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EXECUTIVE SUMMARY

This manuscript is a final feport giving the technical output of
JAYCOR's scientists under DOE Contract No. DE-AC03-80ER53092, entitled
"Theoretical Studies of Energetic Electron Rings in EBT." During the eleven
month peribd covering the duration of the contract, JAYCOR, as directed by
DOE, formulated a relativistically correct model for the electron cyc]otfon
resonance heating of EBT rings. This model has been used to calculate both
the steady state ring temperature and ring power requirements through the
balancing of heating rate against existing models for energy loss.

The first section of the report is an introduction describing the

- critical importance of the relativistic electron rings to the EBT -concept
and the significance of electron-cyclotron heating to: the formation and
steady state of the rings. The relation and distinctive features of the
present work to previous calculations of ring power balance are delineated.

In the second section of.the report the plasma model used as the
basis of the calculations is set up.. Special emphasis is given to the devel-
opment and description of a re]ativistiéa]]y correct quasilinear expression.
Equations for collisional, synchrotron radiation and bremsstrahlung losses
which are necessary for determining steady state annulus temperatures are
‘written down. In the heatfng and loss formulas, the ring momentum distribu-
tion function is assumed to be the relativistic Maxwellian.

In the third section the energy loss and quasilinear heatinglequations
are adapted to EBT geometry. The‘wave‘properties necessary to complete the
quasilinear description of the ring heating are noted. The relativistic
quasilinear equation is then averaged over magnetic lines. The result is
a distinctive expression not used in previous ring power balance calculations.

The fourth section gives a detailed accounting of spatial locations
where quasilinear heating occurs for various electron cyclotron harmonics.
The equations for field line averaged quasilinear heating and energy loss are
. evaluated and the results are carefully explained in order to determine steady
state ring temperatures under different assumptions for wave propagation. It
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-is shown that annulus steady state temperature is very sensitive to the assump-
tions made about wave propagation and amplitude characteristics. Ring power
requirements at the steady state are determined and shown to be consistent with
previous ca]cu1atiohs.j The significance of fundamental electron-cyclotron
'heating‘in ring start-up is. noted and carefully analyzed.

The fjna] section makes conc]udihg remarks ébout the JAYCOR. EBT ring
model. A brief synopsis-is given of the significant points deduced from the
: mbde1, particularly as they relate to recent EBT experiments. Based on the
results, suggestions for future refinements in the JAYCOR ring model are made
which can permit improvement in the thebretica14description of the EBT ring.
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ABSTRACT

A model for microwavé heating of electron rings in the ELMO Bumpy
Torus configuration is analyzed using a relativistically correct quasilinear
formulation. .The steady state ring energy and the microwave power required
to sustain the rings. are determined by balancing the 1ine averaged heating
rate against c]assica]‘co]]isiohal and radiative energy loss processes. =
Electron-cyclotron resonances, especially the -first and second, contribute
to ring heating at steady state. It is shown that fundamental eleétron-
cyclotron heating by extraordinary waves could account for initial ring
formation. The model predicfs ring power requirements for EBT-1 which
are consistent with previous estimates.

C v



Section

I
111
v

APPENDIX A
- APPENDIX B
APPENDIX C

TABLE OF CONTENTS

Page
EXECUTIVE SUMMARY .« .+ + v v e oo e e e e e e e e e e i
ABSTRACT. o+ vv v v v e et o e e e iv
INTRODUCTION. .+ « « « v v v e e e e e
PLASMA MODEL FOR CALCULATIONS . + o « = v v v o i v w v oo 3
ADAPTATION TO EBT GEOMETRIES. . . . . . e 7
CALCULATION RESULTS « « v o v v v e e e e e e e e e v L1
CONCLUDING REMARKS. . . . . . . PP PR 18
FIGURE CAPTIONS . . . . . . . R 20
FIGURES o o v v v v vie o e e e e e e e e 22
MODE CONVERSION BY WALL' REFLECTION. . . . . . . . . . . . Lo
ANNULUS STARTUP THROUGH FUNDAMENTAL HEATING . . . . . . . . 39
JUSTIFICATION OF QUASILINEAR APPROACH IN MICROWAVE

ELECTRON RING HEATING . + = o v o v v o v v . . ... 45
REFERENCES. v v v v v v v o e o o o o o o o e e o e e e o 48



I. INTRODUCTION -

The ELMO Bumpy Torus (EBT) confinement cbncept1 consists of a toroi-
dally linked set of simple mirror sections. A central element in this -concept
is the presense of high beta electron annuli formed in the mirror sections by
microwave electron cyclotron resonance heating’(ECRH) on appropriate surfaces
of constant magnetic field. “Thelannu1i enclose a toroidal core plasma énd are
. of sufficient density and temperature that the associated diamagnetic. currents
modify the vacuum magnetic field so as to provide MHD stability agéihst other-
wise unstable interchange modes. Both theoretical and experimental studies

2-8

have shown that stable high beta annuli can be formed~ ~-and stabilize a

toroidal plasma.

Microwave electron-cyclotron resonance heating of fusion oriented
devices (e.g., bumpy tori and tokamaks) is an area. of present experimental
~and theonr‘etical.1'nvestigat1'on.9"11 To a large extent the present interest is
~motivated by the continued and encouraging development of efficient microwave

sources of the gyrotron 1:ype.12'14

Furthermore, microwaves have sufficiently
short wavelengths that wave propagation characteristics can be accurately pre-
dicted by ray tracing techniques. Because microwaves are not as susceptible

to nonlinear effects as some other wave heating methods (e.g., lower-hybrid
heating), spatial locations where microwave absorption occur are readily pre-
dicted from Tinear considerations.9 This property of microwave heating makes
it a prime candidate for controlling current and temperature profiles in fusion
oriented devices. However, whereas microwave heating is only an auxiliary
heating method in other plasma configurations, it is a necessary ingredient

for maintaining stable bumpy torus plasmas.

Because of the importance of electron-cyclotron resonance heating in

15,16 we have undertaken a quanti-

the attractive bumpy torus reactor concept,
tative calculation of the heating in the geometry, parameter ranges and mode
structure of bumpy torus experiments. In this work, the heating rate by ECRH
and cooling rates by radiation and collisional drag are calculated for a hot
electron population imbedded in a background plasma with fixed density and tem-

perature. Like previous calculations, relativistically correct expressions are



used for the.radiative and collisional losses which detefmine whether the
electrons cool or heat.17’18 The distinctive feature of the present work
is the use of a re]ativisticéT]y correct quasilinear (velocity space) diffu-
" sion model which allows a reliable calculation of ECR heating rates at high
temperatures, and at various cyclotron~hafmonics,,fnc]uding the important
. effect of relativistic broadening of the cyclotron frequency, 2 = Q471 - v2/c2,
as well as possible nonlinear heating effects. ' |

Subsequent portions of this paper are divided in the following way.
In the second sectidn; the plasma model used to determine the heating rate of
a distribution of relativistic electrons by microwaves of fixed frequency Wy
in a given magnetic field is described. Section III discusses the adaptation
of the model to EBT geometry and microwave source. Application of the model
to heating by the two polarizations, which are normal modes.Of a cold plasma,
extraordinary and ordinary waves, are presented in Section IV. In the final
section we make concluding remarks relating to our calculations and directions
for future work. Three appendices cover-details pertinent to the calculations.



IT. PLASMA.MODEL FOR CALCULATIONS

In this section we focus on a systematiC'deferminatfon and understand- .
ing of the electron cyclotron resonance heating process, calculating a relati-
vistically correct heating rate for first, second and higher harmonic heating
and. for both ordinary and extraordinary wave polarization.. Collisional drag
with the background is calculated for the same'parameters; This work extends

earlier work”’18

by formulating a. relativistically correct microwave heating
rate based on the quasilinear interaction of the electrons with the microwave
electric fields. By balancing this expression for power input against the
existing expressions for the classical energy loss processes, a self-consistent
. determination of many of the properties of the hot electron annulus in EBT may

be possible.

The quasilinear approach has been employed in a different but analogous
situation by Stix19 to treat ion cyclotron heating in tokamaks. Since the ring
‘particles reach quite high kinetic energies, on the order of the electron rest
mass, a relativistic describtion of the heating-process is necessary. Using
the relativistic Vlasov equation, the familiar results of nonrelativistic quasi-
linear theory?o are generalized in a straightforward way by making the following
replacements: ‘

Qo = eBo/moc———-Q = Qo/y

e—— em
2%
) .

where p = ym_ V and y = (1 + pz/mozc The result is:
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fo (psp,) | 1)
“where
0=p E J,_; (b)eVep E.+‘Jn+1(b.) e+ (2)% p 3 (b)
k= éx kl cos y o+ ;y k siny + éz kZ
b = Kl RL/mo_Qo

and fo is the solution to the (zeroth order) Vlasov equation. The symbol 1

means perpendicular to the magnetic field, B, and the z- direction is chosen

to lie along'go. The left-hand and right-hand circularly. polarized wave

electric fields are denoted by E+ and E_, respectively. The z-directed
~.electric field is wkittgn as Ez'

_To. define the problem, we assume that the annulus distribution function
can be represented as a tail on the bulk electron distribution. Specifically,
the form of the tail we have chosen is the relativistic Maxwellian:

' (

C2

( ) (mocz/T) my v( ﬂ
£ ) = - Ay-1)f
0 p.'. pZ . 4-" (moC)3 K2 (mOCZ/TA)exp [ TA Y‘ (2)

where K2 is the modified Bessel function of the second kind and order two.
This choice of distribution function permits the electron heating rate by

waves to be written as:



“af_(p, 5p.,)
3 2
fdp""‘oc oai :

=g_—L— Z Z fpl dplfdp v2 8l no-kyp,/my)

12 A
Iel fO(pl’pZ) . (3) .
where'
' 47mn
2 _ A _
“pA my o | (4)

is annulus plasma frequency for dénsity N and rest mass my

Eq. (3) includes the resonance condition (in the &-functions), the
relstivistic mass shift which shifts the location of cyclotron resonance at
high energies, the polarization (E_, E_, EZ); and harmonic contributions
.through the Bessel function, J (b).

To calculate the steady state annulus temperature, the heating rate,
dW/dt, must be balanced aga1nst Toss mechanism acting to reduce the energy of
the relativistic electrons. As in Refs. 17 and 18, only classical loss
mechanisms are considered. ' For an infinite and homogeneous plasma:

dW

b (5)

t sync * Pbrems +P

coll

The terms on the right hand side of the equation are the powers per unit
volume lost from the ring due to synchrotron radiation, bremsstrahlung, and
collisions with the background plasma, respectively. Specifically,

_ -21 , 2 5 3
Psync = 6.2 x 10 B, naTa (1+-TA/2.04 x 107) ergs/cm™-sec |
, (6a)
- -25 X 2
Pbrems 1.5x 10 nAnoTA2 (14-TA/moc )
[ - 2 5 2:] ergs/cm3~sec : (6b)
1+ TA/moc ) ~
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4 3 vy .
PcoH 801r na fd p 5 fo(pl,p ) \ (6c)

where magnetic fields (B) densities (n) and energy (T, m c2) are in unlts of
' gauss, cm 3, and eV, respect1ve1y The background dens1ty is represented by
‘no. Eq,\(Ga) is taken from:Re%.'Zl. - The expression in Eq. (6b), from gef. 22,
includes both electron-electron as well as electron-ion bremsstrahlung, since
both contributions become of comparable importance as electrons become rela-
tivistic. The relativistically correct form of Eq. (6c) found in Ref. 23,
assumes a Coulomb 1ogafithm value of twenty.



ITI. ADAPTATION TO EBT GEOMETRIESb_

' Because the rates of heating and cooling depend [Eq. (3)] on wave
amplitude, wave polarization, and cyclotron frequency (a function of v and
B), a number of details of the magnetic and microwave structure for a par-
ticular experiment must be included in applying the model.

, A fundamental question is the spatial distribution of micfowave energy,
including the general question of whether the microwaves emitted from the
antennas will penetrate to the region where they could cause resonant heating.
It is assumed that the propagation characteristics of the microwaves in EBT
_are determined by the cold background plasma. Annulus effects on propagation
~are neglected. This is consistent with the absorption lengths calculated in
this paper. Under such circumstances two modes of propagation, ordinary and
extraordinary, exist in the“p1dsma;10’24> The cold plasma dispersion relation
in the electron-cyclotron frequency range gives the cutoff condition (i.e.,

_index of refraction going to zero) for the ordinary mode:
w 2 = (.02 > | (7)
and for the extraordinary mode:

mpez = wz (1 - Qo/w) . - (8)

The symbol. w é denotes the bulk electron plasma.frequency. Furthermore, the
extraordinary mode has a resonance (i.e., index of going to infinity) at:

2 2

2 2(w2 /[w -Qo k

w =W

2
e n (9)

2
-Qo)
‘Cxtraordinary waves are also strongly absorbed in cold plasmas at

spatial locations where:

w R s’Zo _ ‘ (10)



because of the large right-hand circularly polarized component of the wave
electric field. However, the ordinary wave does not have an appreciable
right-hand circularly polarization and therefore is unaffected by propagation
across spatial locations where Eq. (10) is satisfied.

Figure 1, taken from Ref. 10, contains a sketch of the resonance and
cutoff regions in EBT. '

The right-hand cutoff condition of Eq. (8) indicates that an extra-
ofdinary wave bropagating from the Tow magnetic‘field and low density region
will never reach the first'harmonic heating resonancé, w = Qo,<for a finite
(non-zero) density plasma. This implies that heating by an extraordinary wave
propagating directly from outside in EBT is only possible for highér harmonics
than the first harmonic resonance. However, the ordinary mode propagates for

s

all densities such that:
w <o . (11)

and so conversion of ordinary to extraordinary waves could permit‘extrdordinary
‘wave energy to exist at all spatial locations where extraordinary wave propaga-
tion is allowed, even in the bumpy torus.throat with wave frequencies less than
the local nonrelativistic electron-cyclotron frequency. One powerful conversion’
mechanism is the reflection of ordinary waves off the conddcting walls of the
bumpy torus. Such conversion is a necessary consequence of the boundary con-
‘ditions for Maxwell's equations at a conducting surface. In Appendix A and

Ref. 10 substantial conversion efficiencies in excess of ten percent are bre-
dicted for wave propagation which is oblique to. the magnetic field.

wjth the existence of extraordinary wave energy in the mirror throat,
a mechanism for startup of a hot electron annulus can be conjectured. With the
microwave frequency equal to the second harmonic of the nonrelativistic electron-
cyclotron frequency near the annulus location the microwave frequency is equal
to the fundamental of the electron-cyclotron frequency away from the midplane
and nearer to the throat of each mirror section (see Figure 1). Because fun-
damental electron heating will be shown to be effective for electrons of zero
energy, cold electrons can increase their momentum and energy in the direction



perpéndicu]ar to the magnetic'fie1d. Eventually the perpendicular energy gets
sufficiently large that the second and higher harmonic resonance heating can
increase the electron energy to:the relativistic level appropriate to the
steady state.EBT annulus. Details of a calculation showing how fundamental
heating can increase the energy electrons in the early stage of annulus forma-
tion are described in Appendix B. - '

Finally, the heating rate depends on the magnetic geometry (Qo compared
to. the microwave frequency). We use the following analytic form for the magne-
tic field strength: '

BZ(Y‘,Z')= 0_5 BO [3 - IO (-E l") (.:05 (Il‘:_ zl)]
B (r,2) = 0.5 8 I, (Lr) sin (X2 |

where I0 is the mpdifiéd Bessel function, r the mirror radius, and z' the axial
location relative to z' = 0 at the midplane of the mirror. Device parameters
are L = 19.64 cm and Bo = 4500 gauss for EBT-1 and 7000 gauss for EBT-S. This

- form for the fields is appropriate to a straight cylinder and assumes that only
vacuum magnetic fields are present. Hence, plasma diamagnetism is neglected.

Using this magnetic field, the quasilinear heating rate expression can
then be averaged over a field line to obtain an average heating rate for a
distribution of electrons in an.EBT geometry:

L
dw, - 1 dw
X fo @ 4 | o

where Lf is the length of a specified magnetic field line and z is the
coordinate along the field 1ine measured from the midplane. Justification
for this averaging procedure is found in Appendix C.

A final parameter is microwave field energy |E|2. Unless otherwise
specified, the total-electric field strength in Eq. (12) is assumed to be a
constant in regions of mode propagation. The relative strength of right-hand,
left-hand and parallel electric field polarizations is determined from the cold
plasma dispersion relation. In spatial regions where the extraordinary wave

AY
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does not propagate the wave amplitude is always set equal to zero. Eq. (12)
is also evaluated assuming that the ratio kz/kl’ is fixed. The formalism
allows both a calculation of relative heating and cooling rates and a cal-
culation of steady state conditions, ne'g]e'cfing spatial diffusion of hot
electrons, when: ' |

= (p p (13)

<at” T Pyne t brems * Pc011)|2‘= 0

which assumes synchrotron :radiation, bremsstrahlung and collisional drag

evaluated at the midp1ané, z = 0.
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IV. CALCULATION RESULTS .

With the aforementioned model for the relativistic bumpy torus annulus,
- calculations of quasilinear heating and steady state annulus temperatures have
been carried out. Results are summarized in Figures 2-10.

Figures 2-5 indicate the spatial regions along the specific magnetic
field Tine where wave ﬁartic]es.resonances occur, as a function of ring tem-
perature. A clear feature of the figures is the spatial broadening of the
‘resonance zones and ‘the increasing importance of a greater number of electron-
cyc]dtron harmonics as ring temperatures approach relativistic energies (i.e.,
> 100 keV). Resonance broadening is a consequence of the resonant condition:

0=w-na/y-kp,/my |, (14)

and the dependence of Eq. (1) on Bessel function values. Three factors cause
“the broadening. First, .in the relativistic regimé Eq. (14) is a function of
perpendicular and parallel momentum through the relativistic parameter, y =
(1+ p2/c2)'%.» In particular, electrons which would be nonresonant if Eq. (14)
did not depend on y can become resonant for y > 1. Second, the number of par-
ticles with parallel velocities approaching the speed of 1ight becomes larger
_and the factor k P; /m v plays a more significant role in the resonance condi-.
tion, espec1a11y 1f the parallel index of refract1on k C/w, is greater than
"one. Third, as the argument.of the Bessel functions in Eq (1) k pl/m Q
_becomes larger, the Bessel functions.become more comparable in magn1tude and
all polarizations (i.e., E ., E_, and EZ) contribute strongly to the quasilinear
heating. The impact of additional electron-cyclotron harmonics, besides funda-
mental and second, on the wave heating of the annulus as annulus temperature

is increased is a result of several effects. First, resonance broadening per-
mits Eq. (14) to be satisfied by more partic]esAat the different harmonics.

For example, consider the n=0 {Landau) resonance:

= (kic/m)(vz/c) o : (15)

- 11



Eq. (15) indicates that the parallel index of refraction must be greater than
one for the resonance condition to be satisfied. Moreover, it is necessary
thatkvz/c be nonzero. For the parallel index of refraction approaching one
the parameter vZ/c must also approach a value of one. Under such circumstances
the resonant electrons are relativistic. Second, as electrons become more
energetic the argument of the Bessel functions in Eq. (1) increase in va]ue.'A
Consequently, the Bessel functions which are not of order zero contribute in

a finite way to the quasilinear heating. These are precisely the same Bessel .
_ functions on which harmonic cyclotron heating with |n| > 1 depend so strongly.

4The'spatia1 location of wave heating at the various resonances can be
associated with the propagation characteristics of the waves. In the second
figure for which TA = 1 keV fundamental and second harmonjc heating occur
near the points where w = 2, and w =<290, respective]y. The amplitude of the
heating is greater for fundamental as compared to second harmonic heating
because of the relatively small electron-cyclotron radius for TA = 1 keV.
Also, a consequence of the small Larmor radius is the negligibly small higher
“harmonic heating. Now the extraordinary wave has the property that wavenumbers
.on the high magnetic field side of the upper -hybrid resonance surface, Eq. (9)
with ki = 0, are larger than those on the low field side of the right-hand
cutoff surface specified by Eq. (8). (These surfaces are sketched in Figure 1.)
Consequently, consistent with Eq. (14), the width of the spatial zone for fun-
damental heating in Figure 1 is larger than that for second harmonic heating.
Also, if the ratio of k 2/(k + k ?)
increased, the spatial width of the heating zones would be increased. Con-

used to calculate Figure 1 would be

versely, for parallel wavenumber approaching zero the spatial width of the
Aheatiﬁg zones decreases while their amplitude increases. In the 1imit of

zero parallel wavenumber the heating zones have negligible width about the
points where w = Q, and w = 290. The dip in the fundamental heating rate at
the point where o = 2, is indicated in an approximate way by a . dashed line and
is a result of the decrease in right-hand wave electric field polarization con-
sistent with the cold plasma-dispersion.relation using a fixed value for kzz/
(k> + k%)
decreases until there is no dip for kl = 0. By comparison, wave tracing cal-

. . For perpendicular wavenumber going to zero the width of this dip

culations show that kz increases much more rapidly than‘k‘L changes as extra-
ordinary waves propagate toward the fundamental cyclotron resonance surface
and is rapidly absorbed. 10 '
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Figure 3 is the same calculation as Figure 2 except that the annulus
temperature has been increased to 200 keV. The figure demonstrates the broad-
ening of the fundamental and second harmonic particularly in the throat of each
- mirror section where the absd]ute value of the parallel wavenumber is largest.
Conversely, appreciable fundamental resonance heating does not occur near the
‘midplane of the mirror sect1ons because

1-a/ve> (kzc/w)(vz(c) ' (16)

for most electrons.. The reésons for this behavior are related to the wave
propagation characteristics and the bumpy torus magnetic field configuration.
As noted previously, the parallel index of refraction is less than unity near
the midplane, while the parameter vz/c is always smaller than one. The baré-
meter Qo/yw is smaller than unity in the midplane region and decreases in
magnitude as the electron energy increases. Moreover, there exists the spatial
region with no extraordinary wave energy between the midplane and the nonrela-
tivistic fundamental cyclotron resonance location. Also with regard to the
heating at the fundamental electron-cyclotron resonance heating, the dip in
‘the heating rate shown in Figure 2 disappears in Figure 3 because of the con-
tribution to heating by the E_ and Ez wave fields. Furthermore, significant
fundamental heating occurs away from the location where w.= 2. Consequently,
the relative contribution of fundamental heating near the nonrelativistic fun-
damental resonance location is much less significant for an annulus temperature
of 200 keV than for an annulus temperature of 1 keV. Unlike the case of Figure
2, the high annulus.temperature permits the heating at harmonic numbers other |
than for n = 1,2. 1In particular, the heating zones for n = -1,0, and 3 are
"plotted in Figure 3. Because heating at the n = -1 and 0 resonances requires
that the parallel index of refraction be greater than one, heating with these
resonances can only occur on the high field side of the upper hybrid layer.

Figures -4 and 5 are analogous to Figures 2 and 3 except for the fact
that the wave polarization considered is ordinary rather than extraordinary.
The features of Figures 4 énd 5 are analogous to those of Figures 2 and 3 in
-the sense that the resonances are broadened for higher annulus temperature.
In contrast to Figures 1 and 2, the striking feature of Figures 4 and 5 is
the dramatic increase in the maximum amplitude of heating by the ordinary
wave as the annulus .temperature is increased. This effect is a consequence

13



of the small right-hand electric field polarization characteristic of ordinary
waves and the requirement of finite electron-cyclotron radius in order that E,
and Ez contribute appreciably to heating. Third harmonic heating is not pre-
"sent to an appreciable extent for annulus temperaturesAofIZOO keV ‘because the

" - finite Larmor radius contributions are not large enough that they can compensate

for the small right-hand circularly polarized contribution. to the ordinary wave
heating. No heating by ordinary waves through the n equal zero or negative
intéger resonances occurs because the parallel index of refraction is always
smaller fhan:one for ordinary Waves while parallel .indices of refraction
greater than one are required for heating at these resonances.

 Figures 6-10 are plots of the left- and right-hand sides of Eq. (13).
Figures 6-9 are for EBT-1 parameters while Figure 10 is appropriate to EBT-S
parameters. The intersection of the two curves ‘indicates the ring temperatures
at wh1ch the quasilinear heating is balanced by losses. For clarity, the various
curves in the figures are normalized to the values of |E| Hence, the curves
representing collisional plus radiation losses move up and down vertically in
response to the value of the electric field. Conversely, the curves representing
quasilinear heating do not change. ’

The curves representing the losses reflect the importance of collisional
drag and synchrotron radiation. For low annulus temperatures collisional drag
is the dominant 1osslprocess'and the Tloss rate decreases with annulus temperature
at least for nonrelativistic energies. However, for higher relativistic annulus
temperatures synchrotron radiation.becomes dominant and the loss rate increases
with temperature. " For all parameters examined bremsstrahlung is negligible com-
pared to collisional drag and synchrotron radiation.

A general feature of Figures 6-10 is that the curves representing the
left- and right-hand sides of Eq.'(13) intersect at two temperatures. Between
the two temperatures quasilinear heating is greater than the ring losses. Hence,
if'the annulus temperature is below that of the ]oWer intersection point, annulus
startup is not possible; however, if the annulus temperature is greater than
that at the lower intersection point, the annulus temperature can increase up
to the larger intersection point corresponding to the annulus steady-state
temperature. Larger annulus temperatures are not possible because ring losses
exceed quasilinear heating. Simply stated, the annulus temperature calculated
by the model reaches a maximum steady-state value once a threshold temperature

14



is exceeded. the,also that quasilinear heating by oh]y ordinary waves requires
that the annulus temperature exceed a higher threshold value than required by
extraordinary waves. Hence, extraordinary waves are much more critical for
ring startup than ordinary waves. However,. in the relativistic annulus tem-
perature regime both ordinary and extraordinary wave heating are significant.

To illustrate the importance of fundamental heating in determining

»ring parameters, calculations were made in which wave electric fields were
set'equal to zero for distances of z >-6cm.whéfe z is the coordinate along
the field line as measured from the midplane. (The location z' =6 cm is
within the cutoff region for. extraordinary waves.) Results of these calcu-
lations presented in Figure 6 are compared to similar calculations in which
finite wave amplitudes for both the ordinary and extraordinary modes are per-
mitted in the throat (see Figure 7). Wall reflection is invoked to account
for the extraordinary wave energy in the throat. With the artificial cutoff
in wave amplitudes, Figure 6 indicates that ordinary waves alone cannot main-
tain the annulus for ]E]2 = 0.2 erg/cm3. Extraordinary waves permit an annulus
temperature of 230 keV in the figure. In contrast to Figure 6, Figure 7 shows
-an ‘annulus temperature of approximately 650 and 900 keV for ordinary and extra-
ordinary waves, .respectively. -Hence, fundamental heating which is a dominant
mechanism.in:the threat has a profound impact on annulus - temperature in the
model.

Figure 8 assumes ordinary wave energy at all points on the field line
while no extraordinary wave energy is permitted on the high field side of the
extraordinary wave cutoff specified by Eq. (8). Consequently, unlike Figure 7,
mode conversion of ordinary to extraordinary waves by wall reflection ié not

_considered. By comparing Figures 7 and 8 it is evident that without wall
reflection the minimum annulus temperature required for startup is an order

of magnitude larger than for the case when wall reflection is permitted. This
result points to the significance of wall reflection and fundamental electron-
cyclotron heating by extraordinary waves in annulus startup. However, the cal-
culation in Appendix B does show that |E|2 <0.1 ergs/cm3 for extraordinary
waves on the high field side of the fundamental resonance permits annulus
startup for TA <, 500 eV and for a wide range of plasma parameters. This
apparent difference between Figure 8 and Appendix B is due to the choice of
annulus distribution function and to the dip in the heating rate with the
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associated reduction of |E_|2 if kz/kl is constrained to be a constant value
in the evaluation of Eq. (13). ~ ~

Figures 6 to 10 indicate that for relativistic temperatures the annulus
. temperature is much more insensitive to field line structure than for lower
temperatures.- Moreover, the relativistic annulus temperdture at larger radial
distances is somewhat less than for smaller radii. Relativistic effects are

- the basis for the form of the curves. 1In particular, relativistic broadening
which is ineffective at low annulus temperatures tends to eliminate spatial
effects on annulus tempefature.: Also, the approximate resonance condition
(i.e., w~ nQo/y) implies that magnetic field lines which are closer to the
plasma axis require electrons of higher kinetic energy in order that the

“ resonance condition be satisfied. Well below the steady-state annulus tem-
peratures, Figure 9 indicates that the heating rate for field lines at a mid-
point radius of 8.4 cm is smaller than at radii of 8.9 or 10.4 cm. This is a
reflection of the field 1ine geometry in that there is no intersection with
the nonrelativistic second harmonic resonance surfaces at 8.4 cm while at the
other radii there is.

To illustrate the significance of background plasma parameters on annu-

lus temiperature, we compare Figure 9 (for EBT-1) and Figure 10 (for EBT-S) which
are based on the assumption that extraordinary wave'propagation only occurs from
the midplane to the extraordinary wave cdtoff. Ordinary wave propagation and
mode conversion by wall reflection are neglected in the figures. The figures
indicate that steadyJState relativistic ring temperatures are larger for EBT-S
than for EBT-1 (i.e., for |E[? = 0.2 ergs/cn®, T, = 340 keV for EBT-S and 230
for EBT-1). This scaling is.qualitatively:but not quantitatively consistent
-with the experiment (i.e., TA:= 500 keV for EBT-S and 200 keV for EBT-1) and
is a result of the increase in quasilinear heating rate at the relativistic
energies for the higher magnetic field EBT-S configuration. In particular,
Eq. (8) indicates that extraordinary wave cutoff in EBT-S is located closer
to the throat than in EBT-1. Consequently, the size of the cutoff regidn is
reduced in EBT-S relative -to EBT-1 and so more extraofdinary wave energy is
available to heat the annulus in EBT-S. |

The power balance relations depicted in Figures 6-10 indicate that,

depending upon wave and plasma parameters, approximately 1-2 x 105 ergs/cm3-sec

16



of microwave power are required to sustain the relativistic annulus. For

an annulus volume of 6 X 104 cm3,18_the corresponding total power deposition
within the annulus 1ies between 600 - 1200 watts, in agreement with previous
17,18 It also followsithat»our'assumption of wave electric field
strengths corresponding to |E|2~ .1-’1-er.gs/cm3 is on the average reasonable

for EBT-1 and EBT-S.

estimates.
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V. CONCLUDING REMARKS

We have presented a model for the relativistic electron annulus in
EBT which assumes that the annulus distribution function is an isotropic rela-
tivistic Maxwellian. To determine steady-state annulus temperatures, quasi-
linear heating of the annulus by microwaves has been balanced with loss terms:
-representing collisional drag synchrotron radiation and bremsstrahlung neglect-
ing spatial diffusion of the hot electron. The results demonstrate that linear
second harmonic heating by either extraordinary or ordinary waves does not per-
mit annulus startup for electrons with energies less than 1 keV. However,
second harmonic extraordinary wave heating is effective in heating the annulus
for TA;g 104 eV, while ordinary wave heating becomes of comparable importance
to extraordinary wave-heating as electron energy increases. The calculations
also indicate that the steady-state annulus temperature depends critically upon
the wave electric field strength and the density of the bulk plasma. In parti-
cular, they suggest that |E|2'~'.1- 1 erg/cm3 in the second harmonic heating
‘region and smaller values of extraordinary wave energy density in the high’
field side of the. fundamental resonance can account for annulus startup and
steady-state. Collisional interaction between the annulus electrons is in-
ciuded only to the extent that the distribution is assumed to remain Maxwellian.
Consequently, the calculations do not depend on annulus density.

-

Neglecting extraordinary wave propagation in the throat beyond the cut-
off layer and ordinary wave heating, the calculation gives annulus temperatures
on the order of several hundred kilovolts for both EBT-1 and EBT-S, with rea-
“sonable values of the wave electric field strength. Moreover, the calculations
suggest that the annulus temperature in EBT-S is larger than in EBT-1, consis-
tent with the experimental trends.

To obtain improved quantitative agreement between experiment and calcu-
lation, it is necessary that more physics be included in the model. For example,
experimental measurements suggest that the perpendicular momentum of annulus

4,25 Moreover, a population of

electrons is larger than the parallel momentum,
relativistic electrons exist in bumpy tori, displaced from the annulus, with

primarily parallel momentumf"25 Consistent with the measurements it would be

18



~

desirable to pefmit the annulus electron distribution function to be anisotropic
and separate parallel from‘pefpendicular wave heating. Also, boundary layer and
Toss cone effects as well as better estimates of electric field amplitudes would
. permit more accurate calculations of annulus parameters. Field line averaging
. over loss terms as well as quasilinear diffusion would be-useful, as well as a
knowledge of E(r,z). At the present time such improvements in-the annulus model

are being made.
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Figure 1.

Figure 2.

Figure 3.
Figure 4.
Figure 5.

Figure 6.

Figure‘7.

Figure 8.

-Figure 9.

. FIGURE CAPTIONS

Sketch of the cutoff and electron-cycliotron resonant regions in
EBT-1. This figure is taken from Ref. 10. '

Eifraohdinary wave heating rate for various .cyclotron harmonics
normalized to ]E|2 (units of sec™) versus distance along field
Tine as measured from hidp]ane (units of cm). The field line

chosen is a radial distance of r = 8.9.cm from the axis at the

‘midplane. Crosshatching on abscissa indicates cutoff- zone.

_ 2,02, .2y _
Ty = 1 keV, k“/(k," + k%) = 0.5.

Same as Figure 3 but T, = 200 keV.

Same as Figure 2 but for ordinary waves.
Same as Figure 3 but for ordinary waves.

Heating rate (dW/dt) normalized to IE|2 and loss rate (dW'/dt)
normalized to |E|2 (units of sec™!) versus annulus temperature
(units of eV). Extraordinary heating rate, ordinary heating rate
and loss rate are indicated by the fo]10w1ng types of ]1nes

.y respect1ve1y k, /(k

1 ) = 0.5,
12 3, and annulus

Ty T = ,and—'—'.
Bo = 4500 gauss, background.density = 1.2 x 10
density = 1 x 1011 -3
are included. Wave amplitudes are set equal to zero for z' > 6 cm.

» respectively. Only n =1 and 2 heating

A1l curves are evaluated for the magnetic field line located at r =
8.9 cm from axis at the midplane.

Same as F1gure 6 but wave f1e1d amp11tudes in the throat are per-
mitted to be finite.

Same as Figures 6 and 7 for tﬁe extraordinary and ordinary waves,
respectiVe]y. Two values of the wave electric field strength are
assumed for each polarization: |E| = .2 and 1 erg/cm The
average heating rate between extraordinary and ordinary wave
heating is represented by «----

Same as Figure 6 for the extraordinary wave heating rate which is
evaluated for three midplane radii of field lines r = 8.4, 8.9 and
10.4 cm. Loss expression is evaluated for r = 8.9 cm. |E|2 =
0.2 and 1 efg/cm3.
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Figure 10. Samé as Figure 9 but for EBT-S parameters: Bo = 7000 gauss and
w/2m = 28 GHz. ‘Heating rates are evaluated for magnetic field
" lines located at two midplane radii: - r = 8.9 and ‘10.4 cm.
|E|2 = 0.1, 0.2 and.1 erg/cm3.
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. APPENDIX. A. MODE CONVERSION BY WALL REFLECTION

To generate electrons of sufficiently high ene#gy,Which can be effec-
tively heated at the second and higher electron-cyclotron harmonics, it is
necessary to overcome the strong collisional drag on cold electrons. The

~damping of extraordinary waves at the fundamental can have this effect.
However, because extraordinary waves cannot propagate directly to the fun-
damental resonance zones from lTaunching structures at the midplane it.is
necessary’to'invoke a mode conversion process from ordinary to éxtfaordinary
po]érization. One powerful mode conversion mechanism is the reflection of
ordinary modes off the conducting walls. In this appendix it is shown that
for almost all angles of propagation substantial mode conversfon occurs,

Consider the plane geometry of Figure A-1. A plane incident wave
with wavenumber Eo and qrigin@ting'at x > 0 impinges upon a reflecting ﬁg]]
at x+= 0. This wave is then reflected into two waves with wavenumbers k1 ,
and k2, respectively. The background magnetic field is assumed to be z-
directed. -Al1 wavenumbers are presumed to 1ie in the x-z plane and to:

. . N
correspond to wave propagation.

Because two modes of propagation exist in the cold magnetized plasma
approximation it follows that: }

> > > -
kgl = Tkl # fkpl | (A-1)
Furthermore, Snell's law rqui}es that

k o =k; =K

0z 1z - _(A-2)

2z N
where subscript z denotes magnetic field aligned component. Considering only
forward propagating solutions to the dispersion relation it follows that:

k = -k ’

1x oX

Ky, k . <0 - | (A-3)
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where subscript x denotes the component parallel to the normal of the reflecting
plane. For the x-, y- and z-directed electric field components of the three
waves [i.e., (on, Eoy~ oz)’ (E1x 1y* ) and (E )] Maxwell's
" equation implies the following relation:

2¥
(A-4a)
(A-4b)

These expressions can be related to each other through the cold plasma dispersion

relation:z4

0=(S-n2)E -4DE +n.n E | (A-5a)

X X y X 'z "z
. 2 2
0=1DE, + (S - noo-n, ) Ey (A-5b)
O=n.n E +(P-n?)E ‘ (A-5¢)
X 'z "X X y4
with
w 2 Q. w 2
$=1- 528 D = 0 Pe
2 _o2 ' -2
w 0 w w 0
" 2
=1 . _be_ = = -

P 1 mz . % kZ c/w s nZ kz c/w . (A-6)
Hence,

0= Bo (on - Elx) f Ba E2x ‘ (A-7b)
with

_ 2 2 ) 2 2

ay = D/(S - Nox = Moz ) » Oy = D/(S - oy n,, ) .

B = /(P - n 2) | B, = |n, | n /(P =~n 2) (A-8)

0 ox oz oX ? 2 2x 0z 2% °
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In terms of E ',
: oXx

£y, = [(B/8,) = (og/ap)11(B/8y) + (a /a1 Eyy (A-92)

E,, = 0.5 [(8,/8,) - (azlao)] Eox - ‘ (A-9b)
The efficiency of conversion-can now be defined in the following way:

E=1- e, %1€ I (A-10)
This efficiency is plotted in Figures A-2 and A-3 for conversion of extra-
ordinary to ordinary polarizations and ordinary to extraordinary polarizations,
respectively, conversion efficiencies in excess of ten percent for all angles
of propagation except those approaching zero or ninety degrees. The reason

for the lack of mode conversion at ninety degree propagation is the pure mag-
netic field aligned polarization of ordinary waves while the extraordinary
waves have wave electric fields only perpendicular to the ambient magnetic
field. Similarly at zero degrees both waves have no z-directed electric field -

‘and so no mode conversion occurs (i.e., Eq. (A-7b) is trivial). In any case

for EBT, wave propagation will generally be oblique to the magnetic field for
wave launching in midplane and so substantial mode conversion should occur.

An interesting feature of Figure A-2 is that the cosz(e) -+ 1 mode
conversion of extraordinary waves leads to surface ordinary waves. Hence,
the curves are not extended to these large values of cosz(e). Surface wave
generation through reflection off conducting walls will be discussed in a

future publication.
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FIGURE CAPTIONS

- Figure A-1. Model for calculations in Appendix A.

Figure A-2. Plot of efficiency for mode conversion of extraordinary to ordinary
B " waves -versus cdsz(é) = kzz/kl2 + kéz). Background density is
1 oen3 u = 20 x 18 GHzs 0 2/u® = 0.1 ag/w = 1.1 (

4 x 10°" cm )s

1.4 (- - -) and 2.0 (—+—+ ).

Figure A-3. Same as Figure A-2 but for conversion of ordinary to extraordinary .
waves.
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Figure A-1
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Figure A-2
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APPENDIX B. ANNULUS STARTUP. THROUGH FUNDAMENTAL HEATING

In order that electrons can be heated by second and higher harmonic
electron-cyclotron damping to the relativistic energies appropriate to the
electron annulus, a mechanism must be available to iﬁérease the perpendicular
energy of electrons. Fundamental electron-cyclotron damping is such a mechan-
ism. Several features of .the fundamental -heating process make it especially
attractive. First, it is a linear process which takes place even for finite
wave amp]itudes. Second, fundamental heating occurs even for the very cold
electrons nearly zero electron gyro-radius. This feature is in contrast to
second and higher harmonic heating which requires electrons to have finite
electron gyro-radii. Third, for a magnetically confined plasma geometry
fundamental heating only requires that the wave frequency equal the nonrela-
tivistic electron-cyclotron frequency ét discrete locations along a magnetic
field line. ‘

In this appendfx it is shown that fundamental electron-cyclotron heat- .

‘ing of electrons in the tail of the electron distribution function for cold

electrons is sufficient to overcome collisional -drag and to accelerate elec-
trons .in the perpendicular direction. Consequent1y, these electrons can reach
perpendicular velocities sufficient for higher harmonic heating to become
appreciable.

For electrons in the tail of the electron distribution function, the
fundamental electron-cyclotron interaction occurs when:

w - 0 =k‘V“ . . - (B-1)

where Vi is the parallel electron velocity. Because Eq. (B-1) is satisfied
for a specific electron at a discrete location along a field line, it can be
anticipated that the wave amplitude is sensibly constant as far as wave energy
absorption by the single eieétron is concerned. Hence, a weak wave absorption
model 1is appropriate for a single electron with the field 1ine averaged rate

of wave energy absorption by a single electron given by;26,27
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12 (8-2)

ec
= IE
Bo

where L1 is the field aligned gradient of the magnetic field strength. This
expression corresponds to two resonance zones per mirror section and N mirror
sections. '

The rate at which tail electrons lose energy due to collisions with

background electrons is given by:28
. ,
_ 4mne -
Py = In (n) : (B-3)

where the background electron temperature, background electron density, and
tail electron speed are represented blee, n and v, respectively. Also,

T\ 2 | '

_ e mv

As <8Fﬁ) o3 - (B-4)
: 2e . :

For tail electrons to overcome the effects of collisional drag as a
result of fundamental electron-cyclotron heating, it is necessary that:

P, < P1 (B-5)
or

2ne’B NL, )

] In (A) < TT;' |E | . (B-6)

Noting that,

|k"'v"| < wm Qg (B-7)
permits Eq. (B-6) to be rewritten as

L 2 5 .

NLf (2m) nzme n (4) < w2 (B-8)

1 |E_|

where the parameter, w, is the tail electron kinetic energy which is assumed
to be much Targer than Te‘ It follows that the capability to overcome drag is
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- ordinary waves is then given by:

i

benefited by high electron kinetic energy,.low frequency, low background density,
large ratio of magnetic field line gradient scale length to magnetic field line
length and large values of the right-hand circularly.polarized component of the

- wave electric. field. Specifically, for w = 27 x 18 GHi, and-Te = 50 eV, the

criterion for tail electron runaway . is p]bttéd.in Figure B-1. Justification

for the arbitrary choice of ‘value for electron temperature is the requirement
that 1n(A) be given some value and the weak dependence of logarithm on plasma
parameters. A '

- The vé]ues of electric field specified by Figure B-1-can bé compared
to an estimate of the extraordinary wave electric field expected within the
mirror throat. Consider wave propagation eXact]y parallel to the magnetic
field. Based on ray tracing results such propagation is especially appropriate

as waves approach the resonant surfaces.lq The dispersion relation of extra-
10,24 : 4

2 2
k"C w

- pe , g _
o _1+w§20-'w . (B 9)

where Whe is the electron plasma frequency. The Poynting flux fdr the waves

a1ong(the magnetic field is:

S = E—(E“—C) IE |2 | | (B-10)

and so the total flux of energy incident on a resonant surface where wave
absorption occurs is:

A ‘ k.c :
= qp = & LN 42 _
ST = GA = = A ( " ) |E_| ‘ (B 1})

where A is the area of the resonant surface. Consider a typical estimated . .
value for the bulk heating rate, 16 kw,4
sections, two bulk resonant surfaces per section, Eq. (B-11), and surface

area A of approximately 350 cmz, the electric field strength satisfying Eq.

(B-11) is:

‘then because there are N = 24 mirror

4 x 1073 erg/en’ & [E_|% (K e/w) . (B-12)
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Since Eq. (B-9) implies that k"c/a is .greater than one it follows that Eq.
(B-12) can be: rewritten as: )

2 <4 x 1073 erg/cm3 .o : (B-13)

.|
It follows from the values of electric field (under the assumption of NLy/Le=
1) specified by Figure B-1 that runaway of tail electrons through fundamental .
electron-cyclotron heating are consistent with the value derived from the .-
experimental measurements, Eq. (B-13). This result is especially true for
low background electron density and high tail electron energy. Under such
conditions collisional drag is weakest. Also, the dependence of the parallel
index of refraction on plasma parameters declines as density decreases. In
theé 1imit of zero density the parallel index of refraction approaches one and
~the wave electric fields attain the maximum value given in Eq. (B-13). ~
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:Figure B-1.

FIGURE CAPTIONS

P

Plot of curves 1nd1cat1ng boundary for ‘values of(»(ev) and

NLy/Le |E_ |2 (erg/cm ) which permit Eq. (B-8) to be satisfied

for different background densities (i.e., n = 1010 3.——f——-,

1011 -3 . -, and 1012 mS—.—. ). Specifically, values

of w and NL /L. |E_| to the right of ea¢h of the appropriate

curves fulfill the criterion given by the equation.
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APPENDIX C. JUSTIFICATION OF QUASILINEAR APPROACH IN
MICROWAVE ELECTRON RING HEATING

19 been

The use of the uniform-B quasilinear approach has previously
justified. for the calculation of ion heating in the inhomogeneous B-field of
a tokamak.- In that proof, ion particles were assumed to be traveling across

‘magnetic fields.

Simi]ér]y we can show that the uniform-B quasilinear calculation can
be used for microwave electron ring heating in EBT. In this calculation we
. assume that electrons are gyrating around, traveling along the nonuni form
magnetic field line.

The equation of motion for a single nonrelativistic electron is:

dv, e '

=t Q(z) vy = E'Ex cos (wot -'kzz) 0 (c-1)
dv e :

—a¥-+ o(z) Vy T ﬁ'Ey sin (got - kzz) ' (C-2)

where z direction is set along B(z); 2(z) = eB(z)/mc; and wy is the applied

. ) L
microwave frequency. With introduction of new variables X - 1_/(2)’-(EX + Ey),
v = Vy + i Vys we have the equation of motion for the right-hand wave as:

du” - < & Lile t -k z) _
e iU - E e o z B (€-3)

We assume that at t = t the particle is at z = z, traveling along z with
velocity Uo'

N
n

z, + (t = to) Un

: dn _
sz(zo) iy t = to) Uo

o(z)

We may assume that at t = to the particle is exactly at the resonant with the
applied microwave frequency,“ﬂ(zo) Zw =t kZ Uo. Then the solution to the
equation of motion (C-3) becomes:
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| t
- e . S adt-ikz et
U (t) =U(-=) + = E e to f dt* -

8 (-t )?
exp 5

e - ot 27mi |

The energy gain is:

E = <U(t) U*(t)> - §<U(-=) U(-=)>
2
* - '
=D ut) U (t)>=12 Sa—IE |2 2
2 . |,
dz "o

We have assumed random phase for U(-=), so that <U(-=) E~ elol, ~ 0.

_ The number of particles which pass through z = z, with velocity between
Uo and Ug * dU per area dx dy per unit time is 6N = dU Uo,/J'f(x,y,z,vx,Uo)

dvx dvy (dx dy). Knowing resonant condition U0 = w;wo , We may express:
- z
Q(Z)-w
oo _ do dz
U + dU = k z kY
z z
Thus
_do dz
=5
-z
Substituting

- : 1 da
SN -ufdvx./Hvy f(x,y,vx,vy,Uo) kz 5 dx dy dz

The total energy gain per unit time per volume (dx dy dz) is:

P dx dy dz = &E &N
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Therefore the total energy gain per unit time per unit volume becomes -

W=

»P=1e—2|E'-|2 1—fdv Jdv. f(x,y,v_,v. ,v_) 0
m kz X y My z v, = UO =

Zz

This is exactly the expression for the microwave absorption rate calculated
based on the quasilinear theory.
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