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ABSTRACT -

A semiclassical treatment of eigenvalues for a mulcidi~
mensional non-separable potential function and of the rate
constant for a chemical reaction with an activatiom barrier is
presented. Both phenomena are seen to be described by essentially
the same semiclassical Formalism, which 1s based on a construccion
of the total Hawiltonian in terms of the complete set of '"good"
action variables (ar adiabatic invariants) assoclated with the
minimum in the potential energy surface for the eigenvalue case,
or the saddle point in the potential energy surface for the case
of chemical reaction.

I. INTRODUCTION

Semiclassical methads are the natural way of describing the
effects of quantum mechanics in classical-like systems, and they
have been an extremely powerful tool for describing quantum
effects in atomic and walecular collision processes. Ford and
Wheeler's papers’ in 1959 showed how interference and tunneling
effects in elastic scacttering’ could be described in a beautifully
simple way: the collision dynamics are treated via classical
wechanics but used to construct scattering amg;itudes rather than
the scattering probabilities (i.e., cross sections) themselves.
This means that the quantum principle of superposition is
included in the description, and this is the essential contribu-
tion of quantum mechanics. This approach pravides a quantitative
description of all quantum effects in elastic scattering;
recently, for example, it has been shown’s" that a slight
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extension of the Ford and Wheeler analysis (cto include "classi-
cally forbidden" contribucions to the amplitude) even describes
diffraction from purely repulsive potentials, a quantum effect
heretofore thought to defy a simple semiclassical treacment.

Beginning in 1970 this semiclassical idea of "classical
dynamics plus quantum superposition"” was generalized to inelastic
and reactive collision processes.’~’” Although originally
designed to deal with molecular collision phenomena, this
“classical S-matrix" theory has also found application to electron
scattering,® diffraction of atoms from crystal surfaces,’»'’ and
coulomb excitation and fission dynamics in nuclear physics.ll“l’
One of the predictions of this theory, for example, is that
analogous to interference structure in the differential cross
gection for elastic scattering, there is an interference structure
in the distribution of final states in inelastic-reactive scatter-
ing processes; " e.g., the cross section for the product molecuie
being in final vibrational state vg, piotted as a function of vg,
in general has an interference structure. Although these inter-
ference effects in final state distributions have not yet been
seen experimentally, it is certaln that they exist and will
presumably be seen when more refined techniques for state
analysis becomes available.

::uds paper reviews some of che more recent developments in
"semiclassical mechanics"--the semiclassical approximation to
eigenvalues for multidimensional non-separable systems and the
semiclassical approximation for the rate constants of chemical
reactions which have simple activation barriers. It is an
interesting feature of semiclassical theory that these two
problems are described by essentially the same formalism.

Section II first discusses the semiclassical eig-ivalue
problem for multidimensional systems using both periodic orbii
theory and the more rigorous Hamilton-Jacobi theory. In parallel
fashion, Section III then discusses the semiclassical description
2f reaction rate constants--first the periedic orbit version of
the theory and then the more rigorous Hamilton~Jacobi formulation.

II. SEMICLASSICAL EIGENVALUES

a. Periodic Orbit Theory

Une of the truly new approaches to a multidimensional semi~
classical quantum condition is the recent work of Gutzwiller!
(with the modification of Miller‘®). The beginning point 1is to
consider the trace of the resolvent operator, or green's
function



tr G(E) = tr (et , 2.1)
which is given quantum mechanically by
trG(E) =3 (£, (2.2)
n

indicating thar it has simple poles where E equals one of the
quantum mechanical eigenvalues {E;}. The green's function can be
expressed in terms of the propagator,

G(E) = (m)'lfd: QLEE/ -iHE/h (2.3)
o

and the trace can be evaluated in a coordinate representation, so
that

tr G(E) = (m)"_z'd: e":‘/"ﬁg qle™ P L @

Eq. (2.4) is still formally exact quantum mechanics, but one
aow injects the semiclassical approximation for matrix elements
of the propagator,'’

<q|e'“""'lq> A l®(a:q:E)/h , (2.5)
where ¢ is the classical action integral along the trajectory
that goes from position q @ {q,}, i=l,..., f at time t = Q0 (f =
aumber of degrecs of fredédom) éack to q at time t, and consistent
with semiclassical mechanics, the integrals over q and over t in
Eq. (2.4) are all evaluated via the stationary phise approximation.
The stationary phase condition for the q integrals, for cxawmple,

3945;,4,3t) 3¢(9,,9,3t)
3, * 9, q

(2.6)
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such that the inictial and final momenta, as well as coordinates,
are the same, or in other words, ¢ must lic on a periodic orbit
of the system. In this very simple way, thercfore, one sees how
periodic ortits play a central role in this approach to the
semiclassical eigenvaluc problem.

The algebraic details involved in carrying out the stationary
phase evaluation of the integrals in Eq. (2.4) are quite tedious
but straight-forward, and the result of the calculacion 18}
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In Bq. (2.7) @(E) is the action intugral for one pass about the
periodic orbit with cnrcrgy E,

£) .
¢E) = -Zl dt p(t)-q(t) “ (2.8)

where T(E) % ¢"(E) is the period of the periodic orbit, {w (Ej},
k~1l,..., f-1, are the stabilicy frequenciey of the (stabl‘:s‘
periodic orbit, and A is the number of "conjugate points”
experienced in one pass about the periodic orbit. (In most cases
A iz 0 or 2). The sum over n in Eq. (2.7) 1s a sum of amplitudes
for all possible numbers of passes about the periodic orbic.

In order to identify the polar singularities in Eq. (2.7)--
and thus the eigenvalues via £q. (2.2)--it is useful to expand the
eine functions in the denominator according co the idencity

x
"1 e -itarhix

2
1 e Z; 2
———— W —— e N {2.9)
24 lin(-’zi) l-e"‘u n=

Since there are f-1 sine factors {a Eq. (2.7), this gives'®

? o - -
wom .- 8@ 3 5
“1-0 nz-O oT ne 1-0 a=

»  (2.10a)
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A=oEM -2 T -0 E) Z wE® @D . (2.100)

The sum over n (i.e., over multiple passes about the periodic
orbit) in Eq. (2.10a) is easily accomplished,

z M L A N 2.11)
=

wvhereby the polar singularities in tr G(E) are seen to be those
values of E for which elA = 1, o1

A= 2n ne . (2.12)

vhere n, is an integer. Eqs. (2.10b) and (2.2) thus give the
quantum condition of periodic orbit theory as'®

=]
$(E) - &' (E) 21 b B = ) . (21

The encrgy levels are thus characterized by f quantum numbers, ne
being the number of quanta in motion along the periodic orbic,
and 0, k=1, ..., f~1, being the number of quanta in the k—
harmonic mode of perturbation about the periodic orbit.

Although physically realistic and meaningful in meny ways,
EQ. (2.13) nevertheless has some fundamental shortcomings,
primarily the implicit assumption that most of tune energy is in
motion along the periodic orbit, with deviations from it being
treated only within a harmonic approximation. To sec this,
consider a completely scparable system where the periodic orbit
is chosen to be along the f=2 degree of freedom. The correct
semiclassical eigenvalue condition in this case is

. 1
0( - : Ek(nk)) u Znh(nf-t-é-) . {2.14)

where €, (ny) is the one-dimensional eigenvalue for the kth degree
of frcedom, and in this case ¢ is the one-diuensional action
tategral for the fiB degree of freedom. To convert this into the
expression given by periodic orbit theory, Eq. (2.13), two
spproximatiocus are necessary: (1) All degrees of freedom except
the =2 one must be assumed to be harmonic, i.e.,

6m) ¢ u D (2.150)
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and (2) ¢ must be approximated by the first two terms of a
Taylor's series expansion,

® (E - Z: hwk(nk-%))= @) - o' (B Z: by (n,43) . (2.15b)

Apsumption (1), Eq. (2.15a), is in general only valid for small
o, and (2), Eq. (2.15b), is in general valid only if

> g hmk(nk'i%) . (2.16)

both of which imply that most of the total energy E is in one
mode, the f~2 one. LIf it should be that the first f-1 modes are
harmonic, then Eq. (2.15a) is of course not an approximation; and
further, if the fIt mode 1s also harmonic, then Eq. (2.15b) 1is
also exact. Thus the one (trivial) case in which periodic orbit
theory is actually exact is the completely separable, completely
harmonic case.

Since these limitations implicit in periodic orbit theory
stem directly from the stationary phase approximation used to
evaluate the integrals in Eq. (2.4), it is difficult to see how
to avoid them and stay within the prisent formalism. What would
be required 1s some sort of uniform asymptotic evaluation of the
integrals in Eq. (2.4), but it is not clear how to go asouc this.
Fortunately, the apprcach described in the next section by-passes
these difficulties by taking a different approach to the proolem.

b. Hamilton-Jacobi Theory

The "0ld Quantum Theory"”, as described by Born,'® provides an

alternate (much older) approach to the semiclassical eigenvalue
problem" thar has the major advantage of treating all degrees
of freedom on an equal footing. Recently it has been showm?®
that the equaticns which result in this formulation can be cast
in a fora that permit efficient numerical solution, sn that this
approach is no longer limited to cthe realm of parturbation theory. 18

In this approach the classical Hamiltonian for the system 1s
divided into a separable reference Hamiltonian H and a residual
non-separzble interaction V,

H(p,x) = H (p,x) + V(x} (2.17)

with
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Hx =L +rvm (2.18)

where Vo(x) is separable,

vo(f) - z; vi(xi) . €2.19)

It is convenient then to change canonical variables from iae
cartesian variables (p,x) to the "zercet® order" action-angle
variables (n,q) which“réfer to Hys in terms of which tie
Hamiltonian™has the form

H(n,q) = H (n) + V(q,n) . (2.20)

Often he one-dimensional reference potentials ’,-i(x )} in Eq.
(2.19) are taken to be harmonic, as we will now do, but this 1is
not necessary. Ho(n) is then given explicitly Ly

Ho(n) = g w e, (2.21)

units being used sc that h = 1,

The presence ¢f the non-separable interaction in Eg. (2.20)
prevents the action varisbies n from being constants of the motion
and thus the "good” ¢uantum mimibers of the system. The next step,
therefore, is to carry out a canonical transformation from these
zerot! order action-angle variables (n,q) to the “good" action-
angle variables (N,Q) such that in tefmS of these latter variables
the total Hamiltofiian is a function only of the action variables

N:
HN,Q) =~ (W) . (2.22)

The {N,} are thus constauts of the motion, and the semiclassical
eigenvalues are given by E(N) with all the {N;} required to be
non-negative integers. -

The (n,q) * (N,Q) transformation is effectcd by a generating
function F{q}N) which is required to be a solution of the Hamilton-
Jacobi equation,

38 *q, 0
EQ) = H(——-—a*-‘;'—u. g)

3F | 1 3F
- 9(-3—&; + 7) + v(g, a_q) . (2.23)
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P is taken to be of the furm

F(@.N) = Neg + ‘): B (M) e'k'9

(2.24)

the first term being that which generates the identity trans-

formation, which {s corrzct in the

limit ¢ + 0, and whare the

prime on the summation indicates that the term k = 0 is nuwitted.
Substiruting this Fourier expansion into Eq. (2723) and project-
ing out individual Fourier couponents leads to the following

algebraic equations:

1
= w3 8, o - (Wek)By

E Gk,O ,

n )
+ (Zn)—fﬁq P T -}; k' B 2Ty | 2.25)
0 == ~ Tk

For k $ 0, Eq. (2.25) is a set of {non-line2v) equations tor the

Fourier coefficients Bk'

w8, = @nt fdg e ik"g

and for k = 0 Eq. (2.25) gives the
the Fourler coefficients,

B = o-(id) + @m”f fdg

One thus first sets N equal to the
solves Eq. (2.26a) for the Fourier
value corresponding to this set of
by Eq. (2.26b).

Fer the non-degenerate situatt

- ‘.
v(q,N -ZE‘ k Be ei¥ "9 (2.260)
eigenvalue E(N; in terms of

X 1’

Lk,l"”k'el:

vg.N "83¢2.26b)

desired quantum numbers and
coefficients B ; the eigen-
quantum numbe:§ is then given

on--1.e., the case that w*k is

not too small for all k which contr.bute significantly to the”

Fourier expansion--Eq. (2.263) can
successive substitution algorichm,

"
B, m - (Zﬂ)-fi dq e ik y

k  wk

often be solved by & simple
Eq. (2.26a) 1is written as

] ‘.
_g‘ B P OIS

LN



which 18 seen to be »f the form

B

The ite-ative procedure is then

= function !q‘] .

(L)
e )

= function (B s

{(£+1)
"

2 = 0,1,2.,., with the initialization

) ;
BE -9

Application?® of this procedure for solving Eq. (2.26a) to a
model two~dimensional potential well has shown that the semi-
classical cigenvalues so obtained are in good agreement with
accurate quantum mechanical values~-comparable to the agreement
for one-dimensional WKB eigenvalues-~even for very .trong non-
separable coupling. Essentially the same procedure has also been
used?! to determine a number of vibrational eigenvalues of H;0
and S0 with realistic potential functions. This 1s the first
application of a multidimensional semiclassical quantum condition
to real molecular systems.

If there are low order degeneracies in H,(n)--1.e., if wek=0
for some k thav contribute significantly to the Fourler seri&s=-
then the above procedure for solving Eq. (2.26a) will clearly not
be applicable. In such cases other algorithms--guch as the muleti-
dimensional Newton iteration--must be used to solve Eq. (2.26a).
For the two dimensional potential functions

vix,y) = —;— w12 xz + % wzz y2 + A(x:'2 - -:1; x3) s

Vix,y) = % wlz 4 -;- wzz yz + 4w yz N

with w) * W, a multidimensional Newton procedure has been used??
successfully to solve Eq. (2.26a) and thus obtain semiclassical
eigenvalues.

TIL. RATE CONSTANTS FOR CHEMICAL REACTION

For a bimolecular exchange reaction of the general type

A+BC+AB+C
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the thermal rate constant is given quantum mechanically byz

k) = e, 3.1
where Q, is the particion function {per unit volume) for reazctants,
H is the total Hamiltonian, F is a flux operator, and F is the
projection operator which prujects onto states that have evolved
in the infinite past from reactants.

Since the Boltzmann operator e-BH can be expressed in terms

of the green’s function by

~88 -1
¢ "77m
the rate constant can be expressed equivalently as

i€ e P gy €3.2)

KD = (2 o7 ]:iE e, (3.3)
where N(E) 1s2“
NJE) = th tr{G(E) F P) . (3.4)

Semiclassical approximations for N(E), and thus for the rate
constant via BEq. (3.3), are then obtained by introducing semi-
classical approximations for G(E) and for the evaluation of the

trace.

a. Periodic Orbit Theory

The periodic orbit analysis of Section Ila can also be used
to evaluvate the trace in Eq. (3.4). The factor FP in Eq. (3.4)
makes only minor difference to the calculatian, and if there is a
simple activation barrier separating reactancs and products (as,
for example, with H + Hz) one obtains?

e AD[OEM - A F]

N(E) = 2 ;fl » (3.5)
=l o sin[% w, (E) ¢ (8)]

al

which is the analog of Eq. (2.7). In this case, though, the
periodic orbit is for an imaginary time increment (because

e -BH = e~1He fort = -:I.hB), so that the action integrai ¢(Z)

is pure imaginary. (The periodic motion is basically an oscilla-
tion back and forth through the potential barrier.25) The




1.

real quantity 6(E) is defined by
oB)/N = 126(E) . (3.6)
and since A = 2 in this case, Eq. (3.6) becomes
=1 < M26(E)

N(E) - Z‘I i a.n
s, '
kgl siah  [-nhey ()8’ (E))

The stnh functions in the denominator of Eq. (3.7) are expanded
in the analogous wuy as Eq. (2 9), so that Eq. (3.7) beinmes

@ % T B B

' Y 1
o -n[26(E) ~ 20'(E) z huk(E) (uki-f)l
-1) e . (3.8)

and the sum over n—-the number of * tunnel!.ng oscillations" inside
the barrier--is easily carried out to give®

= 20(8) - 20° () (n4d) _,
e =Y e S , Q.9
&

where w(E) = (uk(E)}. k=1, ..., f=1, n = (nil, i=1, ..., f~l, and

52:‘1 ) n:ZO é:b né-o ’

Eq. (3.9) is the final expression for N(E) within periodic orbit
theory, the rate constant then being given by Eq. (3.3).

Although Eq. (3.9) does prc-tde a qualitatively correct
physical picture of the reaction rate constant, this periodic
orbit limit of the theory suffers from the same quancitative
shortcomings as those in the eigenvalue problem discussed in
Section Ila, namely that most of the energy 1s implicitly assumed
to be in one mode (motiom along the "reaction coordinate”) with
deviations from it being trestcd only within a harmonic
approximation. Ta see this, consider the situation that motion
along a reaction coordinate is separable from the remaining f-1
degrees of freedom; it is then easy to shuw that the exact quantum
wechanical expression for N(E) in this caame is

NE) = ) P (Ee) (3.10)
a=0
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where Ptu (Et) is the one dimensional tunneling probability with
an energynE in translational motion along the reaction coordinate.
The semiclassical approximaiion for the tunneling probabilicy is

P (E)=[14+ eze(E‘)J'l (3.11)
tun't 4 -t

and 1f the f~1 degrees of freedom of the "activated complex" are
approximated as harmonic,

€, = lg'({_ﬂ%) s (3.12)

then the correct semiclassical limit i Eq. (3.10) is

1
20[E - hwr (n+5)] _
N(E) =E {1+e ~ vy . (3.13)
n

To obtain the result given by periodic orbit theory, Eq. (3.9),
it is also necessary to approximate the exponent in Eq. {(3.13)
by the first two terms of its Taylor's series expansion,

B[E - hur (@+D)] = B(E) - 0" Db (vp) - (.10

As for the eigenvalue problem discussed in Section IIa, the
approximations in Eqs.(3,12) and (3.14) are in general valid only
if most of the total energy E is in motion along the reaction
coordinate, As there, too, the periodic orbit expression happens
to be exc:t for the (trivial) case that all the f-l1 modes are
harmonic and the barrier for the £th mode is parabolic (f.e.,

an inverted harmonic potential).

Just as for the eigenvalue problem, therefore, the pericdic
orbit approach gives a result that is qualitatively correct tut
which can be inaccurate quantitatively because oi dynamical
assumptions implicit in it. Here too, though, there exists a
Hamilton-Jacobi approach that treats all the degrees of freedom
on an equal dynamical footing.

b. Hamilton-Jacobi Theory

A Hamilton-Jacobi analysis,?® .lamilar to that of the eigen-
value problem described in Section ITd, can be used to overcome the
limitations in perlodic orbit theory described in the previous
section. This is possible by realizing that there are "good"
action variables associated with the saddle point of a porential
surface just as there are those related to a wminimum in &
potential surface.



Consider first, for example, the case discussed in the
previous section that motion along the reaction coordinate (the
fth degree of freedom) is separable from the other f-1 degrees
of freedom. The correct semiclassical expression for N(E) is
given in thiv case by Eqs. (3.10) and (3.11):

20(e-¢_) -

N(E) = z; [1+e , (3.15)
ne
where n = {n )}, kel, ..., f-1. An action variable for the
reaction coordinate, ng, can be defined in the usual one-
dimensional fashion,
(gD = faq, VEUIE_-v,]
£2 £ v f
- 1 dquZu[vf—Et]
= 16(52) » (3.16)

with E_ = E-£_, where 6 is the (real) barrier penetration integral.
Eq. (3.15) call thus be written equivalently as

21 Im nf(E,n) -1
N(E) = z; L+e 1 , (3.17)
&

where n_{E,n) is given as a function of the total energy E and
the f-1 action variables (or quantum numbers) by Eq. (3.16).

Although deduced for the separable case, Eq. (3.17) is also
the result of the more rigorous Hamilton~Jacobi theory?® for a
general non-separable potential function. In the general case
one must first construct the total Hamiltonian in terms of the
complete set of "good" action variables {ng}, i=1, ..., f using,
for example, the methods of Section IIb. Then the equation

E= H(nl,nz. P nf-l'“f) (3.18)

18 solved for nf(E,n 3 assy I _1), and N(E) is given by Eq. (3.17).
This result of the Hamilton~Jacobi analysis is seen to have the
same qualitative structure as that of periodic orbit theory,

Eq. (3.9), but it does not incorporate any approximation about

the distribution of energy among the various modes nor approximate
any of the wmodes as harmonic.

Eq. (3.17) can be derived for the general non-separable case
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by evaluating the trace in Eq. (3.4) in the representation of the
"good" action variables {n;}, i=L, ..., f:

K(E) = 1h tr[G(E)FP]

= th zﬁn <n anG(E)FPIn n

n-O

<n nlePln,n >

e z;)f f E- E(n,n ) » (3.19)

vhere 1 = {n,}, i=1, ..., f-1, and E(q,n;) = H(n ,n,, ..., n.).
Because of tf‘ie simple pole in the integrand, the integral over
ag can be evaluazed by contour integratiom, giving

QE(n,nf)

NCE) = 2mh I& <2,nf|FPIE,nf>/T (3.20)

with ne = n (E,n) determined by the pole cordition, Eq. (3.18).
It ig shown elsewhere,"‘ along with more details of the calcula-
tion, that the flux integral is given by

2nIm ng

3E(n,n_)
= f Gte '1/2nh . (3.21)

“wagl#Plung = —5—

which, inserted iato Eq. (3.20), gives Eq. (3.17).

Application” of the periodic orbit version of this rate
theory, Eq. (3.9), has been seen to give reasonably good results
for the collinear H + H: exchange reaction if the exponent in
Eq. (3.9) is modified in the following manner:

8(E) - 6'(E) hu(E)- (D) > B(E) (3.22)
with En determined by the equaticn

” = - G . 1

E‘..‘ E h(f(En) (r:ﬂ—z-) B (3.23)

This modification has the effect of correcting, in an approximate
fashion, for the assumption in periodic orbit theory that all but
infinitesimal of the total emergy is in motion along the reaction
coordinate. Use of Eq. (3.9) without this modification gives poor
results because hw(E) (n+1) is not at all small compared to E in
the range of interest fof this system. Since the Hamilton-Jacobi
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approach involves no such approximations, it 1is anticipated
that it will provide a more satisfactory description of the rate
constant for this (and aimilar) chemical reaction.

IV. CONCLUDING REMARKS

One thus sees that within the framework of semiclassical
mechanics eigenvalues in 8 multidimensional potential well and
chemical reaction through a saddle point region of a pctential
energy surface can be described by essentially the same formalism.
Tn both cases the periodic orbit version of the theory provides
a simple, physically correct picture of the phenomenon but can be
inaccurate quantitatively because of certain assumptions implicit
in it.

The Hamilton~Jacobi approach avoids the limitations of
periodic nrbic theory. It provides a way of constructing the
total Hamiltonian for the non-separable system in terms of a
complete set of “good" (i.e., conserved) action variables. In
the eigenvalue case these action variables are required to be
integers (l.e., quantum numbers), and this discretizes the energy.
For chemical reaction through a saddle point region ome of the
action variables is identified as a "generalized barrier
penetration integral", and its imaginary part (as a functiom of
the other action variables and the total energy) gives the reaction
probability. Applications of this approach to real molecular
systems, either for eigenvalues or for rate constants of chemical
reactions, have only begun but promise to be a useful way of
desacribing these phenomena.
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