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ABSTRACT

An approximaté analytié theory is developed to calculate the
poloidal beta BI and the diamagnetic parameter My for a-sequence of
axisymmetric/toroidal MHD equilibria confining high pressure plasmas
[B v 8(a/R)] under the constraint of flux comservation. To satisfy the
equilibrium equations, the plasma current must be increased with pres-

sure as pl/3 and previously calculated equilibrium limits on poloidal

beta are avoided.

I. THE RELATIONSHIP OF PLASMA HEATING AND MHD EQUILIBRIUM

Successful auxiliary heating of thermonuclear plasmas to ignition
requires a characteristic heating time 2% shorter than the energy con-

tainment time Tge Using high power neutral particle injection, Tokamak

experiments with

AS"Th-—TE (1)



where Ty is the Alfven-time, have been conducted (ORMAK) and a number

of future devices (PLT, ORMAK Upgrade, TFTR) will satisfy this criterion.

Experimental evidence so far (e.g., ATC, Tuman) indicates

B < Thol (2a)
where Tpol’ the poloidal skin penetration time, is given by
1 _ 13, _n | A
T Tyt " 2 (2b)
pol 4ma

with ¢ the poloidal magnetic flux, n the resistivity and a the minor
plasma radius. (The experimentally effective n tends to be £ 5 times
the Spitzer value.) Using the classical value (2b)-and Pfirsch-Schliiter

heat conduction scaling for Tgs One obtains

/T = (2 v EQ / 28) << 1
E° "pol m, q ’

in theoretical accordénce with (2a) [q and B are defined below]. The
combination of conditions (1) and (2a) ﬁecessitates the theoretical
study of a series of neighboring MHD equilibria under the constraint of
poloidal flux conservation.

The toroidal magnetic flux ¢ = 2n.fdr r B, diffuses on a time scale

slower than Téol by a factor B = 8H.E/B¢2. Tj)show this we define
F(y) = R B¢, and recalling that quite generally ‘
%%mom) :
one obtains
140 L 1dF _gdy
¢ dt 7 F dt ~ ¢y dt



Thus certainly

[+ %]
S

()

and since the safety factor q is given by

o |1
=
t

-1 d¢
q(y) = 27 v

one concludes that q(y) will be an invariant for these equilibria. 1In
our own analysis we will take q(y) to be determined by its value in the
low beta initial state and examine the evolution of the plasma equili-

brium as the pressure is raised.

The condition ™ < g implie; an adiabatic equation of state,
augmented in this case by a heat and particle source term due to
neutral injection. However, the present problem differs from the

: 1,2
well-known "adiabatic compressor' problem ’ >3

in that the major radius
R remains essentially constant and flux conservation is realized by

imposing

where "’0 is the poloidal flux at the fixed plasma boundary. To keep
the analysis simple and analytically tractable we will drop the coup-
ling between the adiabatic equation of state and the equilibrium
equation and assume henceférth that the average plasma pressure p(¥)
shall be a free parameter., This assumption is realistic in experimental
devices with powerful auxiliary heating. In principle, therefore, we

will solve the MHD equilibrium problem with p(y) and q(y) given.



II. MHD EQUILIBRIUM RELATIONSHIPS

The principal macroscopic parametérs characterizing the Tokamak

- equilibrium are4

BI = 2.[ pdV/(I2 . ZHRC) (3a)
_ 1,2 20,012
np =2 av o (B¢0: - B/ - 2R ) (3b)
1 .2
=2 S v g B/ . 2m) (30)

where I = I(wd) is the total current inside the circular flux surface

boundary y = wo with major radius RC. B¢, Bp are the toroidal/poloidal
magnetic fields and B¢ is the vacuum toroidal magnetic field. B8
0

measures the poloidal beta, M the plasma diamagnetism and li the

I

internal inductivity (inductance/cm géussian) of the plasma column, a
geometric factor of 0(l) determined by the shape of the current profile.
For a complete solution of the equilibrium problem one must solve

the Grad-Shafranov Equation
* 2
2*y/R? = - 4mp' @) - F F'()/R . (4a)

where F has to be expressed through q(¢) using

1 do _ -2 2
Here,
v Rh/em = f St (4c)
v p
where R Bp = IVWI closes this set of equations. (These equations are

conveniently derived in Callen and Dory.s)



In principle, the calculation of this flux average can be facilita-

ted by an expansion of the flux function

©%,0) + s (02,8) + -+ (5)

2 2
b=85(p",8) =5 + S
(p7,9 (0 ellip. triang.

~cirg.
where (p,6) are suitable polar coordiﬁates inside the circulgr fiux
shell and the RHS is developed in the deviation from a circular flux
surface cross section, in powers of the small aspect ratio e = a/Rc. A

hierarchy of equations for Sc -++ can be generated

irc.’sellip.’striang.
from Eq. (4a) by a multipole expansion.6

In practice, if one is content with. a knowledge of the global
parameters BI and M of Eqs. (3), the problem can be simplified sub-
stantially by using two fundamental equations, viz. the integral form
of the virial theorem and the equilibrium equatién.

When evaluated on the outer flux surface of an axisymmetric toroidal

plasma, these équations assume the form

1,22, 22 2. _f1 .2
/dV (3p + 5y (13p+13¢-}3¢0)]-/8,"13p n-rds_

1 2 2 2., _ 1 .2
2n[dS¢[p+8“(Bp+B¢O—B¢)]—/8"Bp_t_1_ _gden

where d Sn is a flux surface element, d S¢ a cross sectional element,

and r and e, are depicted in Fig. 1.

ITI. ANALYTIC METHOD FOR OBTAINING ARBITRARY BETA MHD EQUILIBRIA

As shown by Shafranov,4 for a circular flux shell of minor radius

a, these two relationships reduce to
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Fig. 1.

Circular flux surface model geometry.



_ = 6a)
3B+ Ly - Wy 2(sl + Sz) (
_ 6b)
By + 2y +ug 252 (
whence
sl zi
By =S, *2 ~ % (72)
S 2
1 i
M =8, -5 73 (7b)
'Here <
2 _ 1 .2
2m 1% R, s1 = J{ 5 Bp ad sn (8a)
2 . _ 1.2 |
2w I Sz— f 81er cosOdSn (8b)
Yo
where

dS =2tR (1 + ¢ cos 6)ad 8
n c

and we have neglected higher order terms in a/Rc. In these equations

the total plasma current is given by

S 2 2
I(y) = V' (¥) (Bp)wo/Sn (8c)

Since we are treating the average pressure E. as a variable controlled
by auxiliary heating, Eq. (7a) should be looked upon as a relationship
connecting the variable p with the surface integrals (B§>WO’ S1 and 82.
Once these are determined, Eq. (7b) yields My as a function of p and
zi. . . . .

Since the problem centers around the calculation of the sﬁrface

averages (8a,b,c) at the circular plasma boundary ¢ = wo = const,



it is justifiable to drop the higher order noncircular terms in (5) and
adopt the following circular flux surface approximation, describing a

set of nested toroidal flux surfaces with circular cross section

_ 2 2 2, 2 -
v =507, o7 = R-R)"+ 2", R =R + Q) (9)

where R¢ extends to center of the circular flux tube w(pz), shifted

from the geometric center RC by an amount &6(¢), as shown in Fig. 1.

This model equilibrium contains only two arbitrary functions S(pz)
and §(y). We shall determine the function S-frqm flux conservation and
the parameter &(y)- or,more ppeéisely, 8'(Y) = 38/9y from Eq. (7a) after
the surface integrals are performed. Had we defined a more complicated
.'modéluflux function with additional free paramete?s such as ellipticity,
we would have required additional moments of the plasma force balance

equations to determine them.

It follows from Fq. (9) that in our simple model
RB = |vw| = 20S8/D
Bp = 2;§/(1 + € cos 0)D (10a)

where D = 1 +d cos 6, d = 208 6'(¥), and

$ = @ C L RrR-= Ry (1 + € cos 8) (10b)
2° R
dp %
i = 2 2R In this
The volume inside a flux surface Y = const 1s V() = 21 p " n

flux model, the flux average becomes

R
. -
VX - ¥ a8 D(1 + € cos 0)X
(217)2 28 2m



The integrations (8c), (4c) are elementary and yield

~ ed 2

IW) =p S € L+ 55+ -0)/¥1-a° (11a)
V' (R 2y 4n? = —e—( A ) (11b)
2pS

The dots indicate higher order terms in €.

As the flux surfaces shift outward under the increased plasma
pressure in the high beta regime, one expects that |d| + 0(1) at
P = wo. Concomitantly, the poloidal field (10a) has a non-expandable
dependence on cos 6 in marked contrast to the widely used low beta

model7

B =138 1+ €A cos 6 .
. p0( )

As long as flux is conserved, the singularity éan only be approached
asymptotically as the pressure is raised. As will be shown below, it
is the correct treatment of the dependence of Bp, which eliminates
any equilibrium limit on the poloidal beta. The remaining surface

integrals are

o : ed
2 .f. B2 dsn = a2 2m RC (eS)z(—f£¥t—E——)

372
v (1-d%)

3/2

~ ~ 2
: ~ o e - -
L B2 cos ®ds . =a 2"R (es)2<__d_+___+iz.l Zld)
lp p c (l_dz) d ,/ 1._d2
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In summary,

2 ~. 2 1+ €d
s, * I7 = (aed) N (12a)
(1-d7)
Re =202 d+ ¢ e 1-/1-d°
5. - 1% =& @)% {- + £ (12b)
(1-d7)
and from (1la) . 2
L)
2 on 2 2
I” = (pSe) N (12¢)
1-d

The (l—dz)—n terms will be shown below to dominate the high beta equili-

brium properties. TFor example, combining (12a) and (12c),
> 1 -~ (124)

in the high'beta flux conserving equilibrium vs. Sl-& 0(1) in Ref. 4.

Defining a pressure variable normalized by the initial low beta

toroidal current
B. = 2/de/21r R 1%
1 c i

we find for BI defined in (3a), using (12¢)

:(27%)

ie S M NV A B (13)
B éz ed 2 l—d2

I (1+7)

where the subscript i stands for the initial value and € = a/RC.

All quantities on the RHS are evaluated at y = wo.



1
IV. DETERMINATION OF PARAMETERS SPECIFYING THE
HIGH BETA EQUILIBRIUM

Having expressed I, BI’ Sl and S2 in terms of S(pz) and d(y), we
must determine these latter two quantities for the flux conserving
equilibrium,

From Eqs. (7a,b) and (12a,b) it is clear that large increases in B8
can be produced if d - 1. One expects a small decrease in'zi as beta
is increased (d -+ 1) since the‘denominator of Eq. 3c becomes large as
beta is increased while thé numerator which depends only on an integral
over (1—d2) femains finite. Qualitatively this follows since increas-
ing beta in a fiux conserving system tends to drive a current in-

creasing toward the surface [Eq. (lla)]. Thus, the external magnetic

field is increased more than the internal field. Numerical calculations8

confirm thét zi does not have a strong dependence on beta and in what
follows we shall approximate it by its low beta value.

The functional form of S(pz) is specified by the invariance of
q(¥) in a flux conserving system. From Eqs. (4b) and(11b), q(¥) can
be written |

F ed

(P = — 1 - ES (14)
25 R_

2

Now, in general, F is a constant plus an order B term. Thus, order
unity variations in q can only be produced by changes in S. Conversely,
since q 1s an invariant on each flux surface as B is increased in a
flux conserving tokamak, S must also be an invariant to zero order in
beta. Finally, for simplicity, we will specialize to the case of q
constant on all flux surfaces which implies that S is a constant to

zero order in 8, i.e.,
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S = ygo’/a’ + 0(8) as)

We will neglect the change in the functional form of S as the pressure

is increased.

The above arguments leading to the specification of the function S
are valid near the surface where the circular shape of the flux surfaces
is guaranteed by the boundary condition. As shown by numerical calcu-
1ation,8 when the beta is raised in a flux conserving tokémak; étrong
deformation of the initially circular flux suffaces occurs in the plasma
interiér and Eq. (15) has a more.éomplicated-form. Fortunately, for
the present work, we requiré a knowledge of S only near the surface

where Eq. (15) is sufficiently accurate..

-7

V. PROPERTIES OF FLUX CONSERVING HIGH BETA EQUILIBRIA

We are thus justified to approximate li and S by their initial low
beta values. Moreover, if we retain the shearfree model q = qo,
S = wO/a2 can be taken for all values of B. Then Eqs. (7a,b) can serve

to determine BI and uy; as follows. Approximating (13) by
B, = B, (1-a%) (16)
I I

since di nog, BI becomes 'uniquely dependent on d2. Using Eqs. (12),

(7a) assumes the form

' 1 1
£1.+ E'(l-d2)= (l_dz) [- E{d + ) + E{l + ed) ] +_j; 1 - :l-dz
2 1 2, 3/2 2 2
A ed,? 1 - 4% 7 a“  /1-4d
1+ (17)
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which yields the desired relation hetween the unknown parameter d and
the pressure variable _B_I. In the high beta limit this relation reduces

to -3/2
= (_1- 2
BI = (- €)(l—d ) (18)

Solving for d, the inversion of (18) for high beta is

3/2

B 2/3 ' (19)

. 1,

showing that d2 + 1 for B_ +» » as diséussed above. The low beta limit

1
follows trivially from (16), viz. BI :AEI' . -

To calculate BI as a function of the pressure variable BI in the

high beta limit, we use Eqs. (16) and (19) to obtain

8,/B, = 1-a®=1-[1-%" (eEI)‘Z/?’]&
In the regime éEI > 1 this can be expanded to yield
B, /B, = (B3 (20a)
or
B, = 3—2/3 (Ei)l/3 (20b)

The pressure dependence of the plasma current follows immediately.

From (12c) and $§ = wo/a2

;g low B (Zlaj
Iy =€ °©
° Yo 2.-1/2 _ Y% , = .1/3
R—c (1-d%) = IZ: (EBI) high 8 (21b)

From (7b), one obtains for the diamagnetic parameter

L
i d,-2
bt = - ST e+ o+ 2+ ey i1-a?

-2 - — 5
+d?2 a+2H7? hd? - g-dd (22a)



In the high beta regime (- d/e > 1, d2 »> 1)
S B 1-a"Y2 - 1-adE s o (22b)
I 2 € I ’

where the dependence of d on pressure is given in (19). Comparing this

with (16) shows My BI in asymptotic agreementgwith Eq. (40) of Ref. 4.
P )
%

i3 the toroidal field for zero plasma pressure.

Thus, from (22b), GJSandV(B Bi) > 0, showing the high beta dia-

magnetism since B
¢O
2,.2
An upper bound for uI exists as jﬁV B¢/B¢ -+ 0, or equivalently,
0
B~>1. At B=1, or BI = q2/82, from Eq. (19)

2 _2/3 . 43

d° =1 (23a)

and from Eq. (20b)

2/3 ; g-4/3

BI = q (23b)

The exact behavior of B and the plasma current I(wo) as a

1 M1
function of the pressure variable éI is shown in Fig. 2. Since EI =
q28/62 and the maximum value of B is one, the maximum value of EI in
the figure is dependent on the choice of q.

Setting My in (223) equal to zero, the change from para-to dia-

magnetism occurs for -d = 5/4 ¢. Inéerting this value for d in (17)

results in E& = 1 as expected. 1In the low B limit [d ~ 0(e)], Egs.

(17)and (22a) combine to yield My = BI - Sl’ where from (12d), Sl = 1,

in agreement with Eq. (41) of Ref. 4.

VI. CONCLUSIONS OF AXISYMMETRIC HIGH BETA
EQUILIBRIUM ANALYSIS

1. Increasing the average pressure.dep/V (by means of auxiliary

heating) on a flux conserving time scale, the equilibrium equations of
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e=Y3
81— | (Ia )X 5 —]
) 1/3 . /“’0
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B,

Fig. 2 The behavior of B and I are shown as a function of EI

' M1
for € = 1/3, 2 = 1/2,



16

an axisymmetric toroidal plasma permit a continuous transition from
low to arbitrarily high values of beta (Eqs. 16 and 17). |

2. In a flux conserving equilibrium, the plasma current must be
allowed to increase with pressure as (éé&)1/3 [Eq. (21b)].

3. Coﬁsequently, the poloidal beta grows slower than linearly
with pressure, (Eq. 20b), and the often used scaling relatiomn BI = qZB/e2
does not apply for the flux conserving tokamak. It is replace& by (20b)
asymptotically. |

4. The flux conserving equilibria considered in this paper do not

permit formation of a second magnetic axis as can be seen from Eq. (10a):
' 2
2e(dy/de™)
- _ _ 0
Bplh = 9g, 8 =) (1-d) (1-¢)

Since from (17) and(23a), 0 < - d < 1, Bp can therefore not vanish.
This confirms the physical notion that the topology of flux surfaces
cannot change if flux is conserved. Thus, there is no equiiibrium
limit ‘such as implied by the condition BI < €_l obtained for non-
flux conserving equilibria at constant plasma current.

5. In the high beta 1limit, the diamagnetic parameter My approaches
BI’ implying confinement by the toroidal diamagnetic well. There are
no equilibrium limits short of the ultimate limit at B = 1 where BI =

23743 (£q. 23b).

£>
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