
Past Bftlce &ox 370 
1406 Carnino DeJ Mar 

Del Mar, California 81014 



DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



JAYCOR Report No. ,5510-80-015/2184 

MICROWAVE HEATING OF 

THE ELMO BUMPY TORUS 

RELATIVISTIC ELECTRON RING 

I DISCLAIMER I '. 
This Wok w a  prepared 8s an account of w ~ l k  wntored bv an q e x y  of the United S m s  Government. 
Neither the United Slats Government mr any agCW thereof. nor snv of their employeer. makerany 
wirrranty. exprsr or implied. or smmr any lesal liability or repDnsibilily for the amraw.  
mmpleteneu. or ulefulnen of  sny information, spparalu$. ~roduct. or pmceu disclored. or 
reprerents thui ilr u r  vauld mr infringe p r i ~ t e l y  owned righrr Reference herein to any  rpecific 
mrnmeicial product. prmeu. or rwice by lrade mme. trademark. manufacturer. or otherwise. dms 
not nr-rily mnai lua or imply its mdorremeni. rmmmecdsiion. or fm t i ng  by the United 
Slats Gonrnment or any age* thereof. The view and opinions of aulhon exprerred herein do not 
nr-ilv slateor reflwt tnoseof me United Staler Government or anv apencv thereof. 

Status Report f o r  pe r iod  cover ing 

November 1, 1979 - September 30, 1980 

Prepared by 

S. Hamasaki, H. H. K le in ,  N. A .  K r a l l ,  

J. B. McBride* and J. L. Sper l ing  

Prepared f o r  

U. S. Department o f  Energy 
O f f i c e  o f  Fusion Energy 

Washington, D. C. 20545 

DOE Contract  No. DE-AC03-80ER53092 

October 1980 

,^_,. ,- ,.^"" ... 1,- 

,.-. ,-.,... ,- , ,A> <,,."L~.:J IJ!4 
.>.., , ". .. . . ,.. -. n 

*Present address: SAI, La J o l l a ,  CA, 92037 

Post Office Box 370 - 1401 Camino Del Mar Del Mar, California 92014 (714) 453-6580 



EXECUTIVE SUMMARY 

Th is  manuscr ipt  i s .  a f i n a l  r e p o r t  g i v i n g  t h e  techn ica l  ou tpu t  o f  

JAYCOR1s s c i e n t i s t s  under DOE Cont rac t  No. DE-AC03-80ER53092, e n t i t l e d  

"Theore t ica l  Studies o f  Energet ic  E l e c t r o n  Rings i n  EBT. I' Dur ing  t h e  e l  even 

month p e r i o d  cove r ing  t h e  d u r a t i o n  o f  t h e  con t rac t ,  'JAYCOR, as dPrected by 

DOE, fo rmula ted  a  re1  a t i  v i  s t i c a l  l y  c o r r e c t  model f o r .  t h e  e l e c t r o n  c y c l o t r o n  

resonance h e a t i n g  o f  EBT r i ngs .  This  model has been used t o  c a l c u l a t e  bo th  

t h e  steady s t a t e  r i n g  temperature and r i n g  power requirements through t h e  

ba1:ancing o f  h e a t i n g  r a t e  aga ins t  e x i s t i n g  models ' f o r  energy loss .  

The f i r s t  s e c t i o n  of  t h e  r e p o r t  i s  an i n t r o d u c t i o n  desc r ib ing  the  

c r i t i c a l  importance o f  t h e  r e l a t i v i s t i c  e l e c t r o n  r i n g s  t o  t h e  EBT ,concept 

and the  s i  gni  f i  cance o f  e l  ec t ron -cyc lo t ron  hea t i ng  to: t h e  fo rmat ion  and 

steady s t a t e  o f  t h e  r i n g s .  The r e l a t i o n  and d i s t i n c t i v e  fea tures  o f  t h e  

present  work t o  prev ious c a l c u l a t i o n s  o f  r i n g  power balance a r e  de l ineated.  

I n  t h e  s e c o n d ~ s e c t i o n  o f -  t h e  r e p o r t  . t h e  plasma model used as the  

bas i s  o f  t h e  c a l c u l a t i o n s  i s  s e t  up: Specia l  emphasis i s  g iven t o  the  devel-  

opment and d e s c r i p t i o n  o f  a  re1  a t i v i s t i  ca l  l y  c o r r e c t  quasi 1  i n e a r  expression. 

Equations f o r  co l  l i s i o n a l  , synchro t ron  . r a d i a t i o n  and bremss:trahl ung losses 

which a r e  necessary f o r  de termin ing  steady s t a t e  annulus temperatures a re  

w r i t t e n  down. I n  the  h e a t i n g  and l o s s  formulas, t h e  r i n g  momentum d i s t r i b u -  

t i o n  f u n c t i o n  i s  assumed t o  be t h e  r e l a t i v i s t i c  Maxwel l ian. 

I n  t h e  t h i r d  s e c t i o n  t h e  energy l o s s  and q u a s i l i n e a r  hea t i ng  equat ions 

a r e  adapted t o  EBT geometry. The.wave p r o p e r t i e s  necessary t o  complete the  

quasi l i n e a r  d e s c r i p t i o n  o f  t h e  r i n g  heat i ,ng a re  noted. The r e l a t i v i s t i c  

q u a s i l i n e a r  equat ion  i s  then averaged over  magnetic l i n e s .  The r e s u l t  i s  

a  d i s t i n c t i v e  expression n o t  used i n  prev ious r i n g  power balance c a l c u l a t i o n s .  

The f o u r t h  s e c t i o n  g ives a  d e t a i l e d  account ing o f  s p a t i a l  l o c a t i o n s  

where quasi 1  i near heat i ,ng occurs f o r  var ious  e l e c t r o n  c y c l o t r o n  harrnoni cs . 
The equat ions f o r  f i e l d  l i n e  averaged q u a s i l i n e a r  h e a t i n g  and energy l o s s  a r e  

eva lua ted and t h e  r e s u l t s  a r e  c a r e f u l l y  exp la ined i n  o rder  t o  determine steady 

s t a t e  r i n g  temperatures under d i f f e r e n t  assumptions f o r  wave propagation. I t  



i s  shown t h a t  annulus s teady s t a t e  temperature i s  very  s e n s i t i v e  t o  t h e  assump- 

t i o n s  made about wave propagat ion  and amp1 i tude c h a r a c t e r i s t i c s .  R i n g  power 

requi rements a t  t h e  s teady s t a t e  a r e  determined and shown t o  be c o n s i s t e n t  w i t h  

p rev ious  c a l c u l a t i o n s .  ' The s i  g n i - f i  cance o f  fundamental e l  ec t ron -cyc lo t ron  

h e a t i n g .  i n  r i . n g  s t a r t - u p  i s .  no ted  and c a r e f u l l y  analyzed. . . 

The f i n a l  s e c t i o n  makes conc lud ing  remarks about t h e  JAYCOR. EBT r i n g  

model.  A .  b r i e f  synopsis-. i s  ' g i ven  of  t h e  - s i g n i f i c a n t  p o i n t s  deduced f rom t h e  

model, p a r t i c u l a r l y  as'..they r e l a t e  t o ,  r e c e n t  EBT experiments. Based on 'the 

r e s u l t s ,  suggest ions ' f o r  f u t u r e  re f inements  i n  t h e  JAYCOR r i n g  model a re  made 

which can p e r m i t  improvement i n  t h e  t h e o r e t i c a l  d e s c r i p t i o n  o f  t h e  EBT r i n g .  



ABSTRACT , 

A model fo r  microwave heating of e lect ron rings i n  the  ELMO Bumpy 
Torus confi guration i s  analyzed using a re1 a t i v i s t i c a l  l y  . c o r r e c t  quasi 1 inear  
formulation. The steady s t a t e  r ing  energy and t he  microwave power required 
t o  su s t a in  the  r ings.  a r e  determined by  balancing the  1 i ne  averaged heating 
r a t e  against  c l a s s i ca l  c o l l  fs ional  and r ad i a t i ve  energy l o s s  processes. ' ' 

El ectron-cyclotron resonances, . e spec ia l ly  the  . f i r s t  and second, contr ibute  
t o  r ing  h e a t i n g ' a t  s teady s t a t e .  I t  i s  shown. t h a t  fundamental electron- 

cyclotron heating by extraordinary waves could account fo r  i n i t i a l  r i n g  

formation. The mode1 predic ts  r i n g  power requirements fo r  EBT-1 which 
a r e  cons i s ten t  w i t h  previous est imates.  
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I. INTRODUCTION. 

1 The ELMO Bumpy Torus (EBT) conf inement concept cons i s t s  o f  a  t o r o i -  

d a l l y  l i n k e d  s e t  o f  s imp le  m i r r o r  sec t ions .  A c e n t r a l  element i n  t h i s  concept  

i s  t h e  presense o f  h i g h  be ta  e l e c t r o n  a n n u l i  formed i n  t h e  mi . r ro r  sec t ions  by 

mi crowave e l  e c t r o n  c y c l  o t r b n  .resonance h e a t i  ng - (ECRH) on app rop r ia te  s.urfaces 

o f  cons tant  magnetic f i e l d .  .'The. annul ' i  enclose a  t o r o i d a l  core  plasma and a r e  

o f  s u f f i c i e n t  d e n s i t y  and temperature t h a t  t h e  assoc ia ted  diamagnetic. cu r ren ts  

mod i fy  t h e  vacuum magnetic f i e 1  d  s o  as,  t o  p rov ide  MHD s t a b i l i t y  aga ins t  o ther -  

w ise  uns tab le  in te rchange modes. . Both t h e o r e t i c a l  and experimental  s tud ies  

have, shown t h a t  s t a b l e  h i g h  be ta  annul( can be formed2'8.and s t a b i l i z e  a  

t o r o i  da l  p l  asma. 

Microwave e l  ec t ron-cyc l  o t r o n  resonance h e a t i n g  o f  f u s i o n  o r i e n t e d  

devices (e.g., bumpy t o r i  and tokamaks ) i s  an area. o f  p resent  experimental  

and t h e o r e t i  ca1 . i n v e s t i  ga t ion .  To a  l a r g e  e x t e n t  t h e  present  i n t e r e s t  i s  

mo t i va ted  by  t h e  cont inued and encouraging development o f  e f f i c i e n t  microwave 

sources o f  t h e  gy ro t ron  type. ''-I4 ~ u r t h e r m o r e ,  microwaves have s u f f i c i e n t l y  

s h o r t  wave1 engths t h a t  wave propagat ion c h a r a c t e r i s t i c s  can be accu ra te l y  pre- 

d i c t e d  by  r a y  t r a c i n g  techniques. Because microwaves a r e  n o t  as suscep t i b le  . 

t o  n o n l i n e a r  e f f e c t s  as some o t h e r  wave h e a t i n g  methods (e.g., lower -hybr id  

hea t i ng )  , s p a t i a l  1  o c a t i  ons where microwave absorp t ion .  occur  a r e  r e a d i l y  pre- 

d i c t e d  f rom l i n e a r   consideration^.^ Th is  p r o p e r t y  o f  microwave h e a t i n g  makes 

i t  a pr ime candidate f o r  c o n t r o l l i n g  c u r r e n t  and temperature p r o f i l e s  i n  f u s i o n  

o r i e n t e d  devices. However, whereas microwave h e a t i n g  i s  o n l y  an a u x i l i a r y  

h e a t i n g  method i n  o t h e r  plasma c o n f i g u r a t i o n s ,  i t  i s  a  necessary i n g r e d i e n t  

f o r  mai n t a i  n i  ng stab1 e  bumpy to rus  plasmas. 

Because o f  t h e  importance o f  e l  ec t ron -cyc lo t ron  resonance hea t i ng  i n  

t h e  a t t r a c t i v e  bumpy to rus  r e a c t o r  concept, 15'16 we have undertaken a  c y a n t i -  

t a t i v e  c a l c u l a t i o n  o f  t h e  h e a t i n g  i n  t h e  geometry, parameter ranges and mode 

s t r u c t u r e  o f  bumpy to rus  experiments. I n  t h i s  work, t h e  hea t i ng  r a t e  by ECRH 

and c o o l i n g  ra tes  by r a d i a t i o n  and c o l l i s i o n a l  drag a r e  c a l c u l a t e d  f o r  a  h o t  

e l e c t r o n  popu la t i on  imbedded i n  a  background plasma w i t h  f i x e d  dens i t y  and tem- 

p e r a t ~ ~ r e .  L i k e  prev ious c a l c u l a t i o n s  , re1  a t i v i s  ti c a l  l y  c o r r e c t  expressions a r e  



used f o r  t h e .  r ad i a t i ve  and coll ' is ional  losses  which determine whether the  

e lect rons  cool o r  heat .  17,18 The d i s t i n c t i v e  fea ture  of  the  present work 

i s  t he  use of  a  r e l a t i v i s t i c a1 , l y  cor rec t  quasi1 inear  (ve loc i ty  space) d i  ffu- 
sion model which a1 lows a  re1 i a b l e  calcula t ion of ECR .heating ra tes  a t  h3 gh 
temperatures, and a t  various cyc lo t ron  harmonics ,. i ncl udi  ng the  important 

e f f e c t  of  r e l a t i v i s t i c  broadening o f ' t h e  cyclotron frequency, i2 = no 
as well as  poss ible  nonlinear heating e f f ec t s .  

Subsequent portions of t h i s  pap'er a r e  divided i n  the  following way. 

In t h e  second s ec t i on ,  t he  plasma model used t o  determine the  heating r a t e  of 

a  d i s t r i bu t i on  of r e l a t i v i s t i c  e lect rons  by microwaves of f ixed frequency oo 
i n  a  given magnetic f i e l d  i s  described. Section I11 discusses the adaptation 
of t he  model t o  EBT geometry and microwave source. Application of the  model 

t o  heating by the  two polar izat ions ,  which a r e  normal modes of a  cold plasma, 
extraordinary and ordinary waves, a r e  presented i n  Section IV. In the  f ina l  

sec t ion  we make concluding remarks r e l a t i ng  t o  our calcula t ions  and di rect ions  . 

f o r  fu tu re  work. Three appendices cover- deta i  1s per t inent  t o  the calcula t ions  . 



11. PLASMA MODEL FOR CALCULATIONS 

' I n  t h i s  s e c t i o n  we focus on a  systemat.ic .de terminat ion  and understand- 

i n g  o f  t h e  e l e c t r o n  c y c l o t r o n  resonance hea t i ng  process, . c a l c u l a t i n g  a  r e l a t i -  

v i s t i  c a l  l y  c o r r e c t  h e a t i n g  r a t e  f o r  f i r s t ;  second. and h ighe r  harmonic hea t i ng  

and. f o r  bo th  o r d i n a r y  and ex t rao rd ina ry  wave p o l  a r i  z a t i o n  .. C o l l  i s i  onal  drag 

w i t h  t h e  background i s  ' c a l c u l a t e d  f o r t h e  same parameters. .This .work extends 

e a r l i e r  work 17'18 by formul a t i n g  a  r e l a t i v i s t i c a l l y  c o r r e c t  microwave hea t i ng  

r a t e  based on t h e  quasi 1  i n e a r  i n t e r a c t i o n  - o f  t h e  e l  eetrons w i t h  t h e  microwave 

e l e c t r i c  f i e l d s .  By ba lanc ing  t h i s  expression f o r  power i n p u t  .against  t he  

e x i s t i n g  expressions f o r  t h e  c l a s s i c a l  energy . loss processes, a  s e l  f - c o n s i s t e n t  

. de terminat ion  o f  many o f  t h e  p r o p e r t i e s  o f  t h e  h o t  e l e c t r o n  annulus i n  EBT may 
. be poss ib le .  

The q u a s i l i n e a r  approach has been employed i n  a  d i f f e r e n t  b u t  analogous 

s i t u a t i o n  by s t i x l g  t o t r e a t  i o n  c y c l o t r o n  h e a t i n g  i n  tokamaks. S ince t h e  r i n g  

p a r t i c l e s  reach q u i t e  h i g h  k i n e t i c  enqrgies , on t h e  o rde r  o f  t h e  e l e c t r o n  ' r e s t  

mass, a  r e l a t i v i s t i c  d e s c r i p t i o n  o f  t h e  h e a t i n g  process i s  necessary. Using 

t h e  r e l a t i v i s t i c  Vlasov equat ion, t h e  fami 1 i a r ,  r e s u l t s  o f  n o n r e l a t i v i s t i c  quasi -  

1  i n e a r  theory2' a re  genera l i zed i n  a  s t r a i g h t f o r w a r d  way by making t h e  f o l l o w i n g  

rep1 acemen t s  : - .  

2 2 2 %  v  and y = (1 + p  /mo c  ) . The r e s u l t  i s :  where p  = ymo - 



where 

e E pl,E J i JI 
- n-1  E J (b )  (2)! p  E J ( b )  (b)  + Pl + n + l  z z n  

k = ix kl cos y + e  k  s i n  +iz kZ N Y  

b ~ k  p / m  Q 
1 1  0 . 0  

and fo i s  t h e  s o l u t i o n  t o  t h e  ( z e r o t h  o r d e r )  Vlasov equat ion.  The symbol 1 

means pe rpend icu la r  t o  t h e  magnet ic f i e l d ,  EO, and t h e  z- d i r e c t i o n  i s  chosen 

t o  1  i e  a1 ong io. The 1  e f t -hand and r i gh t -hand  c i  r c u l  a r l y  p o l a r i z e d  wave 

e l e c t r i c  f i e 1  ds a r e  denoted by E+ and E  - , r e s p e c t i v e l y .  The z - d i r e c t e d  

e l e c t r i c  f i e l d  i s  w r i t t e n  as EZ. 

.To de f ine  t h e  problem, we assume t h a t  t h e  annul us d i s t r i b u t i o n  f u n c t i o n  

can. be represented  as a t a i l  on t h e  b u l k  e l e c t r o n  d i s t r i b u t i o n .  S p e c i f i c a l l y ,  

t h e  form o f  t h e  ta-i.1 we have chosen i s  t h e  r e l a t i v i s t i c  Maxwel l ian:  

2  m  c  2  (mot / T I  

fo ( P ~  .pZ) .= 4n (mot ) 3 K2 (mot 2  /TA) e x -  T~ - (2 )  

where K2 i s  t h e  m o d i f i e d  Bessel f u n c t i o n  o f  t h e  second k i n d  and o rde r  two. 

Th i s  cho ice  o f  d i s t r i b u t i o n  f u n c t i o n  permi ts  t h e  e l e c t r o n  h e a t i n g  r a t e  by 

waves t o  be w r i t t e n  as: 



where 

i s  annul us plasma frequency f o r  d e n s i t y  nA and r e s t  mass mo. 

Eq. (3.) i n c l  udes t h e  resonance c o n d i t i o n  ( i n  . the  6 - func t ions  ), t h e  

r e l s t i v i s t i c  mass s h i f t  which s h i f t s  t h e  l o c a t i o n  o f  c y c l o t r o n  resonance a t  

h i  gh energ ies,  t h e  p o l a r i z a t i o n  ( E ,  E - , E ) ,  and harmonic c o n t r i b u t i o n s  

th rough t h e  Bessel f u n c t i o n ,  Jn(b) .  

To c a l c u l a t e  t h e  steady s t a t e  annul us temperature,. t h e  h e a t i n g  r a t e ,  

dW/dt, must be bal.anced aga ins t  l o s s  mechanism a c t i n g  t o  reduce t h e  energy o f  

t h e  r e l a t i v i s t i c  e l e c t r o n s .  As i n  Refs. 17 and 18, o n l y  c l a s s i c a l  l o s s  

mechanisms a r e  considered. . For an i n f i n i t e  and homogeneous plasma: 

dW - - -  
d t  'sync + 'brems + ' co l l  

The terms on t h e  r i g h t  hand s i d e  o f  ' t h e  equat ion  a r e  t h e  powers p e r  u n i t  

volume l o s t  f rom t h e  r i n g  due t o  synchro t ron  r a d i a t i o n ,  bremsstrahlung, and 

c o l l  i s i o n s  w i  t h  t h e  background plasma, r e s p e c t i v e l y .  Speci P i c a l l y ,  

5  3 
'sync = 6.2 x B~~ nATA (I+ TA/2.04 x 10 ergs lcm -sec 

(6a 1 

'brems = 1.5 x 10"~ n A o A  n  T  ' (I+ ~ ~ / m , c ~ )  



where magnetic f ie1 ds ( B ) ,  densit ies (n)  and energy ( T ,  moc2) a re  i n  units of 
\ .  - 

gauss, cm 3, and eV, respectively. The background density i s  represented by 

no O' 

Eq. "(6a) i s  .taken from .Ref. 21. . The expression i n  Eq. (6b),  from Ref. 2 2 ,  

i ncl udes both. el ectron-el ectron as .well as el ectron-.ion bremsstrahl u n g ,  since' 
both contributions become of compa&bl e importance a s  electrons become rela- 
t i v i s t i c :  The r e l a t i v i s t i c a l l y  correct .  form of Eq. (6c) found i n  Ref. 23; 

assumes a Coulomb 1.ogarithm value of twenty. 



. .  . 

. . . Because t h e  r a t e s  p f  heati'ng and cooling depend [Eq. (3 ) ]  on wave 

amp1 i tude ,  wave po la r iza t ion ,  and cyclotron .frequency (a function of v and 

• . .  
B ) ,  a number o f  d e t a i l s  of the  -magnetic .and .microwave s t ruc tu r e  f o r  a  par- 

t i c u l a r  experiment m u s t  .be i ncl uded i n  applying the  model. 
. . 

A fundamental. question i s  . the s p a t i a l  d i s t r i bu t i on  of microwave energy, 
including the  general. question of whether t h e  microwaves emitted from the  

antennas wi l l  penetra te  t o  the  region where they could cause resonant heating. 

I t  i s  assumed t h a t  the  propagation cha rac t e r i s t i c s  of the  microwaves i n  EBT 

a r e  determined by t he  col d  background plasma. Annul us . e f fec t s  on propagation 

a r e  neglected. This i s  consis tent  w i th . t he  absorption lengths calculated.  i n  

this paper. Under such circumstances two modes of propagation, ordinary and 
. .  . 

The col d  plasma dispersion r e 1  a t ion extraordinary,  e x i s t  i n  the  pl asma. 

i n  the  electron-cyclotron frequency range gives the  cu to f f .  condition ( i  .e. ,' 
index of  re f rac t ion  going t o  zero)  f o r  the  ordinary mode: 

. . 

and fo r  the  extraordinary mode: 

The symbol. w denotes t h e  bulk e lect ron p i  asma .frequency .. Furthermore, t h e  
a Pe 

extraordinary mode has a  resonance ( i  e . ,  index of going t o  i n f i n i t y )  a t :  

Extraordinary waves a r e  a l so  s t rongly absorbed i n  cold plasmas a t  

s p a t i a l  1  ocations where: 



because o f  t h e  1  arge r ight-hand'  c i r c d l  a r l y  po l  a r i  zed component o f  t h e  wave 

e l  e c t r i  c  f i  e l  d. However, t he  o r d i n a r y  - wave does n o t  hav.e an apprec iab le  

r i gh t -hand  c i r c u l a r l y  p o l a r i z a t i o n  and . there fore  i s  unaf fec ted  by p.ropagation 

across s p a t i a l  l o c a t i o n s  where Eq. (10) i s  s a t i s f i e d .  

F igu re  .l, taken from Ref. 10, conta ins  a  sketch o f  t h e  resonance and 

c u t o f f  reg ions  i n  EBT. 

The r i gh t -hand  c u t o f f  c o n d i t i o n  o f  Eq. . ( 8 )  i n d i c a t e s  - t h a t  an ex t ra -  

o rd ina ry  wave propagat ing  f rom t h e  low magnet ic  f i e l d  and low dens i t y  reg ion .  

w i l l  never reach t h e  f i r s t  harmonic h e a t i n g  resonance, u = . f o r  a  f i n i t e  

(non-zero) densi ty plasma. This  ' imp1 i es t h a t  h e a t i n g  by an ex t rao rd ina ry  wave 

propagat ing  d i r e c t l y  f rom ou ts ide  i n  EBT i s  o n l y  p o s s i b l e  f o r  h ighe r  harmonics 

than t h e  f i r s t  harmonic resonance. However, t h e  o r d i n a r y  made propagates f o r  

a l l  d e n s i t i e s  such t h a t :  
1 

and so convers ion o f  o rd ina ry .  t o  e x t r a o r d i n a r y  waves coul  d  p e r m i t  ' e x t r a o r d i n a r y  

. . wave energy t o  e x i s t  a t  a1.l s p a t i a l  l o c a t i o n s  where ex t rao rd ina ry  wave propaga- 

t i o n  i s  al lowed, even i n  t h e  bumpy t o r u s .  t h r o a t  w i t h  wave f requencies l e s s  than 

t h e  i oca l  nonre l  a t i  v i s t i  c  e l  ec t ron-cyc l  o t r o n  frequency. One powerfu l  conversion 

mechanism i s  t h e  r e f l e c t i o n  o f  o r d i n a r y  waves o f f  t h e  conduct ing w a l l s  o f  t h e  

bumpy to rus .  Such convers ion i s  a  necessary consequence o f  t h e  boundary con- 

d i  t i o n s  f o r  Maxwell ' s  equat ions a t  a  conduct ing sur face.  ' I n  Appendix A and 

Ref. 10 .  subs tan t i  a1 convers ion e f f i c i e n c i  es i n  excess o f  t e n  percent  a re  pre- 

d i  c ted  f o r  wave propagat ion which i s  o.bl i que  t o .  t h e  magnetic . f i e l d .  

a 
With the  ex is tence o f  e x t r a o r d i n a r y  wave energy i n  t he  m i r r o r  t h r o a t ,  

a  mechanism f o r  s t a r t u p  o f  a  h o t  e l e c t r o n  annulus can be conjectured.' With t h e  

microwave frequency equal t o  t h e  second harmonic o f  t h e  n o n r e l a t i  v i s t i c  e l  ect ron-  
, . 

c y c l o t r o n  frequency near  t h e  annul us 1  o c a t i  on t h e  m i  crowave frequency i s  equal 

t o  t h e  fundamental o f  t h e  e l e c t r o n - c ~ y c l o t r o n  frequency away from the  midplane 

and nearer  t o  t h e  t h r o a t  o f  each m i r r o r  s e c t i o n  (see F igure  1 ) .  Because fun- 

damental e l e c t r o n  h e a t i n g  w i l l  be shown t o  be e f f e c t i v e  f o r  e lec t rons  o f  zero 
I '  

a energy, c o l d  e lec t rons  can increase t h e i r  momentum and energy i n  t h e  d i r e c t i o n  



perpend icu la r  t o  t he  magnetic f i e l d .  Eventual l y  the  perpend icu la r  energy gets 

s u f f i c i e n t l y  ' 1  arge t h a t  t h e  second and h i g h e r  harmonic resonance heati,ng can 

i ncrease t h e  e l e c t r o n  'energy t o  : t h e  re1  a t i  v i s  t i  c 1 eve1 app rop r ia te  t o  the '  

s teady s t a t e .  EBT annul us. Deta i  1 s o f  a c a l  c u l  a t i o n  showing how fundamental 

h e a t i n g  can i nc rease  the  energy  e lec t rons  i n  t h e  e a r l y  s tage o f  annulus forma- 

t i o n  a re  descr ibed i n  Append i .~  'B. . . 

. . F i  na l  l y ,  t h e  h e a t i n g  r a t e  depends on t h e  magnetic geometry (no compared 

t o  t h e  microwave frequency).  , We use t h e  f o l l o w i n g  a n a l y t i c  form f o r  t h e  magne- 

t i c  f i e l d  s t rength :  . . 

B r r z 1  = 0.5 BO I1 (f r) s i n  (f zl )  

where I. i s  t h e  m o d i f i e d  Bessel f unc t i on ;  r the  m i r r o r  rad ius ,  and z1 the  a x i a l  

l o c a t i o n  r e l a t i v e  t o  z' = 0 a t  t h e  midplane o f  t h e  m i r r o r .  Device parameters 

a r e  L = 19.64 cm and Bo = 4500 gauss f o r  EBT-1 and 7000 gauss f o r  EBT-S. This  

form fo r  t h e  f i e l d s  i s  app rop r ia te  t o .  a s t r a i g h t  c y l i n d e r  and assumes t h a t  o n l y  

vacuum .magnetic f i e l  ds a r e  present .  Hence, plasma diamagnetism i s  neglected. 

Using t h i s  magnetic f i e l d ,  t h e  q u a s i l i n e a r  h e a t i n g  r a t e  expression can 

then  be averaged over  a f i e l d  l i n e  t o  o b t a i n  an average hea t i ng  r a t e  fo r  a 

d i s t r i b u t i o n  o f  e lec t rons .  i n  an EBT geometry: 

where Lf  i s  t he  l e n g t h  o f  a s p e c i f i e d  magnetic f i e l d  l i n e  and z i s  t he  

coo rd ina te  a long the  f i e l  d  l i n e  measured f rom t h e  midplane. J u s t i f i c a t i o n  

f o r  t h i s  averaging procedure i s  found i n  Appendix C.  

2 A f i n a l  parameter i s  microwave. f i e l d  energy I E ~  . Unless otherwise 

s p e c i f i e d ,  t h e  t o t a l . e l e c t r i c  f i e l d  s t reng th  i n  Eq. (.12) i s  assumed t o  be a 

cons tant  i n  regions o f  mode propagation. The r e l a t i v e  s t r e n g t h  o f  r ight-hand,  

1 e f t -hand and para1 l e l  e l e c t r i c  f i e l  d  p o l a r i z a t i o n s  i s  determined from the  c o l d  

plasma. d i spe rs ion  re1 a t i o n .  I n  s p a t i a l  regions where t h e  ex t rao rd ina ry  wave 
\ 



does not propagate t he  wave amplitude i s  always s e t  equal t o  zero. E q .  (12) 
i s  a l s o  evaluated assuming t h a t  the  r a t i o  k,/kl, i s  fixed. The formalism 
allows both a  calcula t ion of.  r e l a t i v e  heating and cooling ra tes  and a  cal -  

cula t ion ,of steady s t a t e .  conditions , neglecting spa t i a l  d i f fus ion of  hot 
e l  ectrons , when: 

<dW> = 
d t ('sync + 'brems + P c o l l ) ( z .  0 

which assumes synchrotron rad ia t ion ,  bremsstrahl ung and col l  i s ional  drag 
eval uated a t  the  m i  dpl ane, z  = 0. 



IV. CALCULATION RESULTS 

Wi t h  t h e  aforementioned model f o r  t h e  r e l a t i v i s t i c .  bumpy torus  annulus, 
ca lcu la t ions  of  quasi 1  inear  heating and steady s t a t e  annul us temperatures .have 
been ca r r i ed  out. Results. a r e  summarized i n  Figures 2-10. 

. . .  Figures 2-5 ind ica te  the  spa t i a l .  regions a'long the  spec i f i c  magnetic 
. . f i e1  d 1  i ne where wave p a r t i c l e s .  resonances occur, ' as  a  function of r i n g  tem- 
' . perature.  A c l e a r  fea tu re  of the  f igures  . i s  the  s p a t i a l  broadening of the  

resonance zones and . the increasing. importance of a  g rea te r  number of e l  ectron- 
cyclotron harmonics as r ing temperatures approach. re1 a t i v i s t i c  energies ( i  . e . ,  
> 100 keV). Resonance broadening i s  a  ,consequence of  t he  resonant conditiori: 
N 

and the  dependence of Eq. (1 )  on Bessel function values. Three fac tors  cause 

a t h e  broadening. F i r s t ,  i n  the  r e l a t i v i s t i c  regime Eq. (14) i s  a  function of 

perpendicular and paral 1'1 momentum through the  r e l a t i v i s t i c  parameter, y = 

. ( 1  + p2/c2)-'1. . In pa r t i cu l a r ,  e lect rons  which would be nonresonant i f  Eq. (14) 

d i d  not depend on y can become resonant f o r  y > 1. Second, the  number of  par- 

t i  cl es w i t h  paral 1  e l  ve loc i t i es  approaching the speed o f  1 i ght becomes 1 arger  

and the  f ac to r  kzpz/moy piays a  more s ign i  f i  cant r o l e  i n  the resonance condi- . 

t i o n ,  espec ia l ly  i f  t h e  para l l e l  index of r e f r ac t i on ,  kZc/o, i s  g rea te r  than 
one. Th . i rd ,  as  t he  argument. of the  Bessel functions i n  E q .  ( I ) ,  k p  / m  s2 - 

1 1  0 0  
becomes . larger ,  t h e  Bessel funct ions .  become more comparable i n  ma;gni tude and 
a1 1  polar izat ions  ( i  e .  , E,, E . - , and E,) contr ibute  s t rongly t o  t h e  quas i l inear  

heating.  The impact of ad.di t ional  e l  ectron-cycl otron harmonics , besides funda- 
mental and second, .on the  wave heating of  t he  annul us a s ,  annul us temperature 
i s  increased i s  a  r e s u l t  of  several  e f f e c t s .  F i r s t ,  resonance broadening per- 
mits Eq. (14) t o  be s a t i s f i e d  by more pa r t i c l e s  a t  the  d i f f e r e n t  harmonics. ,, 

For example, consider the  n = 0 (Landau) resonance: 



Eq. (15) i n d i c a t e s  t h a t .  t h e  pa ra l  1  e l  index  o f  r e f r a c t i o n  must b e  g rea te r  than 

one fo r  t h e  resonance c o n d i t i o n  t o  be s a t i s f i e d .  Moreover, i t  i s  necessary 

t h a t  vz/c be nonzero. For  t h e  paral.1 e l  index  o f  r e f r a c t i o n  approaching one 

t h e  parameter vz/c must a l s o  approach a  va lue  o f  one. Under such circumstances 

t h e  resonant  e l e c t r o n s  a re  r e l a t i v i s t i c ' .  . . Second, as" e lec t rons  become more 

e n e r g e t i c  t h e  argument o f  t h e  Bessel f unc t i ons  i n  Eq. ( 1 )  inc rease i n  value. 

Consequently, . t he  Bessel func t ions  which a r e  n o t  o f  o rde r  zero c o n t r i b u t e  i n  

a  f i n i t e  way t o  t h e  q u a s i l i n e a r  heat ing.  ~ h e s e  a r e  p r e c i s e l y  the.same Bessel 

, . f u n c t i o n s  on which harmonic c y c l o t r o n  hea t i ng  w i t h  In1 >. 1 depend so s t rong ly .  

-The s p a t i a l  l o c a t i o n  o f  wave h e a t i n g  a t  t h e  var ious  resonances can be 

assoc ia ted  w i  t h  t h e  propa.gation . c h a r a c t e r i s t i c s  o f  t h e  waves. I n  t h e  second 

f i g u r e  fo r  which TA = 1 keV fundamental and second harmonic hea t i ng  occur . 

near t h e  p o i n t s  where w = no and o = 2no, r e s p e c t i v e l y .  The ampl i tude o f  t h e  

h e a t i n g  i s  g r e a t e r  f o r  fundamental as compared t o  second harmonic hea t i ng  

because o f  t h e  r e l a t i v e l y  smal l  e l e c t r o n - c y c l o t r o n  rad ius  f o r  TA = 1 keV. 

Also, a  consequence o f  t h e  smal l  Larmor rad ius  i s  t h e  n e g l i g i b l y  smal l  h ighe r  

harmonic heat ing .  Now t h e  e x t r a o r d i n a r y  wave has t h e  p rope r t y  t h a t  wavenumbers 

., o n ' t h e  h i g h  magnetic f i e l d  s ide  o f  t h e  upper . h y b r i d  resonance sur face,  Eq. ( 9 )  

w i t h  ki = 0, a r e  l a r g e r  t han  those on t h e  low f i e l d  s i d e  o f  t h e  r igh t -hand 

c u t o f f  su r face  s p e c i f i e d  by Eq. (8). (These sur faces a r e  sketched i n  F igure  1.) 

Consequently, c o n s i s t e n t  w i t h  Eq. (14), t h e  w i d t h  o f '  t h e  s p a t i a l  zone f o r  fun- 

damental h e a t i n g  i n  F igu re  1 i s  l a r g e r  than tha.t  f o r  second harmonic heat ing.  
2  2  Also, i f  t h e  r a t i o  of k Z  /(kl + kz2 )  used t o  c a l c u l a t e  F igure  1 would be 

increased, t h e  s p a t i a l  w i d t h  o f  t h e  hea t i ng  zones would be increased. Con- 

vers'ely, f o r  p a r a l l e l  wavenumber approaching zero t h e  s p a t i a l  w i d t h  o f  t h e  
/ h e a t i n g  zones decreases wh.i,le t h e i r  ampl i tude increases.  I n  t h e  1  i m i t  o f  

zero  pa ra l  1  e l  wavenumber t h e  hea t i ng  zones have negl i g i  b l  e  w i d t h  about t he  

p o i n t s  where LI = no and w = 20,. The d i p  i n  t h e  fundamental h e a t i n g  r a t e  a t  

t h e  p o i n t  where u = no i s  i n d i c a t e d  i n  an approximate way by a  dashed l i n e  and 

i s  a  r e s u l t  o f  t h e  decrease i n  r i gh t -hand  wave e l e c t r i c  f i e l d  p o l a r i z a t i o n  con- 
2 

s i s t e n t  w i t h  t h e  c o l d  plasma - d i s p e r s i o n  r e l a t i o n  us ing  a  f i x e d  value f o r  kz  / 

(kz2 + kl )  . For  perpend icu la r  wavenumber going t o  ,zero t h e  w i d t h  o f  t h i s  d i p  
decreases u n t i l  t h e r e  i s  no d i p  f o r  kl = 0. By comparison, wave t r a c i n g  c a l -  

c u l a t i o n s  show t h a t  k Z  increases much more r a p i d l y  t h a n  kl changes as ex t ra -  

o r d i n a r i  waves propagate toward t h e  fundamentel c y c l o t r o n  resonance surface 
10 

. and i s  r a p i d l y  absorbed. 

12 



Figure 3 i s  the  same ca lcu la t ion  as  Figure 2  except t h a t  the  annulus 
temperature has been increased t o  200 keV. The f igure  demonstrates the  broad- 

ening of  t h e  fundamental and second harmonic par t i cu la r ly  i n  the  t h roa t  of each 

mirror sec t ion  where. the  absol ute value of  t h e  paral le l  wavenumber i s  l a rge s t .  
Conversely, appreciable fundamental resonance heating does not occur near the  

midplane of t he  mirror sect ions  because 

f o r  most e lect rons  .. The reasons fo r  t h i s  behavior a r e  re la ted  t o  the  wave 
propagation cha rac t e r i s t i c s  and the  bumpy torus  magnetic f ie1  d confi guration. 
As noted previously, t he  para l l e l  index of re f rac t ion  i s  l e s s  than unity near 
t h e  midplane, while t he  parameter vzlc i s  always smaller  than  one. The para- 
meter R /yo i s  smaller  than unity i n  the  midplane region and decreases i n  

0 
magnitude as the  el ectron energy i ncreases . Moreover, there  e x i s t s  the  spa t i  a1 

region w i t h  no extraordinary wave energy between the  midplane and the  nonrela- 
t i v i s t i  c  fundamental cyclotron resonance locat ion.  . Also w i t h  regard ' t o  the  
heating a t  t he  fundamental el ectron-cycl otron resonance heating,  t he  dip i n  

t h e  heating r a t e  shown i n  Figure. 2. disappears i n  Figure 3 because of  t he  con- 
t r i bu t i on  t o  heating . . by t h e  E+ and E Z  wave f i e ld s .  Furthermore, s i g n i f i c a n t  

fundamental heating occurs away f rom the  locat ion where o. = no. Consequently, 

t h e  r e l a t i v e  contribution of  .fundamental heating near the  non re l a t i v i s t i c  fun- 

damental resonance locat ion is.much l e s s  s ignif icant .  fo r  an annulus temperature 
of  200 keV than "for an annul us temperature of 1 keV. Unlike t he  case of Figure 

2 ,  t he  h i g h  annul u s  temperature permits. the  heating a t  harmonic numbers other  
than f o r  n = 1,2. .In pa r t i cu l a r ,  t h e  heating zones f o r  n = -1,0, and 3 a r e  

' p l o t t e d  i n  Figure 3. Because heating a t  the  n = -1 and 0 resonances requires  

t h a t  t he  para'llel index of re f rac t ion  be g rea te r  than one, heating w i t h  these  
resonances can only occur on t he  high . f ie1  d s i de  of the  upper hybrid layer .  

Figures :,4 and 5 a r e  analogous t o  Figures 2  and 3 except f o r  the  f a c t  
t h a t  t he  wave polar izat ion considered i s  ordinary . r a t h e r  than extraordinary.  
The features  of Figures 4 a n d  5 a r e  analogous t o  those of Figures 2 and 3 i n  

t h e  sense t h a t  the  resonances a r e  broadened fo r  higher annulus temperature. 

In con t ras t  t o  Figures 1 and 2 ,  the  s t r i k i n g  feature  of Figures 4 and 5 i s  

t he  dramatic increase  i n  the maximum amp1 i tude of heating by t h e  ordinary 
wave as  the  annulus.temperature i s  increased. This e f f ec t  i s  a  consequence 



of the  small right-hand e l  e c t r i c  f i e l  d polar izat ion c h a r a c t e r i s t i c  of  ordinary 

waves and the' requirement of  f i n i t e  electron-cyclotron radius i n  order t h a t  E+ 
0 and E, contr ibute  appreciably  t o  heating. T h i r d  harmonic heating i s  not pre- 

' s e n t  t o  an appreciable ex ten t  f o r  annulus temperatures of  ,200 keV.because the  

.. f i n i t e  Larmor radius contributions a r e  not  1  arge .enough t h a t  they can compensate 
f o r  t he  small right-,hand c i r cu l a r l y  polarized con t r i bu t i on  t o  the  ordinary wave 

a heating. No heating by ordinary waves through the  n equal zero o r  negative 

in teger  resonances occurs because t he  paral 1  el index of re f rac t ion  i s  always 
small e r  than: one fo r  ordinary waves w h i  1  e  paral 1  e l  i n d i c e s  of  re f rac t ion  
g r ea t e r  than '  one a r e  requ.i red .for heating a t  these .  resonances. 

Figures 6-10 a r e  p lo t s  o f  t he  l e f t -  and right-hand s ides  of Eq. (13).  
Figures 6-9 a r e  f o r  EBT-1 parameters while Figure 10 i s ,  appropriate t o  EBT-S 

parameters. The in te r sec t ion  of  t he  two curves ' indicates  the  r i n g  temperatures 
a t  which t he  quas i l inear  heating i s  balanced by losses .  For c l a r i t y ,  the  various 

2  curves i n  the  f igures a r e  normalized t o  t he  values of  I E I  . Hence, the  curves 

representing col l  i s iona l  plus radia t ion losses  move up  and down ve r t i c a l l y  i n  

response t o  the '  val ue of .the e l  e c t r i  c  f i e l  d. 'Conversely, t he  curves representing 
quas i l inear  heating do not  change. 

The curves representing the  1  osses ref1 ec t  the  importance of col l  i s iona l  
drag and synchrotron radi a t ion.  For low annul us temperatures co l l  i s ional  drag 
i s  the  dominant loss  process' and the  loss  r a t e  decreases with annulus temperature 
a t  1  e a s t  f o r  non re l a t i v i s t i c  energies.  However, f o r  higher r e l a t i v i s t i c  annul us 
temperatures synchrotron radi a t i  on.  becomes dominant and the  1  oss r a t e  i ncreases 
w i t h  temperature. ' For a1.l parameters examined bremsstrahl ung i s  negl i  g i  bl e  com- 
pared t o  co l l i s i ona l  drag and synchrotron rad ia t ion .  

A general fea tu re  of Figures 6-10 i s  t h a t  the  curves representing the 

1  e f t -  and right-hand s ides  of Eq. ( 1 3 )  i n t e r s e c t  a t  two temperatures. Between 
t he  two temperatures quas i l inear  heating i s  g rea te r  than t he  r i n g  losses .  Hence, 
i'f t he  annulus temperature i s  below t h a t  of the  lower in te r sec t ion  point ,  annulus 
s t a r t u p  i s  not  possible;  however, i f  t he  annul us' temperature i s  g rea te r  than 

t h a t  a t  t he  lower in te r sec t ion  point ,  the  annul us temperature can increase  u p  

t o  t he  1  arger  in te r sec t ion  point correspondi ng t o  t he  annul us s  teady-s t a t e  

temperature. Larger annulus temperatures a r e  not possible because r ing  losses  
exceed quasi 1  i near heating. Simply s t a t e d ,  the  annul us temperature calcula ted 

by t he  model reaches a  maximum steady- 'state value once a  threshold temperature 



i s  exceeded. Note .a lso  t h a t .  quasi1 inear  heating by only ordinary waves requires 

t h a t  the  annulus temperature exceed a higher threshold value than required by 

extraordinary waves. .Hence, extraordinary waves a r e  much more c r i t i c a l  f o r  
r i ng  s t a r t u p  than ordinary waves. However ,! i n  the  re1 a t i  v i  s  t i  c annul us tem- 

. . perature  regime both' ordinary and extraordinary wave heating a r e  s i  gni f icant .  

To i 11 u s t r a t e  the  importance of  fundamental heating i .n  determining 

r ing  parameters, cal .culat ions were made i n  which wave e l e c t r i c  f i e l d s  were . . 

s e t  equal t o  zero f o r  distances of  z > 6 cm.where z i s  the  coordinate along . 

t he  f i  el d 1 i n e  . a s  measured from the  midpl ane. (The loca t ion  z '  = '6 cm i s  

w i t h i n  the  cu tof f  region for .  extraordinary waves :) Results of these calcu- 
lat ' ions presented i n  Figure 6 a r e  compared t o  s imi la r  calcula t ions  i n  which 
f i n i t e  wave amplitudes f o r  both the  ordinary and extraordinary modes a r e  per- 

.mit ted i n  the  ' throat  (see Figure 7).  Wall. r e f lec t ion  i s  invoked t o  account 
f o r  the  extraordinary wave energy i n  the  th roa t .  W i t h  the  a r t i f i c i a l  cutoff  
i n  wave amplitudes, Figure 6 indicates  t h a t  ordinary waves alone cannot main- 

3 t a i n  the  annul us fo r  J E J '  = 0.2 erg/cm . Extraordinary waves permit an annulus 

temperature of  230 keV i n  the  f igure .  In con t ras t  t o  Figure 6 ,  Figure 7 shows 
an .annul us temperature of approximately 650 and 900 keV f o r  ordinary and extra-  
ordinary waves,. respect ively .  .Hence, fundamental heating which i s  a dominant 

mechanism. i n :  the  t h roa t  has a profound impact on annul us.  temperature i n  the  
model. 

Figure 8 assumes .ordinary wave energy a t  a l l  points on the  , f i e l d  l i n e  

while no extraordinary wave energy i s  permi-tted on the  high f i e l d  s i de  of t he  

extraordinary wave cutoff  spec i f i ed  by Eq. (8 ) .  Consequently, unlike Figure 7, 

mode conversion of  ordinary t o  extraordinary waves by wall r e f l e c t i on  i s  not 
considered. By comparing Figures 7 and 8 i t  i s  evident t h a t  without wall 
r e f l e c t i on  t he  minimum annulus temperature required f o r  s t a r t u p  i s  an order 
o f .  magnitude l a rge r  than fo r  t he  case when wall r e f l e c t i on  i s  permitted. This 

r e s u l t  points t o  the  s ignif icance of wall r e f l e c t i on  and fundamental e lect ron-  

cyclotron heati  ng by extraordinary waves i n  annul us s t a r t up .  However, the  cal -  
2 cu la t ion  i n  Appendix B does show t h a t  I E 1 c 0.1 ergs/cm3 f o r  extraordinary 

waves on the  h i g h  f i e1  d s i de  of the  fundamental resonance permits annulus 

s t a r t u p  fo r  TA 500 eV and f o r  a wide range of plasma parameters. This 

apparent d i f ference between Figure 8 and Appendix B i s  due t o  t he  choice of 
annulus d i s t r i bu t i on  function and t o  the  d i p  i n  the  heating r a t e  w i t h  t h e  



2  assoc ia ted  r e d u c t i o n  o f  IE - I i f  kl/kl i s  cons t ra ined t o  be a  cons tant  va lue 

i n  t h e  eva lua t i on  o f  Eq. (13). A 

Figures 6 t o  10 i n d i c a t e  t h a t  f o r  r e l a t i v i s t i c  temperatures t h e  annul us 

temperature i s  .much more i n s e n s i t i v e  t o  f i e l d  1 i n e  s t r u c t u r e  than  f o r  lower  

temperatures., Moreover, t h e ' . r e l  a t i v i s t i c  .annul us temperature a t  . l a rge r  r a d i a l  

d is tances  i s  somewhat l e s s  than f o r  smal l-er r a d i i .  R e l a t i v i s t i c  e f f e c t s  a re  

t h e  bas i s  f o r  t h e  form o.f t h e  curves. .In . p a r t i c u l a r ,  r e l a t i v i s t i c  broadening 
. . 

which i s  i n e f f e c t i v e  a t  low annul us temperatures tends . to  e l i m i n a t e  s p a t i a l  

, e f f e c t s  on annul us temperature.: A1 so, t h e  approximate resonance c o n d i t i o n  

( i  e .  o - nno lY )  imp1 i e s  t h a t  magnetic f i e l d  1  ines  which a r e  c l o s e r  t o  t h e  

pla'sma a x i s  r e q u i r e  e lec t rons  o f  h i g h e r  k i n e t i c  energy i n  o rde r  t h a t  t h e  

resonance c o n d i t i o n  be s a t i s f i e d ,  We1 1  below the  s teady-s ta te  annul us tem- 

pera tures ,  F igure  9  i n d i c a t e s  t h a t  t h e  hea t i ng  r a t e  f o r  f i e l d  l i n e s  a t  a  mid- 

p o i n t  rad ius  o f  8.4 cm i s  sma l l e r  t h a n  a t  r a d i i  o f ' 8 . 9  o r  10.4 cm. Th is  i s  a  

r e f l e c t i o n . o f  t h e  f i e l d  l i n e  geometry i n  t h a t  t h e r e  i s  no i n t e r s e c t i o n  w i t h  

t h e  n o n r e l a t i v i s t i c  second harmonic resonance sur faces a t  8.4 cm w h i l e  a t  t h e  

o t h e r  r a d i i  t h e r e  i s .  

• To i l l u s t r a t e  t h e  s i g n i f i c a n c e  o f  background plasma parameters on annu- 
l us temperature, we compare F igu re  9  ( f o r  EBT-l) and F igure  10 ( f o r  EBT-S) which 

a r e  based on the  assumption t h a t  ex t rao rd ina ry  wave propagat ion o n l y  occurs f rom 

t h e  m i  dp l  ane t o  t h e  e x t r a o r d i n a r y  wave c u t o f f .  Ordi  nary wave propagat ion and 

mode convers ion by w a l l  r e f l e c t i o n  a r e  neg lec ted  i n  the  f i g u r e s .  The f i g u r e s  

i n d i c a t e  t h a t  s teady-s ta te  r e l a t i v i s t i c  r i n g  temperatures a r e  l a r g e r  f o r  EBT-S 
3  than  f o r  EBT-1 ( e . ,  f o r  1 ~ 1 '  = 0.2 ergslcm , TA = 340 keV f o r  EBT-S and 230 

f o r  EBT-1). Th is  s c a l i n g  i s  . q u a l i t a t i v e l y  b u t  n o t  q u a n t i t a t i v e l y  c o n s i s t e n t  

w i t h  t h e  experiment ( i  .e., TA s 500 keV f o r  EBT-S and 200 keV f o r  EBT-1) and 

i s  a  r e s u l t  o f  t h e  increase i n  q u a s i l i n e a r  hea t i ng  r a t e  a t  t h e  r e l a t i v i s t i c  

energies f o r  t he  h i g h e r  magnetic f i e l d  EBT-S c o n f i g u r a t i o n .  I n  p a r t i c u l a r ,  

Eq. (8)  i n d i c a t e s  t h a t  e x t r a o r d i n a r y  wave c u t o f f  i n  EBT-S i s  l o c a t e d  c l o s e r  

t o  t h e  t h r o a t  t han  i n  EBT-1. Consequently, t h e  s i z e  o f  t h e  c u t o f f  reg ion  i s  

reduced i n  EBT-S r e l a t i v e  t o  EBT-1 and so more e x t r a o r d i n a r y  wave energy i s  

a v a i l a b l e  t o  heat  t h e  annul us i n  EBT-S. 

The power balance r e l a t i o n s  dep ic ted  i n  F igures 6-10 i n d i c a t e  t h a t ,  
5 

depending upon wave and plasma parameters, approximate ly  1-2 x  10 ergs/cm3-sec 



of microwave powe'r a r e  required t o  su s t a in  t he  r e l a t i v i s t i c  annu1.u~. For 
4 3 18 an annul us vol ume o f  6 x 10 . am , , the  corresponding t o t a l  power deposit ion 

w i t h i n  t h e  annul us 1 i e's between 600 - 1200 wat ts  ,' i n agreement w i  t h  previous 

es t imates .  '''la I t  a l so  f o l l o w s  t h a t  o u r  assumption o f  wave e l e c t r i c  f i e l d  
2 3 s t r eng th s  corresponding t o  I E 1 - .l -, 1. ergslcm i s  on the  average reasonable 

. . f o r  EBT-1 and EBT-S. 

. . 



V. CONCLUDING REMARKS 

We have presented a model fo r  the  r e l a t . i v i s t i c  el.ectron annulus i n  . . 

EBT which assumes t h a t  the  annul us. d i s t r i bu t i on  function i s  an i so t rop ic  re la-  

t i v i s t i c  Maxwel l i an .  To determine s teady-s ta te  annul us temperatures, quasi- 
1 i near heati-ng of t he  annul us by microwaves has been balance'd w i t h  .loss terms 
representing co i l  i s i ona l  drag synchrotron rad ia t ion  and bremsstrahl ung neglect- 
i n g  s p a t i a l  d i f fus ion of  t he  hot  e lect ron.  The r e su l t s  demonstrate t h a t  l i n e a r  

sec.ond harmonic heating by e i t h e r  extraordinary o r  ordinary waves does not .per- 
m i  t annul us s t a r t u p  f o r  e lect rons  w i  t h  energies 1 ess  than 1 keV. However, 

. second harmonic extraordinary wave heating i s  e f f ec t i ve  i n  heating the annulus ' 
4 f o r  TA 2 10 eV, while ordinary wave heat ing becomes of comparable importance 

9 .  t o  extraor'dinary wave. heat i  ng as e lect ron energy i ncreases. The cal cul a t ions  

a l s o  ind ica te  t h a t  the  s teady-s ta te  annulus temperature depends c r i t i c a l l y  upon 
t he  wave e l e c t r i c  f i e j d  s t rength  and the  density o f  the  bulk plasma. In pa r t i -  

3 cu l a r ,  they suggest t h a t  I E 1' - -1- 1 erglcm i n  the  second harmonic heating . 

' region and smaller  values of extraordinary wave energy density i n  the high ' 

f i e l d  s'ide of  the .  fundamental resonance can account f o r  annulus s t a r t u p  and 

s teady-s ta te .  Coll i s iona l  in te rac t ion  between the  annul us e lect rons  i s  i n -  

cluded only t o  t he  extent  t h a t  the  d i s t r i bu t i on  i s  assumed t o  remain Maxwellian. 
Consequently, the  ca lcu la t ions  do not depend on annul us density.  

C 

Negl ec t i  ng extraordi  nary wave propagation i n  the  th roa t  beyond the  cut-  

o f f  l aye r  and ordi  na'ry wave heati,ng, t he  cal cul a t ion  gives annul us temperatures 
on the  order  of  several  hundred ki lovol ts  f o r  both EBT-1 and EBT-S, w i t h  rea- 
sonable yal ues of  t he  wave e l e c t r i c  f i e l d  s t rength .  Moreover, the  calcula t ions  

suggest t h a t  the  annulus temperature i n  EBT-S i s  l a r g e r  than i n  EBT-1, consis- 
t e n t  w i  t h  t h e  experimental trends.  

To obtain improved quan t i t a t ive  agreement between experiment and calcu- T 

1 a t i o n ,  i t  i s  necessary t h a t  more physics be included i n  the  model. For example, 

experimental measurements suggest t h a t  the  perpendi cul a r  momentum of annul us 

e lect rons  i s  l a rge r  than the  para l l e l  momentum. 4 y 2 5  Moreover, a  population of 
re1 a t i  v i s t i c  e lect rons  e x i s t  i n  bumpy tori ' ,  displaced from t h e  annul us, with 
primarily para l l e l  momentum, 4 y 2 5  Consistent w i t h  the  measurements i t  would be 



des i rab le  t o  the annul us e lect ron d i s t r i bu t i on  function t o  be anisotropic  
and separa te  para1 l e l  from peipendicul a r  wave heating. Also, boundary layer  and 

loss  cone e f f e c t s  as  w.ell as b e t t e r  est imates of e l e c t r i c  f i e l d  amplitudes would 
permi t more accurate cal.culations of  annul us parameters. F i  e l  d 1 i ne averaging 

over l o s s  terms as  well a s .  quas i l inear  d i f fus ion would be..useful,. as well as a 

'know1 edge of CY E(r,z).. A t  t,he present .time such. improvements in'. the  annul us model 
a r e  being made. . . ,  



. FIGURE CAPTIONS 

F igu re  1. Sketch o f  t h e  c u t o f f  and e l e c t r o n - c y c l o t r o n  resonant  regions i n  

EBT-1.. This  f i g u r e  i s  taken from. Ref. 10. 

F igu re  2. ~ x t r a o r d j  nary wave hea t i ng  : ra te  . f o r  var.ious . c y c l o t r o n  harmoni cs 
2  norna l  i z e d  t o  J E ~  ( u n i t s  o f  sec") versus d is tance a long f i e l  d 

. . l i n e  as measured from midplane (un i t s .  o f  cm). The f i e l d  1  i n e  

chosen, i s  a  ' r a d i a l  d is tance o f  r = 8.9. cm . f rom t h e  a x i s  a t  t he  

midpl  ane. Crosshatching on abscissa i n d i c a t e s  c u t o f f .  zone. 

F i g u r e  3. Same as F igure  3  b u t  TA = 200 keV. 

F igu re  4. Same as F igu re  2  b u t  f o r  o r d i n a r y  waves. 

F igu re  5. Same as F igu re  3  b u t  f o r  o r d i n a r y  waves. 

2  F igu re  6. Heat ing  r a t e  (dW/dt) .normal ized t o  I E (  and l o s s  r a t e  ( d ~  l f d t )  

normal ized t o  1 E 1 ( u n i t s  o f  s e c - l )  versus annul us temperature 

( u n i t s  o f  eV). Ex t rao rd ina ry  'heat i ,ng ra te ,  o r d i n a r y  hea t i ng  r a t e  

and l o s s  r a t e  a r e  i n d i c a t e d  by t h e  f o l l o w i n g  types o f  l i n e s :  
- - - -, and -.-. . ¶ 

2  2  2  , r e s p e c t i v e l y .  kz /(k, + kl ) = 0.5, 

Bo = 4500 gauss, backg rounddens i t y  = 1.2 x  1012 ~ r n - ~ ,  and annulus 

d e n s i t y  = 1 x  lo1' ~ m - ~ ,  r espec t i ve l y .  Only n  = 1 and 2  hea t i ng  

a r e  . inc luded.  Wave .amp1 i tudes a r e  s e t  equal t o  zero f o r  z 1  > 6 cm. 

A l l  curves a r e  evaluated f o r  t he  magnetic f i e l d  l . i ne  loca' ted a t  r = 

8.9 .cm from a x i s  a t  t h e  midplane. 

.Figure .7. Same. as F igure  6 b u t  wave f i e l  d  amp1 i tudes i n  t h e  t h r o a t  a re  per- 

m i  t t e d  t o  be f i n i t e ,  

F igu re  8. Same as Figures 6 and 7 f o r  t h e  e x t r a o r d i n a r y  and o r d i n a r y  waves, 

respec t i ve l y .  Two values o f  t h e  wave e l e c t r i c  f i e l d  s t reng th  a re  
3 assumed f o r  each p o l a r i z a t i o n :  1 ~ 1 '  = .2 and 1 erglcm . The 

average hea t i ng  ' r a te  between ex t rao rd ina ry  and o r d i n a r y  wave 

h e a t i n g  i s  represented by  - = - - =  . 
F igu re  9. Same as F igure  6 f o r  t h e  e x t r a o r d i n a r y  wave hea t i ng  r a t e  which i s  

eva lua ted f o r  t h ree  midplane r a d i i  o f  f i e l d  l i n e s  r = 8.4, 8.9 and 

10.4 cm. Loss expression i s  evaluated f o r  r = 8.9 cm. 1 ~ 1 ~  = 
3  

0.2,and 1 &rg/cm . 
2  0  



Figure  10. Same a s  F igure  9 bu t  f o r  EBT-S parameters :  Bo = 7000 gauss and 

w/2a = 2 8  GHz. ,Hea t ing  r a t e s  a r e  eva lua t ed  f o r  magnetic f i e l d  

l i n e s  l o c a t e d  a t  .two mi.dplane r a d i i  : . r .= 8.9 and .10.4 cm. 
3 !El2 = 0.1, 0.2 a n d 1  erg/cm . 
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APPEND1X.A. MODE CONVERSION .BY WALL REFLECTION 

I 
To generate e l e c t r o n s  o f  s u f f i c i e n t l y  h i g h  energy ,which can be e f f e c -  

t i v e l y  heated a t  t h e  second and h i g h e r  e l e c t r o n - c y c l o t r o n  harmonics, i t  i s  

necessary t o  overcome t h e  s t r o n g  co l1 . is iona l  drag on c o l  d  e lec t rons .  The 

damping o f  e x t r a 0 r d i n a . r ~  waves a t  t h e  fundamental can have t h i s  e f f e c t .  

However, because ex t ra 'o rd i  nary .waves cannot propagate d i  r e c t l y  t o  t h e  fun- 

damental resonance zones from launch ing  s t r u c t u r e s  a t  t h e  midplane i t  i s  

necessary ' t o  i nvoke a  mode conversion process from o r d i n a r y  t o  ex t raord inary  

p o l a r i z a t i o n .  One power fu l  mode convers ion mechanism i s  t h e  r e f l  e c t i o n  o f  

o r d i n a r y  modes o f f  t h e  conduct ing  w a l l s .  I n  t h i s  appendix i t  i s  shown t h a t  

f o r  almost a1 1  angles o f  propagat ion s u b s t a n t i a l  mode convers ion occurs. 

Consider t h e  p lane geometry o f  F igure  A-1. A p lane i n c i d e n t  wave 
-+ 

w i t h  wavenumber k o  and o r i g i n a t i n g  a t  x  > 0  impinges upon a  r e f l  e c t i  ng w a l l  
+ 

a t  x  = 0. Th is  wave i s  then r e f l e c t e d  i n t o  two waves w i t h  wavenumbers kl 
-F 

and k2, r e s p e c t i v e l y .  The background magnetic f i e l d  i s  assumed t o  be z- 

d i rec ted .  . A l l  wavenumbers a re  presumed t o  l i e  i n  t h e  x-z p lane and t o  

correspond t o  wave propagat i  on. 
\ 

Because two modes o f  propagat ion e x i s t  i n  t h e  c o l d  magnetized plasma 

approximat ion i t  f o l l o w s  tha t :  

Furthermore, Sne l l  ' s  law requ i res  t h a t  

where s u b s c r i p t  z  denotes magnetic f i e 1  d  a1 igned component. Consider ing o n l y  

fo rward  propagat ing s o l u t i o n s  t o  t h e  d i spe rs ion  r e l a t i o n  i t  fo l l ows  t h a t :  



\ 

where subscript x denotes the component parallel  t o  the normal of the ref lect ing 

plane. For the x-, y- and z-directed e l e c t r i c  f i e ld  components of the three 

waves [ i . e . ,  (Eoxa E o p  Eoz), (Elx. E l y 9  ElZ) and (Epxa 
E 2 ~  

, Epz)] . Maxwell ' s  

equation imp1 ies  the following relat ion:  I 

(A- 4a ) 

These expressions can be related t o  each other through the cold-plasma dispersion 

relat ion:  24 

with 

Hence, 

with 

Wpe P = l -  2 , n = k Z  C/O . n z  = kz  c/o 
X 

(A- 5a ) 

(A- 5c ) 

(A-7a) 

(A- 7b ) 



In terms of E ox' 

The e f f ic iency  of conversion .can now be defined i n  the  following way: 

(A- 10) 

This e f f i c iency  i s  p lo t ted  i n  Figures A - 2 '  and A-3 fo r  conversion of extra-  

ordinary to' ordinary pol a r i  zations and ordinary t o  extraordinary pol a r i  zations , 
. respect ively ,  conversion 'ef f ic iencies  i n  excess of ten  percent f o r  a l l  angles 
. - of  propagation except those approaching zero o r  ninety degrees. The reason 

f o r  the  lack of  mode conversion a t  ninety degree propagation i s  the pure mag- 
ne t i  c  f i e l d  a1 i gned polar izat ion of  ordi nary waves whi 1 e the  extraordinary 

waves have wave el e c t r i  c  f i e1  ds only perpendi cul a r  t o  t he  ambient magnetic 
f i e l d .  Similar ly  a t  zero degrees both waves have no z-directed e l e c t r i c  f i e l d  

and s o  no mode conversion occurs ( i  .e . ,  Eq. (A-7b) i s  t r i v i a l  ). In any case 

f o r  EBT, wave propagation wi l l  generally be obli'que t o  the  magnetic f i e l d  f o r  

wave launching i n  midplane and so subs tan t ia l  mode conversion should occur. 
2 An i n t e r e s t i ng  fea ture  of  F i  gure A-2 i s  t ha t .  the cos . ( 8 )  + 1 mode 

conversion of  extraordinary waves 1 eads t o  surface  ordinary waves. Hence, 
2 t he  curves a r e  not  extended t o  these  l a rge  values of  cos ( 8 ) .  Surface wave 

gcneration through r e f l ec t i on  nf f  conducting walls w i  11 be discussed i n  a  
f u tu r e  pub1 ica t ion .  



FIGURE CAPTIONS 

- F igu re  A-1. Model f o r  c.a. lculat ions i n  Appendix A. 

F igu re  A-2. P l o t  o f  e f f i c i e n c y  f o r .  mode convers ion o f  ex t rao rd ina ry  . t o  o r d i n a r y  
2  2  2 waves versus  cos ( 8 )  = kz  /klZ + k  ) Background densf ty i s  

. 4  x  10'' z2 2 ; o = ZIT x  18 GHz; ape /O = 0.1;  no/^ = 1.1 ( ) ,  
. . 

1.4 '(- - - )  and '2.0 ( - 0  - *  ).. 

F i g u r e  A-3. Same as F igu re  A-2 b u t  f o r  conversion o f  o r d i n a r y  t o  e x t r a o r d i n a r y  

waves. 









APPENDIX B. ANNULUS STARTUP.THROUGH FUNDAMENTAL HEATING 

I n  o r d e r  t h a t  e lec t rons  can be heated b y  second and h ighe r  harmonic 

e l e c t r o n - c y c l o t r o n  damping t o  t h e -  re1  a t i v i s . t i c  energies a 'ppropr iate t o  t h e  

e l e c t r o n  annul us, a  mechanism must be ava i  1  ab le  t o  increase t h e  perpend icu la r  

energy o f  e lec t rons .  Fundamental e lec t ron-cyc l .o t ron  damping i s  such a  mechan- 

ism. Several fea tures  o f  . t h e  fundamental .heat ing  process make i t  e s p e c i a l l y  
. . a t t r a c t i v e .  F i r s t ,  it' i s  a  l i n e a r  .process which takes p lace even f o r  f i n i t e  

wave ampl i t udes .  Second, fundamental h e a t i n g  occurs even f o r  t h e  very  c o l d  

e lec t rons  n e a r l y  zero e l e c t r o n  gyro-radius.  Th is  f e a t u r e  i s  i n  c o n t r a s t  t o  

second and h i g h e r  harmonic hea t i ng  which requ i res  e lec t rons  t o  have f i n i t e  

e l  ec t ron  gyro-radi  i . Thi'rd, f o r .  a  magneti ca l  l y  conf ined p l  asma geometry 

fundamental h e a t i n g  o n l y  requ i res  t h a t  t h e  wave frequency equal t he  nonrel  a- 
C 

t i v i s t i c  e l e c t r o n - c y c l o t r o n  frequency a t  d i s c r e t e  l o c a t i o n s  a long a  magnetic 

f i e l d  l i n e .  

I n  t h i s  appendi'x i t  i s  shown t h a t  fundamental e l e c t r o n - c y c l o t r o n  heat- - 

' i n g  o f  e l e c t r o n s  i n  t h e  t a i l  o f  t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  f o r  c o l d  

e l e c t r o n s  i s  s u f f i c i e n t  t o  overcome c o l  l i s i o n a l  ,drag and t o  acce le ra te  e lec-  

t r o n s  .i n  t h e  perpendi cu l  a r  d i  r e c t i  on. Consequently, these e l  ect rons can reach 

perpend icu la r  v e l o c i t i e s  s u f f i c i e n t  f o r  h i g h e r  .harmonic h e a t i n g  t o  become 

apprec iab le .  

For  e lec t rons  i n  t h e  t a i l  o f  t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion ,  t he  

fundamental e l  ec t ron-cyc l  o t r o n  i n t e r a c t i  on occurs when : 

where vll i s  t h e  p a r a l l e l  e l e c t r o n  v e l o c i t y .  Because Eq. (B-1) i s  s a t i s f i , e d  

f o r  a  s p e c i f i c  e l e c t r o n  a t  a  d i s c r e t e  l o c a t i o n  a long a  f i e l d  l i n e ,  i t  can be 

a n t i c i p a t e d  t h a t  t h e  wave ampl i tude i s  s e n s i b l y  cons tant  as f a r  as wave energy 

abso rp t i on  by  t h e  s i n g l e  e l e c t r o n  i s  concerned. Hence, a  weak wave absorp t ion  

model i s  app rop r ia te  f o r  a  s i n g l e  e l e c t r o n  w i t h  the  f i e 1  d  1  i n e  averaged r a t e  

o f  wave energy absorp t ion  by a  s i n g l e  e l e c t r o n  given by: 
26,27 



where L1 i s  t h e  f i e l d  al igned gradient  of t he  magnetic f i e l d  s t rength .  This 

expression corresponds t o  two resonance zones per mirror sect ion and N mirror 
sect ions  . 

,The r a t e  a t  which t a i  1 e lect rons  l o se  energy due t o  col l  i s ions  w i t h  

background e lect rons  i s  given by: 28 

where t he  background e lec t ron  temperature, background e lect ron densi ty ,  and 
t a i l  e lect ron speed a r e  represented by Te ,  n and v ,  respectively.  Also, 

For t a i  1 e lect rons  t o  overcome the  e f f e c t s  of co l l i s iona l  drag as a 
r e s u l t  of  fundamental electron-cyclotron heating,  i t  i s  necessary t h a t :  

Noting t h a t ,  

permits Eq. (8-6) t o  be rewrit ten as 

where t he  parameter, w ,  i s  t he  t a i l  e lec t ron  k ine t ic  energy which i s  assumed 

t o  be much l a r g e r  than Te. I t  f o l l o w s t h a t  t h e  capabi l i ty  t o  overcome drag i s  



I 

benefi ted by . h i  gh e lect ron k ine t i c  energy,. 1 ow frequency, low background density , 
l a rge  r a t i o  o f  magnetic f i e l d  l i n e  gradient  s c a l e  length t o  magnetic f i e l d  l i n e  
1 ength and 1 arge val ues of  t he  ri ght-hand ci  r cu l a r l y  . polarized component of t he  

; wave e l e c t r i c .  f i e l d .  Spec i f ica l ly ,  f o r  w = 2n x 18 GHz, and T e  = 50 eV, the  

c r i t e r i o n  f o r  . t a i  1 e lec t ron  runaway i s  p l o t t e d  i n  ~ i ~ u r e  B - 1 .  J u s t i f i c a t i on  
f o r  t he  a r b i t r a r y  .choice of - val ue fo r  e lec t ron  temperature i s  the  requi rement 
t h a t  l .n(n) be. given some val.ue and t he  weak dependence of logarithm on plasma 

parameters. . . 

The val ues of  e l e c t r i c  f i  el d .specified by Figure B - 1  .can be compared 
1 

t o  an .  est imate of  t h e  extraordinary wave e l e c t r i c  f i e l d  expected w i t h i n  the 
mirror t h roa t .  Consider wave propagation exact ly  para l l e l  t o  the  magnetic 
f i  el d. Based on ray. t r a c i  ng resul t s  such propagation is  especi a1 l y  appropriate 
as waves approach the  resonant surfaces.1° The dispersion r e l a t i on  of extra-  
ordinary waves i s  then given by: 10,24 - 

. .  where w i s  t h e  e lec t ron  p1,asma frequency. ' The Poynting f lux fo r  the  waves 
Pe 

along ,the magnetic f i e l d  i s :  

and so  t he  t o t a l  f l ux  of energy incident  on a resonant surface  where wave 

absorption occurs is  : 

where A i s  the  area  of t he  resonant surface .  Consider a typical  . . estimated . . 

val ue f o r  the  b u l k  heating r a t e ,  16 k ~ , ~  t h e n  because there  a r e  N = 24 mirror 
s ec t i ons ,  two bulk resonant surfaces per s ec t i on ,  E q .  '(B-11), and surface 

area A of approximately 350 cm2, the  e l e c t r i c  f i e l d  s t reng th  s a t i s fy ing  Eq. 
(B-11) i s :  



Since E q .  (B-9) imp1 i es t h a t  k,,c/J i s  g r e a t e r  than one i t  follows t h a t  Eq. 

(B-12) can be: rewrit ten as :  

I t  follows from t h e  val ues o f  e l e c t r i c  f i  el d (under t he  assumption o f  NLl /Lf"  

1 )  spec i f i ed  by Figure 8-1 t h a t  runaway of  t a i l  e lect rons  thro.ugh fundamental . . 
electron-cyclotron heating a r e  cons i s ten t  w i t h  t h e  value derived from the  . : , . 

.experimental measurements, E q .  (8-13).   his' r e s u l t  i s  espec ia l ly  t r u e  f o r  

1 ow background el ectron densi ty  and .high t a i  1 e lec t ron  energy. Under such 

condit ions coll . is iona1.  drag i s  weakest. Also, t he  dependence of the  para1 l e l  

index of re f rac t ion  on plasma parameters declines as density decreases. In 

t h e  1.imit of zero density the  para l l e l  index of re f rac t ion  approaches one and 

t h e  wave e l e c t r i c  f i e1  ds a , t ta in  t he  maximum value given i n  Eq. (B-13). 



FIGURE CAPTIONS 

, 

: F i  gure B- 1. P l o t  of  curves i n d i c a t i n g  boundary f o r  ' va l  ues o f  u (eV) and 
2 3 

N L ~ I L ~  I E- 1 (erglcm ) which permi t  Eq. ( B - 8 )  t'o be s a t i s f i e d  

f o r  d i f f e r e n t  background dens i t i es  ( i  e .  n = 10'' ctf3-, 

10" c f 3  - - - ¶  and 1012 cm-3 - . .  ) Speci f i  ca l  l y  , va l  ues 
2 o f  w and. NLl/Lf I E  - I t o  the  r i g h t  o f  each o f  the appropr ia te  

curves f u l f i l l  the  c r i t e r i o n  given by the  equation. 





APPENDIX C. JUSTIFICATION OF QUASILINEAR APPROACH I N  

MICROWAVE ELECTRON RING HEATING 

The use o f  t h e  u n i  form-B quasi  1 i near approach has previously19 been 

j u s t i f i e d .  f o r .  t h e  c a l c u l a t i o n  o f  i o n  h e a t i n g  i n  t h e  inhomogeneous B - f i e l d  o f  

a  tokamak: I n  t h a t .  p roo f ,  i o n  p a r t i c l e s  were assumed t o  be t r a v e l . i n g  across 

m igne t i  c .  f i e l d s .  
. . 

~ i m i l a r l y  we can show t h a t  t h e  uniform-B q u a s i l i n e a r  c a l c u l a t i o n  can 

be used . fo r  microwave e l e c t r o n  . r i n g  h e a t i n g  i n  EBT. I n  t h i s .  c a l c u l a t i o n  we 

assume t h a t  e l e c t r o n s  a r e  g y r a t i  ng around, t r a v e l i n g  a long t h e  nonuniform 

magnet ic f i e 1  d  1  i ne .  

The equat ion  o f  mot ion f o r  a  s i n g l e  n o n r e l a t i v i s t i c  e l e c t r o n  i s :  

dv e  J +  n ( z )  vx  = - E  s i n  (wet - k Z z )  d  t In Y  

where d i r e c t i o n  i s  s e t  a long  B (z ) ;  n ( z )  = eB(z)/mc; and wo i s  t h e  a p p l i e d  
+ 

microwave frequency. W i  t h  i n t r o d u c t i o n  o f  new va r i ab les  E- = 1-/ (2 ) ' ( E ~  + Ey ) , 
+ + i v  we have t h e  equat ion  o f  mot ion f o r  t h e  r i gh t -hand  wave as: u- = vx - y '  

Weassume t h a t  a t  t = to t h e  p a r t i c l e  i s  a t  z = zo t r a v e l i n g  a long  z  w i t h  

v e l o c i  t y  Uo. 

We may assume t h a t  a t  t = to t h e  p a r t i c l e  i s  e x a c t l y  a t  t h e  resonant  w i t h  t h e  

a p p l i e d  microwave frequency, %(zo)  = LO = LO o  + kZ UO. Then t h e  s o l u t l o n  t o  t h e  

equat ion  o f  mot ion (C-3) becomes: , 

45 



The energy ga in  i s :  

We have assumed random phase f o r  U(--), so t h a t  cU(--) E- eiwt > z 0. 

The number o f  p a r t i c l e s  which pass through z = zo w i t h  v e l o c i t y  between 

Uo and Uo + dU pe r  area dx dy p e r  u n i t  t ime i s  SN = dU Uo fJf(x,y,z,vx,Uo) 
w-00  

dv dv (dx dy).  Knowing resonant c o n d i t i o n  Uo = 7 , we may express: 
X ' Y  Z 

Thus 

S u b s t i t u t i n g  

Y x Y 
dn dx dy dz . .  SN =/dvx J d v  f(x,y,v ,v ,Uo) 5 

The t o t a l  energy g a i n  pe r  u n i t  t ime  p e r  volume (dx dy dz)  i s :  

P dx dy dz = 6E SN . 



Therefore the .  t o t a l  energy gain per u n i t  time per uni t  volume becomes:: 

T h i s  is exactly the.  expression f o r  the microwave absorption r a t e  calculated 

based on the quasi1 inear theory. 
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