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ABSTRACT

The matrix variational Pad6 approxlmant and Its generalization to elastic wave scattering are dis-
cussed. Predictions of the method for the scattering of a longitudinal plane wave are compared with the
exact scattering from spherical voids and inclusions. Its predictions are also compared to those of the
first and second Born approximations and to the standard matrix Pad6 approximant based on these Born
approximations.

INTRODUCTION

This is a preliminary report on the applica-
tion of the Lippnann-Schwinger :briational princi-
ple to the scat ering of elastic waves from voids
and inclusions. 1 This particular variational prin-
ciple has the advantage of be,ng formulated in
terms of the scattering matrix and hence dirertly
giving the physical quantities of experimental
interest. The trial functions used in this appli-
cation of the variational prinLlple allow the sta-
tionary valut of the variational form to be expres-
sed in a compact block-matria form with the block-
matrix ele,,lentscorresponding to terms in the lJorn-
Ncumann se~ies solution to the integrdl equation
of scattering.

Our princip~l motivation for using the varia-
tional approach is to develop a method for tre~ting
I,he scattering of elastic waves from col.plexly-
Shdped defects when the wavelength of the incident
wave is comparahl~ to the size of the defrct rnd
from collection! of defects.

prcs~ni.~e:;:~;;;’kcthe eigcnfunction expansion methods,
practical reasons limited to axially-symnctric
defects and arc awkward to apply to a collection of
defects.

Ikclow wc sunnnnrize some cxarl results from tho
Intcrpl ~quatinn apprrwich tr,<cntf~rin!] theor,y,
Thrn wo discuss fuur approximations: thm first ~nd
‘,crrrnd[Irsrnapproximntion~, thr 11/1 ] matrlrn P~do
npproxima!lL, ond thr varlatinnal appront.h, formal Iy
Lal lrd th[, v~ri~tion,ll malt!lx I]rdd approximant.
lhc fir’,t two al)[\IYJX Imot Ions arc nccctlary cnmpon -
cnt!, 10 nur appl 1(. ntlon of thl! fourth npproxlm~llon,
tilliIILludu Lhr thlrrl mr~hod 0s n way to Irldqr I.hr
vori,llional Inolho(iond IIWI twu prrturlrilion npprox 1-
mhliuni.
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Inclusion. If the void or inclusion is embedded
in an unbounded, isotropic medium, then

with

R = 1; - ;’~

and u and !)equal to the longitudinal and tr,lnsvcrse
wavcnumbers. We also !Iave that
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U,L(;)= U:L(;)+
J d~’gij(~.~’)vjkf~’)~k~(~’)(18)

(7)

where
then the differential cross-sfctlon
for the longitudinal compone,lt of the scattering Is

(19)

(8)
Also, we note that the specific formula for the
scattering matrix is nowThere i~ an alternate tntegral equation

approach to the scattering that is formulated In
terms of the scattered amplitudes If lxr~h sides
of (1) were operated ~rI by exp(-lt.~)v
then integrated over r, it follows froAl:] :Kt
(1) it now equivalent to APPROXIMATIOf&

The Ffrst and Second Born Approximations - A formal
sol~tion to the integral equation for the scatter-
ing matrix can be obtained by iterating the equa-
tion to produce what IS often called the born-
Neumann series. If only the first term i.) this
series 1s us~d (i.e., no iterations are performed),
then the resulting approximation is called the
first Born approximation
tion to (12) correspond~to~”e ‘irst Born appr’’ximd-

fr
-, +“)vjk(;’)uk(;’)d; d~’e-ik”rvij(~)~jk(r,r 1(9)

LO with the definitions

(lo)
(21)

If tt,e first two terms of the Born-Neumann
series are kept (i.e., one iteration is perform~d),
then ~he approximation is called the second Born
approximation. For (12) the second Born approxi-
mation corresponds to

v

and

Gi,

(11)

+.

(i) =jk’-j~”ii,(;- ;’)cfq”r (2?)

where

,(1
ij

T[;

(.?3(1)

● s(l’hwtrj(l’l;i”) (2.!11)

(1) and T(;’),,r(, CO I1(IIIttII,Thrmntrlx functions TiJ
flrsL and second Uorn ,Or.”,,:1

The rvalutition of thu sc[,ond lioru trrm i,,nt)f
n trivial numerical task. Nurmdl ly, I.tlr>51!1 [III(I
Kern irrm t< a b-dtmrntlonnl int(jqrdl wtlh ,1 I.i II II, I-

Inr inl~grand. IIIour pnrt, iculnlcflir, lIr[,,IuI,II
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of tho ~1}1Ilqr,lt.iotl t .1; thr intrqlrrll(l 1., !,1 III
$influlmr, hill t.h(~Intrqr,ll l,,now In flnlt f,. A
po~,I,jlIlp ntlinrltilqo to I 1111p ‘I~!.rlIL rrpprnrr( h l’. t hiI
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I,lf.l$qrfilrdrmmori[ IIIIy i$ r~$rnt ifrlly irwlrl,f,mllII!
of tilrlflllw !,hapr, Thr %IMIW Inct(lr it,Ju ,1 ‘,mlr
“.ulwllll!Irir, u’.urIll.yn ~irnplo orlr tirw II (1(I) ImI
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N II,*(W)
S(t,lF’) E e

1=1

where S(~,~) Is the shape facto? for one of the
defects. The sunrnetion in the above ir called the
structure factor.

The [1/1] ~trix Pad6 Approximation - lf~,..) IS a
~trix tunction of x and if

(0) ++1)X++21X2+...~(x)=~ _ -

then the [M/Nl matrix Pad# approximation to ~(x) is
defined by8

F[”/N](x)=~(x)~(X)-’ (25a)

where

Q,(X)I(X)-%(X) ‘#(xM+N+’) (25b)

(For conpactnest, we now denote matrices by under-
lined, capital Roman letters. Below, all matrices
representing physical quantities are 3J3.)

Specifically, from (lB) hnd (20),

Henr.c, it tne first
are known. it is a

)(t,m[~w,tq
+1)(~,Jo, (26)

two terms of the Born series
rivial procedure to evaluate

the [1/1] mdtrix pddd appro~imont. The result may
bc a better approxim~tion than given by tile second
Born approximation.

Technically, the definition (21) is of a lrft,-
handcd m,.trix Par16 approximant. If PJf(x) i~
invurtrwi instc~d of the Q{(x), t.hcn a right-
handcd mat.rlx P,Idf npproxirnnnt i% ~rfinml. Thv
different drfiniilon~ can br shuwn to qlvr rquivii-

lcnt #n>wrl15,

TIN? Varint.lon,l Matrix Padfi Approxirnnnt - rirlt, Wp
idk”hti(y bl_(Fj”~’;”lll’’iii-t~riri‘fum.tinIT satlsfyinq tnr
.4d,loinl,Pqulltlorloi (If!)

w(;) fr Wr’(;) I d;’ g*(;,;’)v(:’)w(;) (27,,)

whlirr,

.,

u“(;) - .1(t’k”’ (7/1))

Nl,x1,, w! Upllrfi!l,(1(1tM1th ‘.ldt, t. (If (]~!) Wilt)
W“(r)V( r), Itlloqlntv ovrr ;, flniliul,!r,l,f (;’(1)from
IIN, rv’lull tf) flml

. ,.
I(i,l’”) -Jr!,‘ -ik”~v(;”)ll(;”)

J ti’’.t’11;U’(;)v(;)l.
I r ‘If tk’’’*f’Ill’u*(lv(;) It - ll;’~(;,,;’)v(;’)ll(;.’). I(;’11)

Clearly, lf~(~) and ~(~) are exact, the above Is
an exact expression for the scattering matrix.
The expression also h~s the fe~ture that considered
as a functional of ~(r) and Q(r) it is stationary
with respec} to inde~endent and arbitrary varia-
tions of~(r) and Uir) about their exact values.
Uhen used as a var~ational form, the expression
is a generalization to elastic wave scatterin
the Lippnann-Schwinger variat!nnal principle. 8-7$

There are many ways to choose the trial
functions ~(~) and~(~). We chose

Hhen (28) is
choices,

a(i) b(i)-.

(29)

+(i).;
b(l)eik

made stationary witl respect to these

and (28) can be
form

[_

~(l?,lto) ■ _T(’

T(’

,

expressed

.

.

.

in the frllowing compact

T

1
‘1 T(l)(~(?),~O)
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. .
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[

. .
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where wc have tirfinod

+l)($i), j(. i)] +’)(~(i), f!.i),
LJ “ -- (31,111)

[qu~tion (30) is a I)lock-mhti”i< equation: Matrix
mUl Lipli IfItifIn i~ donp by thl’ rule of I11o(l.-m,liri~
multipli~dlll,n. TIM) lr~nsposr fip~ratiorl i< on
block clprnrntr ,lnd not on tno indl;idu~l m,ltri[r,.
comprising tho~r cl~lnts. In (:10) thm Uvr(l to

cnlculatr thr fir’. t and \PcI)nd IIorn fi~pro<lmotioll~,
it cvidlln[, Thr rt,,ldor T.hnuld ccvnpurr (.1[1) with
(/b),

IIL$IILT5....

tnr an In( idon’ lonf itudinal piano Wlnvo wi~
iwllputrd tllr lonqituilinflI ha, Ls:,d,lrrlnq fro,:,
%Ilhrt’i(.fi-drfr(.t~ IlrII(iiLtudhy @aCh [If iho fuur
appruximnt ion~ and cc+npfird th~ result~ tu thr
OX,)( t
\i,)l,%oi5n’;Fri””

frum ~pllrri~sl void~ and 4n[lll-
11 studipd tho hroakdown bf tho fippruxi-

mflliltt,, O, kII ~:. 111( 1’lul\P1l Iln(l 6% lhp d(vl~l!y 1111[1
\flffnoj*, of mI in[ 1111,fI~II Ii inlrrwwwtnlly

dII~, rrrI!. od from tlmt of thII hu!, t m,ltrri,]l .U IIIo! of

il Void, (h 1% tlw, 51,ttfrrwi wnvr numhol, find n ii
IIIP I’ildlU\ I)f Ihp \lllll.rC,.)
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our trial function was

LJ(r) .ameilw + a(z)eit”; (31)

not a serious choice. It was, however, an effec-
tive and convenient choice to study the Internal
behavior Jf our computer program. (If (31) were
used to calculate the forward scattering, then the
two wave vectors in (31) become equal, and the
square matrix in (31) becomes singular and non-
invertible. With (31) ant the second Born term,
only two additional second Born terms are needed
for a non-trivial variational calcu’latton.)
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lhv Ionqltudlnfll llacks~att~,rin!~from n
~l~hrrf~a’ VO III and lIIcl IIst I’11”, thfit. is ‘ ro-
dl( t!!d by Ihli SPLOnd []OrII a[)proX1nlntll Jll

plot LMl a“. a fuuctlon of kn, I.och Ilnu f:,
for at! ~ntluslon who;r dwl!,lly an(, Lamsf
paraml’t,r$ IYrO rcdu~od hy n factor of 0,1,
0,3, 0.5, fin{!I,(I relntlvr to thp Iw)”.t
mrdlum. lhI! redu[!lon of 1.0 corrr,, pond~

to il vf, lfl,

UII HOI-V unlrrthin lIIIW WVII tho vhrtfittnnnl

(Alllllllt 1(111 WIluld Wflr-l. , 11111 111’1I(lvlvi (hot thl’

31![IJIIII Ilorn fippri~xlmistloll WIJIIld IIIIVC lnr-qrr ratlqr’}

of val Idlly 1111111thr fll It Ilurn npprl~tflmatif~nfind
Ihflt Lho n/l] ma frlx l’dd6 apwvlx~mdni would Iw’nl
l~fi!,!vfilld a,, Ihv SP(OIMI l~orn npproxlmfitll~tl, Thl\
f,,Whilt Wr fllUlld, Addltlf,nfilly, W1’ fUlllldthO Vnl”i-

ational calculation, when (31) is used, is never
better than the first Born approximation. In Fig.
I we plotted our results only for the second Born
approximation. Includilg the results of the other
calculations clutters tih? figure without revealing
more information than whtt was just said. Pre-
sently we are trying to find a more reasonable
choice of trial functions. He will report our
results elsewhere, accompanied by a more expansive
treatment of the theoretical methods.

ACKNOWLEDGEMENTS

This work was !upp>rted by the Materials
kienr.es Division of the Office of Basic Energy
Rt:na”.h of the Deparonent of Energy.

Me thank S. A. Baker, Jr. for bringing the
variational, matrix PaGd mdhod to our attention,

1.

2.

3.

4.
5.
6.

7.

9.

10.

11.

12.

REFERENCES

B. A. Lippmann and J. Schwinger, Phys. Rev.
79. 569(1950).
~Varatharalulu and V.-H. Pao. J. Acoust,
Sac. h. Q, 567(1976).
P. C. Haterman, J. Acoust. Sot. Am. Q,
567(1976).
U. k. Vi~scher, J. Appl. Phy~. 51, 825(1980).
U. M, Visscher, J. Appl. Phys. fi, 835(1980).
J. E, Gubernat~s, E. Domany, an~J. A,
Krumhansl, J. Appl, Phys. ~, 2804(1977).
J. E, Gubernatls, E. Domany, J. A. Krumhansl
and M. Huberman, ,1.I$P1. Phys. 48, 2812
(1977)0

—

G, A.”Baker, Jr., Essentials of Pad@
Ap roximant~, (Aca~;m~e Press, New York,
l“9kr70 .
L. P. Bennofv. J. L. Gammel. and P. Mcrv,
Phys. Rev. 11-~,” 3111 (197L)~

.-

G. Turchettl, Lett. Nuovo Cimento 1’1,
129(1976),

—..

D. Bes:!r, P. Mery, and G. Turchctti, I’hy:..
Rev. DE, 2;43(1977).
P. R, Graves-Morri\, Ann. Phy$.. ~, 296
(197H).


