the particle banana center, constant in time. The canonical 
phases 8 = (0g,#(,,Co) evolve linearly in time, as discussed in Sec. II. The 
particle velocity, needed in Eq. (3), is thus obtained from Eq, (27) by 

v ( * ) s r ( z ) = n £ V ( * ) . (31) 

The time-independent amplitudes T\,9\, and & measure the size of the 
particle excursions in the T, 6, and ^-directions in the course of a bounce 
(or transit) period T\,. Trapping-state index r, already defined, provides 
the secular contribution to Bt, for passing particles, and none for trapped 
particles, as is appropriate. 

The use of only the fundamental harmonics cos9t and sin<?(, in ex­
pression (30) makes it strictly valid only for particles not too near the 
trapped/passing boundary. The coupling coefficients for particles near this 
boundary involve integrals which yield functions less standard than those 
from the "harmonic approximation" of Eq. (30). However, the qualitative 
behavior is not much changed. 

Using expressions (24)-(30) and Eq. (6), the evaluation of h(l, J,w\a) is 
straightforward, using the Bessel identity 

M*) = / |J e-» e«*»«. (32) 
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One finds 

-C-UlA)JltJtt-rm (33) 

- { | « o ^ ) J i , | ( J , i t - r » - i e * , k - * * +-'• - T m . , e - i 8 " + ' 9 " ) ; . 

First, we define some terms in this expression, and then provide some 
interpretation. In it, mode label a has been suppressed. All of the perturb­
ing potentials <t> or A appearing in (33) denote the amplitudes .4(r[,,m, n), 
obtained by setting r = n,,<? = 0 and £ = 0 in A(x) in Eq. 24. Each 
Bessel function Ji(z) with lg as its index I has argument z = zg = k±pgi 

while each ,/j having bounce-harmonic l\, in its index has argument z = zt, = 
[(ikr^i)2 + {m9\ + nCi) 2] 5 . (z<> is called m in Ref.5) A± in (33) is that com­
ponent of A normal to b, while A = \A\, and A9A = ea< • A. 9gA is the 
gyrophase at which v_ is parallel to Aj., i.e., Vj. -A A = v^A^ cos(9g-9gA), 
and Ogic is defined by k • pg = zgsin(6g - 6^), the gyrophase where vj. is 
parallel to kj.. Analogously, we define the phase 9bA and velocity uo by 
Pi • A = UQACOS(& - 0 M ) , and #6* by k • pb = zbsin(0j, -9^). The velocity 
ui is defined as u\A = ril^Ae + nc-'k- The term in Uo,(i) dominates for 
particles with r = 0(1). 

One first notes the oxerall factor 6{IQ -n) multiplying the factor in square 
brackets in Eq. (33), a consequence of axisymmetry, used in Ref. 1 in the 
demonstration of pj-conservation. The factor in square brackets is a sum 
of four terms, each coming from a different portion of the inner product 
v^Au giving h; the first is the electrostatic contribution, from the ft. = 4-
component, the second is the contribution vj. • A± due to the gyromotion, 
the third is from that part of the guiding-center contribution R- A evolving 
secularly in time, and the fourth is from the part of R- A which is oscillatory 
in time. The structure of each term is the same; each has an amplitude with 
units of (e/c)vA (hence energy), times a factor involving Bessel functions 
Ji{zg) coming from the ^-integration, times a factor involving Ji(z/,) arising 
from the ^-integration. The gyro- and bounce- related Bessel functions are 
the strength of that portion of mode a which is oscillatory at exp i(tg9g+li,9t,), 
just as the overall factor S(l( - n) gives that portion (namely, all or none) 
of the mode which is oscillatory at exp iltfo-
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In contrast to the all-or-none dependence on l( of the contribution of a 
given mode, one notes that a mode contributes over a range of lg and /(,. 
One recalls the asymptotic forms for the Jt, 

J,(z) s (s/2)"'/UI!, (|1| > *) (34) 

J,(z) m ( 2 / J K ) 5 cos(z - /ff/2 - ff/4), (|i| < z). (35) 

We consider J\ as a function of I. One sees that for ;/! < z, Jt has 
i 

an /-independent amplitude (2/JTZ)2, times a factor oscillatory in /. For 
\l\ > z, Ji falls off rapidly to zero. Thus, the gyro-related fiessel functions 
contribute over a range A/ s ~ 2zg about lg = 0, while the bounce-related 
ones contribute over a range A<b ~- 2*b about /(, = rm. 

Because it is helpful in physically interpreting these expressions, and 
also because it will be useful in making analytic progress in what follows, 
we pursue this examination of the asymptotic forms of the Jt a bit further. 
Applying the method of stationary phase to approximately evaluate Eq. (32), 
one obtains Eq. 35 for \l < z, and Ji ~ 0 in place of Eq. (34) for |/| > ^. 
The points 6Q of stationary phase, from which the dominant contributions 
to the integral come, are given by 

/ = rcos0 o . (36) 

From this, one may ascribe a particular position 8go and Bya on a par­
ticle's orbit from which each fc(l, J,w) arises. Thus, in contrast to the un-
magnetized case, where a particle is resonant or nonresonant with a given 
mode for all time, for the time-varying velocities in magnetized geometries, 
a particle passes through a series of local regions at which the variation of 
a given mode is as exp il • fit, for a succession of values of 1. This is the 
physical significance of the range of 1 contributing to D. 

From Eq. (33), one discerns the common origin of the three types of 
tokamalt transport. Axisymmetric (collisional) transport is caused by short-
wavelength electrostatic perturbations. Thus, it arises from the first term in 
square brackets in Eq. (33). The electrostatic portion of turbulent transport 
also comes from this term, while the magnetic portion, arising from modes 
which tend to have A\\ > Aj_ comes from the third and fourth terms. Finally, 
as will be seen for lonjer -wavelength modes, which leave fi invariant, the 
second term yields just the fiB\ - ripple perturbation which is the origin 
of magnetic ripple transport. [B\ is the perturbation of the magnetic field 
strength B.) The first term provides the electrostatic contribution to ripple 
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transport. In the following section, we use this single coupling coefficient 
to derive expressions for transport coefficients for each of the three basic 
tokamak transport mechanisms. 

IV. Evaluat ion of D 

In this section, we illustrate the first aspect of the unifying character of 
the action-angle formalism referred to in the Introduction, evaluating ths 
diffusion tensor D for each of symmetric, turbulent, and ripple transport 
mechanisms, simply by specializing the same expressions for D and h(l,J,u/) 
to the context relevant to the mechanism of interest. 

A. Axisymmetric Collisional Transport (Banana Regime) 

We begin with transport induced by the shortest wavelengths (A < \D), 
viz., axisymmetric "banana" transport. It is instructive to consider first 
the transport of electrons (species 1) scattering off ions (species 2) in the 
Lorentz limit Mi/A/2 — 0. From the symmetry of Cf under interchange of 
species label, performing this calculation is essentially the same as treating 
the opposite limit M1/M2 —> 00 (cf.Sec. V). The evaluation in the more 
general case Mi ~ Afj can also be performed analytically, as will be seen in 
Sec. V. A fuller treatment of the non-Lorentz case will be given elsewhere.9 

Because the S(l^-n) in the k(\,J,w) insures that /^ = l2( = n, and because 
the E x fl-drift is species independent, the E X fl-contribution flC£ to the 
toroidal precession frequency in the argument nrr, = h • fli - \2 SI2 of the 
delta-function in Eq. (12) drops out. Referring to the remaining portion of 
the particle frequencies Q as 12', in the Lorentz limit, one may take 

1 2 • fii -> 0 

in Eq. (12), for those lj having appreciable A(l, 3,w). Keeping only the first 
(electrostatic) term in Eq. (33), and taking i 0 ( u ) to its short-wavelength, 
unshielded limit A a -» 1, one has 

NaAa = k2Vai 

and thus, 

|o | 2 = \ele2/k1Va\2

S(wa/2,rl)1 - ra)3(wa/2,rb2 - ra) x 

«l'l( - "W* - "M^A.-nm2 V ^ t _ ™ , 2 . ( 3 7) 
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Here, r H 2 = ^ ( J i j ) - Using this in Eqs. (10-12), one finds 

D(i|2) = /«fta/(2)£ £ £ uurfft .nij i i^i 'x 

s(tuB/2,rM - ra)s(wa/2,rb2 - ^ H . / ^ . - n m ^ f e , 2 ^ . - ^ 2 (lc=^<=n 

= £ E iiii**(ii • n ' , ) . M , i i - ^ l ^ r ^ l 2 x 

= valE E i«i>**(]| • n D l T S | , » » l ' « M 1 | V , i r , . ! . (38) 
k h,,hi 

In moving from the first to the second form given for D here, we first note 
that the only dependence on lj in the first form lies in the Bessel functions 
Ji2 and Ji^-nm- Therefore, the sums over hg and l2b may be performed 
exactly, using the important identity 

1 = £ 'ft*)- 09) 

The remaining integration /cf t j = (2jr) 3/dJ2 = / d r i / d p j over phase 
space yields the factor lF„n2(r0)], with 7i2[ra) the density of species 2, av­
eraged over the volume Va around ra. In going from the second to the final 
form, we have performed the sum over ra, yielding a nonzero contribution 
from only that volume Va in which rbl lies. 

As usual, the delta-function present in Eq. (38) is to be interpreted not 
as strictly singular, but as broadened about the resonant surfaces (where 
li Sl[ = 0), with resonance widths large enough that, given the density of 
resonances from the sums over tig,ln, and mode index a (or k) in (38), the 
resonances overlap. Then these sums may be converted to integrals. 

We perform the integrations, first over the (/ff,/(,)-plane, and then over 
k. (Since all the ^-dependence has been eliminated, for brevity we here 
drop the subscript on li). It is convenient to reparametrize the {lg, (b)-plane 
with u)g = Clglg, ujb = fi(,/(,. The integration (summation) to be performed is 
illustrated in Fig. 1. As seen there, over the (u/g, u%)-plane, the sum (or 
integral) in (38) is nonzero along a line with slope -1, given by the resonance 
condition 

0 = 1-Il{ =wg+u>b + nn'c, (40) 
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and is appreciable only where the Ji are appreciable; hence, in a rectangle 
centered about (uig,ui),) = (0,rmQ(,), of width ^ u , and height Aut» defined 
by 

AuJ s/ff = Zgftg = fcj_f_, Al*Jb/7T S £j,fi6 ~ k.Svi -i- k±VB- (41) 

Here, vg - (pg/2R)Vj_ is the amplitude of the 'grad-B' drift, normal to 
b, and £ti|| is the amplitude of the oscillations in t^ over a bounce period. 
Physically, Awff (b) represents the range of frequencies a particle moving 
through perturbation a encounters due to its gyro-(bounce-) motion over 
the course of its orbit. (The reason for the factor of ir in the definition 
will become apparent shortly.) For modes having kL ~ Ap, typical of this 
section, the last term in Eq. (4L), proportional to VB, is negligible. However, 
when kj_ S> k,i, as is typical of the turbulent spectrum, to be considered in 
Sec. B, this term is important. 

For th>; short wavelengths of relevance to this section, one has zi,g 3> I, 
so many bounce and gyro-harmonics are contained in this rectangle. We 
therefore approximate both the bounce-and gyro-related factors Jf by the 
pairwise average of the asymptotic forms for J,2 discussed following Eq. (35), 
which eliminates the oscillatory character from the sums: 

= j (« /2 , / ) / (« ) • (42) 

This gives the correct small- and large-/ limits previously discussed, and the 
coefficient ir/2 of z in (42), determining the precise transition point from the 
small- to large-/ regimes, is fixed by requiring that (42) satisfy the averaged 
counterpart of identity (39), 

We now use the approximation (42) in evaluating (38). With J ^ ~* 
\ 'a(2ir) ~ 3 / dk, one has, for any component &> = e' • D «> of D, 

^ l - ^ l V ^ ) / _ ^ / M < W i < > 7 T « ( i • n',) x 

*(/W2,<4) *(Aw,/2,<"») 
Aub Au<9 

- / * r l 4 7 r e i e ' l 2 n IT ^ r A, II « ( ^ t / 2 . ^ ) ' ( ^ / 2 . ^ 8 0 ) 

-} (S^'nts-1 " '^a . * *^—s^ ^ — • 
where u/'b = W(, - mrf^, and urgo(Ib,n) s -(w;, + nf2£). For both r = 0 

1 
and 1, AnJb/Auij, S «*A||/*±, i.e., the contributing rectangle in the (u>s, Wb)-
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plane is short and broad, for most k. Thus, we may apprrotirr>=><-<lly rop!n«* 
lb in Eq. (43) by its value h = n n at the vertical midpoint of the rect­
angle. This replacement in uigo makes the second (gyro-related) s-factor 
in (43) independent of */&, rendering the remaining (^-integration trivial, 
J^. dwks(^uii,/^,uJk)/^uJi, = 1. 'This corresponds to using the identity 
(39).; This leaves 

D ( 1 2 ) J ( S j S ^ ' - p - 1 n , ( '* l ) A^ ' ( 4 4 ) 

where 
i = (G, rb, ff) = f-(fbfib/ + t' cn' ()/f5 a, ™ , n] (45) 

is the averaged value of 1, having now performed the sum £ j . The value 
of lg is a consequence of (40). As a result of this, one notes that there are 
realty only three independent components of D, namely D*6, D1*, and D " , 
the rest being given in terms of these by 

D<><> = (nlD* - 2fi6n'(£>!,< + n * 0 « ) / n * , 
Dgb __ Dbg = _ ̂ QbDU, _ ^ r jbC) /n s | 

D9i = D<g = .(QbDb< + Ct'cD«}/Qa, (46) 

From Eqs.(46) it follows that 

n; D = D n[ = o. (47) 
Thus, since eB = dj H'0 = ft' (where //J = Ho - PcfyE >s the particle energy 
in the frame precessing at QCE), the diffusive portion alone of C conserves 
energy in this precessing frame, in the Lorenta approximation. (We shall 
see that the contribution F to C also conserves E' separately in the Lorentz 
approximation. For the non-Lorentz case, only the contnbutions from D 
and F together, summed over species, conserve energy.9) 

One notes from relations (46) the symmetric way in which diffusion in 
velocity space and real space enter the theory in the action-angle framework. 
This is in some contrast with more standard treatments, 3 ' 1 0 where radial 
diffusion appears as a secondary consequence of diffusion in v. 

We now complete the evaluation of £•**, D"', and D^ by performing 
the integration over k. Using n = Rkt ~ R(k^bt - kvbp),m = rfcp = 
r(fc||tp + Jb,6t), the remaining integrals are easily evaluated. Forr = O.uî o = 
-nfl^ Ĉ fc±f±, so that the gyro-related s-function s(irk±vL/2,wg0) ~ 
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s[wkxv±/2,Q) = 1, for essentially all k. For T = l.uigo = -(mfl(, T nQ() = 
-fc||t)jl, (0|| is the bounce-averaged parallel velocity), so that 
s(7rfciiij_/2, -At||0||) = s(TTV±l2v\\,ki\lky) in Eq.(44) selects contributions 
only from those k having Q*.| < au> where 

tanofc — £n / fc i . , t ana u = T:vx/2iJ« (48) 

As a passing particle approaches the trapped/passing boundary, v^ goes to 
0, and the domain prescribed by the ^-function for r = 1 goes smoothly to 
that for r = 0, making the D'i continuous across the r = 0 —* 1 transition. 

Physically, for the local resonance discussed around Eq.(36), one needs 
0 = k - v = k\\V\\ + k±v± cos0„, or • v = fci|y|| + kxvj_ cosflj, i 

tana* = ~v±cos6g/v^. (49) 

Because t/|| goes through 0 for trapped particles, resonance occurs for all 
values of a& in the interval [-w/2,ir /2] , for some 9g. For passing parti­
cles, however, (49) implies (tan.aj,| is always smaller than some maximum 
l" i / "n"" l . hence such particles cannot resonate with modes having jfcii/Jti] 
too large. 

Using the required k-integrals 

/ 
<flc 

s(a^.ak) 

kukX 

= jr'lnA 

where r_t(a 0) = 

£,66 

Db< 

with 

fej_fc4 

| ( o u - \ sin2a„), one finds 

0 

r*(bp_ + I&?/+) 
rRbpbt(I. - I / + ) 
a*(&?/_ + m / + ) 

(50) 

(51) 

2Tefe | lnAn 2 (r t , i ) 
^ B ) S M ^ 

the collision frequency for species 1 on species 2. For trapped particles, one 
has tf|| = 0, hence a„ = ir/2, so that I± = 1. For deeply passing particles, 
av -> 0. In this limit, one has / + - t ( 4 / i r ) a u , / _ —» ( 4 / 3 X ) Q J , 

From Eqs.(51) and (21), we compute the radial diffusion coefficient 
D" = er • D • e r : 

Drr_{ "uPliW + W (r = 0), 
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The first term in the r = 0 expression here is the dominant, neoclassical 
term, yielding banana diffusion £>(„ ^ viipffi/f3^ when averaged over 
pitch-angle. The second term For r = 0, smoothly joining the first term for 
r = 1 at the r = 0 — 1 transition, represents classical diffusion, Da ~ Vx2p\. 
The second term for r = 1 is negligible, down From Dci by (t/<?)2. 

Diffusion in velocity space is also described by Eqs.(51). For example, 
For r = 1, using Eqs.(23) and (51), one has 

= ul2(v)vli^)3I- (53) 

Similarly, using Eqs.(46) and (51) along with dJs/dv±. = MvL/ftg and 
the fact that Q( ~ qilb for r = 1, one finds 

= *2(iOSJf( J ) 3 / - . (54) 

The factor (v/v ± ) 3 J_ appearing in Eqs. (53) and (54) is a weak function of 
pitch angle, varying from 1 at a„ = ir/2 to ir 2/6 at a„ = 0. For both D6""" 
and D"1 V1, one notes that only /_, and not /+, appears. This is because D 
is a particular k-average (.. .)jj of 11, and so 

DJ.J. = {eJ. . J -, . e A ) f c = ( ( m + „ 9 ) 2 ) k = (,fi)»(tj|>k « /_, 

noting the definition of/_ in (50). For the turbulent spectrum, treated in the 
next section, one has (k?^ ~ 0. Thus, as concluded from earlier quasilinear 
calculations,6,11 turbulence causes very little velocity-space diffusion (a / _ ) , 
even while quite effectively inducing radial transport. 

We relate these results to the more familiar Lorentz collision operator. 
Parametrizing velocity-space by (JB,E'), the bounce-averaged Lorentz op­
erator may be written7 

CLf^Obdj^J^djJ. (55) 

This is to be identified with the velocity-space portion of the diffusive con­
tribution in Eq. (1), written in the noncanonical variable set y = {y'} in 
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which Jb in the canonicaJ set z = [9,3) has been replaced by E'. This 
diffusive term may be written 

dj D djf = J-'d^JD^d^f, (56) 

where the Jacobian between the sets y and z is given by 

J s \d(z)/d(y)\ = \dJbjdE'\ = Iflj-'l. 

Taking the restriction Cuf of expression (56) to the 2 x 2 velocity pace 
submatrijc of the ful] D, and using the fact, following from Eq. (47), that 
DE'i = QjE' _ 0 i o n e h a s 

CJ=nbdj,n^D°°djtf 

= MJ, ^ ^ f i ^ n ^ ) 3 ' - ] ^ , / , ( 5 7 ) 

where we have used Eq. (54) and v>, i qRHi,. One sees that Eqs. (55) and 
(57) are in agreement, making the identification Jv ~ gRMv^(v/v±)3I-, in 
approximate agreement with (22). 

B. Turbulent Transport 

We now move to the somewhat longer wavelengths (A -~ pi 3> AD) char­
acterizing plasma microturbulence, and perform an analogous calculation of 
D, using the same expression (33) for the coupling coefficients used in the 
preceding subsection, but specialised to this different regime. 

Specifically, we consider the transport induced by magnetic microtur­
bulence at vanishing collisionality. For thermal electrons, whose gyroradius 
and drifts across field lines may be neglected (zg,b — 0), this mechanism was 
studied by Rechester and Rosenbluth,12 who found an anomalous diffusion 
coefficient for passing electrons 

where 6 = B/B is the average amplitude of the perturbing radial field BT, 
normalized to B. (Here, u = |v||| is the bounce-average of the absolute value 
of the parallel velocity, nonzero for trapped as well as passing particles.) The 
modification of this mechanism by the I irge zs and zt, of energetic electrons 
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and ions was estimated in Ref. 5. Here, we do a more complete evaluation 
of D than was done there, for comparison with the collisional and ripple 
mechanisms considered in this section, and in preparation for the inclusion 
of the contribution from F in Sec.V. 

We thus consider irttdes having <t> and .4j. negligible, and therefore retain 
only the last two terms in Eq. (33). Additionally, the spectrum is character­
ized by fcx ~ Pf'-^ll ~ L7 l , with L, the shear scale length. Thus, k± 3> k$, 
as opposed to a typical contributing fluctuation for coUisional transport, for 
which k± ~ fy. For Aj. = 0, one has 6bA = 0 in Eq. (33). Then, again 
using the stationary-phase approximation for the bounce-associated Ji in 
Eq. (33), one finds 

e / 2 
A(l, J,w) = —A6(l, - n)Jt. («i cos0, - j^sin^sin^Je"*"""^" 

C y 7T2J, 
(59) 

for |k - rm| < zt,, and 
h ( l , J ,w)~0 (60) 

for \k - rm\ > ?<,. Here, 8Z = z& - (/<, - nn)x/2 - w/4, and uo, defined 
following Eq. (33), now simplifies to UQA = ilt(6i At + Ci^c)- Erom the 
definitions following Eq. (33), for k± ^ k^, one has 

sinffw, = -Krjib = -*r/*±» (61) 

and 

„{ f 2 / r ) u o ' ! r = ? ! (62) 
with Eqs. (62) valid not too near the trapped/passing boundary. 

As in subsection A, one may replace the contributions cos2 6Z or sin2 9Z in 
|hj 2 , oscillatory in k, by their pairwise average. Thus, again using Eq. (42), 
one can write 

IMU,<-WI8 - \H3\a)\a6{lc - n)J^_m, (63) 

where |A(J|a)|2 = \(e/c)urA\2, with 

s f uosinSbfc, (r = 0), 
^ " ' u . , ( r = l ) . 
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Using (63), we write |Q | ' in a form paralleling the symmetric collisional 
expression (37): 

|Q | 2 = \a\3S(lK - n)S(li( - n)Jilf

7J[lt_TlfB

2Jt,,2 Jin-^m

7, 
\a\2 = ,.a\2s(wa/2, r w - Ta)s(waj2, ra - ra), 

| 3 | 2 = 1 ^ ^ ) p ) ^ 

where we have written | h 2 with its localizing factor s() explicitly displayed, 

fei2 = l S j 2 3 ( w 0 A r b - r a ) . 

Summing over I2 as done in Eq. (38), one finds 

D(H2) = £ £ ' ^ I ^ P I •fli)!A«,(ll«,2)P4,2J l l l.n m

2, (65) 

the same as yielded by the quasilinear expression (7), with thermal spectrum 

|n, h(lla,2); 2 = | ^ z s / ( 2 ) | 4 T a | 2 

a !*(!:.„»/A^ajfi^P. ( 6 6 ) 

The arguments (l|a, 2) here mean "the spectrum felt by species 1 from that 
portion of fluctuations a which are driven by species 2." 

As discussed in the Introduction, the thermal fluctuations given by 
Eq. (66) do not properly represent the turbulent spectrum of realistic exper­
iments. Thus, we replace [kth|2 in Eq. (65) by a model spectrum,]h{lja, 2)| 2 , 
satisfying the general characteristics of the turbulent spectrum given ear­
lier. We assume that A a in expression (66) is nonlinearly modified from its 
thermal value, so that the fields A(a, 2) driven by species 2, given by the Z2 
integration in (66), are given by 

|A(a,2)| 2 = \2(a,2)\^(wj2,rh, - ra), 

Here,AJtx ~ ^ j " 1 and Aifc|| ~ L~x are the spectrum widths in the perpen­
dicular and parallel directions, V^1 = (Afci)2Ai|| measures the volume 
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in k-space over which ^42(k) is appreciable, and B2 measures the overall 
strength of the turbulent fluctuations. The normalization is chosen so that 

<Br

2) = V-1 J'dx\kqA(x)\2 = B*. 

Thus, |/t(l]a,2)| 2 has the same form as \h(l)a)\2 in Eq. (63), but with \A2 

there replaced by 1.4(0,2)1' in Eq. (67). [More detailed use will be made of 
the structure of the spectrum in Eq. (66) in Sec. V, where we consider the 
relative contributions to the spectrum from different species.] 

Because fey <g k±, [mOi + nCi) in z\, is given by the perpendicular drift 
motion. Within a flux surface, [mff^ + n£i) ~ fc,gi ~ fc,ri, and thus, 

zb ~ k^n ~ ^Vfi/flfc. (68) 

The summation over the (a^.Uj,) or (l9, i(,)-plane in Fig. 1 is conceptually 
the same as for collisional transport, but, because the wavelengths involved 
are longer, the characteristic frequencies are smaller. Two consequences of 
the fact that k^ <SJ fc_ are first, that the resonance line in Fig. 1 passes 
through the contributing rectangle very nearly centered about lg = 0, and 
second, the height Awt of the contributing rectangle about uJt, = rmftg, is 
so small that the resonance line crosses only a very few values of ls. From 
Eq. (41), the change Slg in lg of the resonance line in crossing the rectangle 
is 

« , / * = A u t / n , = el knp, 4- {pg/2R)z3. (69) 

For the turbulent spectrum, the term in /fcy in (69) (which dominated for 
a typical mode of Sec.A) is totally negligible. The term in za is negligible 
as well, except for extremely energetic ions, such as alpha particles. Even 
for these (using TFTR-Iiie parameters T; 2= lOkeV.fl = 2.5m,ff = 5T), 
one has pa ~ 5.2cm,zff = k±p9 ~ pg/pgi ^ 26, hence Slg ~ 0.8. Therefore, 
for most particles, only the /„ = 0 term contributes, while for alphas, the 
lg = ± 1 terms may or may not also contribute, depending upon the specifics 
of the turbulence. 

In the absence of l9 ^ 0 contributions, one has /i = Jg = 0, Dal = D'B = 
0, and FB = e9 • F = 0, i.e., no pitch-angle scattering can occur. Thus, the 
turbulent contribution to pitch-angle scattering of these lg ^ 0 terms might 
be of interest for very energetic ions. A similar problem has been treated by 
Putvinskii and Shurygin13 considering TF-ripple as the perturbation, but 
the wavelength from this source is too long to produce significant effects.14 
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Here, we treat the case where only the lg = 0 harmonic contributes, which 
applies to most classes of particles and types of turbulence. 

Whether a single or several terms are kept, the sum over lg in (65) may 
not be converted into an integration, in contrast to the case of collisional 
transport. However, since the factor Jif

2 in Eq. (65) is rapidly oscillatory 
in the particle energy and pitch-angle, one may replace it with the averaged 
form (42) as well. Making this replacement, and the replacement \hth

 2 —> 
\h'\2 just discussed, from (65) we write the analogue of expression (43) : 

U**(l|2) = / ^ 3 V a ! ^ l l k . 2 ) l 2 f ° <**ft,T>/jirtf(l-n;) x 
J \41T) V -ao ^ 

<(Au;i,/2,i4)a(AwB/2,ttf>) 

V.|I(1|k.2)i'n,£M/ (^^>' iy"''i,,|, - « / • 

where 

u4,^m,»)--K+»n£+™A)={:|W;:^}; <;:;> ™ 
and 1 is as given in Eq. (45). (Because Atuj <*C Aug, the "short and broad" 
approximation used in Eq. (44) is still better satisfied here.) 

Now, we impose the additional relation that l3 = Q. Thus, Eqs.(46), 
while still true, are replaced by the si pier relations already mentioned, 

D»> = Dig = 0. (72) 

Since k^ 4C k±t we neglect k\\ in m and n, hence m ~ rbtkq,n ~ -Rbpkq, 
and thus 

D 6 6 = ~qD* = -qD^ = g 2 D«, (73) 
leaving only a single component D'*, which we take as DK, to be determined. 

Both U>£Q and wa in the j-functions in (70) are approximately zero, so 
both of these may be replaced by unity. Keeping only the tg = 0 term 
there, using (67) in (70), the remaining k-integrals needed are again easily 
evaluated: 

fc2 MfAt \i _ t. 2 / f dk « f t -* i / a (A*x) ' -*g /2 (A* | | ) 'Hg fsin'ffa, 
J (27r)3/* (Afej.)*A*;| k\ [ 1 

1/8 
1/2 

(74) 
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where we have used Eq. (61). The upper (lower) component here is needed 
for r = 0(1). Using Eqs.(74), one finds 

D«(l ; 2) = ( a p c / a r M ) 2 D ^ ( l | 2 ) ( V J « u _ n m

2 > k , (75) 

with dpJdTb =-{MU9Rbp) = -(eBRbp/c). Z?J£,(1:2) is as given in (58), 
with u = u(l), & due to species 2 (via Eq.(67)], and 

where the upper (lower) component again applies for T = 0(1). 
Parallel to Eqs. (52)-(54) of the preceding section, from Eqs. (21) and 

(23), one has 
Drr = D&< V Jl»-nm% (77) 

for r = 0 and 1, and 

Dvu R D v ^ x ^ jyJ,J, K < f c ^ k ^ 0 ^ 

The reduction of the Rechester-Rosenbluth result due to finite zg and 
Zb, discussed in Ref. 5, is contained in the factor (.. .)^ in Eqs. (75) and (77). 
As discussed in more general terms around Eq. (36), this factor measures the 
(square of) the fraction of each gyro- and bounce- time that a particle spends 
locally resonant with a given perturbing mode a. In the zBb —> 0 limit, 
where this fraction becomes unity (or zero), the Jj there become Kronecker 
6-functions 6{l), and the Rechester-Rosenbluth result is recovered. 

C. Ripple Transport (Stochastic Regime) 

We complete the series of illustrations for this section by computing 
from the same expressions for hfl, 3,ui) and D a ripple-transport result. 
Specifically, we generalize the expression for the "stochastic regime"1 5 to 
include an electrostatic component, and to ripple perturbations having m / 
0,a) ^ 0, and to allow gJV = qn+m of order unity, as well as the limit qN > 1 
previously assumed. These generalizations make the theory applicable to 
internally generated modes, including low-n MHD-modes, as well as to the 
TF- coil ripple with which the theory was originally concerned. This is 
the same generalization for the stochastic regime which Ref. 7 achieved for 
the more collisional "banana drift" regimes, and is thus relevant for very 
energetic ions, such as alpha particles. 
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The modes we consider have still longer wavelength than those of the 
previous subsections, long enough so that Slg discussed around Eq. (69) is 
small compared with unity (even for alphas). Then only terms 1 with lg = 0 
contribute to D, so that Eq.(72), which held for almost all particles in 
turbulence, holds for all particles here. Thus Jg is constant, and a guiding-
center description of the particle motion is valid. 

It has been noted that the second term in Eq. (33) yields the uBi-
perturbation in the guiding-center Hamiltonian Ha- Taking the small-z9 

limit (34) of the Ji 's there, and setting lg = 0, this second term reduces to 
(momentarily restoring mode index k for clarity) 

h(l,J,uj,a) = -l-v^pgikxA^siniegA - 0gk)6(l( - n)J| t-Tm x 
e-i(I*-Tm)(?j4-il,»,fc ijg\ 

= (nBlk)6(l( - n ) J 1 , - T m e - i ( ' , - ™ ) 6 " - " ' a ' \ 

where B^ = b ik x A^ sin(09A - 6g^) is the perturbation to B = ! B| due 
to /Ijj. A more fundamental derivation of this form, which does not rely 
on the eikonal representation (24), comes from recognizing that the lg — 0 
Fourier component of k(\,J,u) simply involves a line-integration around a 
gyro-orbit: 

f^*h{0,J) = -£*fdlJ.-Api + p9) (80) 

= g / £ f S | | . ( V x A ) = g ( ^ ) B 1 = ^ I , 

where dl± 3 v±dt is an incremental line element, and dS^ = bdSjf is an 
element of area on the disk formed by the gyro-orbit. Expression (79) has 
the same form as the first term in (33), to which it may be added to yield 
the full coupling coefficient for the ripple problem, 

where ha = e^frj,, m, n) + ixB\{rb, m, n) is the amplitude of the perturbing 
portion of Ha, from which ripple-transport calculations normally begin. 

As usual in ripple calculations, we consider the effects of a single mode 
a (or k). This perturbation may be internally or externally induced. For 
either, the quasilinear expression (7) applies. Thus, using Eq.(81) in (7), 
one has (suppressing species subscript "1" for simplicity of notation) 

D(l) = £ 1 U(l • ft, - *)hGJit-rJ\ic=„. (82) 
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This parallels Eq. (38) or (65) of the previous sections, except that it lacks 
the sums over both lg and mode index a , and so is substantially simpler 
to evaluate. Diffusion now occurs only due to overlap of the resonances 
of successive bounce-harmonics /(,, equivalent to the overlap criterion given 
in Ref. 15. When overlap exists, the sum over /(, may be converted to an 
integral, as in the previous subsections, yielding 

D ' 3 ( 1 ) = ^ ' ' ^ ; | ' - ™ 2 ( J k ' 1=1' < 8 3 ) 

where now 
l=(0,(uJ-nfll:)/nl„n). 

Thus, Eqs. (72) again hold, as already noted. Specializing to r = 0 for 
comparison with the previous theory, from Eqs. (83) and (21) one finds 

°rT = i j i b * ' ^ * ( 8 4 ) 

Here, v = 2<jnn<j/(,A/n9r) is the amplitude of the radial drift rj due to the 
ripple, given by 

rk = er • J = - v ^2 \ sin(nCo + k®b - wt), (85) 
U 

following from Eq. (5). The physics of the result (84) may be described as 
follows almost the same description may be applied to the turbulent result 
(77)]: a particle resonant with bounce harmonic /(, performs a random walk, 
taking a radial step at velocity vJit, TOT coherence time j y The factor J{k 

represents the fraction of the full bounce period when the radial motion is 
non-oscillatory. Contrary to the usual lore, one notes that the point on the 
bounce-orbit during which this radial step is taken is not at the particle's 
turning points, in general. From Eq. (36), the step is taken at the turning 
point only for lt,/z\, ^ 0, a condition holding only for particles precessing at 
almost the same frequency as the ripple perturbation (i.e., u> ~ nf! { ) . This 
condition does not hold, for example, for a typical alpha particle precessing 
in ripple due to TF coils, for which /(,/ZJ, can be comparable to unity. One 
also notes the dependence of /(, on mode frequency u. For (u> — nfi() large 
enough, the factor J j t

2 can be made to move into the /(, > zi, limit of the 
Bessel function, where i j , 2 , and so D", fall off rapidly. 

For the longer-wavelength modes of this section, one has zi, i : m6\ + 
n£i ~ qNB\. One recovers the result of Ref. 15 by letting hG = fiB-,,ui = 0 = 
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m, and assuming i b =: 9 " > 1, so that the large-j form in (42) may be used 
for J\b

7. For zj ~ 1, the point on a bounce orbit where the particle receives a 
radial kick is no longer localized, and correspondingly, the stationary-phase 
form (42) fails. Then the full form of the Bessel function must be retained. 

V . E v a l u a t i o n of T 

Having gained experience through the evaluation of D with much of the 
mathematical mechanics, we can proceed to consider the effect of reinstating 
self-consistency, by computing the fiill flux T in J-space, retaining both the 
D and F-contributions. 

We will perform this evaluation for the same turbulent mechanism as 
examined in Sec. IV-B, because this yields results which are new, and which 
can thus be compared with the analogous results for collisional symmetric 
transport, which are already well-established. 

Up to this point, nothing has been said about the specific form of the 
distribution functions / ( J ) . We now adopt the near-equilibrium form for 
both species (suppressing species label) 

where n, 4 , and T are functions of rt,(J), KQ= HQ-e$ is the (unperturbed) 
kinetic energy when a particle is at r = n,, and for simplicity we take equal 
temperature distributions, Tj = T 2 = T. If rj, in (86) were replaced by r , 
/o would be of the "local Maxwellian" form /A/ used as the lowest-order 
distribution function in more standard approaches to transport. Because it 
is a function of J alone, f0 is an exact solution of the unperturbed (h = 0) 
Liouville equation, and thus contains, in addition to /M, the collisionless 
correction (in banana width to minor radius) to fM, which is what produces 
the radial fluxes.10,16 We thus substitute Eq. (86) into expression (15) for 
T(l |2) to compute the transport. 

To evaluate r ( l | 2 ) , one needs 1 djf. Using f0 in (86) for / , one finds 

l -a j /o = ( l - e M - l - n / T ) / 0 , (87) 

where 

A = A„K + ~,AnK sAn + AK~,An = (~ - ^AK),AK = — (88) 
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describes the thermal forces, 'The prime denotes derivative with respect to 
rb.) Using (64) and (87) in Eq. (15), one finds 

-r(i 2) = / A * S £ ^(n^ji^ei'i^ti, -d3 - h •5j3));0(i)/o(2) 

2 v 

° I| , , ' l6'j».'3k 

l i ( l i - « r M , - h e r " . 4 2 ) / 0 ( l ) / 0 ( 2 ) , (89) 

where the contributions from D (~ l i l i ) and P (~ l i l 2 ) are still apparent. 
The contributions to these terms from the term in l-Sl in (87) have cancelled, 
due to the argument l t Hj - 12 SI2 of the 6-function. (An analogous 
cancellation occurs in linearizing the standard BL-operator.) 

One notes in Eq. (89) the same z 2-integral over |43raj2 which produced 
the scattering spectrum h(V.a,2)\2 in the calculation in Sec.IV-B of D(l!2) , 
and the same identification can be made here in computing r ( l ; 2 ) . Here, 
however, we wish to consider the symmetries which the retention of F creates 
between r ( l ' 2 ) and r (2] l ) , and this requires that we make further use of the 
spectral structure given in Eq. (66), to strip away the ij-integration present 
in the model spectrum (67). Dropping the subscript "th" on ht), in Eq. (66), 
an expression for ja j 2 yielding the spectrum (67) is 

Wl.*a)? = •%£*&*&?, (90) 
i ' O . J n C C 

with Aa given by 

= \eiA(a,2)\2/[Van7{\^(2)/c,2)]. (91) 

Here, Van2(. ..) = J ^ cPz7f(2)(...), where JK<fz2(...) = J <fr2s(.,rb2 -
r 0 ) ( . . . ) is the phase space integral over the toroidal shell Va. Thus, the 
desired model spectrum \A\2 is achieved in Eq. (91) by modifying the di­
electric function A„ from its form in a stable plasma, which would produce 
a thermal spectrum. 

As in Sec. IV, we simplify the summation over I2 by taking the Lorentz 
limit I2 • SI2 —* nfifjs, and then approximately perform the summation over 
li , again using (42). Equation (89) then yields 

- r ( H 2 ) = J &2Y,Q(l,2\a)l{}, - e ' .A , - 1 2 • e r ^ 2 ) / o ( l ) / D ( 2 ) , (92) 
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with the 1-averaged kernel Q given by 

Q(l,2a) = Q(l,2'a)a(.,rbl - r a ) s ( . , r t a - 7-a), (93) 

<?(l ,2u) = 7rfl9] 

= ^ ^ 9 1 

3 ( A u ; g l / 2 , ^ g ) 5 ( A w 6 1 / 2 , u ; ^ ) , 
;47rar ' 

s(±ulg^2.uJg)s(luJb,/2,uJ'b0))Ml)\3\^A(a,2)\2'M2)t2-
A-Jj,l Aufc, lan2( |Ur(2) 2 } j ' 

Here, as in Sec. IV-B, we have assumed that only iXg = 0 contributes, so 
that 1, 2 are again given by I = ( 0 , r m , n ) . With Eq(93), one readily sees 
that the term in I J i in Eq.(92) yields expression (70), as it should. 

From Eq. (21), one has 

e e r I = {-c/BRbp)n, (94) 

for any species, and for r = 0 ,1 . Therefore, the terms in e $ ' in the thermal 
force factor in Eq. (92) cancel, resulting in property (3) of turbulent (or 
symmetric) transport noted in Sec I: 

( i , -e r ' .4 , - i 2 - € -

(95) 

The k-integration over Q in (92) yields the same 0 ^ ( 1 | 2 ) as in Eq. (70) or 
(75) : 

• M 2 ) | 2 

l«r(2)l2 

Using this in Eq. (92), one finds 

(96) 

1 
/ o ( l ) i , M ^ 

(97) 
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Dotting this with e r ,

t the radial flux is given by 

- r ' ( 1 2 ) = - « " r ( 1 2 ) = e 1 D " ( l ! 2 ) f - . 4 I - -A2) /„(1) r , 1 = r „ . (98) 
\ e l e 2 / 

We now consider T(2 1). This is given by interchanging species indices 
I and 2 in Eq. (89). We evaluate the resulting expression in the same limit 
1 2 • flt — nii(E used with r ( l | 2 ) . This yields 

- T ( 2 I ) = / A , £ $ ( l , 2 | o ) l 2 ( l 2 - e " / 4 2 - l , e r ' . 4 1 ) / 0 ( l ) / o ( 2 ) , (99) 
J a 

with Q the same as given in Eq. (93). Except for the integration over Zi 
instead of z^, the evaluation of this is essentially the same as for T(l |2) in 
Eq. (92). With (96), one has 

- r ( 2 : l ) = / ; d % / o ( l ) ( ^ ) z > « ( l ! 2 ^ 

(-U--U) 
\ei ei / 

!^ (2 ) | 2 

0 
-qr2 

1 
/ o ( 2 ) l r M ^ „ , (100) 

and thus 

• r ( 2 ! l ) = - « ' » T ( 2 | 1 ) = etD"(2.l) (---12 - - ^ i ) / o ( 2 ) | , „ ~ , t l l (101) 

where 
;u T(2)i : 

»"2<l"r(2)i2)' 
Using Eqs. (98) and (101), one easily verifies property (2) cited in Sec. I 

(102) 

/ *« ieir(i|2) + / rf^rffli) = o. 
Jv. Jv. 

(103) 

Taking like-species interactions (1=2, i.e.,si = S3), either of Eqs. (98) 
or (101) confirms property (1) of Sec. !, viz., 

/ d 6 z , r ( l | 2 ) | , = 2 = 0. (104) 

However, since these results were derived in the Lorentz approximation, 
neither is strictly valid for like-particle interactions. To prove property (104) 
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correctly, therefore, one must return to expression (89), and reevaluate it in 
the non-Lorentz case, where A/j -- A/2. We shall see that the essential feature 
of Eqs. (98) or (101) needed for Eq. (104) to hold, namely the presence of 
the factor (A\/ei - .-We2), still holds for the case Mi ~ AJ2. 

Motivated by the form of Eqs. (103) and (104), therefore, we define the 
particle and energy fluxes, averaged over a toroidal shell Va: 

/n(li2)= ( ^^r{\\2)JK{\\2)= [ tfi^nU), (105) 

where Km = Ka(l). L'sing Eqs. (64) and (89) in the definition of/„, and 
again using the averaging effect of the z-integrations on the factors Jif

2, one 
has 

-/n(i 2) = / d6.-, / f^Y. £ £ **ta«)* 
Jv- Jv- k h,hth,i» 
A,2 Ji^-nm2 Jh,2 Jht-r>™2 X (106) 
]4TT5|V' 1,(1, • e" A, - fe-«-AJ)/0(1)/O(2)IPM =,„=,.. 

The new feature of the non-Lorentz case is that the term lj • OJ in the 
argument Qrc, of the 6-function cannot be neglected, thereby coupling the 
sums over lj and 1 2. The full resonance condition is now 

0 = Sire. - W91 - U>„2 + WM - WM + nffif! - fiC2), (107J 

and the relevant ordering is 

Amgi -- Aw^ 3> yuti "*• ^u%2- (108) 

The new aspect of the problem is thus the evaluation of the 1-sums in the 
presence of the full f? r r , : 

£ £ rr6(n„.)J? 1? J? 1?.. = £ V V x ( 1 0 9 ) 

= 7 f H J i , 2 i^WAwhl.^WW.WH))-, 

where uij„ = o/S2 - u»gi + m(r2fib2 - nHn) + n(fij2 - H^), and where the 
overlap integral /(,, given by 

Ib(^ltAw2,x) = JJ** — — (110) 
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is even about z = 0, and symmetric in Auii.Auij. With the definition 
Af> s max(Awi, Au 2), one has 

[ O x\ > |Au., + A^I /2 , 
M ; \ 1/AW> * | < |AU>, - A U 2 | / 2 , l ; 

and /(, varies linearly with x in the intervening interval |Awi - Au>2>/2 < 
z < ;Au/i + Aw z |/2. 

Owing to relations (108), the "short and broad" approximation used for 
the Lorentz case is still well satisfied, and thus, again, one has 

'M,2 2: hi.i = n.2"i- (112) 

As indicated by the spectrum in Eq. (67), the modes considered here have 
nearly zero frequency in the frame precessing at (I^E- Thus, for Mi ~ A/2, 
the dielectric function A0(w = 1 2 • 0 2 ) appearing in (106) again permits 
contributions only from terms with 

lgl.2=ta = 0, (113) 

causing the remaining sums over f9i and lg2 in (109) to drop out. Using 
Eqs. (109),(110),(112), and (113) in (106), therefore, one finds 

-/„(l!2) = / d6*! / <fz2Y,Q{l,2\a) x (114) 
Jv. M ^ 
er>Mh€r>Al-h<?>Ai)f0(\)!0(2) 

e 7 C T A l ^ ' 4 2 ) / o ( 1 ) / o ( 2 ) 

with kernel Q given by 

Q(l,2|a) = TrJi^ ^7 / 6 (Aw M ,Au ; M , W i 0 ) t47rS | 2 | I = i , (115) 

extending the Lorentz expression (93). The expression for IK(1\2) is the 
same as given in Eq. (114) for /„(l|2),but with an additional factor of Ka\ jT 
in the integrand. The factor ( A j / e i - ^ / e j ) in expression (114), present also 
in the Lorentz results, implies Eq. (104), as already noted. In the Lorentz 
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limit, the factor /(, in (115) recovers the factor JtH-T].m /^fri = s(,w'Ui)/&wto 
in Eq. (93). For the case Mi ~ Mj, /b(,,^bo) is a function of comparable 
size (~ iwjj 1 ) over a comparable range (~- i u M ) of Uyj as in the Lorentz 
case, but with a somewhat modified functional form. The factor Ji 2

2 in 
(115) is not present in (§3), since there, all gyrohartnonics lg2 contributed, 
while only lg2 ~ 0 contributes in (115). 

The k-summation in (114) may be performed using Eq. (96), yielding 

• M 2 ) l 2 (J2L\\ 
,V' an 2{|u T(2)| 2) \BRbp) 

-/ n (I |2) = j fzi J d S 0 « ( l | 2 ) j 

1 (±Al _ l A i ) / 0 ( i ) / 0 (2) , (116) 

where the non-Lorentz kernel Q in Eq. (115) now yields a slightly modified 
diffusion coefficient DC C(I|2) from that in (96) or (75): 

Z?«(l|2) = * £ \h(lk,2)\2JS l^hn2 

= (dp<ldrh,?DrMW)(Jh,2 V b O k O f c , < 1 1 7 ) 
with 

(JlJ Jh,%nbl)k = —j - ^ rri f " 2 ^ 2 I ,/f, (118) 
\ n, 13, »i/K w±kj_pgln&kxpBiTrAk±ri [ 1/2 J V 2 v ' 

and where as in (76), the upper(lower) component holds for r = 0(1). 
We now turn to the Onsager symmetries of the transport coefficients. 

In the following, it is convenient to use indices p or q, which may take on 
values n and K in designating the components of the fluxes Ip and forces 
Ap. We define the coefficients of the thermal force terms, which can be read 
off from Eq. (114), and from its counterpart for /jf(l|2) : 

'Hfe)'/,/*/,^1^ K0(z)V' 

k 
2 

M « s — (ink) I **l ^'f*'^ 
m eie2 \BRbpJ J v. Jv. 

K0(z) 
T 

(119) 

(120) 
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The Lil are the coefficients arising from D, and the M™ are those arising 
from F. We have used z and z' for the variables of integration here instead 
of zj and z2 used previously to emphasize that the species labels 1 and 2 in 
the superscripts of L^ and Af^j correspond to the species labels si, s? on 
the distribution functions, and not to the integration variables. This avoids 
ambiguity when Si = s2. The exponent i p of the energy-weighting equals 
0(1) for p = n,{K), and similarly for xq. In terms of the L's and M's, one 
can write /„(l!2) and /#(1'2) succinctly as 

- 7,(112) = Y. (L£A* ~ M£**UP = «, K). (121) 
g=n,K 

From inspection of Eqs. (119) and (120), one notes the following symmetries: 

L» = £ & M£ = A / « , e i I » = « « » , (122) 

but 

These relations may be used to efficiently prove Eqs. (103) and (104), as 
well as the Onsager symmetries, now under consideration. 

Following essentially the same steps as used to obtain I„ in Eq.(114), 
one may evaluate expression (16) for S. The result is 

£3(1.2|a)n a 

k 
= 4££[ - 4 «> 7 »( l 2) + -W„(2|l) + AKJKW) - AK2lKV\2)\ 

r » 1,2 

= - £ £ 5 > P > ' P ( 1 2 ) . (123) 
>•« i s p 

The first form given parallels expression (114). The four terms in the second 
form come from identifying the coefficients of each of the four terms in the 
first thermal-force factor Aj jex - .4j/ej on the first line, and the final version 
presents the second form somewhat more compactly. The total particle and 
energy fluxes for species 1 are given by Ip(l) = 5Z 2/ p(l |2). Assuming the 
thermal forces Aq are independent of species, the total particle and energy 
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fluxes (summed over species 1) are given by 

• / p = - £ / p ( l | 2 ) = 2 > „ . 4 „ (124) 

where from Eq.(121), L„ = E i . z f ^ - M£)- Using (124) in (123), S may 
be written in the symmetric form 1 6 

S = E£Vw>V (125) 
>•» P 9 

The Onsager symmetries are expressed in the relations 

L„ = Lv. (126) 

Since we are considering only a 2 x 2 matrix Lm here, the only nontrivial 
member of relations (126) is L „ K = L K „ . This is easily demonstrated, using 
the definition of Lp,, and the first two of the symmetries (122). 

V I . D i s c u s s i o n 

In previous sections, we have evaluated both the diffusive and frictional 
portions of the radial fluxes, for a particular turbulent transport problem 
of interest. The evaluation has been carried out for each of the three cases 
when the mass of the scattered species is much less than [Eq. (98)], much 
greater than [Eq. (101)), and equal to [Eq. (116)] that of the scattering 
species. For each of these, both portions of the flux are simply given in 
terms of the corresponding diffusion coefficient J3 r r ( l | 2 ) . Here, we assess the 
physical implications of these expressions, by considering the relative sizes 
and scalings of 0""(1|2) for all four possible species-species interactions. 

We use (1)^ as shorthand notation for the orbit-averaging factor 
{JiSf

2 4 r i m 2 ) | t appearing in Eqs. (75)-(77). For simplicity ignoring the 
factor Jiu

2 entering the comparable-mass expression D ^ ( l | 2 ) in Eq. (117), 
as it is of secondary importance, the remaining angle-bracketed term is ap­
proximately equal to (1)^ as well. Then the expressions for £Jr*'(l!2) for all 
cases may be approximately written 

D " ( l | 2 ) - — ( > ) k U

2 ( l ) P ( 2 ) . (127) 

Consistent with the definition of Akj> in Eq. ( I l l ) , the symbol ">" here 
refers to the species with larger thermal speed v? (and so smaller mass). 
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Expression (127) transparently reduces to Eq. (77) for the case Mi < M2 

to which (98) pertains, and also approximately yields the equal-mass case 
(117), as already noted. For the case M2 2> M\, described by Eq. (101), ap­
proximately evaluating expression (102), one finds £> r r(2|l) given by Eq. (127), 
with fc2(l), representing the perturbing fields driven by species 1, given by 

;6(l)/6(2)j2 ~ ( m ^ f f i ) / ^ ^ ) . (128) 

Expression (128) arises from our adoption of Eqs. (90) and (91) to describe 
the coupling 3(1,2) between any two species 1 and 2. Applying expression 
(127), one finds 

©"•(111) : £> r r(l|2) : D r r (2 | l ) : £>"(2|2) 

:: « 2(l)fr 2(l)^ = " W ( 2 ) ^ : " W ( l ) ^ : « W ( 2 ) ^ 
" 6 1 "(>' 1'61 >'b2 

:: nie\v\x : n2elvjlVj3 : nie\VJI«ra ; n2elvT2/,s n *• ( 1 2 9 ) 
(l>lcS!M 

and thus, for Mi <£ M2, 

n i e f D ^ l l l ) > nie\DTr{\\2) ~ n 2 e |U r r (2 | l ) » n 2e|X) r r(2!2). (130) 

The statement nie\Drr{\2) = nze\DTT{2\\) here is the approximate coun­
terpart of statement (103) of intrinsic ambipolarity. Because D"(\\\) » 
DTr[\\2), the energy flux of species 1, which is dominated by DrT[V,\), will 
be much more rapid than the particle flux, to which only P""(l]2), and not 
DTT (111), contributes. Both the particle and energy fluxes of species 2 due 
to this mechanism will be dominantly governed by Z?""(2|l), One notes that 
the situation is quite analogous to the relations holding for collisional (neo­
classical) transport, except that for that mechanism, the roles of the heavier 
and lighter species are interchanged. This is because collisional transport is 
an electrostatic mechanism, and thus lacks the velocity-weighting in both 
the factors u 2 and V in Eq. (127), which in the present the magnetic mecha­
nism enhances the transport and fluctuation spectrum of the higher-velocity 
species. 

This completes the demonstration of the unity which exists between the 
different tokamak transport mechanisms, facilitated by use of the gBL opera­
tor. Extension of the properties demonstrated above for the case of magnetic 
turbulence (and already well-established for symmetric transport) to other 
cases of interest (for example, electrostatic turbulence, or internally gener­
ated ripple) should be straightforward. For the sample turbulent mechanism 
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chosen, we have obtained an explicit expression for the anomalous pinch 
term, and showed that, because of its close relation to the contribution from 
the diffusive term, the total flux possesses the appropriate conservation laws, 
which are lost by test-particle calculations. Moreover, we have see?, that, 
just as for symmetric transport, neglect of this term can totally modify the 
expected particle flux for one species from the correct answer. 

The theory developed here is incomplete. Possible modifications in the 
transport results may result from using more realistic descriptions of the 
mode structure, including the appropriate combination of electrostatic ver­
sus electromagnetic components. The treatment of the non-Lorentz case 
given here in Sec. V is only for the particular turbulent mechanism stud­
ied, and applied principally toward treatment of the equal-mass case. The 
effect of the DC inductive electric field has been ignored here, resulting in 
only a 2 x 2 Onsager matrix, rather than the 3 x 3 matrix of a Ml theory. 
Some work in incorporating this extension into the action-angle transport 
framework has already been carried out in Ref. 6, for a test-particle calcu­
lation, and an extension of this to the present theory should be possible. 
Finally, we again note that the application of the thermal structure of the 
gBL operator to fully turbulent transport is somewhat ad hoc. Thus, for ex­
ample, it is unclear that our demonstration cf the Onsager relations for this 
theory, which depended on the use of the thermal form (90) of the particle-
particle coupling, can be extended to a fully turbulent theory. However, our 
"pseudo-thermal" ansatz does yield an analytically manageable theory with 
the requisite symmetries, conservation laws, and features of self-consistency, 
and which becomes fully valid in the limit of a stable plasma, where the di­
electric function A„ reverts to its usual thermal form. Thus, the theory rep­
resents an improvement upon the traditional quasilinear approach, adding 
to that approach several of the important properties required of a complete 
theory. 
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Figures 

FIG. 1. Illustration of the summation/integration to be performed over the 
[IgJb) or ("'gi'^bj-plane, in the evaluation of the gBL operator. Indicated 
is the resonance line f l r e , = 0, along which the integration contributes, 
and the rectangular box, of width ±wg and height A u t , within which 
the integrand is appreciable. The dots within this rectangle indicate 
the position of resonance with individual Fourier components li of the 
perturbing Hamiltonian of the scattering test-particle. 
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