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DYNAMIC RESPONSE OF A CYLINDRICAL SHELL 
IMMERSED IN A POTENTIAL FLUID 

ABSTRACT 

A numerical solution technique is presented for determining the 
dynamic response of a thin, elastic, circular, cylindrical shell of constant 
nail thickness and density, immersed in a potential fluid. The shell may 
be excited by an arbitrary radial forcing function with a specified time 
history and spatial distribution. In addition, a pressure history may be 
specified over a segment of the fluid outer boundary. Any of the natural 
shell end conditions may be prescribed. 

A numerical instability prevented direct solutions where the ratio 
of the hydrodynamic forces to shell inertial forces is greater than two. 
This instability is believed to be the result of the weak coupling 
between the equations describing the fluid to those describing the shell. 
To circumvent this instability, an effective mass was calculated and added 
to the shell. 

Comparison of numerical to experimental results are made using a 1/12 
scale model of a nuclear reactor core support barrel. Natural frequencies 
and modes are determined for this model in air, water, and oil. The 
computed frequencies compare to experimental results to within 15%. 

We illustrate the use of this numerical technique by comparing it to 
an analytical solution for shell beam modes and resolve an uncertainty in 
the analytical technique concerning the proper effective mass to use. 
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INTRODUCTION 
Whenever solids move in contact with fluids, the resisting pressure 

of the fluid should be taken into account. Traditionally, this pressure 
is assumed proportional to the acceleration of the moving '.olid relative 
to the fluid and is accounted for by assigning an increased density to 
the solid. Thus, an increased or "effective mass" is incorporated into 
the equation of motion of the soln"d structure to account "or this fluid 
influence. For shells this effective mass is a function of mode number, 
shell radius, thickness, length, and proximity of neighboring structures. 
As will be shown, the effect of the fluid on the motion of a fubmerged 
shell cen be dramatic with reductions by a. factor of throe of the natural 
frequencies. 

Early workers in this field [1] used this effective -nass technique 
with modal analysis to analyze shells submerged in a fluid. Closed form 
solutions were obtained for simply-supported cylinders in infinite- fluids. 
More recently, similar techniques ha^e been app'ivid to coaxial cylindrical 
shells [2-6]. The approach used is to couple the fluid to the shell by 
forcing the radial velocity of the shell to equal that of the fluid at 
the shell wall and the dynamic pressure in the fluif* to equal the loading 
on the shell. The acoustic wave equation is used to represent the 
fluid (assuming stationary fluid and small motions) in conjunction 
with the equations of motion of thin shells. 

In addition to the fluid's effect on the vibration frequencies of a 
submerged shell, the fluid can also act as a vehicle for the transmission 
of forces to cause vibrations. Such is the case of the core support 
barrel of a nuclear reactor where the fluid flowing down the annulus between 
the core support barrel and pressure vessel wall imparts both a random force 
due to turbulence and a deterministic force due to pump pulsations. The 
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dynamic response of the fluid-filled tanks in rockets used in the space 
program is another area where fluid-shell interaction is important. 

Recent methods used todetermine a shell's response to these types of 
fluid forces will now be outlined. 

Bowers and Horvay [4] calculated the response of a simpiy-suoported 
shell to pulsating pressure in an encompassing water-filled annulus. 
The pump induced pressure pulsations are imposed over a portion of the 
outer periphery af the water annulus resulting in a time-dependent mixed 
boundary value problem since the remainder of the outer periphery is 
modeled asan inflexible wall. An approximate solution method which gives 
the pressure distribution in the water annulus is made possible by replac­
ing the pressure pulsations with equivalent body forces in the annulus and 
thus converting the mixed boundary value psouiem into a forced vibration 
problem with homogeneous boundary conditions. The solution of this forced 
vibration problem gives the pressure in the annulus and on the shell wall. 
The shell equations are next solved by the normal mode method to obtain 
natural frequencies and displacements of the shell. This analysis is only 
applicable to simply-supported shells and does nnt account for water inside 
the shell. 

Au-Vang [5,7] used a statistical method to predict the r.m.s. response 
of a shell surrounded by a water annulus and subjected to random excita­
tion uniformly distributed about the shell. This method is based on finite 
element techniques and requires prior knowledge of the shell mode shapes 
and the cross-spectral density of the forcing function. 

Berger and Palmer [8] have devised a numerical solution technique to 
determine the transient motion of an infinitely long, viscoelastic, 
cylindrical shell of arbitrary cross-section, surrounded by an infinite 

-3-



acoustic medium. They used finite diffeience techniques to model the con-
formally mapped shell and acoustic equations. Laplace transformation was 
used to handle the time derivative. 

Other, more comprehensive numerical techniques are described by 
Belytschko [9]. Tn general, these were developed to describe structural 
motion resulting from high energy impulse loading as might result from a 
nuclear reactor accident. They, thus, are tailored to find short term and 
nonlinear responses and require such small time steps as to make calcula­
tion to steady-state impractical. 

In our attempts to treat the fluid-shell problem analytically, a 
number of assumptions are made. The shell is assumed either infinitely 
long or simply-supported where in an actual installation neither is the 
case. Also, shell mode shapes in a fluid are assumed similar to those 
in vacuo. The latter has little effect on calculation of the natural 
frequencies, but presents difficulties when support clearances affect 
motion or where shell loads are being positioned at shell noies to mini­
mize responses. Tha published numerical methods treat the shell and fluid 
as a discretized continuum and therefore circumvent these considerations 
but are tailored for short term transient calculations, making computation 
to steady state prohibitively expensive. 

We have developed a unique numerical solution technique which can 
accurately calculate a cylindrical shell's natural frequencies and mode 
shapes in potential fluids. This technique can be applied to thin, 
elastic, circular shells with constant wall thickness and density. The 
shell can be either in vacuo, filled with fluid, surrounded by fluid, 
or iranersed in a fluid in a stiff, coaxial container. The length to 
radius ratio of the shell should be greater than one to predict natural 
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frequencies to within 5% of those calculated by three dimensional theory. 
An arbitrary forcing functiin can be applied directly to the shell surface. 
In addition, a pressure history can be specified over a sepment of the 
fluid's outer boundary, up to 1/4 the shell's length. The fluid is 
modeled as a potential fluid and therefore, for an accurate calculation, 
the time period of the load or pressure change should be greater than the 
acoustic wave travel time over the fluid domain. Also the wave velocity 
of the s"iell should be less than the acoustic velocity of the Vquid. Any 
of the natural boundary conditions can be prescribed on the ends of the 
shell and they may change with time. 

This numerical solution technique is unique in several respects. 
Finitt difference techniques were used to model the fluid and shell 
with the potential fluid characte-ized by an elliptic Helmholtz type 
equation. The mixed boundary value problem was handled by a numerical 
technique that has been used in fluid mechanics, but has not been employed 
in fluid-shell problems. A transient response approach was used to 
determine the short term response as well as the natural frequencies and 
modes for the fluid-shell problem. Other transient resDonse codes are 
tailored to competed only the short time response to sudden phenomena such 
as occur with reactor accidents. 

This numerical solution technique can be used fordesign sensitivity 
si^'ies, to check analytical solutions, or for numerical experimentation. 

ANALVSIS 
This section describes the equations used to model the shell and 

the fluid regions inside and/or outside the shell. The geometry is 
described in Fig. 1. 
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Fig. 1 Shell element, force and moment resultant diagrams. 
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Shell Equations 
The shell equations, as first postulated by Love, are a reduced 

form of the three dimensional theory of elasticity equations. In 
terms of finite difference techniques, noding of the shell in the radial 
direction is not required and this decreases computation time as compared 
to a three dimensional mesh. The basic assumptions used in formulation 
of the shell equations are: 

1. The shell is thin (h/a < 1/10)* 
2. The deflections of the shell are small (linear theory holds) 
3. The transverse normal stress is negligible. 
1- The normals to the undeformed midsurface of the shell remain 

straight and normal to the deformed midsurface and they suffer 
no extension. 

Sanders' solution method [10,11,12] will be used. He emoloys the 
principle of virtual work to obtain the equilibrium equations for the 
shell element in Fig. 1. Leissa [13] demonstrates the close agreement 
between Sander's solution and that using the three dimensional theory of 
elasticity. By adding external loads and a D'Alembert term to these 

equilibrium equations we obtain the following equations of motion (see 
Appendix A). 

% 36 " 2a 30 " a ^2 ' \ p s 3r 
8N9 + 5 & + 3 5& + 1 8M6 Eh32v ,JT^ „ m 

ST + - 3 f - + 5a -3S + I 3 T - - T ^ 2 - A V F S W = 0 ( 1 ) 

•Nomenclature l isted at end. 
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1/2 We have introduced the dimensionless time variable T = [E/p ] t/a, a 
dimensionless axial space variable, £ = x/a, a viscous damping coeffi­
cient A, and radial load q. The vircous damping coefficient is to 
include both structural and fluid damping which are small in most cases 
(see Table C-5 in Appendix C). 

We simplify the analysis 111,12] by describing (1) as a set 
of four dimensionless, coupled,partial differential equations in terms of 
u, V, w, M,, £, and t. We do this by expanding the force and moment 
resultants, displacements, loads, and strains into Fourier series in 
the circumferential variable 6. We then use a reference stress level, 
o„, to make the coefficients of the Fourier series dimensionless. For o 
each fourier term, n, we obtain the following four coupled equations in 
which primes denote derivatives with respect to 5 and dots with respect to 

Vn" + Vn + Vn' + a4 wn' = Un + c 5n ( Z a ) 

Vn' + Vn" + Vn + Vn" + a9 wn + a 1 0 % = \ + Z \ < 2 b> 

all un' + a12 vn" + a13 vn + a14 wn" + °16wn + a16 M&, + a 1 7 % (2c) 
= »„ • Cwn - q n 

a18 vn + a19 wn" + a20 wn + a2l"cn = ° ( 2 d ) 

where 
ao <*> aa °° 

I I S - F " I u cosne, v =-c 2 - I v sin n9 (3a,b) 
n=o n=l 
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ah • o 
w = ~T I w n c o s n e* MC = ~T I M ? n c o s ne (3c,d) 

oh "» 
<• * ~ I V 0 S "9 

n=o 
(3e) 

The coefficients a, .ou, are listed in Table A-l of appendix A. C 
1s a dimensionless damping coefficient defined in the nomenclature. 

The following quantities must be prescribed at the boundaries, 
€ = 0. s/a. 

N, or u 

M or w 1 

= B at K - 0, s/a (4) 

Fluid Equations 
The fluid both inside the shell and in the annular region outside 

the shell will be treav.ed as inviscid [5,14,15], Incompressible, and having no 
gross motion [3,16,17]. In other words, the fluid adds inertia to the 
shell, couples the shell to neighboring structures, and acts as a vehicle 
for transmitting forces to the shell. As a result, the fluid can be 
represented by a single equation in terms of one dependent variable, 
the dynamic pressure p. 

Expanding the pressure into a Fourier series about the circumference 
results in a differential equation with independent variables (,, n, and T 
where n is a dimensionless radial coodinate, i = r/a. To couple the fluid 



to the shell,the radial velocities of the shell and fluid are made equal. 
Also, the assumption is made that the pressure belonging to a given circum­
ferential mode does not excite other than its matching structural mode; an 
assumption usually made in modal analysis [1,3,5,17], 

Starting with the equation of motion for inviscid, compressible 
fluids (Euler's equation), the continuity equation, and assuming small 
oscillations we obtain the acoustic wave equation [18]. 

4 
c' 3t' ^ • ^ • ° (5) 

For an incompressible fluid (c-«») we may express 7 2p in cylindrical 
coordinates as 

3 2P„ l 8P„ „2 3 2P„ 
-IT + 1 per - h P„ + -r - o. ^ 

where we expand p in a Fourier series as 

o h a> 
P = - 5 - I P„cos n9. 

n=o 

The assumption of incompressibillty is valid if the sonic velocity 
in the fluid is much higher than the velocity of motion of the shell surface 
and/or the shell is closely confined in a rigid-walled tank. Both Mnev and 
and Pertsev [2], and Chen and Rosenberg [3] have shown that compressi­
bility effects are unimportant in calculating the response of a shell 
closely confined in a liquid. Mnev and Pertsev providr- an analytical 
solution for a shell with simply-supported end conditions submerged in 
an acoustic fluid. They show that if the shell is confined, coaxially, 
inside a rigid-walled outer cylinder, the criteria to determine whether 
the incompressibillty assumption is valid is 
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[ 5 k ] 2 ^ _ l ^ « 1 . (7) 
c 7 7 ^ 7 

For a l l other cases and when n = 0 

*- Time 

is the criteria to be used. The experimental results reported later 
substantiate these criteria. 

Boundary conditions must be specified on the top and bottom of the 
fluid regions and it the inner and outer surfaces. Either a pressure 
release (p. = 0) or rigid wall (3pn/35 = 0) can be specified on the top 
or bottom of the fluid regions although the former more closely matches 
the analytical solution and experimental results reported here. Similar 
boundary conditions can be applied to the outer surface of the outer 
fluid. At the shell surfaces the shell radial velocity must be made 
equal to the fluid radial velocity. Therefore, using Euler's equation 
we can express the pressure gradient at the wall as 

3Pn . . a pf * \ 

To eliminate the singularity at ft = 0 a rigid inner boundary at 
i •= ro/a, (r 0 « a ) was used. 

CALCULATIONAL METHOD 
The basic strategy of the calculational method is to solve the 

finite difference equations of the shell and fluid separately, but to 
account for the interaction between the two by imposing the boundary 
condition (9) at the shell-fluid interface. The shell displacements as a 
function of time for each Fourier mode are determined separately and must 
be summed to get the total displacement. The forcing function, whether it 
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is applied on the outer boundary of the fluid or on the shell must be 
expanded into a Fourier series with the appropriate Fourier term applied to 
each mode. The natural frequencies for each mode can be calculated by 
applying a load that is a step function in time and following the time 
history of the response. This is the method used in this work. Another 
means of determining the natural frequencies is to vary the load harmonically 
and generate a frequency plot. 

Shell Equations 
The algorithm used to solve the shell equations is similar to that 

used by Johnson and Greif [12]. The shell equations of motion (2) for a 
particular Fourier mode are cast in a matrix form in terms of z, a four 
.element column vector composed of unknowns u,v,w,M,, 

Kz" * Fz' * Gz • y + Vz + Lz. (10) 
K,T,G,V,L are 4 x 4 coefficient matrices, and y is a column loading 
vector. All are defined in Appendix B. Another matrix equation is 
developed to describe the shell end conditions, 

fiHz' + (I - ft + ft J) z - I, (11) 
with ft a diagonal matrix and £ a column vector defined by the end 
conditions. H and J are 4 x 4 matrices (see Appendix B) defined by the 
equations relating Sanders' boundary conditions (4) to z. For example, 
If u is known at an end, the first diagonal element of ft is zero, and 
the first element of I is the prescribed value of u. 

Using difference schemes, equations (10) and (11) are recast into 
three matrix equations (Appendix B, equations (B-10a,b,c,)) In terms of the 
unknown vectors z..+1 ., z^ ,, z 1 , , and are solved by a Gaussian elimi-
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nation technique at each time step j. Central differencing is used to 
describe the space derivatives and backward differencing to describe the 
time derivatives. The backward differencing for the time derivatives 
(Houbolt method) [19] results in an implicit, unconditionally stable 
algorithm. To solve the three matrix equations a recurrence relation­
ship is used relating z- • and z. , ... The coefficients and constants for 
this relationship are calculated starting at i = 0 up to i = N. Then using 
the boundary condition at i = N the vectors z N y z f )_ 1 ., etc. down to 
z 0 . are calculated. This procedure is repeated for successive time steps. 

Fluid Equations 
The equation representing the fluid (6) is a form of the Helmholtz 

equation. The nth Fourier mode of this equation is recast into finite 
difference form giving an equation for each node (Appendix B, equations 
(B-12a,b,c)). Theresulting set of linear, algebraic equations is solved 
by a fast, direct solution method [20] which takes advantage of the tri-
diagonal nature of this set and employes an odd-even cyclic reduction 
technique. The axial dimension must be subdivided into N>2 increments 
that do not include multiples of 7,11,13,17, etc. 

We were interested in simulating pump pressure pulses coming into a 
pressure vessel and therefore modified the direct solution method so as 
to handle the specification of mixed boundary values on the outer fluid 
boundary. Thus, a pressure profile, p(t), can be specified over the 
inlet region and a rigid wall, 3p/3i = 0, over the remainder of the outer 
boundary. A capacitance matrix 'technique [21,22] was used to modify the 
direct solver so that mixed boundary values could be handled. This involved 
a modification of the rows of the matrix form of the set of finite differ-
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ence equations such that the cyclic reduction process could still be 
used on the modified system. 

Calculation Technique 
In the original paper by Johnson and Greif [12] constraints were 

placed on the time and space increments. As the time increment gets 
large, the calculated shell response approaches the correct static solu­
tion but any dynamic response is damped out. The time increment must 
be kept to less than 1/50 of the period of a particular mode of vibra­
tion so that the displacements are not significantly damped. This 
damping results from the time integration scheme used (Houbolt method) 
and is strictly a numerical effect. The tendency of the fluid is to 
increase this numerical damping. The damping increases as the fluid 
reaction becomes more significant eith°r due to closer shell spacing, 
higher fluid density or for the lower shell modes. To maintain damping 
less than 1% for calculations involving a fluid, time steps between 1/50 
and 1/500 of the period of vibration were used. 

The space increment must be kept small enough to ('.escribe adequately 
the axial bending moment, M £ > which is proportional to the second time 
derivative of the radial displacement. In general, 120 axial nodes were 
found to give adequately resolved displacements and bending moments. 

As previously stated, the original shell code is unconditionally 
stable. It was found, however, that the addition of the fluid resulted 
in an unstable solution when the hydraulic loading exceeded twice the 
inertial force generated in the shell. This numerical instability is 
believed to be caused by the weak coupling employed to connect the shell 
and fluid equations. Belytschko [9] has reported on numerical in'.tobilities 
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in fluid-structure codes from this cause. Weak coupling results when 
two separate programs are used to form a complete solution. In our case, 
this weak coupling was through the boundary condition (9) at the shell-
fluid interface. We made several attempts to circumvent this instability, 
i.e., incrementing down the shell density, incrementing up the fluid 
density, iterating on the pressure at each time step, all without success. 
To overcome this instability, the shell and fluid equations would have to 
be more strongly coupled, i.e., made more interdependent. This would 
require a complete reformulation of these equations or a change to an 
explicit type of time integration and incorporation of several boundary 
nodes in both the shell and fluid equations. 

The stability criterion that was found may be stated as 

hydraulic resisting pressure , h - /15>\ 
shell inertial force per unit area " Pf^'Ps" ^ ^'c> 

where * is called the connected mass factor. In general * is a function 
of mode number and geometry and increases as the mode numi>-r or gap 
between shell and outer fluid boundary decreases. 

For those cases where the stability criterion cannot be met, an 
approximate solution can be computed by using an increased shell density 
and decreased fluid density so that the effective mass, M f f , is held 

"eff = p s h + pf* ( 1 3 ) 

4 = - p(a)/o f3 Zw/3t 2 (14) 

The connected mass factor, *, is computed according to (14) by using in the 
computation a normal shell density, p , and a decreased fluid density, 
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p f, such that the inequality of (12) is satisfied. The validity of this 
technique has been established by Hnev and Pertsev [2] who showed, that 
for the range of problems for which the incompressibility assumption is 
valid, (7,8) the effect of the fluid can be adequately described by 
increasing the shell surface density by the amount p.*. The connected 
ITIDSS factor is a function of the axial mode excited, m, as well as the 
circumferential mode n. Therefore, the accuracy of * i imputed is closest 
when only a single axial mode is excited. Fortunately, for most loadings, 
the fundamental is predominant. Also for the higher modes (n>2) the 
difference in * between axial modes is 10% or less. For a particular 
mode, * can be calculated as closely as desired by applying, et the modes 
anti-node, a harmonic load close to the mode's natural frequency. 

EXPERIMENTAL VERIFICATION 
An experimental program was undertaken to verify the numerical 

technique. A thin walled, circular shell was fabricated and instrumented 
with two dynamic pressure transducers and eight miniature accelerometers. 
These read the pressure on the shell's outer surface and its radial 
acceleration. The experimental arrangement is shown in Fig. 2 and 
approximates a nuclear pressurized water reactor core barrel at 1/12 scale. 

The natural frequencies and radial accelerations of the shell were 
measured in air, water, and oil. Excitation with liquid was provided by a 
piston-cylinder arrangement connected to an electro-magnetic exciter. 
Sinusoidal pressure waves were generated in the cylinder and conducted 
to two inlet ports, finally impinging on the shell. A frequency sweep 
identified the shell resonant frequencies and modes from the accelero-
meter signals. In addition, the natural frequencies were measured using 
an impact technique [23]. 
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17.5 mm gap 

4 mm 

Vacuum • —<&• 

Clamps (8) 
optional 

Instrumentation 
Accelerometers, A1 through A8 
Pressure transducers, PI through P4 

700 mm 

Fig. 2 Experimental contigration. 
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Measured and numerical results in air, water, and oil are shown in 
Tables la and lb. 

For a simply-supported shell in water, connected mass factors were 
calculated in accordance with Mnev and Pertsev [2] and compared to numerical 
results (14). This comparison is shown in the third and fourth columns of 
Table la. In the remaining columns comparison is made between mecsured and 
calculated natural frequencies for each mode. The measured results 
for air were obtained using the impact technique and for water using both 
the impact technique and harmonic excitation, with the results averaged. 
The numerical calculations were made wiin the shell modeled assuming it 
fixed at the top end and either simply-supported or free at the bottom 
end. The ends of the liquid region were held at constant pressure and 
the outer fluid boundary assumed rigid. Measured and calculated natural 
frequencies in oil are compared in Table lb. Natural frequencies in oil 
were measured using harmonic excitation. 

Figs. 3a and 3b show the natural frequencies of the experimental 
shell as a function of circumferential mode number for fixec-simply-
supported and fixed-free end conditions. The solid and dottei Tines trace 
through the numerical results for air and water, respectively and the 
symbols indicate measured data. Open symbols denote impact results in 
air, solid, impact results in water, and crossed, harmonic results in 
water. Air and water results for a given shell end condition are shown 
on the same figure for the first three axial modes. 

As noted by Kraus [24] and others, the lowest natural frequency 
of thin shells is not at the lowest circumferential mode number and 
in our case is at n = 2 or 3. Frequency should and does increase with 
increasing axial mode number, m. The decrease in natural frequency due 
to t)ip water is quite dramatic as would be expected for the confined 
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Table la - Comparison of Calculated and Measured Shell Natural Frequencies In Air and Hater 

n 

Shell Simply-
Supported (both ends) 

.» = V = H £ = « E • 0 

Shell F1xed-S1mply-Supported 

u - V " W « w ' = o , v » w • H » N- - 0 

Shel l F ixed-Free 

a . v ' H ' » ' - 0. n f = i ! E e = 0 E « N £ - 0 

1 
2 

3 

4 

5 

m 
Connected Mass 
Factor, 9 (m) m 

Natural Frequency 
In Air, M /2t! (Hz) 

Natural Frequency 
In Hater, 
alii (Hz) m 

Natural Frequency 
1n Air, u/2ir (Hz) 

Natural Frequency 
In Hater, 
n/2> (Hz) 

1 
2 

3 

4 

5 

1 
1 

1 

1 

1 

Analytic numerical 

1 

1 
2 

1 
2 
3 
1 
2 

Measured Numerical Measured numerical 

1/2 
3/2 
1/2 
3/2 
5/2 
1/2 
3/2 
5/2 
1/2 
3/2 

Measured Numerical Measured Numerical 

1 
2 

3 

4 

5 

1 
1 

1 

1 

1 

0.79 
0.28 

0.14 

0.094 

0.066 

0.78 
0.28 

0.15 

0.094 

0.069 

1 

1 
2 

1 
2 
3 
1 
2 

530 

550 
525,1005 

860 
1050 
1440 
1350 
1460 

640 

555 

860 
1170 
1470 
1345 
1485 

200 

245 
475 

440 
580 
SCO 
770 
860 

205 

235 
540 

430 
600 
760 
750 
850 

1/2 
3/2 
1/2 
3/2 
5/2 
1/2 
3/2 
5/2 
1/2 
3/2 

200 
740 
440 
620 

1150 
820 
890 

1325 
1375 

230 
860 
435 
640 

1220 
820 
880 

1310 
1350 

75 
315 
195 
300 
621-
420 
480 
645 
755 
805 

75 
300 
185 
275 
50? 
410 
450 
575 
750 
755 

Table Tb - Comparison of Calculated and Measured Shell Natural Frequencies In Oil 

n Shell FIxed-Slmolv-SuDDorted SheH Fixed-Free 

3 

m Natural Frequency in 011.n/2ir Hz) m Natural Frequency in 01l,n/2fl (Hz) 

3 1 1/2 3 1 240 245 1/2 205 195 

4 1 450 450 1/2 435 430 

5 1 795 780 1/2 780 780 
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geometry of the experiment. Note that in Fig. 3a (see dot-dash line) 
the numerical and experimental results in air for '.ie m=2 mode compare 
better when simply-supported end conditions are specified at both ends 
in the calculation instead of fixed at one end and simply-supported at 
the other. For the other cases of Fig. 3a, numerical calculations 
using fixed-simply-supported shell end conditions compare best with the 
measured frequencies. Also note that two natural frequencies were 
measured for the (3,2) mode in air. Both anomalies are probably caused 
by the method used to support the experimental shell. 

Details of a numerical calculation of the experimental shell's 
nature frequencies for the n=2 and n=5 modes are shown in Figs. 4a and 
4b. The use of the connected mass factor is illustrated by these 
calculations. 

The shell is assumed immersed in water in a rigid-walled container 
with pressure held constant at the end of the fluid region. The ends of 
the shell are fixed-simply-supported and an impulse load is applied at tne 
shell's middle. The figures show the time history of the radial dis­
placement three-quarters from the fixed end. The solid line shows the 
computer response for zero fluid density with the shell density determined 
using the effective mass calculated according to (14). The dotted lines 
are calculations using the same effective mass but a fluid density corres­
ponding to the maximum allowed by (12). For the n=2 modes (Fig. 4a) 
this maximum allowed density is 720 kg/m and for n=5 (Fig. 4b) it is 
the normal density of water, 1000 kg/m . 

In Fig. 4a a more accurate determination of the connected mass factor, 
4, would have decreased the small (53!) discrepancy in frequency. In Fig. 4b, 
the affect of numerical damping when a finite density fluid is used in the 
calculation is evident. The calculated frequencies are within 5% of the 
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measured frequencies in water of 200 Hz (n = 2) and 770 Hz (n = 5) 
respectively. 

Care was taken to make sure that the experiment would produce results 
which could provide a valid comparison to numerical results. Incompres­
sible fluids (deaerated water and oil) and an elastic (stainless steel) 
shell material were used. The geometry was such that the potential fluid 
approximation was valid according to equation (7). Two different shell end 
conditions and two nozzle arrangements were used. Measurements of the 
damping coefficients proved them low enough (<1%) to be modeled in the 
simple manner that they were, i.e., as simple viscous structural damping 
coefficients for each mode. The fact that t - natural frequencies measured 
match closely those predicted by calculatioi speak for the validity of the 
experiment. 

Referring to Tables la and lb it can be seen that the measured 
natural frequencies match those calculated within 5% in three-quarters 
of the cases. The maximum discrepancy is 17* for the n = 2, m = 1, 
mode in air. Since this error applies to the air results it appears 
the major part of all errors are due to the well know difficulty of 
modeling end conditions in an experiment. Also note that the numeri­
cally calculated connected mass factor matches the analytical result 
within 5% (Table la). 

APPLICATION OF NUMERICAL TECHNIQUE 
To illustrate how the numerical technique that has been described 

can be used to calculate natural frequencies and connected mass factors we 
calculate these for the core barrel of a pressurized water reactor. We 
compare these numerical solutions to analytical solutions of Horvay and 
Bowers [17] which restricts us to specifying simply-supported end conditions. 
The modes of interest for this problem are the cantilever mode (n = 1, 
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m = 1/2) and the fundamentals of the first few ring modes (n = 2,...,6, 
m = 1) [25]. 

The shell is filled with air and surrounded by a thin, fluid annulus 
of either air or water enclosed by a rigid outer wall. The dynamic 
pressure, p is held constant at the top and bottom. With reference to 
Fig. 1 the important parameters are: 

a = 1.92 m (76 in.) pf = K 2 kg/m3 (air) 
1000 kg/m3 (water) 
7800 kg/m3 b = 2.18 m (86 in . ) 

h = 0.051 m (2 in . ) E = 2.1 x 10" 1 1 N/ni2 (30 x 10 6psi) 

s = 12.91 m (328 in . ) v = 0.3 

The results of these calculations and the comparison with the 
analytical results are shown fn Table 2. The natural frequencies in air 
were calculated using nonnal air density. This gives the same frequency 
as if calculated in a vacuum with the additional benefit of providing a 
connected mass factor for later use. Comparisons between numerical and 
analytical results in air were good with a maximum discrepancy of 13%. The 
frequency for the n = 1, m = 1/2 mode was calculated assuming a simply-
supported shell of twice the length and also by assuming a shell of 
nominal length but fixed at one end. Calculations by the first method gave 
a natural frequency 23% lower than calculations by the second method. 
No analytical results were available for comparison to the fixed-free 
calculation. 

The connected mass factors and natural frequencies with the shell filled 
with air and surrounded by water are shown in the last four columns of 
Table 2. For the n = 5,6 modes normal shell and fluid densities were used 
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TaMe 2 - Pressurized Water Reactor Core 
Barrel Natural Frequencies 

End-
Con­
ditions 

Air Water 
n m End-

Con­
ditions 

Frequency (Hz) * (m) Frequency (Hz) n m End-
Con­
ditions Present M of.h nr1 Ref. 17 

Present 
Method Ref. 17 

Present 
Method Ref. 17 

1 1/2 A 33 35.7 13.6 7.19 6-7 8.18 
1 1/2 B 43 9.5 

11.5* 
8.5-11 

8-10* 
1 1 C 105 106.4 9.5 

11.5* 
5.28 21-25 

19-23* 
2S : 

2 1 C 45 47.7 3.5 3.66 14.5-15.5 15.0 
3 1 C 35 38.4 1.7 1.80 16 16.4 
4 1 C 53 55.9 1.02 1.07 28 29.2 
5 1 C 82 85.0 0.60 0.71 50 50.9 
6 1 C 140 121.8 0.45 0.51 80 80.5 

Shell End Conditions: 
A - Shell simply-supported at both ends but twice as long 
B - Shell fixed at one end and free at the other 
C - Shell simply-supported at both ends 

•Shell filled and surrounded by water. 

-26-



in the numerical calculation, making the use of their connected mass 
factors unnecessary. For lower modes, the shell density was increased 
and the fluid density decreased holding M _f constant so that a stable 
solution could be obtained. For all but the beam modes (n = 1) compari­
son between numerically and analytically calculated mass factors and 
frequencies was within 12%. 

We assumed that holding the effective mass constant would assure a 
correct calculation of the natural frequencies no matter what specific 
values are used for the shell and fluid densities. To check this assumption 
we increased the shell density and decreased the fluid density while holding 
the effective mass constant and compared the natural frequencies so calculated. 
We found, for instance, that for the n = 1, m = 1 mode the frequency 
decreased from 25 Hz to 21 Hz {see Table 2) as p was increased form 8.3 x 
10 kg/m to 240x10 kg/m and the corresponding fluid density decreased 

3 from 690 kg/m to 0. For the n = 2 mode a 1 Hz difference was found when 
the densities were changed and for n = 3,4 no difference. These frequency 
differences reflect the accuracy of our numerical technique. 

Natural frequencies were also calculated with the shell filled and 
surrounded by water for the cantilever and first beam mode. As expected, 

he connected mass factors 'ncreased and the frequencies decreased as 
compared to results for the shell filled with air and surrounded by water. 

For the beam modes, only half of the fluid component of the effective 
mass was used in the analytic calculations. This was a method used by 
Horvay and Bowers to make their analytical solution conform to 
Stokes1 formula for solid body motion. Our results indicate that the 
entire effective mass should be used for all modes, including the beam 
modes, and hence our numerically calculated frequencies are lower than 
theirs for the beam modes. 
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Running times for this problem on a CDC 7600 varied according to 
whether fluid was present or not. With no fluid a 300 time step, 120 
space station run took 0.36 min. With fluid only outside the shell it 
took 0.93 min. With fluid both inside and outside, it took 1.70 min. 

CONCLUSION 
We have presented a numerical solution technique which can be used 

to determine the natural frequencies and transient responses of thin 
cylindrical shells immersed in an incompressible, invisciu fluid. 
The shell may be filled with fluid, surrounded by fluid, both of these, 
or immersed in a fluid-filled, stiff-walled coaxial container. 
Arbitrary radial loads can be applied directly to the shell or over a 
segment of the outer fluid boundary. Any of the natural boundary 
conditions can be applied to the ends of the shell. The ends of the 
fluid regions can be either open or closed. 

Direct solution of problems where the ratio of the hydrodynamic 
forces to the shell inertial forces are greater than two is not possible 
because of numerical instability. In this regime, an effective mass is 
calculated to be included as increased shell density, circumventing the 
numerical instability. This numerical instability 1s believed to result 
from the weak coupling between the equations describing the shell and 
fluid. This weak coupling is represented by the boundary condition 
equation (9) and is the result of using two separate programs to represent 
the fluid and shell. Future efforts to remove this instability should be 
directed toward strong coupling of the equations which will require their 
reformulation if one desires a fully implicit time integration scheme. 
An implicit scheme is felt to be necessary to gain steady-state solutions 
in a reasonable time. 
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Although solutions to the fluid-shell problem are possible using 
analytical techniques, only simply-supported shell end conditions have 
been specified using this approach. Our numerical technique allows 
specification of any of the natural shell end conditions. Also the 
analytical solution for a narrow water annulus [17] implies that only 
one-half the calculated effective mass should be employed to calculate 
the shell response in the beam mode (n=l). By using our numerical 
technique, we were able to show that the full effective mass should be 
used. 

Rapid solutions using the numerical technique described here are 
possible making feasible, design sensitivity studies for problems where 
resonant conditions are a concern. By use of this technique, placement 
of pump inlet ports, shell thickness, end conditions, and annular 
spacings can be established to circumvent resonant conditions and to 
minimize displacements and stresses. 

The most significant contribution from this study is that it 
provides a verified technique for determining the natural frequencies, 
modes, effective masses, and displacements of a cylindrical shell 
immersed in a potential fluid. Other theories either do not directly 
couple the shell to the fluid, cannot treat the annular geometry, 
calculate only an r.m.s. displacement, or can only calculate the 
transient response of a shell to a sudden load such as from a reactor 
accident. 
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NOMENCLATURE 

A,B,C = 4 x 4 matrices (B-10) 

A,B,C = block tridiagonal and capacitance matrices (B-14,15, 17) 

a = cylinder radius 

b = outer annular radius 

C = dimensionless damping coefficient-
[(E)(h)(p sh+p ft)] 1 / 2 

C = critical damping coefficient = 2Mgf n 

c = acoustic velocity oTfluid 

V = 4 x 4 matrix (10) 

n - h 3E 

E « 4 x 4 matrix (B-10) 

E = modulus of elasticity 

e,,ee = strains at an arbitrary point in the shell 

F = 4 x 4 matrix (10) 

' J- •» = functionals 
F 4 ' F 4 

G = 4 x 4 matrix (10) 

« = 4 x 4 matrix (11) 
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h = cylinder thickness 

I = identity matrix 

J = 4 x 4 matrix (11) 

K = 4 x 4 matrix (10) 

x - h E 

1 = 4 x 4 matrix (10) 

L.. = linear operators for shell equations of motion (A-33a,b,c) 

£ = 1 x 4 column matrix (11) 

H e ). f = effective mass (13) 

M ,M6,M = moment resultants per unit length 

M^g = moment resultant per unit length, 1/2 (M,.„ + H ) 

m = axial half wave number 

N r,N D,N„, = force resultants per unit length 
t, v at, 

N „ - force resultant per unit length, 1/2 (N„ + K ) + l/4a(M„ - M f l f) 

N t . = effective membrane shear resultant per unit length (4) 

n = circumferential mode number 

P = 4 X 4 matrix (B-lla) 

p t,p = total and static fluid pressures 
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fluctuating (dynamic) f l u i d pressure = p t - p 

4 x 4 matrix (B-10) 

transverse shear resultants per unit length 

transverse shear resultant per unit length (4) 

external shell load per unit area in radial direction 

total shell load per unit area in radial direction = p + q 

r/a = dimensionless radial coordinate 

radial coordinate 

inner radius of inner fluid 

cylinder length 

column vector (B-14,15) 

time 

longitudinal, tangential, and radial displacement of the shell, 
"w" is positive outward 

actual, reference, perturbed fluid velocity 

1 x 4 column matrix (B-lla) 

1 x 4 column matrix (B-2) 

longitudinal (axial) coordinate 

1 x 4 column matrices (10) 
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cu.ct,,. --lOiji = coefficients for shell equations of motion (2) 

a. = coefficient for time derivative equation (B-6a) 

B-i.Bo.-.-.Bio = coefficients for shell boundary condition (A-21) 

1L = coeff icient for time derivative equation (B-6a) 

W Y ? r , Y 9 r = s h e a r s t r a 1 n s 

Y. = coeff icient for time derivative equation (B-6a) 

& = dimensionless axial space increment = s/aN 

Tj = coeff icient for time derivative equation (B-6a) 

1/2 s = dimensionless time increment = ( E / P S ) »*< i+i " *•; i ' / a 

€ C , E „ , C - . = normal and shear strains in the shell midsurface 

t. = compressibility factor (A-38c) 

0g ,e 6 ,0 r = rotations 

6 - circumferential angular coordinate 

" V V ^ e = c n a "9es in curvature of the shell midsurface 

~K; = coeff icient for time derivative equation (B-6b) 

A = 4 component diagonal matrix (B-2) 

X = viscous damping coeff icient 

X- = coeff icient for time derivative equation (B-6b) 

p* - coeff icient for time derivative equation (B-6b) 
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v = poisson's ratio 
VJ = coefficient for time derivative equation (B-6b) 
5 = x/a = dimensionless longitudinal (axial) coordinate 

P »P f»P 0.p' = shell, fluid, reference fluid, fluctuating component of fluid 
s mass density 

o-.Og.a ,o = longitudinal, tangential, radial, reference stress level 

t = (E/p ) t/a = dimensionless time 

T = change in twist of the shell midsurface 

* = connected mass factor (14) 

$ = velocity potential of perturbed velocity 

fl = 4 component diagonal matrix (11) 

n = natural frequency in fluid 

ID = natural frequency in vacuo 

Indices 
i axial nodes 
j time steps 
k radial nodes 

R+l outer radial node 
N last axial node 
n Fourier index 
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APPENDIX A - DERIVATION OF THE GOVERNING EQUATIONS 
In this appendix we will derive the equations of motion for a circular 

cylindrical shell using Sanders' approximation of thin shell theory. 
We derive the governing equations for the fluid using cylindrical coordi­
nates and assuming the fluid is inviscid and incompressible. An analytical 
solution of the fluid-shell problem will be described to explain the concept 
of "effective mass." 

To reduce the dimensionality of the shell theory equations the depen­
dent variables are expanded in Fourier series making the resulting set of 
equations applicable to an independent circumferential mode. The total 
solution is the sum of the Fourier series of the modal solutions. Likewise 
any external forces must be expanded in a Fourier series and the appropriate 
Fourier coefficient of the force applied to the appropriate modal equations. 

SHELL EQUATIONS 
The derivation of the shell equations of motion will follow those of 

Kraus, Leissa, and Johnson and Greif [A-l, A-2, A-3] based on a first 
approximation theory to thin shells developed by Sanders [A-4]. We found 
that Sanders' theory gave consistent results matching those found experi­
mentally and analytically. The simpler Donnell method was also tried but 
we found it did not give consistant results near resonances. Therefore, 
since Sanders' method required only a small increase in computer time to 
run a problem compared to the Donnell method, it was used. Sanders formu­
lates the shell theory equations using the principle uf virtual work with 
six "generalized displacements" and six "generalized forces." The 
generalized forces come from a force and moment balance on a shell element. 
Alternatively, Donnell [A-2] formulates the equations by dropping the 
transverse shear resultants Q, and Q„ from the two tangential force balance 
equations and neglects the tangential displacements and their derivatives in 
the strain-displacement equations. 

-37-



To formulate the shell equations, we start by defining a thin shell as a 
three dimensional body bounded by two closely spaced curved surfaces, the 
distance between the surfaces being small in comparison with the other 
dimensions. The locus of points which lies midway between these surfaces 
is called the midsurface and the deformation of the shell will be completely 
determined by the displacements of this midsurface. We will be dealing with 
closed, circular cylindrical shells with uniform wall thickness. We will 
be assuming that the material of the shell is linearly elastic, isotropic, 
and homogeneous and that the effects of rotary inertia and shear deformation 
can be neglected. 

We start by stating Love's postulates which are basic to all thin 
shell theories and which make use of Kirchhoff's hypothesis: 

1. The shell is thin (h/a < 0.1) 
2. The deflections of the shell are small (linear theory holds) 
3. The transverse normal stress can be neglected 
4. Normals to the underformed midsurface remain straight and normal 

to the deformed midsurface and they,suffer no extension. 

We will then sum the forces and moments which act on a shell element of 
thickness h to form six equilibrium equations in terms of ten force and 
moment resultants. We make use of the>principle of virtual work, using the 
equilibrium equations to formulate six generalized forces to go with the 
six generalized displacements. Integrating the virtual work equation gives 

the necessary strain-displacement relationship and Hooke's law gives the 
necessary stress-strain relationships. By integrating the stresses across 
the thickness of the shell,employing Love's postulates, and using our 
known strain-displacement relationships we arrive at six force-displacement 
equations. Now reemploying the principle of virtual work we obtain three 
equations of equilibrium in terms of six force and moment resultants. 
Expanding the forces, moments, displacements, and strains in Fourier series 
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we arrive at four equations of motion for each set of Fourier coefficients 
(i.e., each circumferential modejin terms of the midsurface displacements 
u, v, w, and the axial bending moment M_. The system of equations is 
eighth order, but by formulating the equations using four dependent vari­
ables the highest order de-;«ative is second order. By formulating the 
equations for each circumferential mode, we have reduced the number of 
dimensions to two, axial and time. 

Equations of Equilibrium 

Consider the equilibrium of the shell element of thickness h, shown 
in Fig. 1, under the influence of the internal force and moment 
resultants shown. Also shown are the inertial and damping forces per 
unit surface area and an external surface load acting in the radial 
direction. 

Our previous assumptions imply that the displacements, u and v, 
and hence strain vary linearly through the shell thickness. We can therefore, with 
Hooke's law, integrate the resulting stresses over the shell thickness. 
The resultants of the integrals are the force and moment resultants per 
unit length. 

Love's second postulate implies that the deflections are sufficiently 
small so that these force and moment resultants can be referred to the 
undeformed midsurface. Now if we apply Newton's law by summing the forces 
and moments which act upon the shell element we get the six equations of 
equilibrium. 

S - S 1 - a ' " s h § + ^ ) = ° <A-ia> 
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m 3H 
W + 36^ " a"e = ° (A-ld) 

3H„ 3M„ 
ST+ ^ " a Q e = ° ( A ' 1 e ) 

V - V T 1 1 0 ( A ' l f ) 

In the above N £, N-g, N Br, N„ are the force resultants; M „ H f f l, M g „ 
H. are the moment resultants; Q ? and Q„ the transverse shear resultants; 
u, v, and w the longitudinal, tangential, and radial midsurface displace­
ments, p the shell density, and A, the viscous damping coefficient. The 
three independent variables are 1) a nondlmensional length 

5 = x/a 
with x the length coordinate and a the shell radius, 2) the circumfer­
ential angle 6, and 3) the time t. 

Principle of Virtual Work 

We will now employ the principle of virtual work in terms of the 
six "generalized displacements" u, v, w, s £ , © e > e r where © E, Og, and 
9 are the rotations about the 8,£ , and r directions respectively. 
The equilibrium equations (A - la, f), neglecting body forces 

and surface loads and for a free shell, are used to obtain the "generalized 

forces" to go with the "generalized displacements". The principle of 

virtual work is thus written as, 
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/ 3Qf 30. \ /3M, 3HB ) r \ 

with 6 standing for "variat ion of" , i .e . <5u is the variation of u. 

Integrating (A-2) by parts yields, 

X X [ v ( t ) + V ( l f - - r ) + V ( w + - r ) 

+ V(f + w ) + v ( f + a 9 0 + Q ^ f e - v + a s e ) 
+ ¥ (W + V Gr) + v(Sr+ 0 

(A-3) 

+ V &)jd?d e -^ j [ V + V v + V" 

+ H^S05 + » C 9 « 0 e l d8 - f u l f i l l + Ne«v + Qe6w 

+ M e e 6© g + H e S 0 e ] d « | = 0 -
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where the double integral extends over the midsurface of the shell enclosed 

by the curve C. The double integral represents the vir tual change in strain 

energy within C and the l ine integral represents the vir tual work of the 

boundary forces. The quantities within the parentheses of (A-3) can 

be regarded as the strains of the midsurface corresponding to the ten 

"generalized resultants" N £ , H„ thereby yielding the followinp st ra in-

displacement relat ions. 

I IE 
a iV ?(&•")• W f -VW& + G r (A-4a,b,c,d) 

1 3 e f 1 3efl 1 S 0 B i ™r e r 

where E are the midsurface strains, T the shear strains, and K the 
changes in midsurface curvature. Using Kirchhoff's hypothesis requires 
that Y ? r = y e r = 0 giving 

n - l i y . o - J i . - l M (A-5a,b) 
e £ " " a if °e a a 38 

- ". iiL r = . l / i ! " . 3X.\ (A-5c,d) 

We can put S r in terms of u and v by taking the normal component of the 
surface curl of the total displacement vector giving 

From (A-4.A-5) It can be shown that 
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and if we define 
ese H V V r E K«e + *ee (A-6c.d) 

*ee 57< Hee*V' ( A" 6 f ) 

then using (A-5c through A-6f) we can rewrite (A-3) as 

f f (li^K + ̂ e « e c e + N 96e e + H^SK^ + H^ST + Me«Ke)ad?de 

- { [(N£6u + N f e6v + Q,6w + H^S© + \eS%^ d 8 * A~ 7' 

-(N e 5«u + N e«v + Q e6w + M e c « 0 5 + H e60 9) d£] = 0 

From the double integral in (A-7), which represents the virtual 
change in strain energy, the generalized strains e „ and T corresponding to 
the resultants Jf„ and H „ are obtained. 

^ = i [ l M ] . *--J[*fe-i W&] <«•.••> 
We have thus reduced the original set of ten force and moment resultants to 
six and have arrived at six consistant strain-displacement relationships, 
equations (A-4a,b; A-5c,d, A-8a,b). The unique contribution of Sanders' 
theory is the expression for the midsurface twist, T. His formulation 
has i.he advantage that it results In zero strain for whole body rotation 
which 1s not the case for some of the other shell theories, e.g. Oonnell's 
approximation which neglects the tangential displacements and their 
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derivatives in equations {A-5d and A-8b). At the same time the six 
strain relationship's meet the requirements of Love's postulates and in 
particular Kirchhoff's hypothesis that the strains vary linearly with the 
shell thickness. 

Force and Moment Resultants 

Since the total strain, e, at an arbitrary point in the shell varies 
linearly with r (see A-lla,b,c) we can integrate the resulting 
stresses over the shell thickness if we can define the relationship between 
stress and strain. Such a relationship is provided by Hooke's law which in 
three dimensional form is, 

e£ = F [ o C " v ( o e + °r^» ee = F £°e " v<°r + °e>]» 

v= m ^ i v. (A"9a) 

From Kirchhoff's hypothesis we have e r = y £ r = Y 6 r = 0 giving us 

- L (e. + ve.), o„ = -j-^-z (e, + ve,). 
_ E 

°5e " 2(1 + v) Y£e (A-9b) 

If we now integrate the stresses over the faces of the shell element of 
Fig. 1 and neglect the r/a term in comparison with unity we obtain 
expressions for the six force and moment resultants. 
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h/2 h/2 h/2 
h = / V * NB = / ° 8 d r ' \ e ° f °?e d r (A-lOa.b.e) 

•/-h/2 ^h/2 <h/2 

h/2 h/2 _ h/2 
\ = I ra^dr, % = f rc%ir, H ? g = f ro^dr (A-lOd.e.f) 

-h/2 <h/2 "^h/2 •" 
Now from Kirchhoff's hypothesis we have that 

eK = h + r K ? ' e 6 = E8 + r i V Y?e = e59 + r T" (A-lla,b,c) 

Making the necessary substitutions from (A-9, A-10) into (A-ll) and 
performing the integration gives a relationship between the six force 
and moment resultants and the six terms representing changes in midsur-
face strain, curvature, and twist. 

N ? = K(e ? + ve e), N g = K(ee + ve^), N"?e = K(l - v )e ? g (A-12a,b,c) 

M ? = D f ^ + VKg), M e = D(K e + v< e), M c e = | ( l - v ) T (A-T2d,e,f) 

where D E i-S, _- „ = hE 

Equations of Motions 

We are now in a positon to arrive at the equations of motion of a 
circular cylindrical shell in terms of Sanders' six force and moment 
resultants as opposed to the eight resultants 1n the origii.al equilibrium 
equations {A-la. b,c,d,e,f). We do this by again applying the principle 
of virtual work. 

Beginning with the virtual change in strain energy due to the internal 
force and moment resultants as given by thj area integral in (A-7), 
reintroducing the transverse shear resultants Q, and Q e, and integrating by 
parts gives 
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frL{Yh + V e e e + V e e + W + V T + H e S + V Y S r 
^c, " ' 8 

+ Q e « Y e r ) a d c d e = / c [ { N^u + N e f l 6v + Q?6w 

+ H C «0 C + H ? e 6 [ B e + ±] } de - {N e 6v + N c e «u (A-13a) 

+ QeSw + M e «0 e + M E f l6 [ 0 ? + £ ] > d£] 

- f fl^fSu + F?Sv + F3«w + F 4S0 + F 5 «0 e )d5d6 

where _ _ 

F - fi + 5 i . X fie CA-i3b) 
r l 3? ae 2a 39 

SN 3 N r a , 3M„ 
3 Q E 3 Q B 

F 3 " " Ne + if1 + 3T ( A - 1 3 d » 
3M 3M 

F4 = i r 1 + ^ - a Q ? ( A - 1 3 e ) 

3M„ 3M„ 
F s ' ? T + a ^ " a Q e ' f l - 1 3 f » 

For the shell to be in equilibrium, the principle of virtual work requires 
that the lefthand side of (A-13a) must be equal to the line integral on the 
right-hand side, in which case the area integral on the right-hand side must 
vanish. Because the virtual displacements Su 60. are independent 

w 

and a r b i t r a r y , each terra of the area integral must vanish independently. 

Thus, set t ing 
F l * F 2 • F 3 " F 4 " F 5 " ° 
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in (A-13) gives the modified equations of equilibrium for the internal 
forces resulting from Sanders' theory. Adding back to the equilibrium 
equations the appropriate inertial, damping, and surface load terms 
gives the corresponding equations of motion. 

One additional step reduces the number of equations of motion from 
five to three. This is done by solving (A-13e,f) for Qr and Q. and 

substituting these results into (A-13b,c,d) giving 

3N 5 fjje J_ ^ 6 Eh 3 2u . / T 3u . n 3f~ 39 " 2a 36 o W " A ' p s 3T " 

3 NS • 3 a * _L I!k + 1 !!!§. Eh 32v . / T jv . 36 ' 3? Za 3C a 36 ~ a ST* " A p. 3T u 

"s 

-N. + 1 "!!^ + 2 !!^i + ! ! ^ 1 . sh ifw 
lilT 8C3Q 3 ( F j a 3 T 2 

(D* 

P s 3T 

where we have introduced the dimensionless time variable, T. 

W i £ • aq - 0, 

fT. i 
Pc a 

(A-14) 

Boundary Conditions 

The natural boundary conditions associated with Sanders' equations 
of equilibrium are obtained by setting the virtual work of the forces 
acting on the boundaries of the shell equal to zero. Thus from 
(A-13a)we get at the ends of the cylinder (E; = 0, s/a), 

•Number refers to equations in main body of report 
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N £ or u = 0 

\e E [ % + K Mce] c- v = o 
(4) 

or w = 0 

M £ or o, = 0 

where N, e and Q.can be thought of as effective membrane and transverse 
shear resultants per unit length. Any combination of four conditions 
must be prescribed at each end of the cylinder. 

Fourier Series Expansion 

Our ultimate goal is to arrive at a set of four dimensionless, 
coupled, partial differential equations in terms of the four dependent 
variables, u, v, w, IV and the two independent variables $ and i, a 
dimensionless space and time. In order to do this we first expand all the 
force and moment resultants, displacements, and strains into Fourier 
series in the circumferential variable 6 to eliminate the 6 dimension. 
He then make use of a reference stress level, o , to make all the Fourier 
coefficients-dimensionless. 

\ = o 0h I N ? n cos ne N e = o 0h £ N e n cos nB <A-15a,b) 

CO 

\& ° °Oh E NE6n S ' " n 8 (A-15c) 

"« = ^ ~ J o M « n C ° S " 9 Me = ^ J 0

 Men c o s " 6 <3d.A-i5d) 
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ao <» aa °° 
u = -y- J u n cos n9 f = y I v n sin ne (3a,b) n=0 n=l 
w ° ~T £ wn c o s n e 6 E = f I ©r n cos n9 (3c,A-16a) n=0 * t n=0 5 n 

o «. a oo 
e? = T £ Ecn c o s n e Ee = T ^ een c o s n 6 (A-J6b,c) n=0 n=0 

a «> 

n=l 

* = iF i n
 K5n c o s n 9 Ke = aT * < cos „e (A-T6e,f) n=0 ' n=0 en 

T = if 2 Tn s 1 n n e (A-I69} °o " 
n=l 

ah » 
q = "T" ̂  qn c o s n B < 3 e) 

n=0 

If now (3.A-15) are substituted into (1) we obtain the three equations 
of motion uncoupled in the Fourier index n. The equations of motion 
become 

NSn + nMeen - # "sen - \ - % - o (A-'7a> 

"«en - n N en - 5 ^ Hen + s H n " Vn " C vn = ° < f l-17b> 

"Nen + £ ( M 5n " n ° M 9n + 2 "%n> ' »n " "n + "n 
(A-17c) 
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where the variables are the dimensionless Fourier coefficients. The 
derivatives with respect to £ and T are denoted by primes and dots, 
respectively. C is a dimensionless damping coefficient. The rotation, 
strain-displacement; and stress-strain relations for each n are obtained 
in a similar manner using (A-4a,b,; A-Sa,c,d; A-8a,b,; A-12a,b,c,d,e,f) 
and (3.A-15, A-16) as appropriate. Making the necessary substitutions 
we get 

E
€n = Un' E6n " n v n + wn' EC6n " ^Z K " ""n 1 (A-18a,b,c) 

% = " Wn' K8n " n \ + "V % = " Wn (A-18d,e,f) 

T n " 2 n w n + I < + I un ( A - 1 8 9 ' 

"Oi = T ^ V (E?n + V E6n> 

Nen = vhz <ee + V E
?n>» N

?en = r h E
Sen 

% * 12(1 - v a) ( KCn + Vlc9n>' 

H6n = T?(l - v 2) <Ken + ^Cn'' % = 2 4 ^ T
n (A-181,m) 

(A-18h) 

(A-18i,j) 

(A-18k) 

-50-



Substitution of equations (A-18 a m) into equations (A-17a,b,c) will 
lead to three coupled partial differential equations ..ith u , v and w 
as the dependent variables. The highest order derivative will be a term 
containing the fourth derivative of w . However, it will be convenient to 
limit the highest order space derivative to the second order. Consequently, 
u , v , w , and Mr will be used as dependent variables and four coupled 
partial differential equations will be derived. The definition of M, 
(equation A-18k) in terms of K ^ (equation A-18d) and K„ (eouation A-18e) 
provides the fourth equation. The desired equations of motion for a circular 
cylindrical shell for one set of Fourier components is thus 

a,u" + a,u„ + a,v' + a.w' = li„ + Cu„ (2a) 
In Z n 3 n 4 n n n 

Bell' + OevIl + a 7 v - + a o w I ! + OnW„ + OinHr_ 5 n 6 n 7 n o n 9 n 10 £n 

n n 

a n u ^ + a nW! + a n v „ •* "mWi1 + a,rW_ + a l c M;„ 11 n 12 n 13 n 14 n 15 n 16 £n 

(2b) 

(2c) 
+ a17 Men = Mn + C w n " % 

a18 vn + a19 wn + °20 Wn + °21% = °- ( 2 d ) 

The coefficients for these equations are shown in Table A-l. 
The boundary conditions (4) must also be described in terms of 

Fourier components. To do this we first expand the effective membrane 
and transverse shear resultants into Fourier series with dimensionless 
coefficients. 
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TABLE A-l 

Formulas for Coefficients of Shell 

Equations of Motion, Eqs 2a,.. . ,2d 

a,, = - a. "1 1 - v* u l l 

n 2 , . . h* , 
°2 " " 2(1 + v ) Ll + 4§S^ J a 12 " °8 

a 3 ' 2" L T~T~v " 16a*(l + v) J °T3 " a9 

„ - v n V . n 2 h 2 

°4 " T ^ v 7 _ 24a s(l + v) a 1 4 " 6a 1 (1 + v5 

a15 " " lT-T& + T25T] 

°6 " 2(1 + v) [ 1 + T6i^ 

_ J . h 2 .. 
1 - v* TSa? J 

nh2 

°8 8a»(1 + v) a18 " 12(1 - v z) 

n n'h: >hi 
1 - v" " 12a7 "19 " " 12(1 - v') 

"10 T 7 ^ 
"21 • - ] 
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ie * °oh I \dn s i n n e ( f l - 1 9 a > n=l 

Qr = o h I Q cos ne (A-19b) 
* n=0 5 

Now making use of the relationships describing N „ and Q (4) for 

arbitrary n we have 

" » n • \en + f £ "cen tA-20.) 

% = §T C % * 2nH 5 e r ] (A-20b) 

The r ight hand side of these equations can be put in terms of displace­

ments and i t follows from (A-18) that 

% = B l u n + % v n + h \ ( A " 2 1 a > 

NE9n = Vn + Vn + S 6 w n ( A " 2 1 b ' 

% - V n + Vn + Vn + 6 10 H

5 n < A " 2 1 c ) 

where the coeff icients, B, are shown in Table A-2. The boundary 

conditions may now be rewri t ten, for the nth Fourier component, as pre­

scribing the following dimensionless quantities at the ends of the 

cylinder, 5= o, s/a. 

« 5 n ° r « n = 0 (A-22a) 

»Cen o r v n = ° < A - 2 2 b > 
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Table A-2 

Formulas for the Coefficients of the End 

Condition Equations, Equations A-21a,b,c 

1 
B l " W v ^ Be = nh2 

p2 " 1 T 1 F p7 " 8 p6 

'6 " 8a* (1 +v) 

B7 " 7 ' t 

"3 W \ P 

2(1 "+ v) [ _ 1 + 16p ] ' P9 ° 3"B6 

ft - 1 n + J i lL 1 « - " 2 

B5 " 2(1 + v) [ 1 + IE* J e10 " a^ 

Q € n or wn = 0 (A-22c) 

% or S 5 n - 0 (A-22d) 

FLUID EQUATIONS 

The assumption will be made that the fluid is Inviscid, incompres­

sible, and has no gross motion. With these assumptions the fluid can be 

represented by one dependent variable, the dynamic pressure p. We will 
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expand p into a Fourier series and in turn obtain a differential equation 
for each Fourier component of p in terms of the independent variables 
C, A, T, where t is a dimensionless radial coordinate, it = r/a. Each 
such Fourier component of the dynamic pressure, when evaluated at the 
cylinder wall, will act as an additional shell loading to be included with 
the equations of motion for the Fourier components of the shell variables. 
This Implies that the pressure belonging to a given circumferential mode 
does not excite other than its matching structural mode, an assumption 
usually made in modal analysis. 

Me start with the equation of motion for inviscid, compressible fluids 
(Euler's equation) and the continuity equation.[A-5] . 

p f( -Jj- + V-7 ) V + Vp t = 0 (A-23a) 

^1 + div (p f¥) = 0 (A-23b) 

Here we are taking pf as the fluid density, V as the fluid velocity, and 
P t as the total fluid pressure. For small osillations we assume the con-
vective terms (V-V)V can be neglected. Now if we assume the density, 
velocity, and pressure are made up of main plus perturbed components, 

P f = P 0 + p'.V = V 0 + V ,p t = p 0 + p and assuming 
P t»P.P 0»>p' we have 

av' l 
f£ *f- grad p = 0 (A-24a) 

||'+ p f div V = 0. (A-24b) 
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These equations will hold if V'«c, the acoustic velocity ci i:i= iluic. 
Typically, for instance in a pressurized water reactor, we are interested 
in V'«1000 in/sec and in general c>45,000 in/sec. 

Assuming adiabatic flow, the wave motion in the fluid can be repre­

sented by p/pi = c 2 , 
f • (A-25) 

If we solve (A-25) for p and substitute into (A-24b), differentiate 
the result with respect to time and substitute in the equivalent of 3V'/3t 
from (A-24a) we obtain the wave equation in terms of the dynamic pressure, p. 

Assuming the fluid incompressible requires that c + «• and so the time 
derivative drops out. If we now represent (5) in cylindrical coordi­
nates we obtain 

3A 2 A. 34 n7 36* 35 2 (A-26) 

We will now expand p in a Fourier series and make the Fourier coefficients 
dimensionless giving 

°o h ? Q (A-27) 
-f- I P n cos ne n=o 

If we substitute (A-27) into (A-26) we get our desired dimensionless 
equation in terms of the nth Fourier component of the dynamic pressure. 

!X + i *» . J4. P + !> . 0 ( 6 ) 
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Boundary Conditions 

Equation (6) is a form of the Helmholtz equation and requires boundary 
conditions to be specified over the top and bottom and on the inner and 
outer surfaces of the fluid region. Over the top or bottom either Dirichlet 
(p=0) or Neumann (3p/3?=0) boundary conditions can be employed depending on 
whether the top and bottom are open or closed. 

3 P n I 

Pn Un <:/, =" 
3P„ 

We will note from Fig. 1 that we have two fluid regions to consider, 
the fluid inside the cylinder and the fluid outside. For the inner 

singularity at r = 0. One way to determine the location of r is by calculating 
the "effective mass" ffl-6] needed to account for the shell's response when 
filled with fluid and calculating wh^t fluid thickness this represents. This 
fluid thickness is then subtracted from the shell radius to get r . 

The outer radius of the inner fluid is the shell wall and the adhesion condition 
requires that the shell and fluid radial velocities match over this surface. 
If we define a velocity potential of the perturbed velocity as V = grad • then 
we have for the adhesion condition that 

$ • S M . . (A-30) 
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and from (A-24a) that 

P = -f0n < A-3D 

Combining these and using the nondimensional variables gives 

- I 1 = + r — « f91 
34 - h p n > 3' 

as a representation of the adhesion boundary co> iition. 
For the inner fluid the radial boundary conditions are 

3T 1 ^ -»•"<• £ * |A=I • t - « n (A-32a) = 0 and -^ I = » ^f 

For the outer f lu id the radial boundary conditions are 

*H-b/. = ° a"d & L " - F^«„ (A-325) 
where b is the outside boundary of tke outer fluid. 

ANALYTICAL SOLUTION 

To explore the region over which the incompressibility assumption is valid 
and to derive an expression for the "effective mass" we will examine an ana­
lytical solution to the flutd-shell problem. Me will, in general, follow the 
solution techniques presented by Hnev and Pertsev [A-7] for an infinitely 
long (or simply-supported) circular cylindrical shell surrounded by a thin 
annular fluid region whose outer boundary 1s rigid. The previous assumptions 
of Love's postulates for the shell and an inviscid, stationery fluid will be 
retained. However, for present purposes, the fluid will be assumed compressible 
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We start with the three shell equations of motion described in terms of the 
shell ntfdsurface displacements u, v, and w. We will assume no external load 
on the shell other than that due to the fluid's resistance to shell motion and 
no damping. He obtain 

L n u + V + L i 3 w = p s h l r < A - 3 3 a > 

L2,u + L2Zv + L 2 3w = p s h 0 (A-33b) 

L 3 1u + L 3 2v + L 3 3w = P,h I ? • p (A-33C) 

where p is the fluid dynamic pressure and is negative If the pressure is ex­
ternal. The L ^ are linear operators defined by the particular formulation of 
the shell equations used. 

The fluid is described by the acoustic wave equation which for convenience 
has been cast in terms of the velocity potential, $. The equation and boundary 
conditions are 

7 * 4 - 3 ? * 1 3* X 3fi 3 a* = J_ 3f*_ 
y ' 3r 2 r !r r 2 38 2 3 ^ c* 3t* 

(A-34) 
J* - M 3t = n 
3r I . " at ' 3r L . K 

>r=a 'rab 
Equation (A-33) will admit solutions of the form 

u = u Q cos ~ cos n9 sinOt (A-35a) 

v = v sin ™ - sin n8 sinSJt (A-35b) 

w = wO '™ ? C 0 S n e S 1 n t i t (A-35c) 
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whereu , v , w are constants, m Is the number of axial nodes less one, and Si o o o 
is the natural frequency of vibration. We can represent 4 by 

= T(t) R(r) sin - = cos ne (A-35d) 

where T(t) and R(r) are yet to be determined. The adhesion condition can be 
used to determine T(t) giving 

Rw„ 
T(t) = laT^— cosfit 

d R / d r | r = a 
(A-36) 

If we substitute (A-35d) into (A434) and make use of (A-36) we obtain a 
Bessel equation of order n. 

a2R + r f -[(¥)* • *2] R = 0 (A-37) 

The solution is in the form of nth order Bessel functions 

R(r) 
(A-38a) 

(A-38b) 

where Jn,Y are Bessel functions of the first and second kind and L, K are 
modified Bessel functions of the first and second kind. Here we define 

./77 ( SS_ ) and X = /-=T~ r. (A-38c) 

Using the boundary condition at the outer f lu id boundary we f ind that 

(x.r.e) = w„n cosnt sin ™ cos ne Rlr=b 

^ U 
(A-39) 
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and i f we dif ferentiate with respect to time and substitute into 

(A-31) we obtain 

pi 

P|r=a " " " f I t = P f w 0 ^ ™ t sm » cos ne ^ (fi-40) 

I f we substitute this expression for the f l u id dynamic pressure into the 

third shell equation of motion (A-33c) we arrive at 

L 3 1 u + L 3 2 v + L 3 3 w = ( p s h + p f *> 0 < A " 4 1 ) 

where we define 

* (n,m,a,b,c,s) = - |ikl (A-42) 
3 R / 3 r | r = a 

The term p-* characterizes the inertial counteraction of the medium to the 
vibration of the shell within the limits of the given natural frequency for 
that mode and can be termed the connected mass of the fluid. We will note 
that * depends on the circumferential mode number n, the axial mode number 
m, shell length s, shell radius a, outer fluid radius b, and the compressi­
bility factor ?. If the shell is excited primarily in one mode then its 
motion could be properly calculated by replacing the normal mass, p sh, by an 
"effective mass" M —> equal to the sum of the normal shell mass 
and the connected mass of the fluid for the mode. 

Heff = p s n + pf* ( 1 3 ) 
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When using thin shell theory it has been shown ffl-1] that, in vacuo three 
natural frequencies are excited for each (n,m) mode, the lowest of which causes 
predominately radial motion. Mnev and Pertsev [A-7] and Bleich and Baron 
[A-8] have shown that when the shell is immersed in a dense fluid only this 
lowest frequency is of consequence. With these simplifications the natural 
frequency of each mode in a fluid is related to the shell natural frequencies 
in vacuo by 

n > i 1 + pfh-
(A-43) 

where ID is the lowest natural frequency of the (n • 1 mode in vacuo. 

Equation (A-13) is a d i f f i c u l t transcendent, ' luation to solve for a 

compressible f l u i d . I f , however, 

Vircm/ « 1 (8) 

then from (A-38) and (A-42) it can be seen that * is no longer a function 
of n and the calculation of the natural frequencies is reduced simply to 
the computation of the connected mass factor ». The equations of motion 
of the shell (A-33a,b; A-41) can be employed with the use of * to describe 
the shell motion independent of the fluid. 

Thr> inequality of (8) is met for an incompressible fluid since c •*«>. 
Thus, for incompressible fluids the effective mass is easier to calculate. 

To determine when a fluid can be considered incompressible the inequality 
of (8) can be used. A supplementary criteria can be determined using the 
coefficient before R(r) in (.1-37) 

(•=.)'- ( £ ) • •••. (««.> 
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With c -»«» this reduces to 

(A-44b) 

Comparing (A-44a) and (A-44b) it is evident that the liquid behaves as an 
incompressible medium on the condition that 

nib 2 

c 2 ( n a + l W ) «1 (7) 

Therefore either (7) or (8) can be used to determine whether the fluid 
should be considered incompressible. 
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APPENDIX B - DEVELOPMENT OF EQUATIONS USED FOR COMPUTATION 

In this appendix, we convert the governing equations developed in 
Appendix A into the difference equations we will use for numerical 
computation in the computer code SHELVIB. 

We wi'T start by casting the shell equations of motion, equations 
(?) into matrix form. Another matrix equation is developed to describe 
the shell end conditions and both are discretized. The difference form 
of these equations presents a tridiagonal matrix problem which is solved 
in a standard manner. 

We next will discretize the equation describing the fluid (6). 
An odd-even cyclic reduction technique used to solve its discretized 
form will then be described. Finally, the capacitance matrix technique 
used to handle the mixed boundary value problem on the outer fluid 
boundary will be discussed. 

BASIC STRATEGY 

The basic strategy of the calculational method is to solve the 
finite difference representations of the shell equations of motion and 
fluid equation separately but account for the interaction between the 
two by using the adhesion boundary conditons (9) at the shell-fluid 
interface. The shell displacements as a function of time for each 
Fourier node are determined separately and mist be summed to get the 
total displacement. The forcing function, whether it is applied at the 
outer boundary of the fluid or on the shell must be expanded in a 
Fourier series with the appropriate Fourier term applied for each mode 
calculated. Alternatively, the natural frequencies for each mode can be 
calculated by inputting a step forcing function of short rise time or a 
harmonic forcing function and varying its frequency. 
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Figure B-l is a flow chart of the computational process for an individual 
Fourier mode. If the forcing function is specified as a pressure on the outer 
boundary of the fluid then the calculation is started by solving the fluid 
equations to determine the pressure distribution in the fluid and at the fluid-
shell interface. This interface pressure is then input to the shell equations as 
a radial load from which the displacement and acceleration of the shell are 
calculated. The radial acceleration of the shell is then used to specify a 
boundary condition at the fluid-shell interface and new pressure distributions 
in the fluid and on the shell surface are determined from the fluid equations. 
The average pressure between the new and old time steps is then used as a loading 
input to the shell equations to determine the shell displacement and acceleration 
at the next time step. This process is repeated until completion of the problem. 
The use of the average pressure gave the best convergence compared to 
other weighting criteria. 

SHELL EQUATIONS 
The technique used to solve the shell equations of motion is similiar 

to that used by Johnson and Greif [B-l]. We start by casting equations 
(Z) into a single matrix equation with dependent variablez, a four component 
column vector. Although we are talking about the nth mode, we will drop the 
subscript n for the sake of clarity. 

Kz" * Tz' * Gz = y * Vi * Lz. (10) 

where 

v 
w LH CJ 

PI l o o o ' 
p 0 = 0 1 0 0 
« 

0 = 0 0 1 0 
bJ S> 0 0 Q_ 
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Start 

Input 

Initialization 

Specify loading on shell wall or 
pressure on outer fluid boundary 
and compute pressure distribution on 
shell wall at old time j 

T 
Calculate shell displacements 
u n , v n , w n , bending moment, 
M;»- and radial acceleration, 
d *w n/6Y 2 , at old time j (non-
dimensional) 

Calculate fluid boundary conditions 
at the shell wall for inner and outer 
fluids at old time j (pressure gradient 
used as boundary condition is cal­
culated in dimensional terms). 

I 
Calculate pressure in fluid regions 
and on shell wall at new time, ( p n > : + i 

Calculate connected mass factor 
Psa pn(a) 

* = Pi°o 3 2 w n / 3 r 2 

Set dynamic pressure load on wall to 
average between old and new time steps 

tp„) 'n'J+1 

j>LIMIT 
' Yes 

Fig. B-1 Flow chart of calculation for the nth Fourier Mode using the code SHELVIB. 
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K = 

a l 0 0 0 

0 °6 *8 0 

0 a12 aU °16 
0 0 a19 0 

"2 0 0 0 

0 °7 a 9 a10 
0 a13 a15 °17 
0 a18 "20 °2L 

0 aj a 4 0 

°5° 0 0 

a l l ° 0 0 

0 0 0 0 

"c o 0 0* 

0 C 0 0 

0 0 c 0 

0 0 0 0 

(B-l) 

The coefficients from equations (2), a, through a,,, are listed in Table 
A-1. C is a dimensionless damping coefficient. As before, primes stand 
for derivatives with respect to E, the axial space variable and dots, 
for derivatives with respect to x, the dimensionless time variable. 

He now wish to cast the end condition into a non-dimensional matrix 
form in terms of vector z. First the variables describing the natural 
boundary conditions must be expanded in a Fourier series. Then rela­
tionships between the Fourier coefficients of these variables end the 
components of z must be established. This was done in Appendix A giving 

N ? = B, u' + B 2 v + B 3w 

"56 v,u + B-v + B cw 

B 7u + B8v' + B 9W + B ] 0 M' G 

- w' 

(A-21a) 

(A-21b) 

(A-21c) 
(A-18f) 

Again the n subscript has been dropped for clarity. The values for B 1 

through B, 0 are listed in Table A-2. 
Note that the end conditions can be written in the form: 

(B-2) 
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with n, A diagonal matrices and I a column vector dictated by the actual 
end conditions. We can also write {A-21} in a matrix form as 

x = Hz' + Jz 

H = 

B 0 0 0 

0 % h 0 

0 B8 e 9 61 
0 0 -1 0 

10 

0 h h 0" 

»« 0 0 0 
CO. 0 0 0 

0 0 0 0 

(B-3) 

Combining (B-2) and (B-3) we obtain the desired form of the equation 
describing the end conditions 

a Hz' + (A + n jjz = t 
a Hz' + (i - a + n j)z 

(B-4) 

(11) 

with I the identity matrix. 
As an example, for a fixed boundary condition u = v = w = 0, = 0. 
This defines ft, A, and i as 

0 
n = A = £ = 

For a simply-supported boundary condition v = w = M = N £ = 0 giving 

fi = A = 
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As a f ina l example, for a f ree boundary, N = f) • fj = H = 0 

for which we have 

1 , 1 1 

' l 
_ ol 

I = 

Differencing Scheme 

We now have (10) and (11) describing the shell equations of motion 
and the end conditions in terms of the Fourier coefficients of the dependent 
variables, u, v, w, M f. We will formulate the differencing schemes and 
substitute these into (10) and (11) to produce three algebraic matrix 
equations which form a tridiagonal system and can be solved by Gaussian 
elimination techniques. 

We start by defining space and time increments as 

\h je 

i ' 0,1,2 N 

A = s/aN 

-2,-1,0,1,2. 

( JL ^ t.. ,.,-t. 
ps 

i,.i+l i,3 
a 

where the mesh is shown in Figure B-2a. 
At positions £j and time T, we use for derivatives with respect to C, 

i.j 

i.j 

. ('M.J- 2'i.J*1-1..1> 

= (*i+i..r'i-i..i ) 

2A 

(i = 1,2 ,N - 1) 
(B-Sa) 

(B-5b) 
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1 1 

•+1.i 

U-1 1 i.J+1 

i- ,i 

- 2 - 1 0 1 2 j 

FigjB-2a Mesh for finite differencing of shell equations 18-1 Oa, b, c). 

N 

N-1 

S/a 

i + r k 

' 
<i.J i,k 

- ' j 
<i.J 

,k+1 

J ,k 

2 

1 

0 
1 2 k R R+1 

Fig.B-2b Mesh for finite differencing of fluid equation (B-12a). 
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and for i = 0 and N, 

(-3/2z n ^ z , .-1/2 Z„ J 
.. . s kJ U M-. (B-5c) 

(3/2z„ r 2 z N , 4+l/2zN , ,) 
2. . = ?y !HiJ "riii. (B-5d) N,J b 

The backward differencing scheme used to represent the derivatives at the shell 
ends retains the accuracy of the central differencing used at the othfir space 
stations without involving the fictitious space stations at -1 and N+1. If we 
define 

z(C) s a, + a 25 + a 3 5 s 

then we have 

z0,j • 2 ( 0 ) = al 

Zy j = z(i) = a 1 + a 24 + a 3 4 2 

z 2 , = z(2i) = a, + 2a 2A + 4a 3A 2 

if we solve for a 2 and a, we obtain 

a . *0,J-2'1,J*'2,J . . 2 2
1 . k - 3 ^ 0 . . i - 1 / 2 g 2 , 3 

3 1 2A* • 2 A 
and since 

z'(Z) = •$£ ( a ! + a

2 C + *•£?) = a 2 + 2a3s 

we get 

(-3/2z„ .+2z, , - l /2z, ,) 
z'M - z'(0) = a 2 - 2 J _ L J LJ_ 

A 

Equation (B-5d) can be obtained 1n a similar manner. 
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For the time derivatives we use, 

Z i , j = a j 2 i , j + ¥i.j-l + Y j z i , j - 2 + 6 i , j -3 «>-6a) 

(j .= 0,1,2, ) 

*I.J = Vu + xj zi,j-i + Vid-z + Vi .J-3. <B-6b» 

Since we are interested in the forced vibration problem we are assuming 
z . f l = z = z . _ = o although the method could be extended to include 
non zero initial conditions. The coefficients for (B-6d,b) are listed 
in Table B-l, 

Equations (B-6a,b:)are based on the Houbolt method of numerical integration 
[B»-2] which employes a third degree polynominal in t fitted through four discrete 
points T., T . , , T . „ , and TI «. This gives an implicit, stable system of equations 
with the time increment E chosen to give the desired accuracy. As E-W the solution 
approaches the correct steady state value. However, the solution is damped if e is 
greater than 1/50 the natural period of the system, Also, this technique must be 
used correctly during the initial stages of the calculation requiring different 
values for the coefficients when j = 0, 1, 2. These values are given in Table B-1. 

To get Houbolt's equations we start with 
Z(T) - b, + b 2t + b 3 T 2 + b 4r 3. (B-7) 

Then we evaluate usinq 
z, 1 = z(e) = b, + b 2E + b 3e 2 + b 4e 3 

zi,0 " Z ( 0 > ' bl 

z1,-l " Z'~c' = bl " b 2 e + b3 E* " V 2 

z, _2 = i(-2E) = b, -2b 2e + 4b 3e 2 - 8b 4c 3 
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Solving for b 2 and b 3 in terms of Zjj, Zj,o, z^p_i, Zi,-2> 9ives 

b 2 = h <2zi,l + 3 21.0 - 6 zi,-l + 2i,-2» 

h . zi,l -Zzi.O + zi,-l 
D- -
3 2 e 2 

Now we note that 
z (x) = b 2 + 2b 3T + 3b 4x z 

i { ) = 2b 3 + 6b4x 
and so we have 

zi,0 " z < ° ' ' = b2 = Z£ ( Z zi,l + 3 zi,Q- 6 zi,-l + Zi,-2 ) 

,UQ . W ) . 2b3 . «.,,-yi.., 
If we now use the Initial conditions that z^g = M , o = si,0 = 0 

we find that 

zi,l = " 21,-1 a n d zi,-2 = ' 8 zi,l. (B-8a,b) 

Next if we solve for b 2 and b 3 of (B-7) in terms of z. ., z i . -p ẑ  . 2 

z i ._3 we get the standard form of the Houbolt equations 

ZU = K ( 1 1 z i , j " 1 8 zi,j-l + 9 zi,j-2 2zi,j-3» < B" 9 a> 

Zi,j = F (2zi.3 - 5 z 1 , H + 4 zi.0-2 "Zi,j-3> ( B- 9 b ) 

Substituting (B-8a,b) into (B-9a,b) gives formulas for the first two 
time increments (j=l,2) of the calculatioh in terms of z- -|, z. ,, 
z i , T Zi,2' z1,2' zi,2-

-73-



3z. , 6z. . 

J l . 2 " K « " * , . z - l f a , , i ) * i , 2 - p r ^ i . 2 - « ' i . i ' < B " 9 e ' f > 

From (B-9a, . . . , f ) the coefficients for (B-6a,b) shown in Table B-1 are 

obtained. 

If we now substitute (B-5, B-6) into (10) and (11) we get three 

matrix equations in terms of three unknowns, z.+^ -.z^ *,and z . 

2 0 , j z 2 , j + V j Z l , j + B 0 , j z 0 , . i " E 0 , j ( 1 = 0 » ( B - 1 0 a ) 

A z i + l , j + B j Z i , j + C z 1 - l , d = E1,d (1-1.Z.....H-1) (B-lOb) 

B N , j z N , j + C N , j z N - l . j + 2 N , j z N - 2 > j = h,i ( 1 = N ) ( B " 1 0 c ) 

with 
2 „ 2n0 .H 

A = + F A = • »» 
A a f A o,j a 

8J = - —• + 2A [G - (OoTj + LKj)] 

Bo,j - - -¥- + * - Q o.j + n o . j J 

3SL ,H 
BN.j " T A ^ - + T " nN,j + W 

C - & - F C = - ^ W " -
c a c N, j a 
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E 0 . j = * 0 , j E " -' = l" >j N,j X j 

0 = - °fl o = N ' - ' 
4 ) , j ZA -<N,j 2A 

TfRLE B-l 

Formula's for the Coefficients of the Differenced 

Form of the Time Derivatives, Equation (B-6a,b) 

Yn = Sn 

a l = 7* ' 61 = Y l " 5 1 = ° 

a 2 = h • B2 = ' £ • 2̂ = s2 = ° 

"j " E 2 ' 6 j " " £2 ' Y j " E2 ' S j £2 

(j=3,4, ) 

K 0 " X 0 = v0 

~ - 3 T 
K 1 " E ' A l 

11 T - 8 - - -

11 T - 3 - _ 3 - 1 
6i ' Xj ' ' E ' U3 = 2c" ' V3 = ' 37 

(j=3.4 } 
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Solution Method 
To solve equations (B-10a,b,c) at any time j, a Gaussian elimination 

technique is used. First a recurrence relation is formed relating z. . 
and z. i .. Then using the boundary condition at i = N equation (B-lOc) 
together with this recursion formula is used to calculate z N , -, etc., 
down to z- .. 

Assume as the recurrence relation 

z. . = - P. . z.,i . + x. . (B-lla) 
i,j i.J i+l.J i.J. 

(i=l,2,3 ,N-1) 

Then from equations (B-lOa) and (B-lOb) we get 

\i " [Bo,j c _ 1 B j - \ i T ' [ Bo,j c " ' E i . j - Eo.j ] • 

Now from equation (B-lla) we have 

zi-l,j = " Pi-l,j zi,o * xi-l,j 

and if this is substituted into equation (B-lOb) we get 

pi.o * C 8J - C P i - i , P " l A {i-2'3 "-" 

If we use equation (B-lla) for z„ 1 . and z N _ 2 . we get the desired equation 
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ZN.J • - & M - c N > j P N . 1 > ; . • a N j . P N _ 2 J . P | ( _ 1 > j r i 

r„ „ „ ( B - l l b ' 

- hj 
Ue then calculate down from z u * to get all z. - until we end with 

z o, j " c _ 1 CEi.3 - A z 2 , j " V i , j ] • ( B " l l c ' 

The solution for the z's involves only inversions of 4 x 4 matrices. It 
should be noted that if the boundary conditions at the end i = 0 and 
equation (B-lOa) are used to calculate zQ . Instead of equation (B-llc) 
difficulty may arise since the matrix Bg . may be singular. 

FLUID EQUATION 

The equation used to represent the nth circumferential mode of the 
fluid is (6). This equation is elliptic in ?, i cylindrical coordinates 
and is used to represent the fluid both inside and outside the shell. The 
outer fluid region represents a special problem since we want to be able 
to specify mixed boundary values on its outer boundary. In this way we 
can model a rigid outer wall over most of the boundary ( p/3t =0) and 
simulate a pump inlet port over a small portion (p = p(t)) if we wish. 

A fast, direct solution method [B-3] was employed to handle the 
fl'iid equations with suitable modification to handle the mixed boundary 
values. This direct method takes advantage of the block structure of 
the finite difference form of (6) and employes an odd-even cyclic 
reduction technique to directly solve the equation. Equation (6) 
written in a slightly different form becomes 
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Differencing Scheme 

The dimensionless f i n i t e difference form of (6) employes centered 

difference approximations to the derivatives at a grid of points {£. ,4.) 

as shown in Fig. B-2b. 

*k -" "I + ^ H T ^ R H - V 

1 = 0,1,2, N k = 1,2 R+l 

A = s/aN 

, '••* (B-12a) 
• ( p i , k - P i , k - l ' ] + ^ [ P i - l , k - 2 P i , k + P i + l . k ] 

„2 

For the f l u id inside the shell we have vS- ] ,- _ , . =0 on the inner 
p 8 * ^ V 3 

boundary and | £ ] . 1 = r- — w on the outer boundary as per (A-32a). 

Since along the shell wall the solution p̂  R + 1 is unknown and only the 

derivative is defined at the outer boundary, we must substitute the 

central difference approximation 

• 2 W l 4 ft « 
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i n t o (B-12a) t o ob ta in 

2R2 2R2 

( ly , -* , ) ' pi,R " {* R +r* l> a P l , R + 1 + & 2 C P i - 1 ' R + 1 " 2 p i . " + l + P1+1.R+1 ] 

(B-12b) 
^ _ D ( 2 R . l ) V l - / t l a p f „ 

R+l 
Pl R + 1 = " ( * R + rWi h P S

 w 

as a representation of (B-12a) on the boundary 4 R + T In this w?y 
we do not have to use the fictitious points (X^-"o+^i- * similar 
technique is used to arrive at an equation representing the boundary points 
Ĉ -j *j) without involying the fictitious points (£. O . 

2R 2R 1 
(V,-*,)' pi.2" ( v r V 2 P l'-1 + F [ P i - 1 > 1 " Z P i > 1 + p i + 1 - l ] 

JlL D - ( 2 R + 1 ) ^ - V l a *f .. ( B" 1 2 C ) 

A , 2 pi,l ( 4R+T Al )' ll h ps " 

For the fluid outside the shell the no^slip boundary condition is applied 
at the inner boundary as per (A-32b). The equation developed for the 
points on the shell wall is similiar to (8-12c). The treatment of the 
outer boundary involves mixed boundary values and will be described later. 

Both Dirichlet, p(0,«) = 0,p(s/a,>0 = 0 or Neumann boundary conditions, 
dP*0'*) = ̂ P ( s / a ' J t } = 0 can be specified on the ends of both fluid regions. 
The boundary points for the Neumann condition are handled in a manner so 
that values at the 1 • -1, N + 1 points need not be specified. This is done 
in a manner similar to what we did for the radial boundaries. 
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Dirichlet boundary conditions ;-;re used for all calculations in this 
report. It was interesting to note that both the analytical solution, 
which was for an infinitely long region, and the experimental results 
approached the computer code solution with Dirichlet boundary conditions 
on both ends of the fluid regions. 

Solution Method 

The solution method for solving (B-12) was developed by Swarztrauber 
and Sweet [BT3] and is a direct, non-iterative method which can be used on the 
general class of elliptic partial differential equations in two dimensional geo­
metry. The solution or the derivative of the solution can be specified at either 
radial boundary and at either end. Also a periodic boundary condition, i.e. 
p = p„ , can be applied on the ends. We have modified Swarztrauber's and 
Sweet's solution method to allow for specification of the solution and the deri­
vative of the solution together on the outer radial boundary by use of a capaci­
tance matrix technique [B-4]. 

The direct solution method for (B-12) takes advantage of the block 
structure of this set of finite difference equations. We first put them in the 
form 

Vt.k-i + Vi.k + Vi,k+i + Pi-i.k - 2P,-,k 
(B-13) 

+ Pi +l,k = ° 
and this system is solved by the Buneman [B-5] variant of cyclic reduction. 
This involves constructing a R x R matrix from the afc., b f c, c^, coefficients 
and employing this matrix, which is block tri-diagonal, to reduce the number o, 
variables by two. in steps, until a single equation is left. This equation is 

-80-



then solved and its solution used to obtain solutions for all the other 
unknowns. For this system to work s must be subdivided into N increments 

r\, <V <\J 

such that N = 2 P 3^ 5 r where p, q, r are non-negative integers. 
Dorr [B-6] has shown that this direct method of solution is signifi­

cantly faster than the usual iterative techniques, for which, in addition. 
an appropriate acceleration factor mist be determined. 

The above method of solution works when one type of boundary valve is 
allowed per boundary. For the case with mixed boundary values this method 
was modified using a capacitance matrix technique similar to that 
described by Buzbee [B-4]. 

The capacitance matrix technique involves a modification of rows such 
that the cyclic reduction process can still be used on the modified system. 

For an elliptic difference system described by the matrix equation 
Ap = A (B-14) 

we define a modified matrix 8 with 
8p = t (B-15) 

which can be solved using the cyclic reduction method. To determine t 

we need to know certain elements of (A8 ' ). Since these elements are 
independent of i this computation can be done in a preprocessing phase. 
Using the results of preprocessing, the solution of (B-14) can be done 
efficiently. 

We start by defining: 
I = {1,2 N} 
J = q" element subset of I over which p instead of 3p/3* is 

specified and solve for 

g, = 8" 1 e. i E S (B-16) 
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over subset f where 8 is the matrix coefficient for equation (B-13) with 
Neumann boundary conditions in both radial directions and e., = 1.0. Here 
e., denotes the ith column of the N by N identity matrix. We now define 
the unknown for which a solution is desired as 

P = P + I P ^ 
s~ 

where the 8. are yet to be found. For all rows k outside of S we can 
determine p for the (N-q~) unmodified equation of (B-14) since 

(Ap) k = (8p) k = AR_ 

The remaining q~ equations are satisfied by picking the B. properly. 

(AP),- - I, - (Ap). • I s B j (A 3 j). 

and with 
C = (A 3 j). y = 2. - (Ap). 

we obtain the B.j from the matrix equation 

6 = C"' Y. (B-17) 

This is called the capacitance system and C the capacitance matrix. 
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APPENDIX C - DESCRIPTION OF EXPERIMENT 

To check the validity of the assumptions used in formulating the 
computer code SHELVIB it appeared desirable to check the code against 
experimental data. For this purpose a thin walled, circular, cylindrical, 
steel shell was fabricated and instrumented with dynamic pressure trans­
ducers and miniature accelerometers. This shell was placed in a larger, 
thick walled pipe, called the canister, filled with liquid. The shell was 
clamped at its top end to the canister. A system was designed to introduce 
a variable, but single frequency sinusoidal pressure wave onto the shell 
through ports in the canister. In this way the natural frequencies, damping 
coefficients, and radial displacements of the shell could be determined 
and compared to those computed by SHELVIB. The sizing of the shell and 
canister was such as to approximate a 1/12 scale model of the core barrel 
of a pressurized water reactor. 

DESCRIPTION OF APPARATUS 
The layout of the experimental apparatus is shown in Fig. C-l and C-2. 

The canister is bolted to a support base which is part of an electro­
magnetic exciter (max. rating 60 g, 2000 Hz, 22kN). The exciter drives 
a piston in a 63.5 ran (2.5 in.) hydraulic cylinder als. resting on the 
base. Pressure waves generated by the piston travel up the piping and into 
either one or both of the inlet ports in the canister. If one port is not 
in use It Is blanked off with blind flanges. Pulse amplitude can be 
varied up to + 140 kPa (20 psl) at frequencies up to 1000 Hz. 
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Fig. C-1. Photograph of experimental systems. 
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r^=C^ 

^ F i l l port 

Pressure transducers P1, P2 

Fig. C-2a Canister-shell layout. 

-86-



A1 through AS; accelerometers 
P1.P2; pressure transducers 

Fig. C-2b Instrumented sht;! 
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The pressure pulses impinge on the instrumented cylindrical shell inside 
the canister. The shell is shown in Fig. C-2b. It is held in a clamped 
condition at the top with sufficient cap screws to approximate a fixed 
boundary condition and can either be clamped or free at the bottom. Clamping 
at the bottom is accomplished by means of eight clamps with thumb screws. 
Since compressibility effects must be minimized to verify the computer code 
SHELVIB the test vessel is designed to be evacuated before filling with air-
free fluid so that the acoustic velocity will be high enough to meet the 
criteria expressed in equations (7) and (8). The canister wall is 
thick enough so as to approximate a rigid *all, thus conforming to the 
boundary conditions which can be simulated in SHELVIB and also maintaining 
the effective bulk modulus of the water. The important dimensions of the 
test apparatus are listed in Table C-l. 

INSTRUMENTATION AND DATA REDUCTION 
Instrumentation consists of eight accelerometers and four pressure 

transducers. These are read out directly either on a computer-based, 
transportable, date acquisition and control system (TDAC) [C-l] or a galvan­
ometer strip chart recorder. The TDAC system can convert analog signals to 
digital data for storage, output, or processing. A 16-jit central processor, 
programmable in FORTRAN, can manipulate the data, e.g. subtract background, 
integrate acceleration data to get displacement, convert from the time domain 
to the frequency domain, and manipulate data in the frequency domain. This 
can all be done on line while data is being collected or at a later date 
from magnetic tape records. Output can be in the form of plots, printout, 
or records on magnetic tapes. 

-88-



Table C-1 - Dimensions of Experimental Apparatus 

Shell 

Canister 

mean radius, a 131 mm (5.17 in.) 
wall thickness, h 4 mm (0.156 in.) 
length, s 700 mm (27.50 in.) 
flange radius 170 mm (6.63 in . ) 

flange thickness 24 mm (0.938 in . ) 

material stainless steel (Type 304) 

density, p s 7830 kg/m3 (0.283 l b / i n 3 ) 

E 2.00 x 10" T TN/m ? (2S.0 x 10 6psi) 

u 0.295 

inside radius, b 150 mm (5.94 in.) 
wall thickness 11 mm (0.44 in.) 
gap, b-(a + h/2) 17.5 mm (0.69 in.) 
inside length 815 mm (32.13 in.) 
volume 0.055m3 (3350 in 3) 
port, dla. 63 mm (2.47 in.) 
port, orientation 2 - 180° apart 
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A piezoresistive, strain gage accelerometer is used because of its high 
sensitivity (10 mV/g) and small size (28 gms). Specifications for the 
accelerometer are shown in Table C-2. It has a range of *_ 25 g and 
responds within ± 5% over a band width of 0-750 Hz. Shell accelerations 
are in the range of 0.5 g to 25 g for pressure pulses up to + 140 kPa. 
The accelerometers are mounted on the inside of the shell, as shown 
in Fig. C-2b to sense radial acceleration exclusively. They 
are secured to the shell by means of threaded studs. Flats were machined 
on the inside surface of the shell to assure a secure mounting. 

A quartz, low impedance,pressure transducer 1s used to sense pressure. 
It operates over a pressure range of 550 kPa (80 psi) and has a bandwidth 
of 20 kHz. Its active face 1s mounted flush to the outside diameter of 
the shell through a threaded hole from inside the shell. Further specifica­
tions are listed in Table C-2. 

It was necessary to operate the instrumentation immersed in the test 
fluid. A certain amount of difficulty was experienced when water was used 
because of leakage into the cable connector at the accelerometer housing. 
The accelerometers and pressure transducers are hermetically sealed units 
and the cable connectors were sealed on the outside with a silastic compound. 
Water leakage through the cable bundle sheath traveled down inside the 
bundle causing shorting between the connector pins over a period of time. 
However, sufficient data was gathered before the signal became unusable. 
Leakage was not a problem when insulating transformer oil was used as the 
test fluid. 
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Table C-Z - Instrumentation Specifications 

Accelerometer 
rated range 
sensitivity 
natural frequency 
frequency response 
damping ratio 
transverse sensitivity 
linearity and hysteresis 

excitation 
zero output 
model 
diameter 
length 
weight 

Pressure Transducer 
rated range 
resolution 

sensitivity 

linearity 

resonant, frequency 
vibration sensitivity 
frequency response 
model 

diameter 
length 
weight 

+25 g 
10 mV/g 
2500 Hz 
+53!, 0 to 750 Hz 
0.7 nominal 
3% maximum 
+1% of reading, maximum, 
to +25g 
10 Vdc 
+_25 mV maximum at 10V 
Endevco Model 2262C-25 
15.5 run (0.610 in.) 
25.4 mm (1.00 in.) f--, 

28 gms. «• 

550 kPa (80 psi) 
5 Pa (.0008 psi rms) 

100 mV/psi 
+13! full scale 
130 kHz 
.005 psi/g 
+556, 0.05 to 20,000 Hz 

Kistler Model 206 

11 mm (0.436 in . ) 

33 mm (1.30 in . ) 

22 gms 
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MEASUREMENT TECHNIQUES 

Natural Frequencies and Mode Shapes 
The natural frequencies and mode shapes of the instrumented shell were 

determined using an impact technique and also by sweeping the frequency 
spectrum using a harmonic exciting source. 

The impact technique required that the shell be struck a sharp blow 
with an instrumented hammer at 26 different locations as shown in Fig. C-3. 
The acceleration on accelerometer A 1 was recorded for each blow as was 
the impulse itself from an accelerometer mounted on the hammer. On TDAC 
the Fourier transform of the accelerometer signal was divided by the Fourier 
transform of the impulse to give a transfer function , H(ju>). The inverse 
transform, F [H(jiu)], gives the acceleration output to a perfect impulse. 
The imaginary part of H(jw), Im(j(j), is proportional to the relative 
amplitude of the point struck. By comparing the imaginary part for each 
point at a given frequency, the mode shape can be constructed. 

Natural frequencies and modes were also identified by introducing a 
sinusoidal pr?-sure wave through inlet ports in the canister and sweeping 
the frequency spectrum. Resonances were easily identified by observing 
the amplitude and phase of the accelerometer responses. The pressure waves 
were generated by a piston-cylinder arrangement with the piston connected 
to an electro-magnetic exciter. The waves traveled about 0.75 m to the shell 
through connecting piping. Peak acceleration of the exciter head c' from 1 
to 2 g was sufficient to give the pressure amplitudes needed. The 
accelerometer signal sat each shell resonance were recorded using TDAC or 
strip chart recorders. Plots of these signals were studied to give the 
phase and amplitude relationship between signals and from this information 
modes were Identified. 
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(dimensions in mm! 

Fig. C-3 Impact technique for finding natural frequencies and modes. 
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The advantage of the impact technique is that it is quick and only 
shell resonances are excited. A possible disadvantage is that the top of 
the canister has to be left open to allow access to the shell. Thus, the 
fluid remains at atmospheric pressure and with a normal compliment of 
dissolved gas. Under these conditions the acoustic velocity is very 
low, e.g. 100 m/sec [C-2], so that the inequalities on which the incompressi-
billty assumption are based (equations (7) and (8)) become marginally 
applicable. Since the frequencies measured using the impact technique 
compared to within 10% those measured using harmonic excitation this 
disadvantage was not a concern here. 

The advantage of the harmonic excitation technique is that the system 
is closed and can be evacuated, filled, and then pressurized to increase 
the acoustic velocity. This 1s exactly how these tests were conducted. 
Referring to Fig. C-l, the air space over the liquid in the fill tank 
was evacuated, allowing dissolved gases to evolve. The canister was 
also evacuated. Liquid was then pulled into the canister until it 
flowed out the top. The top and bottom valves were closed producing a 
solid, deareated, fluid-shell system. The system was then pressurized 
through an accumulator to a pressure of several atmospheres. The acoustic 
velocity in water was calculated from bulk modulus measurements as 600 
m/sec using this filling technique. It was noted that there was little 
difference between the measured natural frequencies with the accumulator 
valved in or out even though,with the accumulator valve open,the acoustic 
velocity was substantially less. 
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The disadvantage of the harmonic excitation technique is that resonances 
other than the she'll resonances are excited. These include the fluid column 
resonances and resonances in the fluid annular region. These resonances 
tend to be more pronounced on the pressure transducer signals and by noting 
phase relationships can be separated from the shell resonances. 

Damping Ratios 
Damping ratios were measured using the half-power method [C-3]. Using 

this method the damping is found by measuring '"he half-power bandwidth of the 
modal response from the strip chart frequency records and using the 
relationship 

where X = damping coefficient 
C = critical damping coefficient =2M „ n 
if = bandwidth at the half-power points 
f = center frequency of the modal response 

The half-power bandwidth is the difference in frequency between the 
half amplitude point before and after the resonance is reached. 

Radial Displacements 
Radial displacements were computed on TDAC by integrating the radial 

acceleration twice. Any dc component of the signal was removed after each 
integration by fitting a linear curve through the data and then subtracting 
out the linear curve. If necessary the acceleration signal could be 
mathematically filtered to a selected frequency bandwidth to eliminate 
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extraneous noise. This was found unnecessary 1n those cases where the shell's 
response was a fairly pure sine wave. The Integrated displacement 

matched within 10% that which would be calculated by assuming a harmonic 
excitation. 

„ ( t) =. J L M (c-2) 
STsinnt where 

w (t) - radial displacement 
K (t) = radial acceleration 

a - circular frequency 

EXPERIMENTAL RESULTS 
Natural frequencies were determined in air and under water using the 

impact technique and under water and oil using the harmonic technique. 
Properties of the oil used are given in Table C-3. 

Table C-3 - Transformer Oil Properties 

density - 880 kg/m3 (0.032 lb/in3) 
o 

kinematic viscosity at 100°F - 12 mm /sec (12 centistokes) 
dielectric strength, 0.1 in. gap at 25°C - 30 KV 
specification - VV - I - 530 Class 2 

Results of the frequency measurements are given in Tables C-4A and C-4b 
for the fixed-free and fixed-fixed end conditions. As can be seen, the 
natural frequencies measured by the two different techniques closely agree. 
Note that two natural frequencies are reported for the (3,2) mode in air. 
This is probably due to the method of boundary constraint used as has been 
reported by others [C-4]. 
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Table C-4a 
Natural Frequencies and Modes for Fixed-Free End Conditions 

n m Air Water Oil n m 
Imoact Impact Harmonic Hanwreir. 

2 1/2 200 Hz 75 Hz 
3/2 740 315 

3 1/2 440 195 195 Hz 205 Hz 
3/2 620 300 
5/2 1150 625 

4 1/2 820 420 420 435 
3/2 890 485 470 
5/2 675 610 

5 1/2 1325 750 755 780 
3/2 1375 815 796 
5/2 945 890 

Table C-4b 
Natural Frequencies and Modes for Fixed-Fixed End Conditions 

n m Air Water Oil n m Air Impact Harmonic Harmonic 

2 1 530 Hz 200 Hz 
3 1 

2 
550 
925, 1005 

250 
475 

240 Hz 242 Hz 

4 1 
2 
3 

860 
1050 
1440 111

 435 
555 

451 

5 1 
2 

1350 
1460 

775 
880 

765 
835 

795 
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The method of determining natural frequencies and modes using the impact 
technique is illustrated in Figs. C-4 and C-5. Fig. C-4 is a plot of the 
amplitude of the imaginary part of the transfer function, |Im(ju)|, for two 
different end conditions with the shell under water. These particular plots 
resulted from impacts at location 1 (see Fig. C-3). The peaks on the 
frequency plots are possible natural frequencies. By viewing a three dimen­
sional plot of | Im(ou)} | for each point struck at each frequency peak the 
true natural frequencies are verified when a clear modal profile springs 
into focus. Pictures of some of these modes are shown in Figs. C-5a,..,h. 
By counting the number of times the maximum displacement trace (solid line) 
crosses the shell outline (dotted line) the mode number can be identified. 

A harmonic frequency sweep technique was used to verify the natural 
frequencies in water and also to measure the natural frequencies in oil. 
Oil, with 9(K the density of water, provides another check on the validity 
of the assumptions used 1n SHELVIB, the code developed for this research. 
Transformer oil was used because of its insulating properties. 

Typical pressure and acceleration records with the shell immersed 
in water are shown in Figs. C-6 and c-7. The exciter head peak acceleration 
was held constant at 9.8 m/s for these runs. In Fig. C-6 the responses, 
as measured on a strip chart recorder while the source frequency Is varied, 
are shown for fixed-free and fixed-fixed end conditions. The pressure was 
introduced through one canister port or both ports simultaneously for 
each ;ype end condition. Many resonances show up on these records and a 
careful look at the phase and amplitude relationships at each resonance 
and the phase changes between resonances was required to make positive 
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Fig C-4 Amplitude of the imaginary part of the transfer function. 
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of impact points 
eit a sp> -xic time 

- Trace through 
impact points 
(see Fi'j. C-3( 

(a) Frequency 193 Hz 
mode 3. 1/2 
fixed-free 

(ej Frequency 947 Hz 
mode 5, 5/2 
fixed-free 

(b) Frequency 418 Hz 
mode 4, 1/2 
fixed-free 

(cl Frequency 750 Hz 
mode 5, 1/2 

- fixed-free 

(f) Frequency 248 Hz 
mode 3, 1 
fixed- fixed 

(g) Frequency 601 Hz 
modi 4, 2 
fixed-fixed 

(d) Frequency 813 Hz 
mode 5,3/2 
fixed-free 

(h) Frequency 861 Hz 
mode 4, 3 
fixed-fixed 

Fig. C-5 Shell modes when immersed in water determined from impact technique. 
Shell was hit at 26 locations along dotted line and response recorded by 
accelerometer A1 . From these measurements the relative amplitude at 
each impact point for each mode was determined. 
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identification of those which correspond to shell natural frequencies. 
Even so, some resonances could not be resolved, i.e. the (2, 3/2), 
(3, 3/2) and a water column resonance all occur near 300 Hz (see Figs. 
C-6a,b), but could not be resolved. In general, if two modal frequencies 
where closer than 15 Hz they could not be resolved. At frequencies 
below 150 Hz the feedback from the fluid system to the exciter was such 
as to distort the harmonic wave form making data unusable below that point. 

Time history records of the piston pressure, shell surface pressure, 
and the shell response at various points on the shell at the (i\, 3/2' 
resonance are shown in Figs. C-7 . The response data was cantnred 
at an instant of time, digitized, recorded, and then displayed, as shown, 
using TDAC. Comparison of the amplitude and phase of the accelerometer 
signals helped to identify the mode excited. For instance, comparison 
of the signal from accelerometers A3 and A7 show that they are 180 degrees 
out of phase with the A7 signal half the amplitude of the A3 signal. 
Since A3 is near an anti-node of the (4, 3/2) mode and A7 below the node 
this verified that the 3/2 mode is the axial mode excited. In a similar 
manner other modes were identified. 

Modal damping ratios in the fluid are shown in Table C-5. These are 
close to the values to be expected from structural damping alone. For 
these particular modes, in this geometry, damping caused by the fluid 
appears minimal. 

Figures C-8a d illustrate how the radial displacement was 
computed by numerical integration of the radial acceleration record 
shown in Fig. C-8a. Even though the acceleration was distorted hy an 
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odd-harmonic of the input frequency (see the Fourier transform of the 
accelerometer signal in Fig. C-8b) the displacement peak computes to the 
value that would be calculated assuming simple harmonic motion (C-2). 
Fig. C-8c shows the radial velocity computed by Integration of the 
acceleration signal. Fig. C-8d shows the radial displacement computed by 
integration of the radial velocity. Accelerometer Al is located mid-way 
between the inlet ports and the excitation was at the resonant frequency 
of the (3, 1/2) mode in water. 

Table C-5 - Damping Ratios, -=-

Cc " 2 Heff" 

Fixed-Free Shell End Conditions Fixed-Fixed Shell End Conditions 

n m water oil n m water oil 

3 
4 

5 

1/2 
1/2 
3/2 
5/2 
1/2 
3/2 
5/2 

0.40% 0.7* 
0.24 0.4 
0.21 
0.30 
0.12 0.2 
0.12 
0.15 

3 
4 

5 

1 
1 
2 

1 
2 

0.38% 0.8% 
0.23 0.7 
0.29 

0.14 0.2 
0.16 

-107-



-80 L-

Velocity - mm/s Acceleration - m/s2 

! ! 

- 3 
* 3 

o I 1 1 - i—[T- — n (a) 

A ' -—^~ 
. 

00 -
~~^»-

ro -
- • -

O l ______">-
-

TO 

o , 1 , 1 , : , 

Displacement — /im Amplitude 

3 & 

I! 



REFERENCES FOR APPENDIX C 

C-l. Fisher, D. K., Posehn, M. R., Sindelar, F. L., and Bell, H. H., 
"A Computer-Based Transportable Data Acquisition and Control 
System," Lawrence Livermore Laboratory Report UCRL-78330, 
(Sept. 1976). 

C-2. EMington, R. B., "fn/estigation of Supersonic Shock Phenomena in 
a Two-Phase (liquid-gas) Tunnel", NASA Tech. Rept. 32-1096, Jet 
Propulsion Lab., Pasadena, Calif. (March 1967). 

C-3. Thomson, W. T., Theory of Vibration with Applications. Prentice-
Hall Inc., Englewood Cliffs, New Jersey, (1972). 

C-4. Assedo, R., Epstein, A., Gilbert, R., and Livolant, H., "Synthesis 
of Vibration Studies on a Three Loop PWR Internals Model," Trans. 
Fourth Inter. Conf. on Structural Mechanics in Reactor Technology. 
San Francisco, (1977), Paper F5/3. 

-109-



APPENDIX D - THE COMPUTER CODE SHELVIB 

Included in this appendix is a listing of the computer code, SHELVIB, 
which was used to generate the results presented. Also included are the 
input and a portion of the output for a sample problem. SHELVIB is designed 
to run on a CDC 7600 computer and is coded in LRLTRAN [D-l], an extended ver­
sion of FORTRAN IV. Note that the compiler used automatically sets all 
variablss and arrays to zero and can handle mixed mode arithmetic. 

The computer code consists of a main program and seventeen subprogams. 
The main program is used to call in the input, initialize variables, call the 
subroutines necessary to calculate the shell displacements during each time 
iteration, print out results, and plot the results. The principle subprograms 
are a printing routine (STRS), a plotting routine (FPLOTT), a poisson equa­
tion solver which calculates the fluid dynamic pressures (PWSCYL), and two 
matrix inversion routines (DEC/SOL, LINV1F). The remaining sub-programs 
help set up and manipulate the matrix shell equations. The nomenclature 
used is described in the code listing. Data is input using NAHELIST state­
ments. Output can be requested for any or all space stations but is only 
plotted at the quarter points. The code calculates in the English system 
of units. 

The sample problem is the calculation of the shell response to a 1 psi, 
mid-point,step load with a 10 ms rise time. The shell is simply-supported 
at both ends and surrounded by water contained in a stiff-walled, coaxial, 
outer cylinder. The shell is empty. The calculation is for the 5th circum­
ferential mode ($y2ir = 50 hz). Only a partial output is shown. The plot is 
the time history of the non-dimensional radial displacement, w at the mid­
point. 
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Listing of Computer Code SHELVIB 

1 PROGRAM SHELVIB (FL1N,TAPE2=FLIN,0UTPT,TAPE3=0UTPT> 2 C 3 C A COMPUTER CODE TO 0ETERM1NE THE DYNAMIC RESPONSE OF A CIRCULAR A C CYLINDRICAL SHEU. IMMERSED IN A POTENTIAL FLUID TO AN ARBITRARY 5 C RADIAL FORCING FUNCTION. THE CODE CALCULATES THE TIME HISTORY OF 6 C THE THREE COMPONENTS OF THE SHELL'S DISPLACEMENT VECTOR AND THE AXIAL 7 C BENDING MOMENT FOR ANY CIRCUMFERENTIAL MODE, EN. SOLUTIONS CAN BE B C OBTAINED FOR THE SHELL IN VACUO. FILLED WITH LIQUID, SURROUNDED BY 9 C LIQUID, OR IMMERSED IN A THICK-WALLED COAXIAL CYLINDER. THE CODE IS 10 C TAILORED TO CALCULATE THE STEADY STATE RESPONSE OF A NUCLEAR REACTOR 11 C CORE BARREL TO FLOW INDUCED EXCITATION. 12 C 13 C NOMENCLATURE 
\A C 15 C A(4,4)--MATRIX COEFFICIENT DEFINED BY (B-10) 16 C A0(4,4)—MATRIX COEFFICIENT DEFINED BY (B-10) 17 C AA—SHELL RADIUS, (IN.) 18 C ACC--D1MENSI0NLESS SHELL RADIAL ACCELERATION 19 C ACCA--ABSOLUTE VALUE OF ACC 20 C ACCP(J)--ARRAY FOR STORAGE OF ACC AT SHELL MIDPOINT 21 C ALPHA — COEFFICIENT FOR DIFFERENCED FORM OF TIME DERIVATIVE (B-BA) 22 C ALABELf30)--LABELS FOR PLOTS 23 C B(4, 4)--MATRIX COEFFICIENT DEFINED BY (B-10> 24 C B0(4,4)--MATRIX COEFFICIENT DEFINED BY (B-10) 25 C BDAI<I)--VALUES OF DERIVATIVE ALONG INNER RADIUS OF INNER FLUID, 26 C <D/DR)(P(A>>,NORMALLY SET EQUAL TO 0,(PSI/IN.) 27 C BDAO(I)--VALUES OF DERIVATIVE ALONG INNER RADIUS OF OUTER FLUID, 28 C (0/DRXP(A)), (PSI/IN. ) Z9 C BOBKI1--VALUES OF DERIVATIVE ALONG OUTER RADIUS OF INNER FLUID. 30 C (D/OR)(P(B)).(PSI/IN.) 31 C BDBOt I)—VALUES OF DERIVATIVE ALONG OUTER RADIUS OF OUTER FLUID, 32 C (D/OR)(P(B>>,NORMALLY SET EQUAL TO 0,(PSI/IN.) 33 C BDC(K)--VALUES OF DERIVATIVE AT X*0,(D/DX)(P(0)),USE0 WHEN 34 C NBDCND=3 OR 4,(PSI/IN.) 35 C BDD(K>--VALUES OF DERIVATIVE AT X=L,(D/DX)(P(L>>, USED WHEN 36 C NBDCND=2 OR 3,(PSI/IN.) 37 C BETA — COEFFICIENT FOR OIFFERENCEO FORM OF TIME DERIVATIVE (B-6A) 38 C BN(4,4)--MATRIX COEFFICIENT DEFINED BY (B-10) 39 C C(4,4)--MATRIX COEFFICIENT DEFINED BY (B-10) 40 C CH 4. 4)—TEMPORARY STORAGE MATRIX 41 C CCdPP, IPP>--STORAGE MATRIX FOR 0(1) VECTORS DEFINED BY (B-I6) 42 C CDP —DlMENSlONLESS DAMPING COEFFICIENT DEFINED BY (2C) =2»(DAMP1NG RATIO) 43 C *AAM6.28*NAT. FREO.>«(W*HH+WF*PHIAVG)/HH*SQRTFI386.4*E*W) 44 C CN(4,4)--MATRIX COEFFICIENT DEFINED BY (B-10) 45 C CX(IPP)--STORAGE ARRAY USED IN CAPACITANCE MATRIX TECHNIQUE 46 C DELTA--DIMENSIONLESS SPACE INCREMENT, SS/AA»N 47 C E--ELASTIC MODULUS. (PSD 48 C EE(4, I)--MATRIX DEFINED BY (B-10) WHICH COVERS SPACE STATIONS 49 C 1=1,2....,N-1 50 C EEO14)--COLUMN MATRIX DEFINED BY BOUNDARY CONDITION. AT X=0 (B-10) 51 C EEN(4)--COLUMN MATRIX DEFINED BY BOUNDARY CONDITIONS AT X=L (B-10) 52 C EL0(4, JED--DIMENSIONLESS COLUMN MATRIX, L, DEF1 NED BY 111) 53 C ELD0S4,JED--DIMENSIONAL COLUMN MATRIX, " 54 C ELDNC4,JED--DIMENSIONAL COLUMN MATRIX, 55 C ELMBDA-- -EN*»2 56 C ELNI4,JED—OIMENSIONLESS COLUMN MATRIX,L,DEFINED BY (11) 57 C ELS--(HH/AA)«»2 58 C EN--F0UR1ER INDEX 59 C EPS--DIMENS10NLESS TIME INCREMEN1 EPSILON 60 C ETAEL(J)--TIME AT WHICH BOUNDARY 6CNDITI0NS ARE INPUT. (UEC.) 61 C ETAU--TIME WHEN LOADING IS SPECIFIED ON SHELL, (SEC.) 62 C ETAUL--TIME WHEN PRESSURE IS SPECIFIED ON OUTER FLUID BOUNDARY, (SEC.) 63 C EXL(I)—SPACE NODE AT WHICH LOAD ON SHELL IS SPECIFIED AT EARLIER 64 C TIMES, (IN. FROM BOTTOM) 65 C EXUd)--SPACE NODE AT WHICH LOADING ON SHELL IS SPECIFIED AT LATER TIMES, 66 C (IN. FROM BOTTOM) 67 C EXUL(D--SPACE NODES WHERE PRESSURE ON OUTER FLUID BOUNDARY IS 68 C SPECIFIED. (IP.) 69 C F(K.D --DYNAMIC PRESSURE IN FLUID REGIONS, P. (PSD 70 C FL(I)--PRESSURE SPECIFIED ON OUTER FLUID BOUNDARY AT EARLIER 71 C TIMES, (PSD 72 C FP(D--PRESSURE SPECIFIED ON OUTER FLUID BOUNDARY AT LATER TIMES, (PSD 73 C FS(I)--NET HYDRAULIC LOADING ON SHELL DUE TO SHELL MOTION 74 C EVALUATED AT PREVIOUS HALF TIME STEP=FSI(1>«FS2(I). (PSD 75 C FSK1 )--OUTER FLUID HYDRAULIC LOAD AT HALF TIME STEP, (PSD 76 C FS2(])--INNER FLUID HYDRAULIC LOAD AT HALF TIME STEP. (PSD 77 C FSKD--INNER FLUID HYDRAULIC LOAD AT CURRENT TIME STEP, (PSD 78 C FSOID--OUTER FLUID HYDRAULIC LOAD AT CURRENT TIME STEP. (PSD 79 C FSSID--NET HYORAULIC LOADING ON SHELL DUE TO SHELL MOTION EVALUATEO SO C AT CURRENT TIME STEP=FSO< I) *FSI ( D , (PSD 61 C GAMMA—COEFFICIENT FOR DIFFERENCED FORM OF TIME DERIVATIVE (B-6A) 82 C GNU —POISSON'S RATIO 83 C H(4,4>—ASSOCIATED WITH BOUNDARY CONDITIONS (B-3) 84 C HH--SHELL THICKNESS, (IN.) 85 C HJ(4,4>—ASSOCIATED WITH BOUNDARY CONDITIONS (B-3) 86 C IER--ERROR INDICATOR FOR MATRIX INVERSION SUBROUTINE DEC 87 C IERROR--ERROR INDICATOR FOR SUBROUTINE PWSCYL 88 C INTER--SPACE INTERVAL BETWEEN PRINTINGS 09 C INTL=SENTINEL FOR SUBROUTINE PWSCYL« O 
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•0 C IP--PLOT POINT INDEX SI C IPIV<25)--5T0RAGE ARRAY USED IN CAPACITANCE MATRIX TECHNIQUE 92 C 1PRINT--TIME PRINTING CONTROL 93 C IPP--NUMBER OF SPACE NODES AT WHICH OUTER BOUNDARY PRESSURE IS 94 C -SPECIFIED 95 C IPRINO--TIME INTERVALS BETWEEN PRINTINGS 96 C 1T--TIME STEP INDEX 97 C JEL--NUMBER OF TIMES THE BOUNDARY CONDITIONS ARE SPECIFIEO; 98 C THE RANGE OF J IN ETAEL(J) 99 C KP--F1RST SPACE NODE AT WHICH OUTER BOUNDARY PRESSURE IS SPECIFIED 100 C M--M= N-1 101 C MBDCNDI--INDICATES THE TYPE OF BOUNDARY CONDITIONS AT RsRIA AND R=R1B 102 C FOR INNER FLUID 103 C = 2 IF THE SOLUTION IS SPECIFIED AT R'RIA AND THE DERIVATIVE 104 C OF THE SOLUTION WITH RESPECT TO R IS SPECIFIED AT R=RIB 105 C = 3 IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO R IS 106 C SPECIFIED AT R=RIA AND R=RIB 107 C MBDCNDO--INDICATES THE TYPE OF BOUNDARY CONDITIONS AT R=ROA AND R=ROB 108 C FOR OUTER FLUID 109 c » 3 IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO R IS 110 C SPECIFIED AT R=ROA AND R=ROB 111 C = fl IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO R IS 112 C SPECIFIED AT R=ROA AND THE SOLUTION IS SPECIFIED AT R=ROB 113 C MOL--NUMBER OF AXIAL NODES AT WHICH LAST SHELL LOAD WAS SPECIFIED 114 C MOU--NUMBER OF AXIAL NODES AT WHICH NEXT SHELL LOAD IS SPECIFIED 115 C MR I--NUMBER OF RADIAL INTERVALS IN INNER FLUID REGION 116 C MRO--NUMBER OF RADIAL INTERVALS IN OUTER FLU10 REGION 117 r. N--NUM3ER OF AXIAL SPACE INTERVALS lie C N14(N24,N34--QUARTER,HALF,AND THREE-QUARTER AXIAL NODE NUMBERS 119 C NBDCND1--INDICATES THE TYPE "3F BOUNDARY CONDITIONS AT X=0 AND X*SS 120 C KOR INNER FLUID 121 C = 0 IF THE SOLUT'ON IS PERIODIC IN X, I .:. . P<0,K)*P(NK> 122 C « 1 IF THE SOLUTION IS SPECIFIED AT XsO AND X=SS 123 C ' 2 IF THE SOLUTION IS SPECIFIED AT X'O AND THE DERIVATIVE 124 C OF THE SOLUTION WITH RESPECT TO n IS SPECIFIED AT X*SS 125 C - 3 IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO X IS 126 C SPECIFIED AT X=0 AND X=SS 127 C i 4 IF THE DERIVATIVE OF THE SOLUTION WITH RESPECT TO X IS 126 C SPECIFIED AT X=0 AND THE SOLUTION IS SPECIFIEO AT X»SS 129 C NBDCND0--INDICATE5 THE TYPE OF BOUNDARY CONDITIONS AT X=0 AND X«SS 13D C FOR OUTER FLUID. NUMBER DESIGNATORS SAME AS NBDCNDI 131 c NP--NUMBER OF POINTS TO BE PRINTED AND PLOTTED 132 C OMEGA--FREOUNCY OF HARMCNIC SHELL LOAD WITH HALF AMPLITUDE OF QU, (HZ) 133 C OMEGAL--FRFQUENCY OF HARMONIC PRESSURE PULSES ON OUTER FLUID 134 c BOUNDARY WITH HALF AMPLITUDE OF FP, <HZ) 135 C OUT--SET EOUAL TO 1.0 IF OUTER FLUID PRESENT 136 C P(4,4,I[--ARRAY REPRESENTING THE P MATRIX OF CB-11A) AT SPACE STATIONS 137 C 1=1.2.••• ,N-1 136 C Pl(4,4)--TEMPORARY STORAGE MATRIX 139 C PERTRB--UNUSED ARGUMENT FOR SUBROUTINE PWSCYL= 0 140 C PHIU)--CONNECTED MASS FACTOR FOR NODE I DEFINED BY (14). (IN.) 141 C PHIAVG--PHI AVERAGED OVER ALL SPACE NODES. (IN.) 142 C PrilAVGPtJ1--ARRAY FOR STORAGE OF PHIAVG At TIMES TM, (IN.) 143 C PHIRUNS--RUNNING AVERAGE OF PHIAVG. (IN.> 144 C PMAX(40)--PEAK SHELL LOAD FOR HARMONIC LOADING. [PSD 145 C OL(l)--SPECIFIED SHELL LOAD AT THE POINTS EXL(l), (PSI) 146 C R(4)--TEMPORARY STORAGE COLUMN MATRIX 147 C OUM(--SPECIFIED SHELL LOAD AT THE POINTS EXU(I), (PSI) 146 C RIA--1NNER FLUID INNER RADIUS, (IN.) 149 C RIB--1NNER FLUID OUTER RAD1US=AA, (IN.) 150 C RO--COEFFICIENT FOR DIFFERENCED FORM OF TIME DERIVATIVE IN IB-6A) 1U1 C ROA--INNER RADIUS OF OUTER FLUID=AA. (IN.) 152 C ROB--OUTER RADIUS OF OUTER FLUID. UN.) 153 C ROC--BOTTOM OF SHELL. SET EOUAL TO 0 154 C S(4)--TEMPORARY STORAGE COLUMN MATRIX 155 C SIGMA--REFERENCE STRESS, (PSI) 156 C SC--?!'"'.' • ajPTiRn- ' ™ * 157 C T (4. 4), TU JTB - - I tMPORARY STORAGE COLUMN MATRICES 150 C TEE--C6RRENT TIME, (SEC.I 159 C TEPS--T1ME INCREMENT, (SEC.) 160 C TLIMIT--TIME STOP OF COMPUTER WHEN TEE5TLIMIT, (SEC.) 161 C TM1300)--TIME COORDINATE ASSOCIATED WITH PLOTTED POINTS, (SEC.) 162 C THICK4)--DIAGONAL ELEMENTS OF MATRIX OMEGA FROM BOUNDARY CONDITIONS 1S3 C AT X=0 DEFINED BY (It) 164 C T0MNI4)--DIAGONAL ELEMENTS OF MATRIX SMEGA FROM BOUNDARY CONDITIONS 165 C AT X=SS DEFINED BY (11) 166 C TT1(4,4,300)--TEMPORARY STORAGE MATRIX 167 C W--SHELL WEIGHT DENSITY, (LBS/IN.««3) 1ES C WF--FLUID WEIGHT DENSITY, (LBS/IN.*«3) 169 C WWO(N«MRO)--STORAGE ARRAY FOR SUBROUTINE PWSCYL 170 C X(4,D--ARRAY REPRESENTING THE X-PEAK OF (B-11A) FOR SPACE STATIONS 171 C I»l,2,....,N-1 172 C XK41--TEMP0RARY STORAGE COLUMN MATRIX 173 C XIN--SET EQUAL TO 1.0 IF INNER FLUID PRESENT 174 C XKAPPA--COEFFICIENT OF DIFFERENCED FORM OF TIME DERIVATIVE (B-6B) 175 C XLAMBDA--C0EFF1C1ENT OF DIFFERENCED FORM OF TIME DERIVATIVE (B-6B) 176 C XMU--COEFFICIENT OF DIFFERENCED FORM OF TIME DERIVATIVE (B-6B) 177 C XNU--COEFFICIENT OF DIFFERENCED FORM OF TIME DERIVATIVE (B-6B) 17B C YMAX.YM1N--MAX1MUM AND MINIMUM ORDINATES ON PLOTS 179 C Z(4,i)--Z MATRIX OF (B-l) AT SPACE NODES 1>1,2,...,N ISO C Z0C4J--Z AT I'O 
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181 C Z1C4,1)--Z MATRIX AT TIME TAU=(J-l)«EPS 
16E C 22(4,I)--Z MATRIX AT TIME TAU=(J-2)"EPS 163 C Z3(4 Jll--2 MATRIX AT TIME TAU=CJ-3)"EPS 184 C 2L13Q0),ZP14,3,300)--STORAGE ARRAYS OF DATA TO BE PLOTTED 185 C 186 OPTIMIZE ?67 C 186 C MAIN 189 C 
190 CLICHE DIMCnM 
191 DIMENSION PC 4,4,300),X(4,300),2(4,300),Z1(4,300>,Z2<4.300), 192 1Ee(4,3OO>,Z0<4) 1A0<4 14),B0f4,4),EED(4),BN(4,4),CNC4,4),EEW4),H(4, 193 241,HJ£4,4) ,Ei_0(^ 40) , ELN(4. 40), ELDD(4, 40) , ELDN(4, 40) , TOM0(4) , TOMNC 194 341,EXL(40l.EXUC4C),QL(40),QU(40),ETAEL<40i,Tf4.4),T1t4,A),PI(4,4), 
195 4X1(4) 1S(4),R(4) 1AC4,4),B(4,4),C(4,4),TTl(4,4,300),2314,300), 196 5C1(4,4),ZPl4,3,300),TM<300),ZL(300) 197 COMMON P.2,21,22,23,EE,ZO,AO,SO,EEO,BN,CN.EEN,H,HJ,ELO,ELN,TOMO, 196 lEXL.EXU.QL.QU.ETAEL.T.TI , Pi , X 1 , S, R, A, B, C, GNU, ELS , KEN, DELTA, 199 2SIGMA,EN,E,HH,AA, INTER,N, I PRI NT,SS, IPRtN6,TT1,01,TEE,PHIAVG, 200 3PHI RUNS,COP,W,EPS,TOMN 201 COMMON/ BLK''ALABEL( 30) ,YMAX,YMIN, N14, N24, N34,ZP, TM, ZL, I P, NP 202 CGMMON/OO'LOT/IPLOf't1274) 
203 LCM (WR) 
204 CQMMON/UR/ BDAOi 3 0 0 ) , BDBOC300) ,BDC( 20) , B D D ( 2 0 ) , FSOOO) .PHI ( 3 0 0 ) . 
205 1BDA1 f300 ) ,BD3 I1300> ,FL (25 ) ,FPP(25 ) ,PMAXC40) ,FPMAX(40 ) ,FSO(300 ) , 
206 2 F S S ( 3 0 0 ) , F S 1 ( 3 0 0 ) , F S 2 ( 3 0 0 ) , F S I ( 3 0 0 ) 
207 COMMOM/WfM / CC( 25 , .'-'a ) , I PI V(SS ) , CX( 25) ,FP/ 25 ) , Ft 20 , 300) , ACCPODO), 
206 1 WU'O ( 6002 ) , ACC ( 300) .EXLIL (25 ) , PH1 AVG*3 t 300) 
209 EOJIVALENCE (X£1 ) , 2 ( 1 ) ) , ( E L O ( 1 ) ELDO<1)1,(ELN<11,ELDN<1>) 
210 ENDCLlC'-SE 
211 USE D1MC0M 
212 C 213 C INPUT LIST AS STORED IN FILE FL1N 214 C 215 CALL CHANGE(?H+SHELVB) 
216 CALL CR71DC4HSHV".. 1 , 1 ) 
217 CALL K£.rreO( tOf?nr<SHCLVBXX> 
218 CALL PLOTE 
219 DOE ANALYSIS 
220 N:,MELIST / I N ^ I / EN, N, JEL, I PR I NO, I NTER, TL IMI T, AA, HH, SS, H, GNU, 
221 IE .&1SM0., TFPS, WF,X IN,OUT,OMEG^ OMF.GAL.CDP 
222 N"' EL l&T / f MFi, ' TJMO, TOMN.irAEL, ELDO, ELDN 
2H3 tO'.ME'.JST/ | NP3/ nQU.ETAU, EXU,QU 
22^ N / . l X L l S T ' ! : ^ / PI A,RIB,MS I .M&OCNUl .NBDCNDI 
22S N A i i r . . l S T / l N P 5 / RCA, St "F. HrtC, NBD-hr-O, BDC, BDD, MBDCNDO 
220 N.V1FLIST/1NPS/ C T A U L , I PP, KP, FP 
227 INPUT D.-.TA I'!P1 , 2 , 0 
22B IWFLT Li.'-.TA I N » 2 . 2 , 0 229 INPL'T C A T A I N P J , 2 , 0 230 INPUT DAT^ INP4,2,0 
231 IHPUT DATA INPt,2,0 
232 INPUT DATA 1^6,2,0 
234 C PRINT OUT INPUT DATA 
236 200 FORMAT (/1X.11H THICKNESS=F7.4,4H IN.,12X,7HRADIUS=F7.2,4H IN..3X, 237 17HLENGTH=F7.2,4H IN.) 
238 WRITE(3,200) HH.AA.SS 239 2000 FQRMAT(/2X,"OUTER FLUID OUTER RAD1US=",F7.2," 1 N. ", 1 6X, "INNER 240 1 FLUID INNER RADIUS=",F7.2 " IN.") 
24) 20) F©RMAT(IX, 15H SHELL DENS)TY=F6.A.12H LBS./CU.IN. ,1X J t 2HE=F9.0, 242 14H PSt,6^,6HS[GMA=F6.0,4H PSI,9X,3HNU=F5.4) 
243 WKfTE(3,201) W,E,SIGMA,GNU 244 2010 FORMATS' FLUID DENS I TY = " , F6. 4, " LBS./CU.1N. XI N= " , F4 . 2. 1 1 X, 245 1" 0UT=",F4.2) 24T 202 FORMATHX, 16H TIME 1NCREMENT=E8. 2.5H SECS.SX, 1 6HN0. AXIAL NOOES = 24/ 114.IX,12HF0U3IER NO.=F4.O.9X,4HCDP=E10.2) 240 WRlTE(3,202) TEPS,N.EN,CDP 249 WRITEC3.2010) WF.XIN.OUT 250 2020 FORMAT*'• NO. OF RADIAL NODES IN OUTER FLUID= M, 12, 15X, " NO. 251 1 OF RADIAL NflDES IN INNER FLUJIe'' 12) 
252 2021 FORMAT!" MBDCNDO'-" , I 2 , 2 1 X . " hBDCNDO=", I Z, 9X, 
253 1 " MBDCNDI=", 12, 1 JX •• NBDCNDI = " , 12) 
254 WRITE( 3 ,2021) MBLJCN6O , NBDCNDO, MB6CNDI .NBDCNDI 
255 WRITEO^OOO) R0B,R1A 
256 WRITERS,2020) MRO,MRI 25? 2022 FORMAT ('' LOADING FREQUENCY ON SHELL SURFACE=" . F7. 2, " H2",9X, 258 1"PRESSURE FREQUENCY ON FLUID SURFACE*",F7.2," HZ") 259 WRITE£3 J2022) OMEGA,aMEGAL 
260 203 FORMAT!//30X,20H BOUNDARY CONDITIONS//) 
261 W R I T E O . 2 0 3 ) 
262 204 F0KMAT(//1X,6H TIME=E10.2,5H SECS,17X.3HX=0,22X,3HX=L> 263 205 FORMATCIX^H U, 25X, El 7. 7, F5. 1 , 3X, E17. 7, F5. 1 J 264 206 F0RMAT(1X,2M V,25X,El 7.7,F5.1 , 3X, E17.7, F5.1> 265 207 F0RMAT(IX,2H W,25X,El 7.7,F5.1,3X E17.?'F5.1) 266 208 F0RMATC1X.5H M-XI,22X,E17.7,FS.1 3X,El 7.7,F5.1) 267 DO 300 J=2,JEL 
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266 WRITE(3,204> ETAEL(J) 269 UR1TE(3j205 > ELDOt\,J),TOHO<\1,ELDN<1,J>,TOMNt!> 270 WRITE*3,206) ELD0<2,J),T0M0(2>,ELDN(2,J),TOMN(2) 271 UR!TE(3,207) ELD0C3, J), T0M0(3), ELDNO, J) ,T0I1NO) £72 300 WRITEC3,206) ELDOf4, J),T0M0(4),ELDNf4,J),TCMN<4) 273 C 27<1 C INITIALIZATION £75 C 276 IF(N-SOO) 915,315,996 277 915 M=N-1 276 ELM:<DA=-EN«EN 279 XN=N 280 DELTA=SS/CAA*XN) 
261 E L S - ( H H / A M * * 2 
262 EPS=(TEPS/AA)-S0RTF(E*386.4/W) 
2 f - j ALPIIA = 6 0/EPS*«2 
264 TEE = TEPS 
2C.S EXL12)=SS 
2f>0 MQL = 2 
287 IT=1 
26D IPRINT=IPRINO 
2P0 XEN=EN 
2B0 YMAX=0. 
291 YMIN=0. 
292 N14=N/4 
2S3 N24=N/2 294 N34=N14x3 295 DO 600 1=1,30 296 600 ALA3ELCI)=iOH 297 ALABEL< 22) = 1OHTI ME 296 ALABEL(23)=10HSEC0NDS 299 NP=(TLIMIT/(TEPS*IPRINO>) 300 DO 231 J=),MOU 301 231 PMAX(J)=QUCJ) 302 DO 232 J=1,1PP 303 232 FPMAXlJ>=FP<J) 304 CD=(14 0«DELTA)/(6.0*EP&, 305 C 306 C CALCULATION OF A,B,C, THE COEFFICIENT MATRICES OF EO.tB-10) 
30V C . . -. CALL MABC 30S* C 310 C CALCULATION OF AO,BO,BN,CN( THE COEFFICIENT MATRICES OF EO.(B-IO) IFOR THE 311 C SHELL ENDS 312 C 313 DO 46 1=1,4 314 DO 46 J=T,4 315 J=J 316 A0< I , J>=(2.O/DELTA)*TOM0< l)*H(I,J) 317 B0(I,J)=TOM0U)«(HJ(l ,J)-(1,5/DELTA)*HC1,Jl) 316 BN(I,J>=TOMNCI)*(HJ(I,J)+(1.5/DELTA)*H(1,J)) 319 .16 CN(I, J) = M2.0/DELrA)»T0MN(I)*H(],J) 320 DO 47 [=1,4 321 BO(IJ >=B0( 1,1) + } .Q-TOM0( I ) 322 47 BNCI,I)=BN(1,1)+!.0-TONN<I) 323 C 324 C CALCULATION OF ELO AND ELN, THE DIMENSIONLESS COLUMN MATRICES, L DESCRIBING 325 C THE SHELL END CONDITIONS AS DEFINED BY EQ..U1) 326 C 327 DO 51 J=2,JEL 326 ELOfd, J} = (T0M0£4>*E+(1.O-T0M0M>)"AA/<HK««3?)*ELDO(41 J)/S(GMA 329 ELN(rt,J)=(T0MNt4)*E+(1.0-TOMN(4>)*AA/(HH«*3)>*ELDN(4,Jl/StGMA 330 DO 51 1=1,3 331 ELOCI,J) = (TDf-;cn )/HH+(l . 0-TOMO( I ) )- E/AA) *ELDO< I, J>/SIGMA 332 51 ELNU,J) = <T0MN(1 )/HH+(1 .0-TOMNM ) >*E/AA>-ELDN< I, J>/SISMA 
334 C PREPROCESSING OF OUTER FLUID EQUATIONS IF MIXED BOUNDARY VALUES ARE SPECIFIED 335 C ON THE OUTER FLUID BOUNDARY HPP>0). THE MATRIX CC IS GENERATED. 336 C 337 IDIMF=20 336 IF(IPP-l) 65,53,53 339 53 DO 100 K=1,IPP 340 DO 99 J=1,N+t 341 BDAOtJ>=0. 342 BDBOCJ)=0. 343 DO 99 I=1,MR0+1 344 99 FCI,J)=0. 345 FCMR0+1.KP+K-1)=1.0 346 KK=MRO+1 347 CALL PWSCYL(1NTL,ROA,ROB,MRO.MBDCNDO,BDAO,BDBO,ROC,SS,N,NBDCNDO, 346 *BDC,BDD,ELMBDA,F, 1DIMF,PERTRB, I5.RR0R WWO) 349 IFUERROR.NE.O) WRITEC59,241) IERROR 350 241 FORMATC'IERROR", 15) 351 DO 100 1=1,IPP 
352 C C d . K J s F t M R O + l . K P + l - l ) 
353 IOC CONTINUE 
354 ^ALL DECC1PP,25 .CC, IP IV . IER) 
3 5 5 i F ( I E R . N E . O ) WRlTE(59 , 2 4 2 J 1ER 
356 242 F 0 R M A T ( " I E R " , I 5 ) 
357 DO 991 1=1,MR0 
356 DO 991 J = 1 , N M 
3 5 9 9 9 . F ( I , J ) = 0 . 
360 C 
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C IF IT IS T IE FOR A NEW PRESSURE TO BE SPECIFIED ON THE OUTER FLUID C BGUN'Wr.Y O N A NEW LOADING ON THE SHELL THAT NEW VALUE WILL NOW BE C PRINTtt?- CUT. IF HARMONIC EXCITATION IS USED THE NEW PRESSURE OR LOADING C IS NJI' C/!.t:ULATED AND PXINTEC. C 
65 IF<MOU-9?9) 5 2 , 9 9 9 , 5 2 

C PRINT FRFT3PWRES 
209 FC -T--.7 I.-V/19H PRESSURES AT TI ME=E1 0 . 2 , 5H SECS) 
210 F0FJ*V.'(13H STATION < I N ) , 1SX, 15H PRESSURE ( P S I > / / ) 

52 IF iC ' iEQA.FQ.O. ) ' ^5 .233 
233 TAU=rTAU+C.04/0Mi:GA 

IF(TAU-TEE) 2 3 4 , i ! 3 5 , 2 3 5 
29.1 T.*U = TEE 
235 ArvG = 2 . 0 * S . 1416»0MEGA*TAU 

DO 2313 J= l ,MQU 236 QIJ(J)=PMAX<J)*SIN(ARG) ETAU=TEE IF(IT-IPRINT) 56,55,55 55 WRITE <3,209) ETAU WRITE (3,210) 
211 FORMAT( (F13 .2 ,17X,F12 .3>) 

WHITE ( o . 2 1 1 1 ( E X U ( J ) J O U ( J ) J J = 1 , M Q U ) 
5G IFfOi.cO^L EO.O.) 5 2 1 . 2 3 7 

237 TAU=ETAULfO.D4/0MEGAL 
IFCTAU-T^E) 2 3 6 , 2 3 9 , 2 3 9 

233 TAU=Tr~E 
239 Af<.": = r?. o*.?. I 4 I S * C M E G A L * T A U 

DC 2<1P J=1 , 1PP 
240 FT ( J )=FPr1AX< J)*SJN(ARG) ETAUL=TEE 221 F0:.^-VRW//"F_U1D PRESSURE ON OUTE BOUNDARY AT" , E16. 7,-SECS" ) 
22.: FRR<Y,----( " S T A T I O N NO . ", 1 5 X , " PRESSURT. O N F L U I D B O U N D A R Y ( PSI ) " / / ) 
a?:: Fr. .?«/.•; ( tris. >, 17X,F12,3)> 

I H U T - i r r . i f j T ) 6 9 , 5 2 1 , 5 2 1 
!>*! I F U r i ' . E t t 0> 69^523 
t>2:3 WRITE ( 3 , k ? l ) EtAUL 

Wrv! TE t •J, 22:2) 
DO 522 J s l J f*P 

522 EX l ' L ' J ) • KP+J 
WRITE ( i , 22r.) <EXUL(J) ,FP<J>, J = 1 , IPP) 

C C CALCULATF THE Cf -rFF I CI ENTS FOR THE TIME DIFFERENCE EQUATIONS (B-6A,B). C CHAU-J.- Ar:T.-;. 'Rl/.fr: ELEMENTS OF THE B COEFFICIENT MATRIX ACCORDINGLY. 
r. UPUiTK THE M U T E JTOR/.GE ARRAYS HOLDING PREVIOUS VALUES OF 2. C 69 IF(IT-4i e7,r,6,85 67 IF(IT-I ] 999,05,77 77 IF< It Z> f.Ji, 78,75 ?:t B::TAi--4.C'/FFs**2 Ai:-HAf.:- n/KP-:»*2 Xr AFr-A=1 1 (V(6.0*EPS) XLA1EM3A •-C-.0''(3.0«EPS) 

B!IJ)=C(],1 )+8.0-DELTA/<EPS**2)+CD»cr ' BC2,2)=Ti2,2)+3.0*DELTA/(EPS»«2)+CD*CUP BC3,3)=LU3,3)+6.0»DELTA/(EPS»*2)+CD«C0P GO TO 85 75 IFCIT-3) 909,79,999 79 BETA=-5,0/EPS*«2 GAMMA = 4.0.'EPS"*2 ALPHA=2.0/EPS»*2 )-LAMDnA=-3.0/EPS XMU-3.0/(2,0"EPS) 
QV, TO 65 6i3 EIFTAr-5.0/EPS*«2 CAMMA-4.0/EPS»*S . R0=-1.0/EPS*«2 XNU=-1.0/<3.0*EPSJ AI_PHA = 2.0/EPS*«2 85 DtJ 33 Ja|,M Dr. 33 1 = 1,3 23(1,Jl-ZSCIiJ) 22(I,J)=Z1(I,J) 33 21(I,J)=ZtI,J) C 

C IF THE PRESSURE IS SPECIFIED ON THE OUTER FLUID BOUNDARY, (IPP>OI, THE C LOAD ON THE SHELL CAUSED BY THIS PRESSURE IS CALCULATED HERE AND STORED C IN F. INTERPOLATION BETWEEN NEW, FP, AND OLD, FL, VALUES C IS PERFORMED. C DO 301 Js1,N>1 BDAO(J)=0. DO 301 1=1,MR0+1 301 FM,J>=0. irUPP-1) 91,307,307 307 DO 302 K*1,IPP FPP(K)=<(ETAUL-TEE)*FL(K>+(TEE-ETALL)*FPCK)>/CETAUL-ETALL* 
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447 50? P'MRO+1,KP*K-1)=FPP(K) 
443 0,(_L PWSUYL(JNTL,ROA, ROB,MR0,,MBDCND0,BDAO,BDBO,ROC,SS, N, NBDCNDO, 449 •rBSC.BDD.ELMBOA.F, IDIMF.PERTRB, I E R R C R ' W W O ) 450 IFtlERROR.NE.O) WRITE<59,241> I ERROR 451 DO 303 K=1,IPP 
45? 303 C)'.(K)=Fr'PfK)-F(MRO+l .KP+K-1 ) 4S3 CALL SOL(iPP.25,CC,CX,IPIV} «;54 DO P04 J=-\ ,N*1 45w- DO 504 1=1 .MRO+1 45C 304 FCl,.I>=rj. 457 Dtl 305 l>1 , IPP 45G 305 F:MRC>1,KP+K-1)sFPP(K)*CX(K) 
459 CALL PW.f r*'..< I NTL, ROA, ROB, MRO.MBDCNDO,BDAO,BDBO, ROC,SS, N, NBDCNDO, 460 "BD^.Bnu.ELnBDA.F,IDlMr.PERTRB,lERROR.WWO) 461 IF( IEfCf_., NE.O) WR1TE(59,241 > I ERROR 462 22.5 FbffiAfi '.'20X, "PRESSURE TRANSMITTED THROUGH FLUID TO SHELL."/) 4^3 H?r> Fc;*K'Ttsf:i3.3/) 
4C4 I F ( I T - j F : N T ) 9 1 , 2 2 7 , 2 2 7 
4RC- 227 WRrtE (3,224) 
466 DO i'Po 1X0=1 ,N24,9 
467 226 UPtTE C3 225} (F(1,I I),I I = ]XO,IXQ+8) 46f. C 
46f< C CALCULATE CE, THE NEW VALUE FOR THE INHOMOGENEOUS PART OF EQ.(B-IO). 470 t AM.' EXTERNALLY SPECIFIED SHELL LOADING, OU AND/OR, F OR THE 471 C. JNTEnhVLLr CALCULATED HYDRODYNAfi i C PRESSURE FOR THE LAST TIME STEP, FS 472 C !S !NCOP\>r. 'TED HERE. 
473 D 474 91 JL = 2 
47-i JU = 2 
476 DO 34 K-l,M 477 470 473 4fui _ . 
t&l IFfEXLfJ)-EX) 36,36,37 461' 3C COf-.'T ? NL'E 
463 37 C.iii.= ( (EKL(J»-EX)*0L(J-1) + (EX-EXL(J-1))«QL(J))/(EXL(J)-EXL(J-1)) 
465 CiL* 30 J = JU,MQU 
48r j^j 
467 iFC-tX'Jt J)-EX) 39,39,40 
4C-'> 3'= P H i , IliU'.l 
4£9 4C Cr,U=((FXU( J>-EX)*0U<J-1)+(EX"EXU(J-1))*QU(J>>/(EXU(J>-EXU(J-1)) 4&U JU = J 
491 PEE= fAA/(SIGMA*HH>)»<<(ETAU-TEE1«QQL+1TEE-ETAL)«QQU)/(ETAU-ETAL) 
492 * + r t ( K * 1 )+.'='( 1 ,K* 1 ) ) 
493 DO Dl 1=1 ,3 
49-1 8 ! E.Z< 1 ,Kt =2.0*0Ei_TA"Z1 ( I ,K ) 
4C ! J 1*CRFT/*- "LAi lB jA^CnP) 
4?> 2 + 2 0 - l iM.T/ . 'Z?( 1 JK)*CGAMMA+XMU*CDP) 
497 3 + IT. 0 < U H . T A > « ? M I ,K)*(RO+XNU»CDP) 
49V 34 EE(3 ( K .=Er:<3,KJ • R. 0«DELTA<PEE 4". C 
500 C CfiCULATr fcFO AND EF.N, THE INHOMOGENEOUS PARTS OF EOS.(B-tOA,C). 501 C: :Nf"rt.-iM.iOt. BETWEEN THI NEW, QU. AND OLD, OL, END CONDITIONS. 50J C 
5r.O DO A?. J = 2,JEL 50̂ 1 J = J 505 IFtETAELtJ)-TEE) 42,42,44 500 42 CONTINUE 50r 44 PC- 45 1 = 1,4 
5''& CEO( 1 ) = C tETAEl.(J)-TEE>*EL0<IJJ-l) + (TEE-.ETAEL(J-l)>*ELO(I, J) >/ 60S Ki:if.a(J)-ETAEL(J-l)) 510 45 EFN( I > = £ (ETA£L< J)-TEE)*ELN( I , J-l )+ <TEE-ETAEL<J-1 >)*ELN( I , J) ) / 511 H!:1AEL(J>-ETAEL(J-1)) 
512 C 515 C 514 C CALCULATION OF Z ************************ 51L. C 51 F. 517 5 1 6 •_ 
519 CALL SCA(0.25,A0,T) 520 DO S2 1=1,4 521 DO 92 J=1,4 
5P.U 92 CHI,J)=CU, Jl 523 CALL LINVIF(C1 ,4,4^1,0) 524 CALL ABiBOjTl.PjJ 525 CALL AB;P1,A,T1) 52G CALL ADDtTl.T.T) 527 CALL ZX(EE,1,S) 526 CALL AX(Pl.S.R) 529 CALL SCX(-1.O.EEO.S) 530 CALL AD(S.R,S) 531 CALL A B ( P L B . T I ) 532 CALL SCA<-1.0,A0,P1) 
533 CALL ADD CTl.Pl.TU 534 CALL LINV1F<T1,4,4,P1,0> 
535 CALL ABtPljT.Tl) 536 CALL QPIT1,1,P) 
537 CALL AX(PI.S.R) 536 CALL XZ(R,1,X> 539 C 540 C CALCULATE P, X FOR THE RECURRENCE EQUATION (B-11A) 
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541 C 
542 DO 31 K=2,M 543 CALL PQ(P.K-I.T) 
544 IFC1T-4) 909,909,910 545 910 DO 911 1=1,4 
546 DO 911 J=l,4 
847 911 T 1 ( 1 , J 1 = T T | < I , J , K ) 546 QO TO 912 549 909 CALL AB(C,T,T1> 550 CALL SCA(-1.0,T1,T) 551 CALL ADDtB.T.T) 552 CALL L1NV1F(T,4,4,Tl ,0) 553 IF(lT-4) 912,913,913 554 913 DO 914 1:1,4 555 DO 91 4 J= 1 , 4 556 914 TT1II,J,K)=TKI,J) 557 912 CALL ABtTI.A.T) 556 CALL QP(T,K,P) 559 CALL 2XIX.K-1.S1 560 CALL AX(C,S,R& 561 CALL SCXC-1.0,R,S> 562 CALL ZX(EE,K,R) 563 CALL AD(R,S,S) 564 CALL AX<T(,S,R) 565 31 CALL XZCR,K,X) 566 C 567 C CALCULATE Z-SUB-N USIMS EQUATION (B-I1B) 566 C 
569 CALL ZX(X,M-1,R> 570 CALL SCX(-0.25,R,X1) 571 CALL PQ(P,M-1,T> 572 CALL ZXCX,M,R> 573 CALL ADCR.X1,S) 574 CALL AX(T,R,X1) 575 CALL SCXtO.2".XI,R) 
576 CALL ADCR,S,4) 577 CALL AXICN.S.n) 576 CALL SCX(-i,O.EEN,S> 579 CALL AD(R,S,S> 500 CALL PQ(P,M,11) 
561 CALL ABCT.T1 tPl) 562 CALL SCAtO.2S.P1,T> 563 CALL ADDCT1,T.T) 584 CALL AB(CN,t, Tl) SQL'- CALL SCAI-1.0,BN,T) 566 CALL ADDIT,T1,T) 567 CALL LINV1K(T,4,4,Tl ,0) 5S0 CALL AXCT1,5,R) 569 CALL XZ(R,N,Z) 590 C 591 C CALCULATE Z-SUB-I 5SI2 C 
593 DO 32 J M , M 
594 CALL 2X(Z,N*1-J.R) 595 CALL PO(P,N-J,T) 596 CALL AXIT.R.S) 597 CALL SCX(-1.O.S.R) 599 CALL ZX<X,N-J.S> 599 CALL AD(S,R,S) 600 32 CALL XZ(S,N-'.Z) 601 C 
602 C CALCULATE Z-SUB-0 USING EQUATION (B-11C) 603 C 604 CALL ZXI2,1,R) 
605 CALL AXfB.R.S) 606 CALL ZXCZ 2,R) 607 CALL AXIA.R.XI) 
608 CALL ADCXi.S.R) 609 CALL SCXI-1.6.R.5) 610 CALL ZXIEE.l.R) 611 CALL ADCR,S,R> 612 OO 93 1*1,4 613 DO 93 J=1,4 614 93 CI(1,J)=C( I, J) 
615 CALL LINV1FCC1,4,4,T,0) 616 CALL AXCT.R.ZO) 617 C 618 C 619 r 
620 
621 u 
622 DO 331 J=1,M 
623 ACC(J>=ALPHA«Z<3, J>+BETA«ZU3 JJ>+GAMMA«Z2<3,J1+R0*Z3C3, J) 624 BDA0<J*1)=t(SIGMi«WF)/<AA«W))*ACC(J) ' 
625 331 BDBKJ'Kt-BOAOCJ-H) 
626 IFCWF-O.) 26,26,320 
627 320 IFCOUT-1,0) 217,321,217 626 C 
629 C CALCULATE PRESSURE FIELD IN OUTER FLUID 
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630 C 631 321 lF(lPP-l) 212,334,334 622 33-1 DO 101 Js=t,N+1 633 DO 101 1=1,MflQ+l 
6'«4 101 F(1.J)=0. 
6*5 IFilPP-1) 212,335,333 6? 5 335 DO 102 K=t,lf>P 
5' 7 Fl-i (i;»s(<ETAJL-TEE)*FL(K) + (TEE-ET/ .L)*FP(K> )/(ETAUL-ETALL> 5r-3 102 FMno-M,KP+K-l)=FPP(K> 630 C/V..L PWSCYLI J MTL, ROA, ROB ,MRO, MBDCNDO, BDAO, BDBO, ROC, SS . N, NBDCNDO, 640 -E-nc.PDP.ELnBDA.F, JD1MF,PERTRB, 1 ERROR, WWO) 641 IFIIERro.t.NCO) WR1TE(G9,241> 1ERR0R 642 DO 103 K=l,IPP 643 103 C!'(O=FPPtK)-F(MR0+t,KP+K-1 > 644 COLL S0L(!PP,25,CC,CX,IPIV) 545 Dr 113 J=l ,NM 646 DO 113 [=1,MR0+1 647 113 Fil,J)=0. 648 DO 104 K=l,IPP 640 104 FMROM.KP+K-t )=FPPCK)+CX(K> 650 212 CALL PWSCYUINTL,ROA,ROB,MRO,MBDCNDO,BDAO,BDBO,ROC,SS,N,NBDCNDO, 651 "BOO.BDD.ELMDDA.F,IDIMF,PERTRB,IERROR,WW0) 652 IF(IERROR.NE.O) WRITEC53,2d1 ) I ERROR 653 213 DO 21S» JM.N+1 654 FS1(J)=FS0(J> 655 F31(J>=FS1(J)+0.5»(F(1,J1-FS1(J)) 550 £19 FSO(J)=F(1.J) 657 IFiXIN-1.0) 220,217,220 658 C 
65£ C CALCULATE PRES5JRF. FIELD IN INNER FLUID 
660 0 
661 217 DO 105 Js1 ,N*1 
662 DO 105 181,1111+1 663 105 F(],J1=0. 664 CALL PWSCYLCJNTL,RIA,R]B,MRI,MBnCND],&DAl,BDBI,ROC,SS,N, 6G5 *N!U>CNDl , BDC, BDD, ELMC1DA, F , ! D IMF . PERTRB , 1ERR0R,WW0> C6* IFt lEnFiOn.NE.O) WRlTEfSS, 24) > JERROR 607 DO 215 J=l,N + 1 660 F£2(J)=FSMJ) 060 FS2(J>=FS2(J)+0.5*(F(MRH-1,J)-FS2(J>> 670 215 FSi<J)*F(tVtlH, J) 671 220 DC- 270 J = 1,N+1 672 FS(J)=FS1(J)*FS2 C J) 673 270 FSS< J)=FSO<J>+FSI U ) 674 C 
676 C CALCULATE PHI FROM EQ.(13) AND THE AVERAGE OF PHI OVER 670 0 THE SlIFLI. LENGTH, PHIAVG. THE RUNNING AVERAGE OF PHIAVG, PHIRUNS, 
67/ C !S A'-SU CALCULATED. 670 C 679 PH.SU!1=0. 
66'' XK'liR. 
C6. XK1=W^AA/(WF*S1GMA) 6Bi> CUlSUh-O. Ce'J DO 271 1=2,N OE I AOCA=AESFCAnCC1)> 
€&•-• 271 CUT*jU!1 = nUTfiUM--ACCA 66f CUlOr :-0.33'CJTSUM/tXN-1 .0) 66/ DO 2(3 f=3,N 68f ACCA=AE.SF(ACC( 1 )) 683 IF(ACCA-CUTOF) 213.213,214 
esc 214 P H : ( I ) = - ; ; K I * F S S U + I ) / A C C ( J> 
S9? f>H.'SUM*PHI SUM + PHi (I ) 
69U XNN-XNN+1-0 69.1 213 CONTINUE 691 IF(XNN-l.O) 26,216,216 6?*5 2J6 JFtPHISUM) 26,228,228 
690 223 PHIAVG-PHISUM/XNN 697 PKIAVS=PHIAVS+PH1AVG 698 PHIRUM£=PH1AVS/IT 
699 C 
70 ft C 
701 C IF PRINTING IS REQUESTED IT IS DONE NOW AND STORED IN FILE OUTPT. 702 C 703 704 705 C 70S C INCREMENTING 707 " 70S 709 710 _ 711 C CHECK TO SEE IF THE NEXT SPECIFIED PRESSURE OR LOAD NEEDS 712 C TO BE READ. IF IT DOES IT IS READ IN HERE. 
714 843 1F(TEE-TLIM1T> 64,84,999 715 84 IF(TEE-ETAU) 821,821,82 
716 82 DO B3 J=l yMQU 717 EXLtJ)sEXU(J) 
718 83 QL<J>=QUCJ) 
719 MOL=MQU 
720 ETAL =ETAU 
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721 IFOMEGA.EQ.O. ) 6 3 1 , 6 2 5 
722 831 INPUT DMA I N P 3 , 2 , 0 
7L.: 62"- IFCTEE-ETAUL) 6 5 , 6 5 , 8 2 2 
72-1 821 I . iTEE-ETAUL) 69>69 ,822 
72L> 62£ D J C23 J = l . I PP 
72G 623 r n J>=FP'J) 
727 £TALL=ETAUL 
728 IFfOflEGAL.EQ.O. ) 0 2 4 , 6 5 
72-5 824 INPU1" DATA I N P 6 , 2 , 0 730 SO TO 65 731 9S7 FORMATC1X,"BECAUSE OF STORAGE LIMITATIONS (TT1) THIS PROGRAM ONLY 732 1R-JNS IF N 18 LESS THAN 301") 733 99S W3JTE (3.997) 73^ C 
73f C PRODUCE A PLOT FILE CALLED DXSHELVBXX. 736 C 737 993 DO 950 1=1,3 730 DO 950 J=l,4 73S DO 930 K=t,NP 740 930 2L(K)=ZP(J,I,K) 741 JFfJ.EQ.1) 931,932 742 93! ALAE-.H-f 24) = I OHU 74S CT; TO 940 
!••• 9?2 1FCJ.EC 21 933,934 74'. 9"-l< A..Ar :i.(24)s10HV 7 56 GO l.,i 940 747 931 IFCJ.EO.3) 935,-136 74/ 9'".. A: A:."1.- ?4) = 10!-'W 74s"' G. -\ij 9*0 73.. ii.r. irt.i EO.^J 937,940 
73, 9./ A'/- L(,?*,) = 10H/)-XI 7J'- :• 'i l-ii.£o.l> S*tl,i!42 7STi <1 I A! ."-- 1*1.(30) = 1 "IHOUARTER 
7 5*". a.-** : <| EO.E) 9^3,944 750 £>-•.• /'i," :'.I30) = 10HH.'«LF "*s; r • o 9'5o V*~0 9-': ! ! F( I EG. r* ' 9;!*>,950 
75'. 0.:- ,-•* n--X( 301 = 1 OHTHRFE OTRS 
76.i 9̂ ,0 fi.'i.;. rPLCnTd.O.liNP.ZL.TTI) 76 i A.-.'-rLf?^ =JPHACC 
7l3k A: . , : ' { *L(30 "10HKALF 
7G*i CV..L FPLO.T ( 1 , 0 , 1 .NP.ACOP.TM) 
7K-i ALAPELTE. i = lOftPHlAVG 
">•?.: /'l.^ELf & n-lOH 
?<;r» ' • .LL F:-T. , T 11,0, I , N P , P H I A V G P , TM> 
' /O/ CALL EKIT i i ) 

774 C SURGUT I NFS USED BY SHELVIB 775 C 776 C">ii"^Kn.»'Jriirii!»*iur«i;ut»*iii«i;»***«*iu!iiiiin*i«»n I„, 777 C 
77B C 
779 C 
76ft r. MARO--CALCULATES A,B,C,H,HJ MATRICES 
761 SUBROUTINE MABC 
782 USE DN-.COM 
783 C T IS K MATRIX 784 TCI,1)-1.0/(1.0-GNU**2) 785 Tf1,2)-0.0 766 T(l,3)=0.0 787 T(l'4>=0.0 
786 T<2,1)=0.0 769 T<2,2)=0.5«(1.0+ELS/16.0)/(1.O+GNUJ 790 T(2,9)=ELS«XEN/(8.0»(1.O+GNU)) 791 T<2,4)=0.0 792 T<3,1)s0.0 7S3 T<3,2i=T(2 13> 794 TC3,3>=XEN»XEN«ELS/C6.0*(1.O+GNU)) 79*> T<3 4)=ELS 7G5 T(4,D=0.0 
797 TC4,2>=0,0 796 T(4,3)=-T(l,1)/l2.0 799 TU,4> = 0.0 600 C Tl IS F MATRIX 801 Tl{1,1)=0.0 
602 Tl(1,2)*(XEN/2.0)*(1.0/(1,O-GNU)-ELS/(16.0*(1.O+GNU))) 603 Tl t1,3)=GNU»T(1,l)-T(r,l3)/4.0 804 T1t1,4)=0.0 
60y T?'2,1)=-T1(1,2) 
606 Tl (2,2)=', " 807 Tl(2,3)=0.0 600 Tt<2,4>*0.0 
609 Tt(3,1)=-Tl(1 ( 610 T?<3,2>=0.0 611 Tt(3,3)=0.0 
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812 T 1 ( 3 , 4 1 = 0 . 0 
813 T 1 ( 4 , 1 ) = 0 . 0 
814 T K 4 , 2 1 = 0 . 0 
815 T 1 I 4 , 3 ) = 0 , 0 
616 T 1 ( 4 , 4 > = 0 . 0 
817 C CALCULATE A MATRIX 
818 CALL SCA(2.0/ , DELTA,T,P1 ) 
819 CALL ADDCP1,T1,A) 
820 C CALCULATE C MATRIX 
821 CALL SCAC-1 .0 .T1 ,T1 ) 822 CALL AD0CT1,P1,C) 
823 C CALCULATION OF Tl = EE MATRIX 824 Tl(l.l) = -XEN«XEN»(1.0+ELS/48.0)/<2,0*(1.O+GNU))-6.0/EPS**2 825 1-CCDP)*<3.0/EPS) 626 TU1,2)=0,0 627 T1(1,3)so.O 628 T1U,41=0.0 629 T1(2,1)=0.0 830 T1(2!2) = - XEN-XENxtTH,1J+ELS/12.0)-6.0/EPS**2 631 1-<CDP)*3.0/EPS 832 Tlt2,3) = -XEN*(T(1,1)+XEN>XEN*ELS/12.0) 833 TH2,4) = -GNU«ELS*XEN 
834 TH3,1)=0.0 835 Tl<3,2>=T1(2,3) 836 Tl13,3)=-T(1,1 ) -ELS* (XEN«*4)/1 2. 0-6.0/EPS"2 837 1-(CDP)*3.0/EPS 838 T1(3,4)=-XEN«XEN*ELS«GNU 839 T K 4 , 1 )=>0. 0 840 TlC4 12)=GNU*T(1,1)»XEN/12.0 641 Tl(4.3)=XEN»XEN«GNU»TC1,11/12.0 
842 TH4,4) = -1 .0 843 C CALCULATE B MATRIX 
844 CALL SCA(-2.0,P1,T) 845 CALL SCA(2.0«DELTA,T1,P1) 846 CALL ADD(T.Pl.B) 647 C CALCULATION OF H AND HJ <V*' HC 1 , 1 > = 1 .0/< 1 .0-©NU»(?NU> 849 H<1,2)=0.0 850 H(l,3)=0.0 
851 HU.4)=0.0 
852 Ht2,l)=0.0 
653 H':2J2> = (1.0+3.0*ELS/16.0)/(2.0*(1 .O+GNU)> 854 H<:S,3)=ELS*XEN/(6.0=t 1 .O+GNU)) 855 H(S,4)=0.0 856 H(3J):0.0 857 HC3,2)=H(2,3) 658 H(a,3)=XEN*XEN*ELS/(6.0*(1.O+GNU)) 859 H!3.4)=EL5 860 HC4,1)=0.0 
861 H<:4,2)=0.0 862 H;4,3)=-1.0 
863 H:4,4>=0.0 864 HJ< f,1)=0.0 665 HJM,2)=GNU*XEN*H(1,1) 866 H J M ,3>=GNU*H<1, 1 ) 867 HJ<1,41=0.0 868 HJ<1,41=0.0 860 HJ(2,11=XEN*C-1.O+ELS/16.01/(2.0*(1.O+GNU)1 670 HJ(2,2J=0.0 871 HJ(2,3)=0.0 872 HJ(2,4)=0.0 873 HJ(3,1)=XEN*H(2,3>/3.0 
874 HJ(3,21=0.0 875 HJ(3,31=0.0 876 HJ(3,4)=0.0 677 HJ(4,1)=0.0 678 HJ(4,2)=0.0 679 HJ(4,3)30,0 880 HJ<4,4)=0.0 661 812 RETURN 682 END 
883 C*K******>*KX*************KK***********KX*SX 
884 C STRS--WR1TES OUT THE PERTINENT QUANTITIES: 865 SUBROUTINE STRS 866 USE D1MCQM 887 C PRINT1NB Z 886 I PRINT=IPRINT+IPR1NO 869 IP=IP+1 890 TMUP)=TE£ 891 PHIAVGP(IP>=PHIAVG 892 212 FQRMAT(///20X,26HN0N-DIMENSI0NAL Z AT T1ME=E10.3,5H SECS) 893 WRITE (3,212) TEE 
894 213 F0RMAT(8H STATION,2X.6HS ( IN ) ,7X ,1HU,12X,1HV.12X ,1HW,10X, 
895 14HM-XI.SX,MHHVD LOAD (PSI ) ,4X,3HACC,8X,9HPHI ( I N . ) / ) 
696 WRITE ( 3 , 2 1 S ) 
897 214 F0RMAT(3X,1H0,7X,4H0.00.4E13.3) 
898 WRITE (3,&14) *'Z0( I ) , I = 1, 4) 699 DO 220 J=INTER,M, INTER 900 XIaj 
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901 IF(XI.EQ.N14) £30,231 902 231 IFCXI.EO.N24) 232,233 903 233 IFIXI.E0.N34) 231,216 
904 230 DO 235 1=1,4 905 235 ZP(I,1,1P)=Z(I,N14) 906 00 TO 216 907 232 DO 236 1=1,4 906 236 ZP[I,2,IP)=Z(I,N24> 909 ACCP(IP)=ACC(N24) 910 GO TO 216 911 234 DO 237 1=1,4 912 237 ZPU.3, IP)=Z(I.N34) 913 216 ESS=XIXDELTAxAA 914 215 FORMAT!I4.F11.2.7E13.3) 
915 220 WRITE (3,215) J, =I5S, (ZI! , J) , I =1, 4) ,FSS(J*1 > ,ACC(J> , PHI (J) 916 217 FORMAT(/'/10X,"AVERA0E PHI FOR THIS TIME STEP* ",E13.3,5X, 917 T'RUNNING AVERAGE OF PHI = ",E13.3> 918 WRITE (3,217) PHIAV6',PHIRUNS 919 615 RETURN 920 END 
921 C X K X X X X X X X Z X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 922 C SCA--MULTIPLY SCALAR SC TIMES A = B 923 SUBROUTINE SCA(SC,A,B) 924 DIMENSION A(4,4),6(4,4) 925 DO 25 1=1,4 9KB DO 25 J=1,4 
927 25 Bil.J) = SCxA(I.J) 
928 BIO RETURN 929 END 9C'0 Cxxxxxx»»«xxxxxxxx«xxxxxxxxxxxxxxxxxxxxxxxxxxxxxx 931 C AB--MATRIX MULTIPLY A TIMES B = C 932 SUBROUTINE AB(A.B.C) 933 DIMENSION A(4,4),6(4,4),C(4, 4) 934 DO 11 1=1,4 935 DO 11 J=1,4 936 Cil.J) =0.0 
937 DO 11 K=1,4 
933 11 C!I,J>= C(1,J) * A(I,K)xB(K,J) 
939 RETURN 940 END 941 SUBROUTINE ADD(A,B,C) 942 DIMENSION A(4,4),B<4, 4),C(4, 4) 943 00 12 1=1,4 944 DO 12 .1=1.4 945 12 Cil,J)=A(1,J)*B(1,J) 946 609 RETURN 947 END 948 Cx«x«x»»irxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx 949 C AX--MATRIX MULTIPLY A(4.4> TIMES X(4> = Y(4) 950 SUBROUTINE AX(A,X,Y) 
951 DIMENSION AI4,4),X(4),Y!4) 
952 DO 10 1=1,4 953 Y(I)= 0.0 954 00 10 Jcl.4 955 10 YCI)= Y d ) + A(I,J)«X(J) 956 800 RETURN 957 END 
9 5 6 C X K X X X X X X X K X X K X K X X X X X X X X X X X X K X X X X X X X X X X X X K X X K X X X X 959 C AD--MATR1X ADD X(4) »Y(4) =Z(4> 
960 SUBROUTINE AD(X,Y,Z) 961 DIMENSION X(4),Y(4),Z<4) 
962 DO 9 1=1,4 963 9 Z(I)=X(I) *Y(I> 964 601 RETURN 965 END 966 CxxXXXXXXXXXXX^xXXXXXXXXXXXXXXXXXXxXXXXXXXXXXXXXX 
967 C PO--CHANSE Ptl.J.K) TO Q(I,J) 966 SUBROUTINE PO(P,K,0> 969 DIMENSION P(4,4,500) ,0(4, 4) 970 DO 27 1= 1,4 
971 DO 27 J« 1,4 972 27 0(1,J)=P(I,J,K) 973 803 RETURN 974 END 
975 CXKXXXXXXXXXXX*X««tWXXXxXKXXXXXXXXX«X«XXX«X«*X«XX 
976 0 QP--CHANGE 0(1,J) TO PII.J.K) 977 SUBROUTINE QP(Q,K,P> 978 DIMENSION P(4,4,500),Q(4,4> 979 DO 26 1 = 1 , 4 980 DO 28 J'1.4 981 28 P(I,J,K)xQ(I,J) 982 004 RETURN 983 END 
984 Cxxxxxxxxxxxxx**xxxxxxxxxxMxxxKXKX»xx«xxxxaxxa*sx 
985 C ZX--CHANSE Z(I,K) TO XI I) 
986 SUBROUTINE ZX(Z.K.X) 967 DIMENSION Z(4,500),X(4) 980 00 30 1x1,4 989 30 X(l)' Z(I,K) 990 806 RETURN 991 END 
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992 C* l ,*>*>i*'*'*'> I** t >* l** >' f l**>*>***>i*)i**»*lil 993 C SCX--MULTIPLY SCALAR SO TIMES XC4) • Y(4) 994 SUBROUTINE SCX(SC,X,Y) 993 DIMENSION X(4),Y<4> 
996 DO 20 1=1,4 
997 26 Y d ) =S0«X(I) 996 802 RETURN 999 END 

1000 C * K * X X X « X X X = X X X X X X « X X X X X X X X X X X X X X X * X X X X X X X X » X X X X X 1001 0 XZ--CHANGE X(I) TO Z(I.K) 
1002 SUBROUTINE XZ(X,K,Z> 1000 DIMENSION Z(4,500),X(4) 1004 DO 29 1=1,4 1005 29 2(1,K) = X(l> 1006 60S RETURN 1007 END 
1 0 0 8 C * X * * * * " = X X X X K X X X X * X X X X X X X X X X X X X X K X X X X * X X X X X X X * X X X X X X X X X X X X X X X X X X 
1009 C L1NV1F--MATRIX INVERSION OF AtN.IA) TO AINV(N.IA) 
1010 C REFi "THE IMSL LIBRARY,VOL.1", INTER. MATH. AND 1011 C STATISTICAL LIBRARIES,INC. IMSL LIB3-002, tOEC 1972) 1012 SUBROUTINE LINVIF (A,N,IA,AINV,IDGT) 1013 DIMENSION A(4.1),A1NV(4,1).WKAREA(4) 1014 DATA ZERO/0.0/,ONE/1.0/ 1015 IER=0 
1016 DO 10 1=1.N 1017 DO 5 J«1.N 1018 AINV(I,J) = ZERO 1019 5 CONTINUE 1020 AINVCI,I) = ONE 1021 10 CONTINUE 1022 CALL LEQT1F (A,N.N,1 A,AINV,IDGT, WKAREA, 1ER) 1023 IF (IER .EO. 0) SO TO 9005 1024 9000 CONTINUE 1025 CALL UERTST fIER,6HL1NV1F) 1026 9005 RETURN 
1027 END 
1020 SUBROUTINE LEQT1F (A.M.N,IA.B.IOBT,WKAREA,IER) 
1026 DIMENSION A(IA,1),B<I A.I),WKAREA11) 
1030 C INITIALIZE IER 
1031 IER=0 1032 C DECOMPOSE A 1033 CALL LUDATF (A,A,N.IA.10GT.D1,02,WKAREA,WKAREA,WA,IER) )034 IF C1ER .GT. 128) GO TO 9000 
1035 C CALL ROUTINE LUELMF (FORWARD AND 1036 C BACKWARD SUBSTITUTIONS) 1037 DO 10 J=1,M 
1038 CALL LUELMF (A,B(1,J),WKAREA,N,IA,B(1,J)) 103S 10 CCNTINUE 
1040 IF (IER ,E0. 0) GO TO 9005 
1041 9000 CONTINUE 
1042 CALL UERTST (IER,6HLEQT1F) 10/0 9005 RETURN 1044 END 
1045 SUBROUTINE LUDATF (A,LU,N,IA, IDGT.D1.D2,IPVT,E0U1L.WA,1ER) 
1040 DIMENSION A(1 A,1),LU(IA,I),lPVT11),EOUIL(1) 
1047 REAL LU 1048 DATA 1049 C 1050 1ER = 0 1051 RN = N 1052 WREL = ZERO 1053 Dl = ONE 1054 D2 = ZERO 1055 B1GA " ZERO 1056 DO 10 1 = 1 .N 1057 BIG = ZERO 1056 00 5 J=1,N 1059 P = A(I,J> 1060 LU(l,J) = P 1061 P = ABS(P) 1062 IF (P ,GT, BIO) BIG = P 1063 5 CONTINUE 1064 IF (BIG .GT. BIGA) BIDA > BIG 1065 IF (BIG ,EQ. ZERO) GO TO 110 1066 EOUIL(I) = ONE/BIG 1067 10 CONTINUE 1060 DO 105 J"1,N 1069 JM1 = J-l 1070 IF (JM1 .LT. 1) GO TO 40 1071 C COMPUTE U(I,J), I-1.....J-1 1072 DO 35 1=1,JM1 1073 SUM = LU(I,J) 1074 IM1 = 1-1 1075 IF (IDGT ,EQ. 1076 C 1077 Al x ABS(SUM) ,L."3 Wl x ZERO 1079 IF (IMI .LT. 1) GO TO 20 10C0 DO 15 K M , IMI 
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081 T • LUCI,K>«LU<K,J) 082 SUM = SUM-T 083 Wl • WI'ABSIT) 084 15 CONTINUE 085 LUC I,J) = SUM 086 20 Wl <= WHABS(SUM) 087 IF (Al .EO. ZERO) Al = B1GA 088 TEST = WI/AI 089 IF (TEST .GT. WREL) WREL = TEST 090 00 TO 35 091 0 WITHOUT ACCURACY 092 25 IF CIM1 .LT. 1) 00 TO 35 093 DO 30 K-l,IM1 094 SUM = 5UM-LU(!,K)«LU(K,J> 095 30 CONTINUE ' 095 L U U , J) = SUM 097 35 CONTINUE 098 40 P - ZERO 
1099 C COMPUTE U(J ,J> AND L ( t , J l , I - J t t 
MOO DO 70 I s J . N 1101 SUM = LUC I,J) 1102 IF (IDOT .EO. 0) BO TO 85 1103 C WITH ACCURACY TEST 1104 Al = ABSCSUM) 1105 Wl = ZERO 1106 IF IJM1 .LT. 1) GO TO 50 1107 DO 45 K=1,JM1 1108 T = LU(I,K!»LU(K,J> 1109 SUM = SUM-T 1110 Wl = WI'ABS(T) 1111 45 CONTINUE 1112 LUII,J) = SUM 1113 50 Wl = WI+ABSCSUM) 1114 IF (Al ,E0. ZERO) Al = BIOA 1115 TEST = WI/AI 1116 IF (TEST .OT. WREL) WREL = TEST 1117 00 TO 65 1118 C 1119 55 IF (JM1 .LT. . 1120 DO 60 K=l.JM1 1121 SUM • SUM-LU(I,K)«LUCK, J) 1122 60 C0NT1NJE 1123 LUU.J) = SUM 1124 G5 O = EOUILd)»ABS(SUM) 1125 1F (P .GE. 0) GO TO 70 1126 P = 0 1127 IMAX c I 1128 70 CONTINUE 
1129 0 TEST FOR ALGORITHMIC SINGULARITY 
1130 IF (RN»P .EO. RN) GO TO 110 
1131 IF (J .EQ. IMAX) 00 TO 80 
'!3S c „ INTERCHANSE ROWS J AND IMAX 
1133 Dl = -D1 1134 DO 75 K=1,N 1135 P = LU(IMAX.K) 1136 LUtlMAX.K) = LUIJ.K) 1137 LUIJ.K) = P 1138 75 CONTINUE 1139 EOUIL(IMAX) = EQUIL(J) •140 80 IPVTIJ) • IMAX 141 Dl " D1»LU(J,J> 142 85 IF (ABSCD1) !LE ONE) 00 TO 90 143 01 = D1«^IXTH 144 D2 = D2*F0UR .145 GO TO 85 1146 90 IF (ABSCD1) .GE. SIXTH) 00 TO 95 1147 Dl = SlasiXTN -146 02 - 02-FOUR 149 00 TO 90 150 95 CONTINUE 161 JP1 = Jtl 
152 IF (JP1 .OT. N) GO TO 108 
1B3 C DIVIDE BY PIVOT ELEMENT U(J,J) 
.154 P » LU(J,J) 1155 DO 100 |£jP1,N 1156 LU(I.J) = LUM.J)/P 1157 100 CONTINUE 1158 105 CONTINUE 1159 C PERFORM ACCURACY TEST 1160 IF (IOGT .EO. 0) 00 TO 9005 1161 P • 3«N»3 1162 WA * P'WREL 1163 IF (WA«10.0««(-ID0T) .NE. WA) 00 TO 9005 1 164 IER E 34 
1165 00 TO 9000 1166 C ALGORITHMIC SINGULARITY 1167 110 IER > 129 1166 01 • ZERO -123-



1169 02 = ZERO 1170 9000 CONTINUE 1171 C PRINT ERROR 1172 CALL UERTST(IER,6HLUDATF) 1173 9005 RETURN 1174 END 1175 SUBROUTINE LUELMF (A,B,1PVT.N,1A.X) 1176 DIMENSION A<IA,1),BC1),1PVT<1),X(1) 1177 C SOLVE LY = B FOR Y 1176 DO 5 hl.N 1179 5 XII) = B( I ) 1180 1W = 0 181 DO 20 1-1.N 182 IP = IPVT(I) 163 SUM = XCIP) 184 XIIP) = X(l > 185 IF (1W .EO. 01 GO TO 15 186 I Ml •= 1-1 187 DO 10 J=1W,IMI 188 SUM = SUM-ACI,J)*X(J) 169 ID CONTINUE 190 80 TO 20 191 15 IF (SUM .NE. 0.> IW = I 192 20 XiII = SUM 193 C SOLVE UX • Y FOR X 194 DO 30 IB=1,N 195 I = N*1-IB 196 IP1 = 1*1 197 SUM = XIII 1198 IF (IP1 .GT. N) GO TO 30 1199 DO 25 J=IP1,N 
120fl SUM = SUM-A< I , J ) « X ( J ) 1201 25 CONTINUE 1202 30X11) 2 SUM/AIM > 1203 RETURN 1204 END 1205 SUBROUTINE UERTST (IER.NAME) 1206 DIMENSION ITYPI2.4),1BIT(4) 1207 INTEGER WARN,WARF,TERM,PRINTR 1206 EQUIVALENCE (IBIT(1).WARN),(IB1T(2),WARF),IIB1Tt3),TERM) 1209 DATA ITYP /10HWARN1NB , 10H 1210 > 10HWARNINGCWI,10HTH FIX) 1211 « 10HTERMINAL ,10H 1212 • 10HN0N-DEFINE,10HD /, 1213 * IBIT / 32,64,128.0/ 1214 C PRINTR CONTROLS THE OUTPUT UNIT FOR ERROR 1215 C MESSAGES FROM UERTST. FOLLOWING WAS IN ORIGINAL. 1216 C DATA PRINTR/6L0UTPUT/ 1217 C THE FOLLOWING IS COMPATIBLE WITH "PRINT" STATEMENT 1218 C DATA PRINTR/61/ 1219 C USE THE FOLLOWING FOR TELETYPE OUTPUT. 1220 DATA PRINTR/59/ 1221 C USE THE FOLLOWING FOR STANDARO LLL UNIT 3. 1222 C DATA PRINTR/ 3/ 1223 C 1224 IER2=IER 1225 1F <IER2 .GE. WARN) GO TO 5 1226 C NON-DEFINED 
\Z.'l: IER1»4 1228 GO TO 20 1229 5 IF (IER2 .LT. TERM) GO TO 10 1230 C TERMINAL 1231 IER1=3 1232 GO TO 20 1233 10 IF (IER2 .LT. WARF) GO TO 15 1234 C WARNINGIWITH FIX) 1235 IER1=2 1236 GO TO 20 1237 C WARNING 1238 15 IER1=1 1239 C EXTRACT *N« 1240 20 IER2-IER2-1BITC1ER1) 1241 C PRINT ERROR MESSAGE 1242 WRITE (PRINTR,25) (ITYP(I,IER1),I=1,2).NAME,IER2,1ER 1243 25 FORMAT(26H »«• I M S L(UERTST) ill ,2A10,4X,A6,4X,12, 1244 1 8H (IER - , I3.1H)) 1245 RETURN 246 END 247 C*1'*****************11*******11****11**11*11*'1************************* 246 C FPLOTT--PLOTTING SUBROUTINE 249 SUBROUTINE FPLOTT (1FR,IPL,IMAP,NTOT,ARAY.XP) 250 C 251 C FPLOTT WILL CREATE A DD80 PLOTT FILE IN 252 C WHICH NTOT POINTS OF ARAY ARE 253 C PLOTTED VS. XP WITH LABELS 254 C ALABEL(I)-ALABELOO) 255 C ALABELU2,15,16, 21) MAY BE NUMERIC 256 C El5.6 FORMAT OR BLANK A10 FORMAT 257 C THE REMAINING LABELS ARE ALL A10 FORMAT 
• 2 5 6 r 1259 1260 i 
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1261 1262 1263 1264 1265 
1266 . 1267 C IPL=0 TRACE A SIMPLE LINE 1268 C IPL=1HA.1HB,1HC,1HD,1 HE 1269 C TRACE LINE WITH LETTER IDENTIFIER 1270 C 1271 C CALLING PROGRAM MUST CONTAIN COMMON 1272 C BLOCKS BLK AND OOPLOT AS WELL AS CALLS 1273 C TO CRTID, KEEP80 AND PLOTE 1274 C 1275 DIMENSION ARAY(1),XPU> 1276 BLANK=10H 
1277 USE DIMCOM 1276 M1=0 1279 M2=0 1260 YMAX=0. 1261 NT=NT0T-1 1262 If-(IFR.EQ.O) GO TO 1 1253 GO TO (2,4).IFR 1264 1 WR1TEC59,10) IPL0T(1210) 128IJ 2 CALL FRAME 1286 IFCYMAX.EG.O.) CALL AMINMXtARAY,1,NTOT,I,YMIN,YMAX.M1,M2) 1207 SCALE»YMAX-YMIN 1266 YMIN=YMIN-.05"ABSF(SCALE) 1269 YMAX=YMAX+.13»ABSF(SCALE) 1290 XMIN=XP(1) 1201 XMAX=XP(NT) 1292 IF( I MAP.EQ.1> CALL MAPG(XMIN,XMAX,YM1N,YMAX, .11328, .99, .11326, .96) 1293 IFCIMAP.NE.1) CALL MAPS<XMIN.XMAX,YMIN,YMAX,.11326,.99,.11328,.98) 1294 CALL S<-TCH(14. ,41 .,1,0. 1,0,0) 1295 WRITE(I 00,6) (ALABEL(L),L=l,3) 1296 CALL SETCHM4. ,40. ,1,0. 1,0,0) 1297 WRITE!100,6) (ALABEL(L),L=4,6) 1298 CALL SETCHM4. ,39. .1,0. 1,0,6) 1299 WRITE(100,6) (ALABELiL),L=7,9) 
1300 CALL SETCH (45.,41..1,0,1,0,0) 1301 1F(ALABEL(12).EQ.BLANK) WRITE(100,6) 
1302 IF(ALABEL(12).NE.BLANK) WRITE(100,7) 1303 CALL SETCH ( 45 . , 40 . , 1 , 0, t , 0, 0 ) 1304 IF(ALAF.EL( 15) . EO. BLANK) WRITE(100,6) 1305 IF(ALAE'.EL< 15) . NE . BLANK) WRITE(100,7) 1306 CALL SETCH (45..39.,1,0,1,0,0) 1307 IF(ALABEL(18).EO.BLANK) WR1TE(100,6) 
1308 IF(ALABEL(18).NE.BLANK) WR1TE(100,7) 
1309 CALL SETCH(45.,38,,1,0.1,0.0) 1310 ir(ALABEL(21).E0.BLANK) WR1TE(100,6) 1311 IF(ALAE.i:L(21 ) .NE.BLANK) WRITEM00.7) 
1312 CALL SETCHOO. , 2., 1,0,2,0 0) 1313 WRITE(100,9) <ALABELCL),L=22,23) 1314 CALL SETCH<2. ,30. ,1,0,2, 1,0) 
1315 WRITE(100,9) ( A L A B E L ( L ) , L = 2 4 , 2 5 ) 
1316 CALL S E T C H ( 1 4 . . 4 1 . , 1 , 0 , 2 , 0 , 0 ) 1317 WRITE<100,5) (ALABEL(L),L=26,30) 1316 4 CALL SETCRT (XPM >, ARAY( 1), 1, 0> 1319 IFUPL.EQ.1HA) CALL TRACEC<1HA,XP,ARAY,NT,1,1) 1320 IF<IPL.EQ.1HB) CALL TRACEC(1HB.XP,ARAY, NT, 1, 1) 
1321 lF(IPL.EQ.IHC) CALL TRACEC(1HC,XP,ARAY,NT,1,1) 1322 IF(IPL.EQ.tHD) CALL TRACEC(1HD,XP,ARAY,NT,1,1) 
1323 IFUPL.EQ. 1HE) CALL TRACECC 1HE.XP, ARAY. NT, 1 , I) 
1324 IF(IPL.EO.O) CALL TRACE <XP,ARAY,NT,1,1> 1325 5 F0RMAT(5A10) 1326 6 FORMAT (3A10) 1327 7 FORMAT (2A10,E15.6) 1328 9 F0RMAT(2A10> 1329 10 FORMATC-DD60 FILENAME IS "A10) 1330 6 RETURN 1331 END 1332 C * K * * * » *********** ft************************)***************** 
1333 C PWSCYL--P01SS0N SOLVER IN CYLINDRICAL COORDINATES 1334 C REF: SWATZRAUBER AND SWEET,"EFFICIENT FORTRAN SUBPROGRAM 1335 C FOR THE SOLUTION OF ELLIPTIC PARTIAL DIFFERENTIAL 1336 C EQUATIONS", NCAR-TN-1A-109, (JULY 1975) 1337 SUBROUTINE PWSCYL 11NTL,A,B.M,MBDCND,BDA.BDB,C,D,N,NBDCND,BDC, 1336 1 BDD,ELMBDA,F,1DlMF,PERTRB,lERROR.W) 1339 LCM (BDA),(BOB),(BDC),<BDD) 1340 OPTIMIZE 1341 DIMENSION F(IDIMF,1),BDA(1),BDB(1),BDC(1),BDD(1),W(1) 1342 C 1343 D CHECK FOR INVALID PARAMETERS. 1344 C 
1345 I ERROR • 0 1346 IF (A .LT. 0.) 1 ERROR • 1 
1347 IF (A .OE. B) IERROR • 2 
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13118 IF (MBDCND.LE.O .OR. MBDCND.GE.7) (ERROR * 3 1349 IF (C .GE. D> 1ERROR * 4 1350 IF <NCHECK(N).GT.1 .OR. N.LE.2) IERROR = 5 1351 IF (NBDCND.LE.-1 .OR. NBDCND.GE.5) iERROR s 6 1352 IF CA.EQ.O. .AND. (MBDCND. EQ. 3 .OR. HBDCND.EQ.4)) I ERROR 1353 IF (A.GT.O. .AND. MBDCND.GE.5) IERROR a S 1354 IF (A.EQ.O. .AND. ELMBDA.NE.O. -AND, MBDCND.GE.5) IERROR 1355 IF UDIMF .LT. M+1) IERROR = 10 1356 IF ([ERROR .NE. 0) RETURN 1357 MP1 = M+1 1358 DELTAR » <B-A)/FLOATCM) 1359 DLRBY2 = DELTAR/2. 1360 DLRSO = DELTAR""2 136) NP1 = N+l 1362 DELTHT = (D-C1/FL0ATCN) 1363 DLTHSO = DELTHT»»2 1364 NP = NBDCND+1 1365 C 1366 C DEFINE RANGE OF INDICES 1 AND J FOR UNKNOWNS UC1.J). 1367 C 1368 MSTART = 2 1369 MSTOP = tt 1370 GO TO < 20. 15, 10, 5, 5, 10),KBDCND 1371 5 MSTART = 1 1372 GO TO EO 1373 10 MSTART = 1 1374 15 MSTOP = MP1 1375 20 MUNK = MSTOP-MSTART-H 1376 NSTART = 1 1377 NSTOP = N 1378 GO TO < 40, 25. 30. 35, 40),NP 1379 25 NSTART = 2 1380 G6 TO 40 1381 30 NSTART = 2 1382 35 NSTOP = NP1 1383 40 NUNK = NSTOP-NSTART+1 1364 C 1365 C DEFINE A,B,C COEFFICIENTS IN W-ARRAY. 13S6 C 1387 1D1 = 6«NUNK*5«MUNK 1388 ID2 = ID1+MUNK 1389 !D3 = ID2+MUW 1390 IL'4 = ID3+MUNK 13SI IDS = ID1-5*MUNK 1393 ID6 = ID5+MUNK 1393 I START = 1 1394 AI = 2./DLRSO 
1395 I J = 0 
139C IF CMBD3ND.E0.3 
1397 IF (MCPCND .LE , 
13&a W C I D l + l I = 0 . 
1309 W'! I D 2 H ) = - 2 . * A l 1400 W<IDS*1> = 2.«A1 1401 1 START = 2 1402 IJ = 1 1403 45 DO 50 1=ISTART,MUNK 1404 R = A+FLOAT(!-IJ)«DELTAR 1405 J = ID5*i 1406 W(J) = R 1407 J = ID6+I U08 W(J) = 1 ./R"2 1409 J = ID1*1 1410 WCJ) = (R-DLRBY2)/(R»DLRSQ) 1411 J = ID3+1 •.'412 W(J) = CR*DLRBY2)/(R*DLRSQ) 1413 K - ID6+1 1414 J = 1D2*I 1415 W(J> = -A1+ELMBDA*WCK) 1416 50 CONTINUE 1417 GO TO ( 70, 55, 60, 65, 70, 60),MBDCND 1418 55 W<ID2) = Al 1419 GO TO 70 1420 60 WUD2) - A1 1421 65WUD3-H) - A1>FLSAT(ISTART) 1422 70 CONTINUE 1423 C 1424 C ENTER BOUNDARV DATA FOR R-BOUNDARIES. 1425 C 1426 GO TO < 75, 75, SB, 85, 95, S5>,MBDCND 1427 75 A1 = WIID1+1) 1426 DO 80 JsNSTART,NSTOP 1429 F(2,J> = F(2,J)-A1»FCI,J) 1430 BO CONTINUE 1431 GO TO 95 1432 85 Al = 2.»DELTAR«WUD1*1> 1433 DO 90 J=NSTART,NSTOP 1434 F(1,J] = F(I,J)*A1«BDACJ> 1435 90 CONTINUE 1436 SO GO TO (100,110,110,100,100,110) ,MBDCND 1437 100 A1 = W(ID4l 1436 DO 105 J=NSTART,NSTOP 1439 F(M,J) * FCM,J)-AI'FtMPI, J) 1440 105 CONTINUE 
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1441 SO TO 120 1442 110 A1 = 2.»DELTAR«U[I04) 1443 DO 115 J=NSTART,NSTOP 1444 FCMP1.J) = F(MP1, J)-A1«BDB(J) 1445 115 CONTINUE 1446 C 1447 C ENTER BOUNDARY DATA FOR Z-BOUNDARIES. 1448 C 1449 120 Al = 1,/DLTHSO 1450 L • I05-MSTART*! 
1451 LP = ID6-MSTART-H 1452 GOTO (170,125,125,135,135),NP 1453 125 DO 130 I=MSTART,MSTOP 1454 F1I.2) = F<I,2)-A1«FII,1> 1455 130 CONTINUE 1456 GO TO 145 
1457 135 A1 = 2./DELTHT 
1458 DO 140 !=MSTART,MSTOP 
1459 F ( I , 1 > * F ( l , 1 ) + A 1 » B D C ( I ) 
1460 140 CONTINUE 
14S1 145 A1 = l . /DLTHSO 1462 GOTO 1170,150,160,160,150).NP 1463 150 DO 155 1=MSTART,MSTOP 1464 FII.N) - F(l,N)-A1«F(l,NP1) 1465 155 CONTINUE 1466 GO TO 170 1467 160 Al = 2./DELTHT 1468 DO 165 l=MSTART,MSTOP 1469 F(I,NP1> = FCI,NP1)-A1*B00(1> 1470 161. CONTINUE 1471 170 CONTINUE 1472 f 1473 1 1474 I 1475 C 1476 PERTRB a O. 1477 IF (ELMBDA) 230,180,175 1478 175 I ERROR = 11 1479 GO TO 230 1480 180WUD5*!) = . 5«<W( 1 D5*2> -DLRBY2) 1481 GO TO (230,230, 190,230,230.185).MBDCND 1482 185U(1D5+1) = .5*W(1D5+1) 1483 190 00 TO (200,230,230,195,230),NP 1484 195 A2 = 2. 1485 GO TO 205 1466 200 A2 = 1. 1467 205 K = 1D5*MUNK 1468 W(K) » .5«(W(K.-1)*DLRBY2> 1469 S = 0. 
1490 DO 215 l=MSTART,MSTOP 
1491 S I = 0 . 1492 N5P1 = NSTARTH 1493 NSTM1 = NSTOP-1 1494 DO 210 J=NSP1.NSTM1 1495 SI = Sl+F(I, J) 1496 210 CONTINUE 1497 K * l*L 1498 S = S*(A2«S1*F(I,NSTART>*F(1,NST0P))«W!K) 1499 215 CONTINUE 1500 S2 = FL0AT(M)«A-K.75*FL0AT((M-1)»(M+1)))»DLRBY2 1501 IF CMBDCND .EQ. 3) S2 s S2*.25<DLRBY2 1502 SI • (2.*A2«FL0AT(NUNK-2>)»52 1503 PERTRB = S/S1 1504 00 225 I=M5TART,MSTOP 1505 DO 220 J=NSTART,NSTOP 1506 Fit.J) * F(I,J)-PERTRB 1507 220 CONTINUE 1S06 225 CONTINUE 1509 230 CONTINUE 1510 C 1511 C 1512 C 1513 C 1514 DO 240 l*MSTART,MSTOP 1515 K = 1-MSTART+l 1516 J o 1D1*K 1517 W(J) = W(J)«DLTHSO 1518 J « [D2+K 1519 W(J> ' W(J)*DLTHSQ 1620 J • ID3*K 1521 W(J) « WIJXDLTHSa 1522 DO 235 J«NSTART, NSTOP 
1523 F C I . J I • F<I ,J )«0LTHSO 
1B24 235 CONTINUE 1525 240 CONTINUE 1526 NPEROD = NBDCND 1527 IF (NPEROD .NE. 4> 00 TO 2B0 1526 C 
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1529 1530 1531 1532 1533 1534 1535 1536 1537 I53S 1539 1540 1541 1542 1543 
1544 I 
1545 I 1546 I 1547 1549 1549 1550 1551 1552 1553 1554 1555 1556 1557 1558 1559 
1560 C 
1561 C 1562 ( 1563 ( 1564 C 
1565 ( 1566 1567 1566 1569 1670 1571 1572 1573 1574 1575 1576 1577 1578 1579 1580 1581 1582 1563 1584 1565 1586 15B7 1588 1589 1590 1591 1592 1593 1594 1595 1596 1597 1596 1599 1600 1601 1602 1603 1604 15D5 1606 1607 1609 1609 1610 1611 1612 1613 1614 1615 1616 1617 1616 1619 1620 

REVERSE COLUMNS SO THE DERIVATIVE SPECIFIED-SOLUTION SPECIFIED BOUNDARY CONDITIONS BECOME SOLUTION SPECIFIED-DERIVATIVE SPECIFIED 
NPEROD » 2 
IDE c I K "= N / 2 . . „ 

245 DO 255 J*1,K L = N+l-J DO 250 I=MSTART,MSTOP S = Ftl.L) F<I,L> = FII.JI F<I,J) • S 250 CONTINUE 255 CONTINUE „.„, ,„. 00 TO (260,260),ID5 
CALL PAIS TO SOLVE THE SYSTEM OF EQUATIONS. 

260 CALL POIS <INTL.NPEROD,NUNK,MBDCND,MUNK,W(ID1*1), WCID2*1), 1 WUD3+1), ID]MF,F(MSTART,NSTART>, IERR1 W> GO TO (270, 280, 230, 280, 265),NP 265 ID5 = £ GO TO T45 270 DO 275 I=MSTART,MSTOP F(I,NP1) = F(I,1) 275 CONTINUE 280 CONTINUE 
RETURN END FUNCTION NCHECK (N) OPTIMIZE 
THIS SUBPROB^A^ CHECKS THE FORM OF N. IF N = 2»*P, THEN NCHECK a 0. IF N = (2»*P)(3**0)(5«Q). THEN NCHECK • 1. OTHERWISE, NCHECK = 2. 

NP CO TO 5 10 IF (NP -NE. 
NCHECK = 0 RETURN 15 K = NP/3 IF (3»K .NE. NP) GO TO 
NP = K 
60 TO 15 

20 K = NP/5 
IF (5«K .1 NP 

1) GO TO 15 

NP) GO TO 25 
20 GO TO GO TO 25 IF (NP 

NCHECK = 1 RETURN 30 NCHECK = 2 RETURN END SUBROUTINE POIS (IFLG,NPEROD,N.MPEROD.M, A, B, C, IDIMY, Y,IERROR.W) OPTIMIZE EXTERNAL TRIO .TRIDP DIMENSION YUDIMY.l) 
DIMENSION W(l) ,B(1) ,A(1) ,C(1) 
! F R ( 8 R . L E ° 2) 1 ERROR c , = NCHECK(NPER0D-2*( (2*NPER0D)/3MN) F (N.LE.2 .OR. I.GT.l) IERROR = 2 IF (IDIMY .LT. M) 1ERR0R = 3 
IF (NPEROD.LT.O .OR. NPEROD.GT.3) I ERROR « A IF (IERROR .NE. 0) GO TO 25 IWDIM1 c 6*N*I 
'-"'•"- - IWDlMltM IWDIMSfM 1WDIM3+M IHDIM4*M DO 5 1*1,M 

A A(j> C(I) • -C(I ) K « IWDIM5+I-1 W(K> • -B<I)»2. I CONTINUE IF (MPEROD .EQJ_0)._Gp TO. 10 

WDIM2 WD IMS WDIM4 WDIM5 

CALL "POlSON (NPEROD, N,IFLG,M,A,W(IUD1M5). C, IDIMY,Y,W(1), 
I W(IWDlMli,W(IWDlM2),W(IWDIM6);wiIWDlM«),TRlD 15 GO TO 10 CALL POISON (NPEROD,N,IFLG,M.A,W(IUD1M51.C.IDIMY,Y,W(1), 1 W(IWDIMI),W(IWDIM2),W(IHDIM3),W(IWDIM4),TR|DP) 

15 DO 20 1=1,» A(I) = -AC 11 C(I) • -CCI> 20 CONTINUE 
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1621 25 RETURN 
11522 END 
1623 SUBROUTINE POISGN (NPEROD,N,1FLG.M,BA,BB,BC,IDIMQ.Q,TWOCBS.B,T,D, 1624 1 W,TRI) 1625 OPTIMIZE 1626 DIMENSION Q(ID1MQ,1> 1627 DIMENSION BA(11 ,BBI1) ,BC(1) , TWOCOS M > , 1626 1 B<1> ,T(1) ,D(I) ,U(1) 1629 IF (1FLG .NE. 0) 60 TO 5 1630 C 1631 C DO INITIALIZATION IF FIRST TIME THROUGH. 1632 C 1633 CALL POINIT (NPEROD,N,IEX2.IEX3,IEX5, N2PW.N2P3P,N2P3P5,KS3,KS5, 1634 1 NPSTOP, TWOCOS) 1635 5 MM1 = M-1 1636 CO 20 J=1.N 1637 DO 10 1«1,M 1638 Bill = -0(1,J> 1639 10 CONTINUE 1640 CALL TRI (1,1,1,M,MM1,BA,SB,BC,B,TWOCOS,0,W> 1641 DO IB I=I,H 1642 0(1.J) = BCI) 1643 15 CONTINUE 1644 20 CONTINUE 1645 NP • 1 
1646 C 1647 J START REDUCTION FOR POWERS OF TWO '648 C 1649 IF CIEX2 .EC 0) 00 TO 60 1650 L = IEX2 1651 IF (IEXJ-MEX5 .ME. 01 DO TO 25 1652 IF (NPEROD .EO. 1) L = L-l 1653 IF (L .EQ. 0) GO TO 190 1654 25 DO 55 KOUNT=1,L 1655 K. = NP 1656 NP = 2«NP 1657 K2 = NP-1 
1658 K3 = NP 
1659 K4 = 2«NP-1 1660 JSTART = NP 1661 IF (NPEROD .EO. 3) JSTART = 1 1662 DO 50 J=JSTART,N,NP 1663 JM1 = J-K 1664 JP1 = J*K 1665 IF (J .EO 
1666 IF (J .NE 
1667 JP1 » JM1 
1668 IF (NPEROD .EO. 0> JP1 = K 1669 30 DO 35 1=1.M 
1670 B I D = 6(1. JM1HQII, JP1 ) 1671 35 CONTINUE 
1672 CALL TRI (K.K2, 1 ,M,MM1 ,BA, BB.BCB, TWOCOS, D,W> 1673 DO 40 i-l,H 1674 T(I) = OCt,JJ+BCI) 1675 B(l > = T(I> 1676 40 CONTINUE 1677 CALL TRI (K3,K4,1,M,MMI,BA,BB,BC,B,TWOCOS,D,W1 1676 DO 45 1=1,M 1679 0(1,J) = T(Ii»2.«B<tl 1680 45 CONTINUE 
1661 SO CONTINUE 1662 55 CONTINUE 1663 C 1694 C START REDUCTION FOR POWERS OF THREE 1685 C 1686 60 IF (IEX3 .EO. 0) 30 TO 120 1687 L ' IEX3 1686 IF IIEXS .NE. 0) GO TO 65 
1689 IF (NPEROD .EO. 11 L = L-1 
1690 IF (L .EQ. 01 60 TO 190 1691 65 K.2 = NP-I 
1692 DO 115 K0UNT=1,L 1693 K - NP 
1694 NP = 3*NP 1695 K.1 = K2»l 1696 K.2 = K2»K 1697 K3 a K2*1 1696 K4 " K2+-NP 1699 JSTART = NP 1700 IF (NPEROD .EO. 3) JSTART = 1 
1701 DO 110 J=JSTART,N,NP 
1702 IF (J .NE. 1> GO TO 70 1703 JM1 = J«K 1704 JM2 = JM1+K 1705 GO TO 80 1706 70 JM1 s J-K 1707 JM2 = JM1-K 
1708 IF (J .NE. N) 80 TO 80 1709 IF (NPEROD .EO. 0) GO TO 78 
1710 JPI • JM1 
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1711 JP2 * JM2 17)2 B8 TO 85 1713 75 JP1 = K 1711 JP2 K JP1+K 1715 GO TO ©5 
1716 60 JP1 = J*K 1717 JP2 = JP1+K 1718 85 DO 90 l = l,M 1719 B C D = 2.»0CI 1J)*0(I JJM2)*QU,JP2> 1720 90 CONTINUE 1721 CALL TRI <K1,K2,1,M,MMI,BA,BB,BC,B,TWOCOS,0,W) 1722 DO 95 1 = 1,M 1723 T(I) = B(I)*0II,JM1)*0tl,JPl) 1724 B I D = T(I) 1725 95 CONTINUE _ 1726 CALL TRI (K1,K2,1,M,MM1,BA,BB,BC,B,TWOCOS,O.W) 1727 DO 100 1=1,M 1728 0<I,J) = 0!I,J)*Btl) 1729 B( I ) = TCI) 1730 TOO CONTINUE 1731 CALL TRI <K3,K4,1,M,MM1,BA,BB,BC,B,TWOCOS,D,W] 1732 00 105 1 = 1,M 1733 Q(I.J) = 0(1 , J1*3.*BC1) 1734 105 CONTINUE 1735 110 CONTINUE 1736 TI5 CONTINUE 
1737 C 1736 C START REDUCTION FOR POWERS OF FIVE 1739 C 174D 120 L < IEX5 
1741 IF CNPEROD .EQ. 1) L = L-1 1742 IF CL .LE. 0) GO TO 190 1743 K2 = CN2PW*N2P3P)/2-l 1744 DO 185 K0UNT=1,L 
1745 *. = NP 1746 NP = 5*NP 1747 K.1 = K2*l 
1748 K2 = K2*K 
1749 K3 = K2*1 1750 K4 = K2*NP 1751 JSTART = NP 1752 IF (NPEROD .EO. 3) JSTART = 1 1753 DO 180 J=JSTART.N,NP 1754 IF C J . NE. 1 > GO TO 125 1755 JM1 = J+K 1756 JM2 = JM1*K 1757 JM3 = JM2*K 1758 JM4 = JM3+K 1759 GO TO 135 1760 125 JMI = J-K. 1761 JM2 = JM1-K 1762 JM3 = JM2-K 
1763 JM4 = JM3-K 1764 IF (J .NE. N) GO TO 135 1765 IF (NPEROD .EQ. 0) GO TO 130 1766 JP1 = JM1 1767 JP2 = JN2 1768 JP3 = JM3 1769 JP4 = JM4 1770 GO TO 140 1771 130 JP1 = K 1772 JP2 = JP1+K 
1773 JP3 = JP2+K 1774 JP4 = JP3*K 
1775 GO TO 140 1776 135 JP1 • J*K 1777 JP2 = JP!*K 1778 JP3 = JP2+I' 1779 JP4 = JP3«K 1780 140 DO 146 1=1,11 1781 B I D = 6.»Q(1,.I>*4.»(QU,JM2)*Q<1,JP2>)*QU,JM4)*Q(I,JP4) 1782 145 CONTINUE 1783 CALL TRI (Kl,K2,1,M,MMI,BA,BB,BC,B,TWOCOS.D,W) 1784 DO 150 l=l,M 1785 B(l) = B< I M3,»(Q(1 , JMI >*0< I, JP1 >>*0U, JM3)*QU,JP3) 
1786 ISO CONTINUE 1787 CALL TRI (K1,K2,1,M,MM1,BA,BB,BC,B,TWOCOS, D,W) 
1788 DO 135 1=1,M 1789 TCI) = B(I> 
1790 B(l) = 2.sQ<l,J)*aiI 1JHS)*QCI,JP8)*B(I> 1791 155 CONTINUE 1792 CALL TRl <K1 ,K2,1 ,M,MM1 ,BA,BS,BC,L- TWOCOS, D, W) 1793 DO 160 1=1,H 
1794 B(I) = B(I)*D(I,JMI)*0(I,JP1) 1795 1G0 CONTINUE 1796 CALL TRI <Kt ,K2, 1 ,M,MM1 .BA.BB.BCB.TWOCOS, D, W) 1797 DO 135 I = 1,M 
1798 TEMP = B(I>*Q(I,J) 1799 B I D = 4.«QU,jS»3.«C0(l,JM2)»0<I,JP2)>*Q(1,JM41+ !600 1 Od,JP4)-T(I) 

-130-



1801 0(1,J) • TEMP 1602 165 CONTINUE 1603 CALL TRI (K1,K2,1,M,MM1,BA,BB,BC,B,TWOCOS,D,W) 1601 DO 170 !=1.M 1805 Bill = B U >*2.«(0( I ,JM1 >*0(I , JP1))*0U , JM3>+Q(I, JP3) 1806 170 CONTINUE 
1807 CALL TRI (K3,K4,1,M,MMI,BA,BB,BC,B,TWOCOS,D,W) 1806 DO I 75 I = 1 , M 
1609 Q(I,J) a at I, J)+5.*B(1) 
1610 175 CONTINUE 1611 160 CONTINUE 1812 165 CONTINUE 
1611 C INITIAL PHASE OF BACK SUBSTITUTION 
1615 C 1616 160 IF (NPER0D.E0.1 .OR. NPEROD.EQ.2) 60 TO 235 1617 IF (NPEROD .EO. OJ GO TO 205 1818 DO 19& 1=1,H 1619 B I D = 2."0(1,1) 1620 195 CONTINUE 1821 CALL TRI (K3,K4,1,M,MMI,BA,BB,BC,B,TUOCOS,D.W) 
1 822 DO 200 I s 1 , H 
1623 Qd.NI = acI.NK-Bd) 
1624 a<I 5 = 4.<Q(l aN> 1625 200 CONTINUE 1626 CALL TRI (K4M,K4+2*NP-1,2,M.MMl, BA,BB,BC,B,TWOCOS,D,W) 1827 GO TO 215 1828 205 DO 210 I=1.H 1829 B(l) • 2.'0(I,N) 1830 210 CONTINUE 1631 CALL TRI (K4*l,K4+NP-1,2,M,PMI,BA,BB,BC,B,TWOCOS,D,W) 1832 215 DO 220 l=l,M 
1833 QCI ,N) - 0(I,N)*B(l) 1634 220 CONTINUE 1835 IF (NPEROD .EO. 0) GO TO 23S 1836 DO 225 l*I.M 
1637 B C D = 2.«Q(I,N) 1838 225 CONTINUE 1639 CALL TRI (K3.K4,1,M,MM1,BA,BB,BC.B,TWOCOS,D,W) 1840 DO 230 1=1,M 1841 Q(l, 1) a Q(I,1)+B(I) 1842 230 CONTINUE 1643 C 
1844 C REGULAR BACK SUBSTITUTION FOR POWERS OF FIVE 1645 C 1646 235 CONTINUE 1647 IF C1EX5 .EQ. 0) GO TO 355 1646 NP = N2P3P5 
1649 K8 = KS5 1850 IF (NPEROD .EO. 1) K3 = K3»NP/5 18E1 DO 350 K0UNT=1,IEX5 1852 K = NP 1653 NP = NP/B 1654 K4 = K3-1 1855 K3 = K3-NP 1856 K1 = K8+1 1657 K2 = K6<2>NP 1656 K5 = K2*l 
1659 K6 = K2+4«NP 1860 K7 c K6+1 1661 K6 = K6*2>NP 1862 JSTART = NP 
1863 IF (NPEROD . EQ. 3) JSTART = 1 *NP 1864 DO 345 J=JSTART,N,K 1665 JM1 = J-NP 
1666 JP1 • J+NP 1867 JP2 * JP1*NP 1666 JP3 > JP2+NP 1869 JP4 > JP3+NP 1870 IF (JHI ,NE. 0) GO TO 255 
1871 IF (NPEROD .EO. 0) GO TO 245 1872 DO 240 l=l,M 1873 B(l) = 6(I,JP1> 
1874 240 CONTINUE 1875 GO TO 265 1876 245 DO 250 I=1-M 1877 B I D = QCI, JP1 )+QM,N) 1876 250 CONTINUE 1679 GO TS £65 1660 255 DO 260 1 = 1 .M 1861 B I D = 0(1, JP1 )*Q( I, JM1 ) 
1882 260 CONTINUE 
1883 265 CALL TRI (K3.K4,1,M,MM1,BA,BB,BC,B,TWOCOS,D,W) 1884 DO 270 I*1,M 1865 0(1,J) • 0(1,J)«B(!> 
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1086 BID = Q(1,JP1)*0(I.JP3> 1867 270 CONTINUE 1860 CALL TRI (K3.K4,1.M.MMl,BA,BB,BC,B,TWOCOS,D,W) 1689 DO 275 1 = 1 ,M 1890 Q(1,JP2) = Q(I.JP2>+B<I) 1891 275 CONTINUE 1892 IF CJP4 ,6T. N) 60 TO 265 1893 DO 260 I=1,M 1694 BID = 2.IQ(I,JP2)»Q(I, J)-»QC I, JP4) 1695 280 CONTINUE 1696 GO TO 295 1697 285 DO 290 1=1.M 1896 BID = 2.*0<I,JP2)»Q(1,J) 1899 290 CONTINUE 1900 295 CALL TRI <K1,K2,1,M,MM1,BA,BB,BC.B,TWOCOS,D.W) 1901 DO 300 1 = 1 ,M 1902 0(1,JP2) = 0(1,JP2)«BCI) 1903 B(I) = 0(I,JP2S+0C1,Jl 1904 300 CONTINUE 1905 CALL TRI CK5.K6,1,M,HM1,BA,BB,BC,B,TWOCOS.D,W) 1906 DO 305 I=1.H 1907 OCI.JPZ) = 0ri,JP2l«B«Il 1908 B(l> = 0<I,J>*6(I,JP2) 1909 305 CONTINUE 1910 CALL TRI <K7,K8,1,M,MM1,BA,BB,BC,B,TWOCOS.O, W> 
1911 DO 310 I=1 ,M 
1912 0 ( 1 , J ) a Q I I . J X B C l ) 1913 BC!) = 0([,J)+Q(I,JP2) 1914 310 CONTINUE 1915 CALL TRI (K3.K4,1,M,MM1,BA,BB,BC,B,TWOCOS,D.W) 1916 DO 315 I=1 ,M 1917 QCl.JPl) = Q(I, JP1)+B(1 ) 1918 315 CONTINUE 1919 IF (JP4 .GT. N) 00 TO 325 1920 DO 320 1 = 1 ,M 1921 B(I) = 0(I,JP2)*Q(I,JP4) 1922 320 CONTINUE 1923 GO TO 335 1924 325 DO 330 I=1,M 1925 B(l) • 0(1,JP2) 1926 330 CONTINUE 1927 335 CALL TRI IKS,K4,1,M,HM1,BA,BB,BC,B,TWOCOS.D,W) 1928 DO 340 1=1.11 1929 Q(I,JP3) = Q(I,UP3)+BU) 1930 340 CONTINUE 1931 345 CONTINUE 1932 350 CONTINUE 1933 C 1934 C REGULAR BACK SUBSTITUTION FOR POWERS OF THREE 
1935 355 IF (1EX3 .EQ. 0) GO TO 455 1937 NP = N2P3P 1938 K2 = KS3 1939 IF (NPEROD.EO.I .AND. IEX5.E0.0) K3 = K3»NP/3 1940 DO 450 K0UNT=1,1EX3 1941 K = NP 1942 NP = NP/3 1943 K4 = K3-1 1944 K3 = K3 IP 1945 K1 = K2+1 1946 K.2 = K2*2'NP 1947 JSTART = NP 1948 IF (NPEROD ,E0. 3) JSTART = NPtl 1949 DO 445 J=JSTART,N.K 1950 JM1 = J-NP 1951 JP1 = J*NP 195? JP2 = JP1+NP 1953 IF (JM1 .EQ. O) GO TO 365 1954 DO 360 1=1,M 1955 B(I> * 0(1,JP1)+Q(I,JM1) 195G 360 CONTINUE 1957 GO TO 385 1958 365 IF CNPEROD .EQ. 0) GO TO 375 1959 DO 370 l«1,M 1960 B(I) = Q(I.JPl) 1961 370 CONTINUE 1962 GO TO 38S 1963 375 00 380 1M.M 1964 BID = 0(1 , JP1)«0( l,N) 1965 380 CONTINUE 1966 335 CALL TRI (K3,K4,1,M,MM1,BA,BB,BC,B,TWOCOS,D.W) 1967 . DO 390 I»1,H 1966 0(I,J) * Otl,J)*BH> 1969 390 CONTINUE 1970 IF (JP2 .GT. N) GO TO 400 1971 DO 395 I«1,M 1972 BID » 6(1. J)«QCI,JP2) 1973 395 CONTINUE 1974 GO TO 410 1975 400 DO 405 l = 1.M 1976 B<l) • 0(1,J) 1977 405 CONTINUE 1978 410 CALL TRI <K1,K2,1,M,MH1,BA,BB,BC,B,TWOCOS.D,W> 1979 DO 415 l»1,M 1980 0(1,J) = Q(I.J).BCl) 
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1961 1962 1963 1984 1985 1966 1967 1988 1989 19S0 1961 1992 1993 1994 1995 1996 C 1997 C 1998 C t999 2000 2001 2002 2003 2004 2005 2006 2007 2GOS 2009 2010 2011 2012 2013 2014 2015 2016 2017 2016 2019 2020 2021 2022 2023 2024 2025 2026 2027 2026 2029 2030 20S1 2032 2033 £034 2035 2036 2037 2038 
2039 C 2040 C 2041 C 2042 C 2043 C 2044 C 2045 C 
2046 C 2047 2048 C 2049 C 
2050 C 2051 2052 2053 2054 2055 2056 2057 2058 2059 2060 2061 20G2 2063 2064 2065 2066 2067 

415 CONTINUE IF (JP2 .OT. N) 00 TO 425 
08 420 IBI.M B C D = 6(1, J>*0(l, JP2> 420 CONTINUE 
00 TO 435 425 DO 430 l = !,M B<l) = 0(1,J> 430 CONTINUE 

435 CALL TRI (K3.K4,1.M.MM1,BA,BB,BC,B,TWOCOS,D.W> DO 440 l = 1,M Od.JPl) • 0(1, JP1>*B(I> 440 CONTINUE 445 CONTINUE 450 CONTINUE 
REGULAR BACK SUBSTITUTION FOR POWERS OF TWO 

455 IF (1EX2 ,E0. O) SO TO 510 NP = N2PW DO 505 KOUNT=l,IEX2 K = NP NP = NP/2 K3 = K-l JSTART * NP 
IF CNPER3D .EO. 3) JSTART = 1*NP 00 500 J"JSTART,N,K JMJ ' J-NP JP1 * J+NP IF IJM1 .NE. 0) OS TO 470 IF IJP1 .ST. N) 80 TO 500 IF (NPEROD.EO.l .OR. NPER0D.EQ.2) 00 TO 460 JM1 s N OO TO 480 460 DO 465 1=1,11 

B(I> = 6(1,JP1) 465 CONTINUE 
SO TO 490 470 IF CJP1 .LE. N) GO TO 460 00 475 l»1,M B(I> c O d . J H M 475 CONTINUE SO TO 490 480 DO 485 1=1,M 

B I D * 6(I,JM))*0M,JP1) 485 CONTINUE 
490 CALL TRl (NP.K3,1,M,MM1,BA,BB,BC,B,TWOCOS,0,Wl DO 495 1= 1, M 

0(1, J) = 0(I,J)+B(1) 495 CONTINUE 500 CONTINUE 505 CONTINUE 510 RETURN END 
SUBROUTINE POINIT INPEROD.N.IEX2,IEX3,IEX5.N2PW.N2P3P.N2P3P5.KS3, 1 KS5.NPST0P,TWOCOS) OPTIMIZE DIMENSION TWOCOS(l) 
PARAMETER NPSTOP IS NOT USED IN THIS SUBROUTINE. 

MACHINE DEPENDENT CONSTANT 
PI=3.1415926535697932384626433632795028641971693993751058209749446 
PI = 3.14159265356979 
COMPUTE EXPONENTS OF 2,3, AND 5 IN N. 
NP « N IF (NPEROD .EQ. 1) NP • NP*1 
IF (NPEROD .EO. 3) NP = NP-1 IEX2 a 0 5 K = NP/2 
IF (2«K .NE. NP) 00 TO 10 1EX2 » 1EX2»1 NP a K SO TO S 10 IEX3 • 0 15 K = NP/3 IF <3<K .NE. NP) 60 TO 20 
IEX3 • IEX3*1 NP c K 00 TO IS 20 1EX5 • 0 2 g ( > NP/5 
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2066 
2069 2070 2071 2072 2073 2074 2075 2076 2077 2078 2079 2080 2081 2082 
2083 2084 2085 2086 2087 2088 2069 2090 2091 2092 
2093 2094 2095 2096 2097 2098 209P 2)00 2101 2102 2103 2104 2105 2106 2107 2108 2109 2110 2111 2112 2113 2114 2115 2116 2117 2118 2119 
2120 2121 2122 2123 
2124 
212S 2126 2127 
2128 2129 2130 2131 
2132 2133 2134 2135 2136 2137 2136 2139 
2 40 

IF (5=K .NE. NP) 00 TO 30 IEX5 • IEX5*1 NP = K 00 TO 25 
30 CONTINUE: N2PW « 2«'1EX2 

N2P3P = N 2 P W M 3 » K | E X 3 ) N2P3P5 = N2P3P*C5>*IEX5) 
COMPUTE NECESSARY VALUES OF 2*C0S(X) 
NP = 1 
Twocosm • o. 
K = 1 IF (IEX2 .EO. 0) G9 TO 50 L = IEX2 IF (IEX3+IEX5 IF (NPEROD .EL. .. _ IF (L .EO. O) GO TO 145 35 DO 45 K0UNT=1,L NP = 2»NP DO 40 1=1,NP 

J = K*l TWOCOS(J) 40 CONTINUE K = KtNP 45 CONTINUE 50 IF (IEX3 .EO. 01 60 TO L = IEX3 IF CIEX5 .NE. 0) 00 TO IF (NPEROD .EO. 11 L = IF (L .EQ. 0) GO TO 81 55 no 65 KOUNT=t,L NP * 3«NP DO 60 ]=1,NP J = K+l TWOCOS(J) 60 CONTINUE K = K*NP 55 CONTINUE 70 L = IEX5 IF (NPEROD .EO. II L = L-1 IF (L .LE. O) GO TO 85 DO 80 K0UNT=1,L NP = 5«NP DO 75 1=1,NP J = K*I THOCaS(J) = 2.«CeS((FL0AT(l) 

0) GO TO 35 

2. «COS( (FLOATC11 -.8>«P1/FLOAT(NP)) 

«C0S((FL0AT(I)-,5>«PI/FL0AT<NP>> 

75 CONTINU-
K = K*NP 

.5>«PI/FL0AT(NP>> 

.OR. NPEROD.EQ.2) GO TO 105 IF (NPEROD .EQ. 0) GO TO 95 NPT2 = 2«NP DO 90 I=1,NPT2 J = K+l 
TWOCOS(J) = 2.*C0S<FL0AT<1>»PI/FL0AT(NP>> 90 CONTINUE K = K+NPT2 GO TO 105 95 DO 100 1=1,NP J = K*l 
TW0C0S1J) = 2.>C0S(2.*FL0ATC1>'PI/FL0AT(NP)> 100 CONTINUE K = K*NP 105 NP = N2P3P5 IF (IEX5 .EQ. 0) GO TO 130 KS5 = K 

DO 125 K0UNT»t,lEX5 NP " NP/5 NPT2 = 2«NP DO 110 I=1,NPT2 J = K*l 
TW0COS<J> = 2.«COS((FLOAT<l>-.S>*PI/FL0AT(NPT2>> 110 CONTINUE K = K+NFT2 DO 115 I»1,NP J * K*4«I TW0C0S(J-3> TW0C0S(J-2> TWOCOS(J-l) TUOCOS(J) " 115 CONTINUE 

K • K*4«NP DO 120 1=1, NP J « K*2=l TW0C05(J-1) TUOCOS(J) • 120 CON','I NUE K • !(»2»NP 125 CONTINUt 
130 IF (IEX3 .EQ. 0) GO TO KS3 • K 

2.=COS(<FLOAT<l)-.8>«PI/FL0AT(NP>) 2.«COS((FLOAT(I 1 - .6) *PI/FLOAT(NP)) 2.«COS((FLOAT(l)-.4)«PI/FLOAT(NP)) .«COS((FLOAT(1)-.2)*PI/FLOATCNP)> 

145 
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2161 DO K O KOUNT=1,IEX3 2162 NP = NP/3 
2163 00 135 1=1,NP 2164 J = K+2*I 2165 TWOCOS(J-l) 2)66 TUOCOS(J) • 2167 135 CONTINUE 2160 K = K'2«NP 2169 140 CONTINUE 2170 1d5 RETURN 2171 END 2172 SUBROUTINE TRIO (KSTART.KSTOP,ISINO.M.MMl.A,B,C,V,TWOCOS,D,W> 2173 0PT1MI2E 2174 DIMENSION A< 1 > ,Bt1> ,C<1) ,Y(1> 2175 1 TW0C0SC1) ,0(1) ,WI1) 2176 C 2177 C C '"lUTlNE TO SOLVE 7RIDIAG0NAL SYSTEMS 2176 C 21 79 C 2160 C PARAMETER W NOT USED IN THIS SUBROUTINE. 
2161 C 2182 DO 15 K=KSTART,KSTOP 21B3 X = -TWOCOSIK) 2164 D I D = C(U/<B(1)»X) 216D VII) « Y(1)/<B(1)*X) 2186 DO 5 I=2,M 
2187 Z = B(t)*X-A(])»D(I-1> 2188 D(l) = C<I)/Z 2189 Y d ) = (Y(I)-A(I)«YU-1>>/'Z 2190 5 CONTINUE 2191 00 10 !Ps1,MM1 2192 I « M-IP 2193 YII) s Y(I)-DC)«Y(I*1> 2194 10 CONTINUE 2195 15 CONTINUE 
2196 IF (IS1N3 .EQ. 1> RETURN 
2197 0(1) « C(t)/<B(1>-2.) 2198 YC1) = Y(1)/(B(l>-2.) 2199 DO 20 I=2.MM1 2200 2 = B(l)-2.-A(I)«D(I-1) 2201 D( I ) = C(I)/Z 2202 Y d ) = (Y(l)-A(I)*Y(I-1))/Z 2203 20 CONTINUE 2204 2 = B(M)-2.-A(M)«D(M-l> 2205 X = Y<M)-A(M)«Y(M-1> 2206 IF (Z .ME. 0.) 00 TO 25 2207 Y(M1 = 0. 2200 GO T0 30 2209 25 YCM) » X/Z 2210 30 DO 35 IP=1,MM1 2211 I s M-IP 
2212 Y(I) = Y(l)-D(J)»Yd*l> 2213 35 CONTINUE 2214 RETURN 2215 END 
2216 SUBROUTINE TRIOP (KSTART.KSTOP, ]SING,M,KMI,A,B,C,Y,TWOCOS,D,W) 2217 OPTIMIZE 2218 DIMENSION A(I) ,B(1) ,C(1) ,Y(1) 2219 1 TWOC0SI1) ,0(1) ,U(1) 2220 C 2221 C SUBROUTINE TO SOLVE PERIODIC TRIDIAGONAL SYSTEM 2222 C 2223 00 15 K=KSTART,KSTOP 2224 X = -TWOCOS(K) 2225 D M ) = C M V I B t D + X ) 2226 W(l> = A(1)/(B(1)«X) 2227 Y(!> = Y(1)/(B(1)tX) 2228 BM = B(M) 
2229 Z = C(M) 
2230 DO 5 1*2,MM1 2231 DEN ' Bil)*X-A(1)»0(1-|) 2232 0(1) * C(I)/DEN 
2233 W(I) • -A(1)«W(I-I)/0EN 2234 Y(l) • (Y(I)-A(l)«Y(I-W)/DEN 2235 Y(M) • Y(M)-Z«Y(I-I> 2236 BM * BM-Z«W(I-1) 2237 Z ' -Z«D(1-1) 2238 5 CONTINUE 2239 D(MM1) = D(MM1)*U(MM1) 
2240 Z » A(M)*Z 
2241 DEN • BM*X-Z»D(MM1> 2242 Y(M> = Y(M>-Z»Y(M-1> 2243 Y(M> » Y(M)/DEN 2244 Y(MMI) » Y(MM1>-DIMM)>tY(M> 2245 DO 10 1P=2,MM1 224B I ' M-IP 
2247 Y d ) « Y(I)-D(I)«Y(1 + 1)-W(I)«Y(H) 2248 10 CONTINUE 2249 15 CONTINUE 2250 IF (ISINQ .EO. t) RETURN 2251 D O ) « C(1)/(B(1)-Z.) 2252 W(l) > A(l)/IB(U-2. ) 
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2253 Y<1) = YM)/(B(1>-S.) 2254 BM <= BCM) £255 Z « C(M) 
2256 DO SO I-2.MMI 
2257 DEN •= B<I)-2.-A(I>«D(1-1) 2258 D I D • C(l l/DEN 2259 U(I) " -A(I1»W(I-1)/DEN 2260 YCI) * (Yd )-A(l >*YC1-I ))/DEN 2261 Y(M) = Y<M)-Z«YU-1) Z262 BM •> BM-Z'WU-1) 
2263 Z = -Z»DC1-1) 2264 20 CONTINUE 2265 D<MM1) ° D(MM1>+W(MMU 2266 Z = A(M)+Z 2267 DEN = BM-2.-Z«D(MM1) 2266 YCM) = Y(M)-Z«Y(M-1) 
2269 IF (DEN .NE. 0.) SO TO 25 2270 Y<M) o 0. 2271 SO TO 30 B272 25 Y(M! = YCM1/DEN 2273 30 YCMM1) = Y<MMII-D(MM1)*Y<M) 2274 DO 35 IP=2,MMI 2275 I = M-1P 2276 YCI> = Y d >-D< I >«YCI+I)-WC I )*YCM) 
2277 35 CONTINUE 2278 RETURN 2279 END 
2 2 8 0 C * M * * * " > * * * * * * * K X * C S * I X I K X I B I * * * X * » K I K I B t X l K X K K Z K X X K V * K X ( X X K X 
2281 C DEC AND SOL PROVIDE A MORE RAPID MATRIX INVERSION CAPABILITY 2282 C REF HINDMARSH, ET. AL. "DECSOL: SOLUTION OF DENSE SYSTEMS OF LINEAR 
2283 C ALGEBRAIC EQUATIONS, UCID-30137, LAWRENCE LIVERrtORE LABORATORY, 2264 C L1VERM0RE,CA., (JUN 1976) 
2285 SUBROUTINE DEC CN, NOIM, A, IP, IER) 
2286 C 2267 2266 2269 2290 
2291 DIMENSION A(NDIM,N), IP(N) 
2292 C 
2293 IER = 0 
2S94 IF (N .EO. 1) SO TO 70 
2295 NMI = N - 1 
2296 DO 60 K = 1.NM1 
2297 KP1 = K + 1 2290 C FIND THE PIVOT IN COLUMN K. SEARCH ROWS K TO N. 2299 M = K 2300 DO 10 I = KP1.N 2301 10 IF (ABS(A(I,K>) .GT. ABS(A(M,K>>) M = I 2302 IP!K> = M 2303 C INTERCHANGE ELEMENTS IN ROWS K AND M. 2304 T = A<M,K> 2305 IF (M .EQ. K) GO TO 20 2306 AIM.K) = A(K,K> 2307 AIK.K) = T 2308 20 IF (T .EQ. 0.) GO TO 60 2309 C STORE MULTIPLIERS IN A<I,K), I « K*1,...,N. 2310 T = 1,/T 2311 DO 30 1 = KP1.N 2312 30 A(I.K) = -Ad,K)*T 2313 C APPLY MULTIPLIERS TO OTHER COLUMNS OF A. 2314 DO 50 J = KP1.N 2315 _ , T = A<M,J) 2316 ^ A(M.J) = ACK,J) 2317 AIK.J) « T 
2316 IF IT .EQ. 0.) GO TO 50 
2319 DO 40 I = KP1.M 2320 40 All,J) = All,J) • »(1,KHT 2321 53 CONTINUE 2322 00 CONTINUE 2323 70 K = N 2324 IF (A(N,N> .EO. 0.) GO TO 80 2325 RETURN 2326 60 IER = K 2327 RETURN 2326 C END OF SUBROUTINE DEC 2329 END £330 C 2332 SUBROUTINE SOL (N, NDIM, A, B, IP) 2333 r 2334 2335 2336 L 2337 DIMENSION A(NDIM.N), BIN), IPIN) 2336 " 2339 £340 
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2341 C N = ORDER OF MATRIX. 2342 C NDIM = DECLARED FIRST DIMENSION OF ARRAY A. 2343 C A = TRIANGULAR I ZED MATRIX OBTAINED FROM DEC. 2344 C B - RIGHT HAND SIDE VECTOR. 2345 C IP = PIVOT INFORMATION VECTOR OBTAINED FROM O E C 2346 C DO NOT USE IF DEC HAS SET IER .NE. 0. 2347 C OUTPUT.. 2340 C B = SOLUTION VECTOR. X . 2343 C 2350 IF (N .EQ. 1) GO TO 50 2351 NMI = N - 1 2352 C APPLV ROW PERMUTATIONS AND. MULTIPLIERS TO B. 2353 00 20 K = I,NMI 2354 KP1 = K • 1 2355 M = 1P(K) 2366 T = BCM) 2357 BIM) = B(K) 2356 BIK) = T 2359 DO 10 I = KP1.N 2300 10 B C D = B C D * A(I,K)«T 
2301 20 CONTINUE 236.'- C BACK SOLVE. 
23E.3 00 40 KB = I, NMI 2364 KM1 - N - KB 2365 K = KM1 + I 2360 BIK) B B(K)/A(K,K1 2367 T = -BCK) 2368 DO 30 I =1.KMI 2369 3D B C D = B( I ) • Atl,K)»T 
2370 40 CONTINUE 2371 50 B<1 I = BID/AI1, 1) 
2372 RETURN 
2373 C END OF SUBROUTINE SOL 2374 END 
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Sample Input 

EN"S. N=M20 JEL=£ IPRINOMOO INTER=30 T L [ f l t r = . t AA°7S. 
HH=2. SS<=328. W=.283 GNU=. 3 E=30.E+06 SIQMA=100. TEPS=5.E-05 
vF-.ase XIN=O. OUT= I . OMESA=O. OMEOAL=O. CDP=.OOI ENDI 
TOMOM. 0. 0. 0. TCMNcl. 0. 0. 0. CETAELH), ld.40)=0.(.00005).00195 ELDOslGOCO. > EL0N=160C0.> ENDS 
MOU=B ETAU=.Ot EXU=0. 160. 164. 168. 324 . 328 . 
QU=0. O. 1 . 0. 0 . 0 . END3 
RIA=15. RJB=76. MRt=18 MBDCNDI=3 NBDCND1«1 END4 
R0A=76. R0B=Q6. MFtO=8 NBDCNDO=T 
( B D 0 ( I ) , I = 1 , 2 0 > = 0 . (BDDC1) ,1=1 ,20 )=0 . MBDCND0=3 END5 
ETAULcO? IPP^D KP=26 FP=2SI0. ) END6 
ETAU=10. QU=6<0.) END3 
ETAUL=10. FP=25<0.) END6 
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THICKNESS' 2.0000 IN. SHELL OENSITY=0.2830 LBS./CU. IN. TIME INCRE*ENT=5.00E-05 SEC5 FLUID DENSITY*0.0360 LBS./CU.IN. MBDCNDO* 3 

RADIUS: 76.00 IN. LENGTH* 320.00 IN. E=30OOP000. PSI SIGMA* 100. PSJ NO. AXIAL NODEr** ISO FOURIER N0.= 5. X1N=0. OUT=1.00 
NBDCNDO* 1 MBOCNDI* 3 

OUTER FLUIO OUTER RAD1US= 66.00 IN. NO. OF RADIAL NODES IN OUTER FLU10= 8 LOADING FREQUENCY ON SHELL SURFACE* 
12 
13 14 15 16 17 TIME* S, OOE-05 J 18 U 19 V 20 w 21 M-XI 22 23 24 29 PRESSURES AT TIME; 26 STATION (1 IN) 27 28 0. 29 180 00 30 164. 00 

BOUNDARY CONDITIONS 

166.00 324.00 328.00 

NBDCNDI* 1 
INNER FLUID INNER RADIUS* 15.00 IN. NO. OF RADIAL NODES IN INNER FLUID=I8 PRESSURE FRFQUENCY ON FLUID SURFACE* 

NON-DIMENSIONAL Z AT TIME-STATION S U N ) U V w 
0 0.00 1.0526-04 2.180E-19 -6.8I3E-19 2.303E-17 30 82.00 -1.595E-03 1.9I3E-03 -S.9086-03 -2.559E-02 
60 164.00 5.5516-16 -2.942E-02 1.642E-01 5.720E-01 
90 246.00 1.5956-03 1.9136-03 -8.908E-03 -2.559E-02 120 328.00 -I.052E-04 0. 0. 0. 

HYD LOAD (PSI) 
-3.490E-03 -6.480E-03 -3.490E-03 

9.456E-04 1.418E-03 9.458E-04 
2.2046*01 2.7306*01 2.204E*0t 

AVERAGE PHI FOR THIS TIME STEP* 2.252E*01 RUNNING AVERAGE OF PHI* 

Bl STATION 52 0 
53 30 
54 60 
55 90 56 120 

S U N ) 0.00 82.00 164.00 246.00 328.00 

NON-DIMENSIONAL U 1 .420E-04 -9.85IE-03 
1.2486-14 
9.851E-03 -I.420E-04 

Z AT TIME* 1. 
9.6 49E-18 1.2'26-02 1.0:!96-01 1.2V2E-02 0. 

S.593E-02 5.508E-01 6.59«E-0Z 0. 

2. 0686-15 
9.406E-03 
1.314E*00 
9.408E-03 

HYD LOAD (PSI) 
-5.826E-04 -1 
2.I81E-03 -5 
-5.826E-04 -I 

.1336-04 

.190E-04 

.135E-04 
.223E*0I 
.5116*01 
,2236*01 

AVERAGE PHI FOR THIS TIME STEP* RUNNING AVERAGE OF PHI* 



»>. 
160.00 164.00 16S.00 324.00 328.00 

76 
77 
78 
79 

S (IN) 0.00 
02.00 164.00 246.00 320.OP 

NON-DIMENSIONAL 2 AT TIME= 1. 
-6.049E-03 
-1.205E-02 
3.636E-15 
1.205E-02 6.049E-03 

-2.062E-17 -3.963E-02 -I.329E-01 -3.963E-02 0. 

1.993E-01 6.949E-01 1.993E-01 

6.682E-16 
I.009E-01 
1.409E+00 
1.069E-0T 

WO LOAD (PSI) 
8.613E-03 1.010E-02 8.6I3E-03 0. 

-2.163E-03 -2.183E-03 -2. 163E-03 
2.398E*01 2.765E*0I 2.336E»0I 0. 

AVERAGE PHI FOR "HIS TIME STEP* RUNNING AVERAGE OF PHI= 
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Figure D-l. Time History of Dimensionless Radial 
Displacement at the Shell's Mid-point 
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