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Parametric Instabilities Excited by Localized Pumps

Near the Lower-Hybrid Frequency
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ABSTRACT

Parametric instabilities.ekcited in non-
‘uniform élasmas by.spatially localized pump
fields oscillating near the local lower—hybrid
frequency are\analyticaliy investigated.
Corresponding threshold conditions; temporal
growth rates, and spatial amplification factors
are obtained for the oscillating-two-=stream
instability and the decay iﬁstabilities due

to nonlinear electron and ion Landan dampings.
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I.  INTRODUCTION

Plasma heating using rf waves with frequendy near the lower-
hybrid frequency has attracted much theoretical and éxperimental
interest. Curtently, it is well known that nonlinear processes
such as parametric instabilities play crucial roles in this heat-
ing scheme. While there has been extensive theoretical studies
on the parametric instabilities in this frequency range, most of
tham are done with uniform plasmas and pﬁmps of infinite spatial
extent.l Yet, in'raalistic situations, the plasmas are always
nonuniform and the pump waves are usually of finite spatial
extent. Furthermore, studies on laser-plasma interactions hate
shown that both the plasma nonuniformities and spatial localiza-
tion of pumps significantly modify the nature of parametric
processes. It is, therefore, important to investigate these two
effects on theAlerr-hybrid parametric instabilities in order to
develop a better'understanding of the heating processes.

Resonaat and nonresonant (ion quaéimode) decay instabilities
in the WKB approximation were examined by Porkolab.2‘ In the |
present work, we first study the oscillating-two-stream insta-
bility (OTSI) in the WKB approximation. We then investigate the
nonresonant decay processes when the WKB approximation is‘invalid.
We find that for sufficiently strong pumps the instabilitylmay
become absolute (i.e., temporally growing) instead of being
~convective (i;e., spatially amplifying) as predicted with the WKB

approximation.



The basic set of equations and the theory of OTSI are pre- .
sented in Sec. II. Section III contains the theory of nonresonant
decay instabilities. Final conclusions and discussions are in

Sec. 1IV.



II. OSCILLATING-TWO-STREAM INSTABILITY

We consideranlinhomogeneous plasma having a density graaient
in ﬁhe x direction with scale length L . The pump is assumed to
- be spatially confined in the x direction and its frequency W is
‘close to the local lower-hybrid frequency. Since the waves con-
sidered here are electrostatic, the plasma dynamics can be
described by the equation of motion, the continuity equation

and Poisson's equation,
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where GS deéenotes the velocity, ng the density, FS the damping

- rate, Té‘the temperature, dq the charge, m the mass, and Yg the
ratio of the specific heat of the s species. The external magnetic

-
field Bo is in the z direction and ¢ is the electrostatic potential.

Let the pump frequency satisfy the condition that Wog 3> Wy >> WLy v

where Woe ¢ Wyy are the electron and ion cyclotron frequencies,

the ions thus respond as unmagnetized to both the pump

field and all the high frequency modes which have frequencies



'wh ~ wb . For the low-frequency modes, we assume that the fre-

quencies w are much smaller than Wig 7 but larger than

case for w << Wi will be presented later. The low-frequency modes

. The

are coupled to the higﬁ-frequency ones through the pump via the
electron (V,-V)V; term, where V, is dominantly the E x B drift
velocity. On the other hand, the dominant nonlinear contribution
to the high-ffequency modes comes.from the coupling between the
pump and the low;fréquency electron density'perturbation, nz .
The coupled equations; by taking ¢h ~ exp(- iwht + ikyy + ik“z)

and n£ ~ exp(= iwt + ikyy + ik”z) are found as
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where
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Yee

~and
) . (8)

’

Here, V_ , Vi are the electron and ion thermal velocities, N

e 0

mpe ' wpi are the background élasma density and the plasma fre-

quencies at x = 0 , Voe is the excursion velocity of electrons

_ 2 2 . .
caused by the pump,.I‘2 = [Fi + (k me)/(RTPi)re] is the damping

2 _ . . N . .
decrement, anq Cg = (YiTi»+ YeTe)/mi is the ion sound velocity.

In deriving Egs. (4) and (5), we élso;éssume Iklve/NCel << 1,

kf >> kﬁ P Whe v Uge and |uw| << |k Vol << w -

In order to solve the coupled equations analytically,>we

proceed in the WKB approximation by letting

h " . - . . .
¢ ~ b, (x) exp(~ i(w + w )t + ik x + 1kyy + 1k“z] i (9)
A n(x) exp[- iwt # ik x + ikyyA+ ikHZJ o, (10)

E, - E(x) exp(iwot) +Cc. c. . (11)



where kx is much larger than the quantities 1/L , (3¢/9x)/¢ ,
(3n/3x)/n , and (3E/3x)/E . Substituting the above expressions

into Egs. (4) and (5), we obtain
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(_‘_i_q- g, - B)a = - n;), E* (13)
dx 1 - '
and
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62 is the frequency mismatch defined by
2
. k .
2 2 o Tath 2,2 2
Wy = Wrp (x. = 0)(1 + — ) + Yivik + & ’ (22)
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and Fl is the linear damping rate of the high-frequency mode.  The
only explicit dependence on the scale length L of the coupled equa-
tions is through 8, , which corresponds to wavenumbér mismatch due
to plasma inhomogeneities. It is obvious that, using the expres-

sion for n in (14), the differential Egs. (12) and (13) are linear

functions of ¢, and the 81 term can be easily eliminated by a trans-

~

formation ¢, -« exp(? i) Bl dx) . Therefore, the scale length of the

background plasma in our WKB approximation does not play a direct
role in determining the eigenfrequency.and tﬁe region of localiza-
tion for the instabilities. The importance of L may come in
indirectly through the localization of the pump caused by the back-
ground plasma density gradient. We also want to point out that the

mismatch 62 (which is understood to be much less than mg) can have

'any importance at all only if the condition

2 2, o .2,2 s
{m;k/m k™) _,kxADi is satisfied.



Let us write the pump field in the form of

E(x) = E f(x)

A

. : . 2 *
and make the transformation ¢, = B, _ e J(=8y + iME]|" + £)dx ,

%

we obtain from Eq. (12) -~ (14) the second order differential

equation

d2 2 4 2 * B '

=+ 2[g]" -8 -2 ¢)B_ =0 , - (23

ax . ,
where

2,2,2 .2 4
~ UkA- kTw . .
A= ina[EI2 = —— = y2De - Pl Y , (24)
2CskxA (- w -'lmrz + Csk )

with | u_ = Slgl .

So far we have derived a general formula for OTSI without
specifying the spatial dependence of the pump wave. It is essen-
tial to know the function f(x) in order to calculate the turning
points which in turn determines the growth rate and the spatial
extent of localization for the instabilities. Becausé the formal-
ism of Eq. (23) resembles a great deal to that for a Langmuir pump
derived by Kuo eta.l.3 except that B is reélaced'by - B , we are
going to employ the same Lorentzien type of pump and quote the

analytic solution from there directly to gain some insight into
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the general behavior of the threshold and the growth rate for
OTSI in various pump strengths.
Let f(x) = l/(% + i) , where A is the width of the pump,

which can be either (Lxgi)l/3

for the pump that_Obliquely
incidents upon the resonant layer, or, in a crude approximation,
the width<yfthe resonance cone for a lower-~hybrid pump.

The instabilities are differentiated info two .categories accord-

ing to whether the turning points x,, for the instability are

T
larger or smaller than A ; i.e., whether the instabilities are
localized within or outside the pump width. And for each category
we have.calculated for the case: (i) w << Csk , when the pump
power is near.threshold, and (ii) w >> Csk , when the pump power
is high that the growth rate is very large.

The results obtained are tabulated in Table I. We find
that near the threshoid, the waves confined within the pump width
< A) will grow as Ug , while those outside (x. > A) will
4/3
o

(xT

grow as U

T
. The instabilities are stabilized not only by the

usual linear damping but alsoc by the convective loss due to the
localization of the pump. Another feature of the instabilities
in the presence of a finite pump is the real frequency

shift w.. for OTSI. Both W, and the convective loss vanish when
A > = . Recall that in our calculation, the background plasma
density scale length L does nét play a direct role in evaluating
the eigenvalue w , therefore, our resﬁlts should hold true also
for the OTSI generated by a finite pump in a homogeneous plasma.

The mismatch 62 contributes to the convective lbss; i.e., the
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larger the value of 62 is, the higher the threshold value of'the
instabiiity will be. However,-if the pump power remains the
same, there would be a threshold region for the pump frequéncy
wg ; so that the mismatch 62 could be minimized to destabilize
‘the instabilities. The threshold pump power for the modes with
Xp > A is slightly larger than that with Xqp < A .

As to the case of a high pump power that w >> Csk , the
waves will be 1ocaiized within A and grow as U§/3 if-
(kXAZ/wéiwokzkAkDi) < 1 ; and be outside of A and grow as Ug
otherwise. Finally, as we had in the case for a Langmuir pump,
“the localization of the waves whose turning points are Sutside
of A , is in the overdense region of the peak-of the pump when
w << Csk , and shift toward the peak when w >> Csk .

Béfore we go on to the nonresonant decay instabilities,
we would like to present the calculation for OTSI when
w << W,y . Equation (4) is still true f£or the high fre-
guency mode, while Eq. (5) for the low-~frequency ones needs to

be modified as

. 2
_3__2_ + T i - c2 -3_2_. n’e' = noe - 1 + rl% .L. 32 ___.32
2 2 ot s 2 m_m. 2 m., 2/ 3x 2
ot ¥ e i W iw 92z
ce o}
2
R S R ]Eod,h , | | (25)

lwhwce Yy 322
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which changes the expression X of ‘Eg. (24) to

2k2x2 k2 4

w W s
Sy Ny s ”'LEl —2 7 (26)
: cstA (- w™ - 1wF2 + csk”)

and Fz to (I‘i +.meFe/mi) . Then all of the'previous calculations
cén be followed'through'to investigate the frequency ranges of
(i) w << csk“ , and (ii) w >> csk” . The obtained results are

tabulated in Table II.
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III. NONRESONANT DECAY INSTABILITIES

Iﬁ thisAsection, we investigate the nonresonént decay insta-
bilities due tolnonlinear electron énd ion Landau dampings; i.e.,
‘the induced séattering processes (also called the quasimode
decays). For this,decaf, we ignore the upper sideband as being
off-resonant; that is, acéording to Eg. (9) with w. } wg >0 ,
we ignore ;_ . We then have from Eq. (4) the foullowing equation

for the lower sideband ¢+ ’

2 2 2 2 :
Y.V w’ w w ~ 4meck E A
i1 o2 2 4 pe _ pily2 2 “pe _
[ > (1+wpe/m )V_,_+(l+—-—w2 w2>vl+k“ > |9, o, B_ n.
s ' cec + +
(25)
Here, w, = w - w_ + il',/2 and V2 = dz/dx2 - k2 To describe
A o 1 L y ©

the low-frequency density response ; to the high~frequency ficlds,
we have to use the Vlasov equation for both electrons and ions in
order’to include the effect of nonlinear Landau damping. Since,
as mentioned in the preceding section, the dominant nonlinear
coupling comes from the parallel (to ﬁo) ponderomotive fong on
electrons, - me[(ﬁeﬁ)v1ﬂﬁ , we can use this force along with the
self-consistent electric field in the electron one-dimensional

(in Eo direction) Vlasov equation to vbtain the electron density
response. As toAthe effectively unmagnetized (w > wci) ions, they
only respeond linearly to the self-consistent field. Substituting
these density responses into Poisson's equation, we obtain a
relation between the self-consistent field and the ponderomotive

field produced by the high-frequency fields, which in turn gives
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,the following relation between the low-frequency density perturba-

_ tion n and the high-frequency fields

. *
N ~ P ckyE« ~
4tee(k , w , x)n = - k XaXj Bu, b, (26)
where
w2 (x) af__/av
- - - r .
e K2 vy - ek SO |
S92 ‘
| whi(x) ¢ af ;/av
Xi T T T ]f v-aok Vo (28)
and
e =14+ X3 + Xe * . (29)

Note that k in general should be interpreted as an operator,

ik = ¥V . The procedures used in deriving Eg. (26) is similar
to those used by Drake et al.,3 for unmagnetized plasmas. 1In
the following, we look for solutions of the coupled equations,

- Egs. (25) and (26), both with and without the WKB approximation.
The WKB solutions, which previously have been studied by POrkolab,2
are included here to have a complete description of the decay
instabilities as well as to present a comparison willi the

solutions'obtained-without the WKB approximation.
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 First, we investigate the solutions with the WKB approxima=-
tion. Let v, = ik + d/dx and |kx| >> ld/dx{ . Equation (25)

then reduces to Eq. (12), written in a more apparent form,

-d§+TT+Bl(X))¢+=nnE . (30)

Here, Vgx and n are defined, respéctively, in Egs. (17) and (18) .

As to the low-frequency dynamics described by Eq. (26), since
it is not a normal mode and the‘scale length of the pump field

A is much less than thé scale length of the inhomogeneity L ,

we can simply let Vx = ikx and use the values at x = 0 for Xe
: 14

X3 and € ; i.e.,

‘ *
n = , OY . (31)
4tew € B : :
o "o

Here, the superscript 0 denotes quantities evaluated at x = 0 .

Combining Egs. (30) and (31), we obtain

(é% + F(x,)¢+ =0, . . (32)
where with
£ |2 = |EI? HO0) (33

+ 8, (x) , (34)

F(x) = [rl/z - iw - Xoon(x)]/Vgx
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and
cEk

Y.
B w
oo

, o i
Ao -2

This instability is convective. For a constant source I at
I the solution (assuming Vgx > 0) is

~ X
¢+(x) =T exp(-—/ F(x') dx') ; X > X_ . (36)
A X o
o
For a typical H(x) with scale length A , the spatial amplifica-

tion factor A is approximately givén by

AE (v, - T1/2) (A/V )

. (37)
Here, Yo =‘woRe(Ao) is the growth rate inh uniform plasmas due to
a dipole pump. Hence, a sufficiently large amplification

(A > 1) occurs if
> g% , 1 (38)
Because the parametric coupling coefficient AO is only pro-

portional to ky , it is also interesting‘to examine the decay

instabilities when |k,A] ~ 1 such that the WKB approximation

' . . ) . d .
becomes invalid. 1In this case, we assume |ky| >> |3x| in order

to have appreciable couplings; which is eguivalent to assuming
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lkyAl >> 1 . Expanding Eg. (25) to order (dz/dxz) and combining

with Eg. (26), we obtain with z =-kyx

2 .
- d ~ _ :
(d_zz_ +92+ Kz o+ A-H(z)) 6, =0, (39)
where
2
T 2 ~
- _ 2 “pe $ ) 2 .
Q= q (1 + ;—2—-)((» + 1 5 T e AT, (40)
ce ©
~2
Kl = - A./kyL , (41)
e 12 e ‘
i cEk XaXs ~2 .
A= | (-egl) AS | (42)
oo :
and
w2 -1 k%m =1 ‘
72 _ 2 pe 2 2 _ 2 i
A = mo (l + —2—-) (kinVi wlh y) ) . (43)
w k'm
ce v e

To analyze further, we have to know H(z) . Let us assume H(z)

is given as
H(z) = (1 - z°/8%) . | (43)

Note that 4 = kyA and . A is the characteristic width of pump
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localization. Equation (39) then can be reduced to a parabolic

cylinder equation of‘the form

o - |
| a (1 2 )]“ _ . A
—s - |7 &€ + aj|¢, =0, ’ (44)
[dgz 4 + |
where
e= @a/H%:z -2, ; (45)
z, = KlA/ZA , : (46)
and
a=- [821 + 9/2) + z2](A/4A 12 (47)

We,'thus, have spatially localized solutions which fall off

away from the turning points like

exp(- £2/4) = exp -[VA k, (x - x)2/20] (48)
if a=- (n + %) or
2
1/2 Q o =

g

Equation (49) is the desired dispersion relation of the absolute

instability. Note ImA > 0 and X, = zo/ky = KlA/ZA . In order to
be consistent with H(z) given by Eg. (43), we require that the

turning points z, be within A ; i1.e.,
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[1 + @/a] << 1, (50)

which indicates that the growth rate is approximately given by

that of uniform plasma with a dipole pump

90_ ' CE 2 XeX3i\© F1 '
o g Im( - > . (51)
1 + wée/wce

€
It
N+

In deriving Eq. (50), we have assumed that Ixol << A or

cEk o
y
Bowo

2 xeXi

e

lkyLl >> 1 . (52)

Furthermore, to be consistent with Eg. (49), the following condi-

tion also needs to be satisfied

A

~ CEk. |2 |X.X:]© o
)k AA.Z v e’il ",y . : (53)
Y Bowo € . .
2

Since |A/L| << 1 and A® ~ 0(1) ,-Eq. (53) is usually the more

. L ) 2,2
'strlngent condition. Becausec lxexi/ella O(l/kykoe) and

w§'~ O(wpi) , Eg. (53) can also be written approximately as

CE
B, Cq

|kyA|2 >> 1 . (54)

' Cﬁrrently, loWer-hybrid heating experiments are usually running

with IcE/BOCSI < 0(1) and [kyAl >> 1 (because ky is only limited



C =20-

by \_.. through ion Landau damping and |[A| >> |1Di|) , Eq. (54)

Di
is easily achievable. Final;y; we remark that we have obtained

similar results using a pump field with sharp boundaries.
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IV. CONCLUSIONS AND DISCUSSIONS

We have calculated the threéhold and the temporal growth
rate for OTSI.aﬂd nonresonant decay instabilities excited in
an inhomogeneous plasma by a pump of finite spatial extent at a
frequency close to the local lower-hybrid frequeﬁcy. We have
found that it is'true.for both an inhoﬁogeneous and a hoﬁoge-
neous plasma that the localization of the pump causes firstly a
convective loss in addition to the usual damping of the insta-
bilities, and secoundly a frequendy shift for the OTSI from the
pump frequency. Due to the mismatch 6f frequency, there is a
threshold value for the frequency aé‘weli as the power of the
pump field. We have also investigated the nonresonant decay
instabilities due to nonlinear electron and ion Landau dampings.
With WKB approximation, we recover the previous resﬁlts that the
instébilities‘are spatially amplifying. We demonstrate that
without WKB approximation, however, for pump powers currently
used in the lower-hybrid heating experiments, the instabilities
can‘be temporally growing.

Finally, we would like to point out that our calcplations
are carried out under theé assumpltion that the pump field is
only localized in the x direction. If the pump wave does not
propagate along but at an angle with respect to the go direction,
the‘general formalism should be similar, and we expect that all
the ﬁain features of 0OTSI and the nonresonant decay instabilities

remain the same.
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Threshold powers, growth rates,

frequency

w>> w_ .
c1

and frequency shifts for OTSI when the low

(o}
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and frequency shifts for OTSI when the low frequency





