
ORNL/CSD-27 

MATIEMATICS l i d STATISTICS 
IESEMCIIEPARTMEHT 

Pmress leiirt 
V'Mod ending JUHP 30. 1977 



BLANK PAGE 

/ 
/ 

/ 



Pr.nted :n tne United States of America Available from 
National Technical Information Service 

US Department of Commerce 
5285 Port Royal Road. Sprinjfield. Virginia 22161 

Price Printed Copy S & ^ Microfiche S30C 



ORNL/CSD27 
Distribution Category UC-32 

Contract No W-7405-tng 76 

COMPUTER SCIENCES DIVISION 

MATHEMATICS AND STATISTICS REScARCH DEPARTMENT 

PROGRESS REPORT 

for Period E rutins J " * * 30.1977 

D. A. Gardiner. Head 

Complied and Edited by 

VU. E. Lever 
D. E. Shepherd 
R. C. Ward 
D. G. Wilson 

Work pe r f o rmed at Oak R'^lcji Nat ional Latx>ratory 

P 0 B >x X. Oak R:dgi \ 1"nne«irP 3 7 8 3 0 

Dote Published: SEPTEMBER 1977 
• • * * * * , , '•wriv " " i 

UNION CARBlOE CORPORA TlOt*. ,\i(/CI.£AR OlVISION 
nurralrntj thr 

0«» Rictqp-'ja'.«niis (J ' ldivon Plant • Oak Rirtijr National I ahnratory 

'".'•>. R, . ! * • ' » I? Plant • Pari.ir^h r . .««o: - J; '•' : ; - ! - Pi .ml 

for Thp 

fcn*r^/ H*»vw h anrl t>".»IO(>mffnt Administration 

MASTER 



Reports previousiv issued in ibis scries arc as lolltms: 

ORNL22X3 Period Knding Fcbnun 2X. I*>57 
ORNL-2652 Period IndniK August 31. I95N 
ORNL-2915 Period hiding December 3 1 . |9V> 
ORNL30X2 Period (-.tiding December 31 . i'foO 
ORNL-3264 Period hiding Jjniurv 3 1 . llH>2 
ORNL-3423 Period hiding December 31 . I(N>2 
ORNL-3567 Period hiding December 31 . 1963 
ORNL-37W, Period IndingDecetnbe. 31.1964 
0RNL-39I9 Peritid hiding December 31.1965 
ORNL-40X3 Period hiding December 31 . C M ) 
ORNL-4236 Period hiding December 3 1 . 1967 
ORNL-J3S5 Period Inding December 31.196X 
ORNL-4514 Penod hiding December 3 1 . I96«i 
OK\'L-46M Period Finding De. ember 31 . 1970 
ORNL-4761 Period hiding December 3 1 . I*->7I 
ORNL-4X5I Period Knding December 3 1 . 1972 
0RNL49JW Period fcndime June 30. 1974 
U ( N D - ( S D - I K PeniHl hiding June 30. 1975 
ORNL CSD-13 Period 1 ndmg June 30. 1976 



Contents 

PREFACE « 

r ART A. MATHEMATICAL AND STATISTICAL RESEARCH 

1. MOVING BOWDARY PROBLEMS I 

The Approximate Sowtim of Frtr juwndary Problems by Analytical Techntqwes 1 

Existence and Uniqueness for Similarity Solutions of One-Dimensional Multiphase 
Stefan Problems 2 

2. NUMERICAL ANALYSIS 4 

Analysis %t( Divergent Series 4 

•numb un Solutions of Linear Systems with Inaccurate Coefficients and Right-Hand Sides 4 
Pruhat'itistic Error Analysis of a Fade Algorithm fur Computing the Matrix Expumentiil 5 

i. CONTINUUM MECHANICS 7 
Boundary Reflection of Diffracted Waves 7 
Constitutive Equation for Elastic-Flaslic Medium S 
Effect of Surface Inhumogeneily on Elastic Wave Propagation- ° 
Forces on Defects in Linear Elasticity 10 

4. MATRICESANDOTHER OPERATORS II 
Stability and Semiposiirvily of Matrices II 
Stability and Semipositivity of Matrices with Nonpositive Off-Diagonal Entries II 
The Rank of a Diffet;ncc or '.fatriccs and Associated Generalized lnve.--.es 13 
Operators Commuting with a Compact Ouasi-Affinity 13 
Computation of Wiener-Fcynman Integrals 13 

;. EXPERIMENTAL DESIGN 14 
D-OptimalThree-Level Factorial Designs 14 
Design >»f Expe-; nents to Delect Model Inadequacy 14 
Designs to Deiccl Ihe Presence of Interactions in Factorial Experiments 16 

6 STATISTICAL TESTING 17 
Effect of Nonnormality on the Distribution of the / Statistic )7 
Tests for Uniformity 17 

Log-Laplace Distribution IK 

iii 

http://lnve.--.es


7. MULTIVARIATE. MULTVOPULATION CLASSIFICATION 19 
InRiMmMPHyycipBQMWtncuMvwvtiOnVt cxtRflHlrft^vHuCfcts 1" 

i . S I ATOTtCAL ESTIMATION 20 
I r j i i e lUy^wi iMa i lCT^ of Utiftri<<-Trior" liifenwjtii» 20 

PART • . STATISTICAL AND MATHEMATICAL COUAB0KAT1ON 

9. ANALYTICAL CHEMISTRY 24 

rudkiiuii iif lliiiin>iilmli^krf fiubabiiliii 24 

Cigarette .Smoke Particle Deariwation 25 

10. BIOLOGICAL RESEARCH 2ft 
Protein fcVeafcdownm a CcM 26 

Rao»tio»-lM!*xd Chromosome Aberrations 2ft 

Radiation Induced Mutations as a Function of Dose and Dose Rale 27 

Lens Opacity Studies 2* 

Design of a Serial Sacrifice Experiment 29 

Sequential Tests for Mutagenicity of CheuHcab 30 

Inhalation Carcinogenesis 30 

Deconvomtion of Fluorescence Decay Data 31 

Survival Analysis of Mice Treated with X Rays and MMS 32 

11. CHEMISTRY AND PHYSICS RESEARCH 33 

CakwSatioR of the Density of Stales of Alloys 33 

Disordered Systems with Short-Ranee Order 33 

Spectral Densities of Disordered Systems 34 

12. ENERGY RESEARCH 35 
Sensithrity of the Economy to Energy Decisions 35 

Field Demonstration of Communication Sysicms for Distribution Automation 35 

13. ENGINEERING TECHNOLOGY RESEARCH 36 

Research on Latent Heal. Thermal Energy Storage Subsystems 36 

Powe' Plant Performance 37 

Dynamic Far-Field Stresses Generated by a Suddenly Appearing Crack 37 

14. ENVIRONMENTAL SCIENCES RESEARCH 38 
Evaluation of Pdycyclic Aiomatk Hydrocarbons and Aryl Amines 38 

Population Growth of the Calanoid Copepod 38 

Effect of Density and Food Level on the Calanoid Copepod 38 

Methylation of Inorganic Mercury 3° 

rv 

1 i i 



Tl i i i i i i i f l i i i i m in Fob 3f 

Influence of Adult Penally on ~. Cafanoid Canenod ZuuntanJtter 3* 

Use of Linear Logbiic Model lo Evaluate Tonic Subitances 40 

IS. HEALTH PHYSKS RESEARCH 41 

LcofcawiB Incidence of Atomic tomb Survivors 41 

Mk MATERIALS RESEARCH 42 

Performance of HTCR Fuel Particles Doriof Cow J inflate Carbonisation 42 

Dtslribuliou of ik* Number of Precursor AtoiM Formed During Irradiation 43 

ZWOK Rate Constant Prcdktioo Emwtiun 43 

Creep-Rupture of AMoy Materials 44 

Analysis of Data from Variilramt Tots on Incomy 800 45 

A Summary of Remits from Pilot Membership Survey* 47 

Analysis of Dry Denier Variability in Ketvar Yam 4 t 

Coal Research Program 41 

17. SAMPLING INSPECTION AND QUALITY CONTROL 49 
Art Investigation of the Tube Sheet Inspection Plans 49 

fatspectiou Pkubabilrties 49 

Inspection Frequencies of ERDA Quality A»«bt 49 

I * . URANIUM RESOURCE EVALUATION RESEARCH SO 
Uranium Resource Evaluation Program SO 
Botanical Comparisons SO 

PARTC. EDUCATIONAL ACTIVITIES 

Second ERDA Statistical Symposium S3 

Union Carbide Corporation Applied Mathematics Symposium S3 

Seminar Series S4 

In-Home Continuing Edncatif" Program S4 

UCLA Short Course $4 

Moving boundary ProWems Workshop $4 

Visiting University Faculty 55 

ORAU Traveling Lecturers 55 

Supervision of Students 55 

v 



CamtoMs 5$ 

mEDtfcmf •!••<••] rrobtomC.iHuq.1—iSp.rfli.i 5* 

in*46IU>SaM*anoiiMMnxMcliMAiiiNwiieikalAad^ 57 

W W ) PtpwfMMrt Srawnn 57 

ORAU Tm f l i t LcctorePreswitatiow 59 

PART 0. PRESENTATION OF RESEARCH RESULTS 

ft*8f'i"M 61 
Rooks MM! PTOCCCOMMJI 61 

J O W M I Articles 42 

Reports 65 

Onl Presentations 65 

PARTE. PROFESSIONAL ACTIVITIES 

Table of Professional Activities 6° 

VI 



Preface 
The l?7©-77 year was a year of adjnwtmcnt for the Mathematics and Statistics Research Department. 

Budgetary rcstiktiuns wrrtjimmd the mstommuing of the excellent visitors program we bad initialed the 
year before, as « * • as the joittcoUoaniaw series with the University of Ttnntisce. Also, it was necessary to 
pat asore cuashass on rchnbariabfc consnltiag and coanboration with correspondingly less emphaiii on 
stl-ftntraied research. Nonetheless, the staff rcrpondtd admirably and enjoyed a Irnitfnl year of 
contribationi to dnr nations energy efforts. 

A sdentifk highlight was the Second ERDA Statistical Symposium hchf at the Oak Ridge National 
Laboratory star and attended by almost 70 statisticians from the ERDA statistical community. Another was the 
Third Union Carbide Corporation Applied Mathematics Symposium, attended by about 35 Union Carbide 
msthtmatkiaru and statrsticims and held al the Oak Ridge Associated Universities Canou* 

The department was pleased to welcome Professor Abn D. Solomon, who is on leave from lb? Ben 
Garioa University of the Negev. Israel. Dr. Solomon a doing research in moving boundary problems and 
coHaboraling with engineers in the Thermal Energy Storage Program. 

Robert R. Covey ou retired from the corporation after a third of a century of company service. V. R. R. 
Uppuwri took a have of absence to be with the University of California at Santa Barbara, and Kimiko 
Bowman accepted a temporary assignment to visit universities and industries in Japan for the U.S. Office of 
Naval Research. 

The past year was an exceptional year for awards and honors. Kimiko O. Bowman and David G. 
Gosske were elected Fellows of the American Statistical Association by virtue of their signal contributions to 
the field of statistics. Four statisticians of the department now are Fellows of the ASA. Donald A. Gardiner 
was elected an Ordinary Member of the international Statistical Institute and became the departments 
second member to receive this honor. David G. Gosskx was circled a Fellow of the American Association 
for the Advancement of Science; the department now has three Fellows of the A A AS. The entire department 
was honored when our bsf annual report. Proems Rrptrrr for the Period Ending June 30. 1976. 
ORNI C'SD-13. received the Award of Excellence in the category of annual reports from the East 
Tennessee Chapter of the Society for Technical Communication. 
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Part A. Mathematical and Statistical Research 

I. Moving Boundary Problems 

ADSokjmun DCWdsou 

THE ATTftOXIMATE SOLUTION OF 
FMEE MNWDAirV PM»LEMS 

• Y ANALYTICAL TECHNIQUES 

Many physical mechanisms consist of a transfer 
process, such at diffusion, in a regnm which b deier 
mined by the transfer process ami auxiliary initial ami 
boundary conditions. The sirfuiion •>!" problems con­
cerned with such mechanisms invoices the specification 
uf the so-called "free boundary " of the region ami the 
function defining the transfer process. 

As an example of such a mechanism.we can point !•> 
the sulidincatiun of a semi-infinite slab of material 
occupying the region x > 0 and having melt tempera­
ture Ttf. thermal c«mduel<*ily A,', density p. thermal 
diffusivity o. ami latent heat //. Let 7U. n denote the 
temperature of the material at point x ami time f. Lei 
us assume thai at the onset of the soudifkalion process 
the material is solely liquid at the ;.ic!i temperature: 

Rr.Oi*r i r . .v>0. Hi 

Let the boundary temperature at x 3 0 be *ei at a 
constant value below 7,,: 

no./i»r„< r c r . />o. i:> 

Then solidification will rake place in an cver-exlending 
region emanating from ihc cold botindar) x * 0 and 
extending to a point v - XI n lhai varies with time. The 
function XtH define* ihe "free boundary" of the 
process. Ai any lime I ihe mien JIS 0 < v < .VIO and 

Xlit < x consul of st*d and liquid material rcsfxv-
lively. Moreover, the heal transfer process n governed 
by the rctatiuns 

r,"or„. o<xKJttn. i3» 

n.t./i=r<r. x>xw. i4» 

while Ihe free boundary .W) satisfies the relations 

«#fJT*lf I» AT. |JT I f I . ff| . 15| 

n.wo. 11 • T%, iM 

where X " i n denotes the limiting value from the left. 
This example admit* of a similarity sohUMn.' but 

drght land reJistk) modilicalnms of it result in 
nroWerm iha! cannot he solved explicitly. For example. 
the boundary condition. Fq. 11». may be of ihe form 

AT,K>.f>**|7i.v.f»i fln\ . 

where A is a Miilable constant and fl 1} is. perhaps, a 
rapidly varying function. Similarly. F.q. ff>| may be 
modified by the fact thai Ttt might itself he a function 
o f ' and even XUl. 

T\Xm.i\ » r c r | . V l / ) . / | : 

clrarf>. l i p I.') and (5) may also admil of rnodiftca-
lions in their structure. 

i. If. C'anfaw and J. jarp-r. IVm&rfnm nfIkti in MWi. 2d 
ed.. Oxford I iov«f»Hy fress. I.nn*m. |»3f. 

I 
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H^gntm- introduced an apprunimatMH procedure for 
the aomtmn of such free bnuidary probktttt. This 
•w hod counts of expanding the function f ix t) in 
thrfomi 

m I obtaining the ̂ t)\ from Eip. (2>^6) Due to me 
ttwptfcaied structure of the resulting relations, th. 
exiMtiioR was itot used for/> 2. However, even mow, 
lir Med context the method has good accuracy and b 
wi Jeiy used in hea: transfer problems. We have broad-
ciuJ bow the method and its applicability m a number 
of ways. 

in extension ot Megtriin's method has been devd-
ored by subdividing the interval 0 < x < Xtrt :-»o ;V 
tuVegsons, 

ia .«wi . IJT/JV. 2x/\\ j £~x. x |. 

U i N a natural numU - Then in the/th region I; " I . 
: ...) 

—XKK-X. 

substitute 

nto the equations of the problem applicable to it. This 
/kids a system of ordinary differential equations in y, 
md X which is linear in 7> and which, for targe N. may 
>e solved by standard methods ( e g . Runge-Kutia): for 
mall N the sy«tem admits of analytical approximate 
wlutions. Wr have shown that, for the problem given 
by our earlier example, this procedure yields approxi­
mate solutions XI I) and T\x. r). which as N •* •• 
converge to the exact solution. Mraeover. the 
convergence is at least (X l/iV>. 

The Megerlin procedure and its extension have been 
applied to the following types of problems: 

1. rapidly varying boundary conditions. 
2. twi-phasc problems. 

2. f. Meyrrlin, "GcomttrkKh F.brdimemionale Warmekrfting 
Hein Sckmclren und Fnlarren." Fnnch. fngrnktirwri. $4. 
^0 46 f 1968). 

3. tune-dependent melting temperatwe. and 
4. parabobccquaAinns win heal source terms. 

In al cases the method yields dustd-form aperoxi-
motions exhibiting the qualitative dependence of die 
sohttion on the parameters of OK problem. 

Alternative meutods baaed an finite duTcrcnccs1 and 
rroments* have been compared with die Mcgxrlin 
approach and its extension for smad N. Degrees of 
discrepancy not exceeding 152. but ia most cants 
below If/?, were obtained. 

EXISTENCE AND UMQUENES FOR SIMILARITY 
SOLUTIONS OF ONE4W«e5tONAL 
•tULTVNASE STEFAN IVOStEMS 

Stefan problems consist of the dttfusion or heat 
equation in regions separated by moving boundaries 
whose locations must be determined as part of the 
problem. Problems of this type arise in many 
phase-change processes and m problems associated with 
alloys. Stefan* published the solution of a special 
phase-change problem in one Cartesian coordinate in a 
study of the thickness of polar ice. In this case the 
solution depended only on the similarity variable xly/t, 
and the location of the single free boundary was 
proportional lo y/l. Solutions of this form are called 
similarity solutions. 

Similarity solutions for free boundary problems 
antedate Stefan's published result. Carslaw and Jaeger1 

assert that "the mure general result known as 
NrsRtann's solution was given by Frww Neumann in his 
lectures in the 1860s." Similarity solutions are among 
the few explicit solutions obtainable for Stefan 
problems and interest in them persists. Numerous 
authors have given similarity solutions for Stefan 
problems in various geometries. 

These similarity yjlulions give rise lo a system of 
nonlinear cquatiors for the coefficients of yfi which 
determine the speeds of the internal boundaries. For 
the simples' Stefan problem, the equation is JC cxptx') 
X ertyx)* A. where X is determined by various constants 
of the problem. Since x expU2)erf<jr) is monotone 
increasing, the existence and uniqueness of a solution is 
obvious 

3. A. Solomon. "Son* Remark* on the Stefan FrjNero." 
Math Comp. 20. )47 60«l966>. 

4. J Sxckdy and N. Tbenwli*. Hire Phtnomtm in Froctit 
Mrtrtlurxy. Wiley. New York, 1971. 

5. J. Stefan. "tb«r die Theorit der FitbMdung. InnxsondcK 
ufcer die FhMdunjt im Pofermccrc." Ann. rkyt. Chrm. 42. 
269 86(1891). 
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Although most authors m m that the more 
complicated nonlinear systems whkh arise do have 
unique solutions, few such systems have been analyzed 
in detail. T'e have investigated one^bneiifMi-' 
multiphase Stefan proHems and csubtblied uW 
existence and uniqueness of a sohtti A to die nonlinear 
eqcaoor:, generated by the snniiarity sohttion. A verbal 
•fesrript on ol' a "oncsnmeosioRai multiphase Stefan 
problem" b as follows: a seim-infinite vofcime of 
matehal b initially at a constant tempcraniie. the 

surface b mainumed at a dtflerent constant tempera-
lure. temperature charters proceed by conduction, and 
the material may change phase m limes as il changes 
from its initial to its final temperature. Our result b 
that the solution exbts and b unique if the 
temperatures of the intermediate phases are monotoni-
caHy distributed betwee" die iniiia! and fmai 
temperatures. Fortunately, thb b exactly what we 
would expect physically. 



K.O. 

2. Numerical Analysis 

J. E.Cope> R.W. Rust' L. R. SucatouZ R.C.Ward 

ANALYSIS OF DIVERGENT SERIES 

Preliminary work un algorithms for tn 
divergent series and approximating singularities has 
been described m a previous report.1 Fur miWry 
divergent series in powers of *~* line i * coefficient 
being less thans? in magnitude), fade approximants 
may lead to a sequence of apparently converging 
approKnnanis. 
derived using 

Alternative approximants can be 

fVlitl = i» * r ,«»» •+, !«> * > • . I D 

wbere * r . ,1-1 and • , ! - ) are real polynomials of 
degrees r I and r respectively, off) is a nondecrcasing 
function with minutely many pomls of increase, and 
F^n) h asymptotically equivalent I to a certain degree) 
to the given serie*. The choke of off) and the 
corresponding integral transform can be related to 
arbitrary Stielljcs (convergent) continued fractions. 
Asymptotic convergence of this algorithm seems to 
depend on matching the rate of increase of terms in the 
power series with those in the series development of the 
continued fraction. 

For strongly divergent series a two-component version 
of F.q. ( I ) has been developed.5 The simplest choke of 
of/) b now I e '. The determination of the 
unknowns in the generalization of F.q. ( I ) can be 
achieved by simple recursions, avoiding any matrix 
inversion. 

Summation algorithms must be tested against known 
divergent scries (e.g.. rcf. 6. pp. 121 32). and trivial 
structures arc almost useless. As a starling point, the 

X.Cnmpmlmf Apphotiom Department. 
2. IMverMly of Georgia. 
3. "Algorithm* for Swwmiws Divergent Series with PartR-vbr 

Reference to Statistical Samptinr Moments. "Mtth. Sui. AVi. 
Drp. Frog. Krp. Jmr SO. If7b. ORNL/C'SD-13. P- 21 
(October 1*76). 

4. L. R. Shenlon and K. O. Bowman. "A New Akmrilhm for 
Sammaiii Dnerptni Scries. Part I. "J. I'ompt. Appl. Mttk. 2. 
151-«7 (1976). 

5. K. 0. Rownwn and L. R. Sbcrinn. "A New Akmrithm f«n 
Zumw/m% Drwernt Series, Pari 2. "/ Cnmfmi. Appl. Htih. 2. 
259-66(1976). 

6. G. A. Roller. Jr.. twnlmli nf fmlr Appmtinumh. 
Academic PWM. New York. 1975. 

of the sample standard deviation in 
exponential sampling was chosen along with Student's 
one-sample f.T It transpires that for me latter, rile first 
four central moments have Stiettjts continued fraction 
developments leading to monotontc enveloping bounds. 
This unexpected result suggests the possibmty of die 
relation, for samples of m. 

JT *«***) = ' / l * 3* j["(**"f,«*J«Jtl| . 

Oj-> is Ihe distribution function of I (under 
gamma sampling) and ot •) is a nondecreasinglStielt)es) 
weight function. 

ROUNDS ON SOLUTIONS OF LINEAR 
SYSTEMS WITH INACCURATE COEFFICIENTS 

AND RIGHT-HAND SIDES 

Oettli. Prager. and Wilkinson*•»••• have dealt with 
the problem o> fading the solution sc; of a system of M 
equations in N unknowns. 

Ax^h. 

where A and b arc known only lo some limited 
Utterance. A' X4<* A<A° + X* mlf A b < b < b ° 
• .at), with &A and A t being arrays consisting of 
positive elements. Given an ir-veclor x. necessary and 
sufficient condiiions have been established bv Ocltli et 
al." for x lo be an exact solution for some system Ax • 
b. where A" AA < A < A 9 * -M and b°" At < b 

7. L. R Shenton and K. O. bowman, "A New Alenrilhm for 
Svmmmc Diwjsml Series. Pari J. "/ Vm/mr. Afi*. M»tk. 3 
11977). 

X. W. Oeiili, "On the Solution Sel of a Linear System with 
Inaccurate CocrTii-ieim." SI AM J. Snmrr. Ami.. Srr. B 2. 
IIS I«(I9»5I. 

9. W. Oclth and W. Prascr. 'Tompa'ibmly of Approximate 
Solution oi linear Kwsalinn* with Given Krrm Bounds for 
Coefficients and Rfehf-Hand Sides." Sumrr. Mtth. *. 405 9 
(1964). 

10. W. Orllli. W. Prater, and I. H. Wi«km«on. "Admissible 
Solutions of Linear Systems with Not Sharply Defined 
rnerTkknm.".«/Mf/ Sumrr. Ami.. Srr. #1291 99fl9*5>. 

4 
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< b* • <ab- We haw extended oVse resdts and changed 
•heir emphain. If. from some a priuri considtniwn. die 
ortbant in winch die true suluuon vector * Iks is 
known, and if A and b ate as above. H is possible to 
compute bunnds for x by linear programming. The 
tableau for die problem has been developed. Results 
ham been extended to finding confidence intervals !•* 
% m die case where A and b are randum sarnphi i runt 
dliiiibiiimni with known variances. 

A FADE ALCOftmM FOR 
cmmnrncimmATUKoraHBtwa. 

In a survey paper by Holer and Van Loan.' > several 
nmibudj for computing the matrix exponential are 
dbewsed and analyzed. Fur each of rhest methods, 
diere exist classes of matrices for which inaccurate 
apwriinhnaiions may result. It is not always known 
whether wch faaures result from die inherent 
sensitivity of the problem or from the instability of the 
algorithm. In either case, it is desirable for the 
algorithm to indicate this failure to the user. Ward 1 2 

describes and analyzes an algorithm to cumpute the 
matrix exponential based on diagonal Fade' appro* 
nations. He computes an a posteriori bound on the sue 
of the fatal error, including the effects of both 
truncation and roundoff, and returns to the user die 
minimum number of drgils accurate in die norm of the 
computed exponential matrix. Thus, users can fre­
quently determine that the afgurilhtn has approximated 
the matrix exponential to then deshrd accuracy. 
However, users may be falsely notified of a fafjre 
because the error bound may be. and usually is. a severe 
overestimate of the actual error. 

In this study we have performed a probabilistic error 
analysis of Ward's algorithm and have produced an a 
posteriori estimate l-r the expectation and variance of 
the final error. From the central limit theorem in 
probability theory, we expect the »5" confidence 
bound to be a considerable reduction from the strict 
error bnund, thus partially eliminating overly pessi­
mistic results. 

11. C. B. Motet M4 C I . Van L.on. Smcicen W;>» n> 
Compute ihc KxpnncntW of a Malm." SIAM ftrr. m be 
^Pmj^F0V*VV%> W# r 

12. R. C. Ward. "NHmcrkal Curnpvlalmn of the Malm 
r-APonrnlial with Anuraty rMrroate." SIAM J. Sumrr. Ami.. 
In be pwMnhrd. 

The algorithm to be analyzed for computing **• « • 
be briefly staled as fotuws: 

a. balance 4 : that is. .4 ' * BTlAD. where 0 is adugunal 
matrix. "•• 

b scale..: th*' is. f « A Tm such that I f f l , < I . 
c. computer' by dngwual Fade'approximation. 
d. compute**1'*(**)>'".and 
e. computer* mDr*'D"'. 

The foNowmg assumptions, which are analyzed by 
Ward." form the basis for tins study: 

I. roundoff errors arc independent random variables. 
1 mantissas of Roatmg-pomt numbers in a computer 

are lonaritbnuvafr distributed. 
3. columns of the matrix # are independent and 

unifarndy distributed over die subset of real-column 
•r-veclors ~*tm given by 

4. columns of the matrix l r *V for 0 < r < m are 
independent and uniformly distributed over the 
subset 

j * e _ v» £ ijriKIMe*)2'!!,! . 

Our study shows that the expectation of Ihc error in 
the computed « * matrix is the Fade' truncation error 
matrix T, plus terms of order b J ' . where » is the base 
of the computer and / is tbf number of drgils used lo 
represent the mani^sa ot a floansjc-iioini number, fhts 
is precisely what one would expect. The variance of mis 
error is given by f\i. /. M> Vor|eJ + Off * ' , . where the 
maximum of fli. ,, n.\ lor I < i and/ < « is \2n and 
Var |f | is the variance of the bask- roundoff error. 

Denoting the error in the computed i#* I 1 matrix by 
f . the expectation o f f . Kff]. for r » I. is given by 
: r r • Off '*•'). For r > 2. rV|T| involve* only terms of 

13. R. r. Ward. "SfcitiMkal Rowndnrr Km* Analysis of a 
fedc AJpirithm fm CoinpwimK lb* Malm Kipt Hernial." 
thHrrthngi nf ffV Ctmfrrrnrr on fimY tmd lUiimml 
AppmxinrnHrm. erf by I-;, R. jjfr a n d R. $. Varm. Acmrmk 
l»res». New York, lo be poMMwd. 
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aottf • ~ > r . The expression for tfce variance o f f C M 
be SMpbfko lo the retorrence relation 

v-ri-^l^'-'U'vwr «i 

• j M H 1 ,||*V a r , , ,* 0 ,*~ - v 

Ranly. ibe expectation of the error K the norm of 
daiLOinnnltilr* matrix • awe* by 

Io%}*|r»|/io|*a» " ) . 

•>»» J n oiliimimn hy the Bulnmn noons o f r * M O 
Varjt" 1! Md int •*/$ ate OK OHOBMI dements of the 
obfanal matrix O ottirmimn in step (a) of ike 

jlowflwi. The ojnailli i exnuiiian lor lot variance of 
Hoi total enor u fWen by 

{vM|f-| • V« P V»H }( £ atfjfo* 

Urn* tat icsalts ox aajoridnn PATES of WanJ has 
•era modified lo uoipol die namber o ' mews areata* 
M the norm of we cuamalca* exownenlid matrix at dat 
957 amfhJenre level. Tk..i loo iale|eis Me now 
•elomco lo the aner. with one mtenn B U M on Uriel 
error O90OO1 mo one bantd on the avokaaahttac error 

The lew lest casts which how been n o tooMebawr 
moknten dial dat pnAabmstk enor fives a aery char 
cstanotc lo dK adoal error in die composed 
exponential matrix. 



3. Continuum Mechanics 
S , J D « K S M Ohr* D.N. T.C.T.r« 

•OUNOAKY ttHCCTIQN OF 
UFFftUCTEP WAVES 

Dyitamic of wave •Iffractioa tram a 
veil as finite, crack I 

* * recently by a 
• ptomeins of crack 
of the effect of baannaiy tefktmm of the dnTracvrd 

m the present stwfy we aMryied Mis effect 
i a araight bnwmary • bcatcri at an angle • to me 

doutiun of a «nnmfiniw, crock. Usmg Cartesian 
i (jr. r) m me twii awwtniiunjl moMsai. the 

crack it located on ike entire 
axis. The dntance between iht straight 
ihr origin B denoted by V. Stress < 
from the icmi infinite crack hy a 
normal tract**) of constant nmjnilnde on the surfaces 
of the crack. The reflected waves from the bonndnry 
wal mowce additiunal stress mlcnsities which are of 
concern in crack arrest problems.The angle*and the 
dfctance V can be varied w the problem. When • * 0. for 
esainpfc. it corresponds to a beam of finite depth. 

Cbised-form sohtion for the transienl diffraction 
pr ibfciii of a sen* infinite crack is rcadny obtained by 
the Wiener 4lopf method snpphreenled by me Cagniard 
techmqne. The effect of reflection from the strarfhi 
bnwndary n cakvbted by the method <»f wave 'ronl 
analysis.'1' The trampurt eqaatior. is vsed to cal date 
the chance of the intensity of the wave along the 
bfcharacteririic or ray. The resort from the transport 
eawafion is naty vabd cbne to the wave Until. 

Several intcrestinc features are mci*puraied in the 
present solution scheme. Since the iniensi!; of the 
dhfracled wave n cimtmrom acn*» the wave frtmt 
whereas the slope is mfinilc. special treatment7 most he 

1. S.*d Suit Iriww-n. 
2. I npncermj: T<vlnii*>cy Ifo***. 
\ I nwcr\iiv #rf lHmin\*l (?IH.IK»< Mi*-. 
4 I. n. I mind 'Tr.uk Frofutjlion m -»n I UMK Sutnl." / 

If * f » i i .WwA 20, l„'9 4lMl972>. 
5. $.•!. rhrac. iwrra«fmti >A tome IMtiuirwMl WJVC« In J 

Imiir ( » i k . " (*MT / !*-#* tppl Mtih 24 42J 4 » f | 9 ? l i 
*. T. C. T. tint jml I . II. Ire. ,-Wjve lr"W Anah«« m 

(nmpnilc Wjicrwh."/ ,tppl Mnh « l . 497 Vtf i|9M>. 
7, • . < •iirjni ,m«l l>. IMhrll. %frfh"th »/ Mirh.mtlhd 

/*r.«r». vi»|. 2. InirrtvKfHC New York. 19*2. 

to tins part of the 
dkffraction problem. After me 

of the t 

dMfkwIty watd the crUkal; Then a head 

The sohMim of the difTraction 
above the wave front. The 
me rKffcacted waves at • * */2. for 
tks pnkvr coordinates has the 

comnHKMof 
in terms of 

I T* V ^ / . I 
* S i r 1 «t*l K.IOH, 1 

/ „ . *Jt\ m ' 'I-'* 
H / V'* »<L xr 

-*lr J#/l 
3 constant X 

.w * r : *JL*» 

» r - ( t r

? 2s,3h,lHt. 

' «•'» ^ ^ »»/> x i * » ! • - = ! 

J- *# / ' * 

>r 2'/.V»7 'A/ *#/> 
s •», 1\\T

: %,-\ Kj(mK 

where J; t r . and <« are the slowi**ss of the 
lunrittidinal. mnwersc. and surface wave speeds 
respectively. The transverse component at ft « »/2 has 
the fi>ll<>wine stress components: 

^1 I r-'Vv ' 

( 4 4 s w » ^ ) V»Z s r

J r J . 

-*r'/.*'v'v"A Wl/ s rr» 

>»/ e * M f

: i , : ) A'.IOlt. V« r1 » f V 

http://'Tr.uk


s 

or the 
m the wawt-iconi 

of die stress after the 
» calcnhjled from the 

to ihe wane front. The pattern 

OOMSTTTUnVE EQUATION RW 
Eusnc-riASiic MBmM 

BtfwaEaMwM • M B Hi H M B JR ! • •? aVff t H Sfettn? VwVHwMB. 

1fct BOTvtti bar, wMcli n ihc luwiiwmjt cq*tf i m for • . 

aval h used to denote flwiinK derivative of the 
f it ihe inehstf. strain, art* the scalar 
* ( • ) and f • ) denote the effects j f the strain 
and the strain recovery respectively. This 
for 2. it more general lhan rile potential 

of Punier and utclue gncnby 

It can be shown lhal o is a dcriatork tensor and both 
Aft.) * * • *t) ** fawcl*""* of * * second and I h M 

of • . deno»cd by S,ffj) and J>{±) 

H W. t-aoMMnti MM) F. T. Owe. "RrpcMMawMi m 
FJssrk-rVftk RafcvriM by Mom «r Stow VwnwW' r*. 
W~ I IS In r̂ wMfiw «•/ tln&cttw, $ynwwuiiMii ©w FowNlsiitNii 
pTItorfcirr. t m t . (Wvtwflr. Neydm. I f 7J. 

9. J. R. Rice. "OR the SirvctMe of Snot-SirM* Rebiiom for 
TpwDepmouM Haute DtiWRMivn m Mciab,"/ 4yf. Mr*. 
J7.7tt-}7«l*7©>. 

in. A. R. %• T«*m ami ¥. A. UcMt, 'X'nmliiMin 
RrfctfomMpt for Ik* TNnf•OepnNfcnl Drromnifan of Me lab." 
/ £ * mm. Tfrfmol 91.147 51 U»75>. 

The 
I a 

nuxc general form. 
The cwaatijw for 

potential of Rice is 

»/ »» 

/ « a 
A 

he 
in a 

growth rebtion 

flow as expressed by the 

fmh*9 •»• 

fanction and I I is thr (low 
form of / is 

£ u the denatotk component of •- Thw 
chnMnatKHi of j* from ihe growth law and Ihe new law 
leads to 

- ^ i r / l - « j . i | 

r C / is Ihe gradknl o f / in iht stress space and F b 
a fonctRNi of • and o. The loading function / is solved 
from the above equation lo obtain the yield condition 

/ to .o) -A ' (« .o>. 

From Ihe results of uniaxial icsis. we expect K to 
exhibit ihe properly that it lends to ihe yield constant 
when the temperature decreases lo ihe room icmpcra-
twt range. 

The flow ride for the inctastk strain can be derived by 
the nsnal procedure in pbstkwy. This yields a dignity 
more frncral form than usual due to the recovery 
mechanism. As expected, the presence of ihe strain 
recovery destroys the linearity between the rate of 
stress and Ihe rate of strain. From Ihe growth equation 
and the flow equation, we obtain 

where tr denotes ihe trace function. Substituting ii into 
the potential representation of the inelastic strain, one 
obtains the flow rule 

t " 
»//»& 

Mi) IV/1 »K*M*)I-
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at. by using the yield condiiioB. 

W*Z ( I a/ , ., , ! iflf \ 

Has eajaalioa provides * 
fat the meUsik soli*. It i 
* £ ) and i/ftA* it reduces to the 

t structure 

(low rale m 

TW transformed 

,r*Ogivraby 

CFTOCT OF SUtfACE MHOMOCENeiTY 
ON ELASTIC WAVE PKOTACATION 

Thk inviiupiiun n concerned with (he effect of 
s a r i n man an elastic wave piuasfitjrin m van-
dinuMsuMal hatf-saace due la a suddenly appned fence 
an the surface. This is M cxamswn of t*>c wefl-known 

• s problem. wJuch unwrcs the surface mass. A 

• bee*) given by Stride,'' and the method of 
integral iraasfbrm has been ascd to obtain its solution. 
On* agaifkaai ptienomcnoa of this praiWm is its 
abatnu of Rsykigh sarfacc m m m coalrast to the 
Lamb problem. Dae to the surface mass, the inverse 
transform of the problem has been made throne* the 
cumpmaiiun of rcsidacs, whereat for Lamb's problem 
the Cagaisrd technique has brrr used. It is mtcrcsting 
to observe tk«t by asiag an oymptotic theorem of 
integral transform, we can derive the sohtfion of the 
Lamb problem by passing to the limil as the surfarc 
anas lends to intra. 

Cartesian cooramatcs (jr, y) are used to describe the 
two dinwiisiinul dastk medium. With the half-space 
defined by y < 0 and •• < x < —. the ime-sided 
Laplace transform in lime is defined by 

and the two-sided Laplace transform in x is defined by 

with the i 

HtftVUx) • a , r • mm. 

QH{iMx)*»r*mv . 

whete^andQarcsurface forces.mi h thesarface nans, 
the as are stress components, and fir. v ) is the 

Stress from the 
for example, the vertical 

s 

where l i m fiw / * I. 2 jnd m » p. a denotes uW wave 
component with speed i; doe lo the surface force m. 
For brevity, we only compute l,p "» ittusirate its 
consistency with the solution of Lamb's problem. Using 
the inverse Laplace tranvform £ " ' . we have 

R «r»»t< 

I I . V.. Slrkk. "*>»ro*aito* M FbMk Wave Motion Ainnjt J 
HuM/SolM Interface," Huh*. Trim R. Sm: Louth* Set. A 
2SI.45S 32)i'959>. 

«***?*. 
whcic 

/ .• is the Casniard contour; 

% - l c 1 n 1 ) " 1 . Ref» j )>0 . f o r i - 1 .2 : 

rt'*fTi>j •n 2 >— P * - T < 7 , +iiP-p + R : 
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and A denotes the charactere* *ojwtio» of the 
Kayttifji wvre. The Laplace hmrawi of die mtctrand. 
denoted by X ' ( n . B r m t i b y 

I \ ft ft 

Thus, for « / - • 0 we can d m from Watsuu's Lenmu 
MM f , F redacts lo U R tumpuntni of Lamb's suhniuu. 
Omer components can he treated in a simitar mtnmtr. 

FOftCES ON DEFECTS 
IN UNCAK ELASTICITY 

The entity momentum tensor in elasticity has been 
introduced by hshdby'2 lo cakalaie the change of 
energy fur an elastic nudinni containing defects. Tbe 
crack extension force if defined » t h e change of energy 
per m i l extension of ibe crack. Therefore, the energy 
momeniwut tensor can be used ni represent the crack 
extension force. A lemur usably I I . which b skghtry 
dtflerenl from that of KshtCiy when cunsidermf ibe 
effect of jody forces, has been derived.1 * Since piasiic 
deformatiorrs. or d»irirjut»-m M dulucaiiuus. can be 
represented by the caurratenl body forces, we may u<e 
mil tensor qaably I I to cakulaie the effeel of ibe 
dfetrtbutron of drsJocalions i«» the crack extension 
fere*. 

Lei t be the energy density tif ibe elastic body, that 

where/* is ibe body foue.ir, n the dispiicemenl vector. 
**icitimm n jn clause constant. Obviously. 

12. I . D. Fjuefby. "Knrrey Krbiinn* and ifec Increy-
lUMuentvm Tensm M ronuuumn M*ieu»mr»." m. 77 115 in 
Mriusnv BHmkw of Job*, ed. by M. KMNHNU CI »«.. 
MeGraw-HM. New York. 1970. 

I J. G. Ufbfrtad. Tecnnncbe H»cbKbab. Aachen, (ienmny. 
priran? <wuruuuicain>n. 

where 

and &[ixm is d*e expnei' derivative of t : m our case. 

It can be shown dial 

where, with u * as the stress tensor. 

• U * * »«,* •.*•»,.«. -

The tensor of KsbrJby b 

where r is the strain energy density: the crack extension 
force can he *hown to be 

*»• *r» 

where J' is a votum? enclosing ihc crack edge. 
Suppose thai mternal stresses are present HI the elastic 

body due u». for example, the presence of defects. Lei 
f£l*,» be ihc srlf-suain which is considered as ihc 
source of the internal stress. The total strain 

'4 "«#•«!» 

is defined to he the sum of the self-strain and the daslK 
slram. I l is easy to show that a fictitious body force 

ft " t - * f ('rvmit ' w w f 

can he used to replace the effect of the internal stress. 
This method is generally attributed to Duhamel and 
Neumann, who treated the special case of thermal 
stresses. Thb body force will be substituted into the 
tensor I I lo cakulatc the effeel due to the presence of 
defects. 



4. Matrices and Other Operators 

A trrman R . F . C I m t 1 R. E. FunoVf lk 1 L J . C w 
T - f e p J a * ' R.S. Varja* R.C.Ward 

S T A M U T Y ANDSEMWOSITIvrrY 
OF MATRICES 

The purpose of this study was to cfcaracieriee and 
interrelate v i r i w n degree* of stability and KanpusMi*-
My for real square matrices. The standard t-jndit iuns fur 
inree major classes ui matrices wene made birth stronger 
and weaker, and the resulting classes were examined. 
These map.* classes were diagonaBy stable, stable, and 
stuuposit>c mairices denoted by _-f J.', and J> re­
spectively. Their relationship to the ciassvs of mairices 
whine principal mtmws arc positive, denuled by •>» and 
nunnegaiive. denoted by > ' was alv» examined. 

The matrix .4 K M / i f the real parts o f its eigenvalue 
are positive. By a well-known ihcurcm «4 l.iapunov.5 .4 
is slahle i f and ml;, if there exists a ptntitivc definite 
matrix X such that AX * X.i ' is positive definite. The 
matrix I is in ,4 i f the X above may he taken to he 
diagonal Icf. Barker. Berman. and Plcmmons*'f. The 
matrix .1 is in _x i l Ax > 0 tor some x > OK I . r-R-dicr 
andP tak ' i 

With each of the classes _-f 1 and 3 wc asv*ialc 
two superclass, demited by *lr_f*. • ! ! ' / . ' I f _\ and 
•*• W.4. 'IUIJ. J M O defined as follows: 

I . A G • » _ < H * H'.-*i if there exists a positive 
Inmwcm. nonbccaiivcF diapmai matrix />s«k.h that 
AD • 0.4 T is porilrvc senridefinitc. 

1. A € • l l \ * > l , H \ 0 i l there exists a positive definite 
f non/cr>?. positive scimdclinilcr rrutrix .V such i f u l 
AX • XA ' is positive semidclinil i 

1. I'niweruiy of Temirwcc. 
2. I'nmputmf Appfri irons Drrarimcm 
J. S»M Stale MVTHM . 
4. Keni Stale L'r»f»«M >. 
5. A. V. Lunvnnv. "ftnMemr iiinetd <k U SljHrtilc ( | I I 

Mnvvemenl." A transblmn from rhc Ruwun. rcrmbfclicd in 
Ammk af Mtlkrmilkx. Xn. 17. Frinvrltm Pre-.*, Primeft»n. 
1947. 

6. (•. F. Barker. A. Bcrrrwn. jnd K. J fkmmnrn. rVwfrrr 
ffmfmtl .Vi*»f»>m r» r*r f i t /ww i r tif\nlnm\. MjihcrrMtKt 
Research (enicr RcrH>rl 76-MJ7. I nrtrmty <*f WrH'»n\Hi. 
MSNHMHI. 1976. 

7. M. I Kdler .md V. Flak. "Some (<ncrjli/jli»n« <»f Fowtivc 
IMmHene** and V->m»ii»nk:ily," Vi#mrr Mar*. 9, 163 72 
H9MI . 

3. . 4 € ' i r ^ > M i r j v i M x > O f o r s u i . i e x > 0 , x > 0 > . 

Let 'J denote any of these nine classes. With each 9 
we associate subclasses using the fuoowing. o ta twn: 

A € 'J* i f DA is in 'J for every positive diagonal 
matrix D. 

A € 'J. i f every principal subnutrLx of .4 is in i '. and 

A € : f i f every principal suhtn t r ix of A is in if. 

Wr can irnmediaicly verify the fol lowing inclusion tree: 

y\.. 

in addition to the 3X classes defined above, we also 
•-onsidei the class .'"" ueitned rr. Joiinson* to con-.isl o f 
rnalrices in :>' whKh have at least one positive minor 
•rfe»:h iHder. 

(hir results are Minmiari/ed in l i p . I as a directed 
eraph hjsmc clasvs as vertices in which there ,s a 
sequence •»! directed edges from vertex i> to vertex 'U 
i f and «Hily if ;\ n contained in ' / / htmivalent classes 
arc represented by their mrrst inclusive class, thai is. 
i'li J represents the equivalent classes I ' l l i and 
; • i r / - and _-* represents the equivalcnl classes .-# _-4.. 
_+' and .-*• 

S T A M U T Y ANnSEMi roS IT lV ITY OF 
MATRICES WITH NONPOSITIVE 

OTF DIAGONAL ENTRIES 

Tlic lour classes of matrices _-/. i\ ' . j 'and > defined 
in the nrcc.-jing article of this rcpivrt arc in general 
different. However. resiricKd to the class of w-by-w real 

*. ('. H. Jr>bn«.n. "Seii.nd. Third. J>n6 I mirth fhder 
O-Sii iMiiy."/ Kry St!. Hw Sltnd. 7»B. I I 131 |«»74i. 

I I 
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0*4 

r « l . 

matrices with nonpusilive off-diapunal entries, they all 
become the class of nonsmgubf Af-rmlrices '*•' Hem-
mom*). Variants of these four classes wilh this rcs;ric-
lion have been ch»raclerw*» sad mterrebied. 

To present the resuiis of this study, we use the 
concept of reduced normal form Icf. Varga' * ) . If a real 
n-by-ff matrix A is reducible, there is a permutation 
matrix f lor which PAF% is in rc.liu.ed normal form: 

The results of our study yield the following charac-
tcruations for classes of matrices wilh nur>posiir*e 
oft-diagonal entries: 

* n 

tA? 

1. The classes,-/ £[. J... J.". £. •>'. •>». J».and_v are 
all equivalent lo the class of nonsmgular,If-mat rices. 

2. The class -if'.-? is equivalent to the class of 
irreducible Jf-matrices. 

.V The classes ' l l j [ •»_:• 'W£t. and 'WJP, are all 
equivalent lo the class of M-matriccs wilh "property 
CV |The Af-matrix A • pi •• M has "properly l " if 
and only if Urn*.. . \p~* *f* cxists.| 

4. The classes IMl-4,. •>'.. and |»ir_>, arc all 
equivalent lo the class of If •matrices. 

5. Lei A € '.^..Then. using the notation of the rcdwed 
normal form. 

in A € ' l l '_^ iff Au smjciiar implie* A,,* = Ah £ 
* ' for a l l / * / : 

|ii) 4 6 *II'_V i lM, j singular implies AltG. iy for all 

iui) A € 'M'_7 iff Ait and A„ singular. / > ; . imply 
A„€C 

6. The class 'U'Ji, is equivalent to the class 'll'_v 
9. R. i. Hemmom. "A Survey on the theory ami 

Ap*k»ik,MofM-Matrices."/ Un. Air ! « * . t« I* r*Hi*e«l. 7 L e M be irreducible. Then.,* € I'M',* iff ,4 € •/-'... 
19. R. S. Var—. Mrrrfx lirwivr Arnlvm. frentkcllatt. 

F*f)cm>~J Cliffs. N.J.. I»»2. 8. The class <|*H_4 is equivalent lo the class <IMt_» 

where each Au. I < i *i k. a cilher square and 
irreducible, or a I-by-1 null matrix. For our purposes 
here, it is convenient to define a l-by-1 null matrix lo 
be irreducible. We also ux the notation of the 
preceding article and denote the :b>s of /cn> matrices 
by c1. 

http://rc.liu.ed
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9. Using (he notation of the reduced normal form, we 
have 

til A € (Ml 3 1-1*11^4/ at there is an r such thai 
A„ € •>'. with i l j r € c* lor al * # r: 

Ul 4 € I ' t rX ift .4 has an eigenvalue X with Re X 

Denoting the classes of .lf-ma trices given in I. 3. and 4 
above by .4 -MX and •>', respectively-, our results are 
WMNnsrued by the following directed graph: 

_-/ 

•ir_-* 

• ll'3 

* 
• l l j t 

t 

iMl'-X" ylUI\l\ 

•IMI'^" 

• 
(MIX 

THE RANK OF A DIFFERENCE OF 
MATRICES AND ASSOCIATED 

GENERALIZED INVERSES 

Our work on this :opic. which his heen partially 
described in a previous report.'' hav hern concluded. 
Various representations have been obtained for 
characterizing the rank of A S in tern:* of rank l.-f t * 
k where A and.V arc arbitrary complex matrices and k is 
a function of A and 5. It has been shown thai it 5 = 
A MA for some matrix M and if (> is .it> matrix 
satisfying A ~ AGA. then 

rank (/I .V)srankf/1> nullity 1/ Sli) . 

Several alternative tonus of this result have been 
cstaNh'-ed. as have many equivalent > unoilions u>have 

rank M .V) = rank (/I t rank (.V| . 

II. "Rank and l>rv-»mr*>*ili»n of Ihc IMrrcrvnsv >>f Malmr* 
and r«nerali/cd Inverses." Htllt Slit Hrs. Itrp l*r.j Hrp. 
JnnrJn, /V7ft.«>KNI. ( SIM3. p 2(MrkM>cr I976>. 

Dtnoiing the Moure-Penruse inverse of the matrix B 
by **. it has been shown that 

(.4 S>* *U A'ZfiA* A'SA*H# - S A V 

if MM) only if /M*5 « $ » S i * * . Other interesting 
forms for (4 - 5)*. some of which haw been 
previously known, have been derived from the above 
relation. 

OPERATORS COMMUTING WITH A 
COMPACT QUASt-AFFINmr 

Lomonosov's Theorem slates that any operator which 
commutes with a compact has an invariant subspace. It 
is. therefore, of interest to determine which operators 
c^n commute with a compact quasi-aiimify. In a recent 
paper. Foias. Pearcy. and Vokukscn 1 l show that a 
nonbiquasitriangular operator which commutes with a 
compact ojuasi-affinily must have infinite index at the 
semi-FrcdhoItn points in iu spectrum. They also present 
an example to show that this phenomenon can occur: 
however, this example is w».mg. We modify their 
example, and tl.us democ>iraie that it b possible fur a 
nonbiQjiiasiirianguU'r operator to commute with a 
compact quasi-affiniiy. 

COMPUTATION OF 
WIENER-! LYNMAN INTEGRALS 

The solution to nuny problems in mathematics and 
physics can he expressed as a Wiener-Feynman (path) 
integral. However. lor computational purposes, the path 
integral is difficult u handle. Most previous methods 
eventually rely upon computing a multi-dimensional 
integral of larre ilirmnsion. Using a method borrowed 
from disordered systems.1' we have expressed the path 
integral as a matrix clement of an operator. Thus, we 
have rcpi:iccd the difficult numerical integration by a 
I hopefully > tractable lineal algebra problem. 

We have completed calculaiiims using our method for 
the harmonic oscillator, which is a simple problem 
whose exact solution is known. Our computed answer 
was in pood agreement with the solution. Work is now 
in progress on the anharnionic oscillator. 

12. ( I «»B*. '• . fcMty. and i Vnkiiktcii. On the Staircase 
Rcpicsenuuun «f mqiMUlriancubr Operator*." Mich. Math. J. 
M.J4J 52H975». 

13. T Kaplan and L. 1. fa»y. "Mcmcnury Kxcitafion* in 
Random Subslilulmrul Alloys." fh\%. Krr. H 14. 3462 70 
fl97h>. 



5. Experimental Design 

CK.fcryne E. R. Junes' T.J.WidKH M.D. Morris* 

04PTIMAJ.THREE4-EVEL 
FACTORIAL DESIGNS 

The least-squares estimator of the m X I vector of 
unknown coefficients f in the linear model 

e\y\*xf 

b a function of the n X I vector of observations y and 
the m X m "expanded design matrix" X. The 
least-squares estimator 0 * < JC*JO"'-¥*jr has variance-
covariance matrix given by f JTJTr 'o 1 . where o J is the 
variance associated with the experimental error. Since X 
depends only on the model and the experimental 
design, the experimenter can choose a design fur a 
model that will yield a variance-covariance matrix that 
is "optimal" in some sense. One such design criterion, 
which minimizes the volume of the joint confidence 
region for the least-squares estimators of the <?"s. is the 
criterion of "AXoptimalily." .Specifically, a //-optimal 
design maximizes the determinant of XX. 

In a previous report.' nic con<>triiclion of D-optimal 
fractions of three-level factorial ues.gns wi lhn factors 
has been descrihed for factorial effects models 12 < /»< 
4) and quadratic response siiriacc models 12 < p < 5i. 
These designs have been generated using Mitchell's 
DfcTMAX* algorithm and an algorithm that produces 
//•optimal balanced-array designs. The best //-optimal 
designs and their properties have been cataloged* and 
compared to designs now in the litetaiure. Although the 
designs havr been constructed to maximize the 
detcrminanl of XX. other properties Mich as the 
average and maximum variance of the lilted values over 
the 3P possible factor combin; ,i«»ns have been 
calculated to assist experimenters in choosing a design. 
In addition, the "//-efficiency." which is a measure of 

1. Texas A4M I nivrrsiiy. 
2. ORAl' Laboratory < iraduatc Parlkipali»n I «H»w. Virginia 

rMytcchnk Institute and Stale I'nivcrtiiy. 
3. "//-Optimal Thrcc-l.m-1 laiforial l>r»i|:n«." \klh. Star 

Ha. i>/». rntt. Krp. Jnnr Ju. / * / « . W N I z / C S M * . PP- » "» 
lOewnrr 1975». 

4. T. J. MilchcB. "Cnmpwlcr «'< fiMrutlinn of /M>ptirtial 
J irsi-Order DwrpM." Tr,fmt>imlnr* lit. Ill 2n I» 974K 

5. T. J. Mitchell and ( . K. Hayw l)(Pptimtl r->«»nn! »/ 
Thrertrvrl Ptwrrtil O r w n ORNL't Si* 19 I January 1977, 

the detcrminanl of each design and is independent wf 
the parameterization of the mode!, has ah»» been given. 

Fur those designs dial wan K- ran sequentially, a 
diagram has been drawn indkaiing how. starling with a 
//-optimal design, a new //-optimal design can he 
constructed by adding only one design point or a group 
of design poinis. 

DESIGN OF EXPERIMENTS TO 
DETECT MODEL INADEQUACY 

In the planning of experiments, it is often helpful to 
tentatively postulate a model relating die response to 
the experimental variables and then to determine those 
combinations of levels of the experimental variables 
that should he run to estimate most precisely the 
parameters of that model. It is important, however, not 
to ignore the pussibiliiy that the proposed model may 
he underspecified. in thai some terms have hern 
>mulled. We shall denote uie assumed mr-dd by 

nilxl = f , ' lx#, (I) 

and the Inic response by 

rjtx,= f, 'tx|p ,

) *f:'lMfi2 . 

where x is a point m ihr "regiim of interest" :> in the 
space of the experimental variables ami f,Ix> and f:i%) 
are vector functions of x specified by the model and the 
Irue response. For example, one nngfii propose to fit a 
first-order model in two dimensions: 

n,l.v,..v 2| = ff0*»,.vl *01.xi . |2> 

while the true response may he quadratic: 

nt.*,..Vj> = ft, •<},*, + 0s.x2 *0,,.xt2 

• 0 : ; V •*J| Jv,.r 2 . |.»» 

I n ; his case 

f i i x ) * | l . . ¥ | . . v z | and f j ' l x ) = | . v , ' . . v . ' . r , v : | 

14 



IS 

The problem we consider hew is the design of 
experiments ta detect the presence of nonwrw pV in a 
previous repuri.* we proposed several criteria fur doing 
INB and applied ibem lo ihe compwien/ed consimciion 
uf a large Munber uf designs with a specified monker « 
of observaiivm. Hew wc shall avoid die cwnibinaivrial 
difficnlties lhat are involved wiih constmciing designs 
for fixed m and consider an experimental design to be a 
meawtre | in :V Tins tactic, which is often wed in 
optimal design theory, remits in designs thai supniate 
the aavpvfMt of the available experimental runs to be 
placed at various "puinis of wppurl" in :V Such a 
design is cawed "appiminme" since it wil not he 
exactly attainable unless flxl is a multiple of n ' 1 at 
each point of support. 

Onr main approach ••• dciignhn experhnmis iw 
detect model inadequacy has been tw nmhniw in some 
sense the nuncentraNty A * f V 4 { 0 ; . whew we lack of 
fit matrix l|$)is given by 

* V t » * / M * * ' / I * W « ' * » • i . /* l-2 . 

This criterion, which was introduced by Atkinson jnd 
Fedoro*7 and cahed "T-opiimalily." rs motivated try 
the lacl thai both the expectation of ihe residual sum 
of squares under the assumed model and die power of 
the normal-theory iack-of-fil lest are muntrtimically 
increasing functions of >. A principal impedimeni io 
the applicaliim of this criterion is ihai fiz •* unknown. 
T<» circumvenl ibis difficulty, we introduced* a 
measure of model inadequacy r. 

r *min / |qfx> f / lxlff , !* Jx . 
* i * 

This measure, whkh represent! the degree of departure 
of the true response rtfa) from ihe class of assumed 
models given by liq. ( I ) , turns out lo he. like X. a 
quadratic fiinciion in f } : 

6. f . R. lanes and T. I. MilcNrH. Kriprmtr Smlmr Itrtnm 
fur ihr Orimmn of HnM AM*mwrr. I f r NI»r!SI>:i 
lN»vemhcr I975l 

7 A C \tkinv>n .ind V V le<|..r.-v " fh i - lK»irn .>f 
f ipr 'Hlwnl* fit I) nnmin.irinc Rtriwrrn fwn RIVJI Mi ikU." 
Mtowwrttv*2.57 ft«»tl«»75i 

whew 

r « H : i H ; i H i i f l i i 

and the (9^) aw the region moment matrices: 

*, • J lJixH,U)J%lfu\ 

The choice of a design to maximize 11) the inmimnm 
vame of A or 12l the avenge vjtaw ol X MM contours of 
constat r kads. respectively, tw the fom*wing criteria: 

1. \,-optmultiy: maxmmee Ihe mmmmm eigenvalue 
off"'Land 

1 Aj-tipthnahty: maxknue ihe trace n f l " 1 / . . 

We have recently proved tww theorems thai are useful 
in verifying 'he optimaltn of a prnpoW desqp*. Both 
•4 ihem uiuVe the veciwi glx. |K which it defined as 
fuilows for .V,, mm lingular: 

pv > » f m X:.f*Mv7.i;rf,<x> . 

Thti*rm I The following three conditions are 
etntrvaleni. where If is a specified positive Krmdefmile 
mairix: 

I (*maxnm>esir|iri|(l|. 

2. wpg'lx.rMnj|x.i*)>tr|Mllt*||.and 
*• • 

3. f'lx.{*lMglx.i*laHamsiismaxHnumal thepohiis 
•«f snppiHlofj*. 

Fur .\:-opiimslii>. lake i f * f i n Theorem I. 

7*r»*rm 2. The following iwi» condiimns are 
sufficient ft* ^* lo he .\ | -optimal: 

1. / . !(*) * AT for some constant h. and 

2. iherc ehisSs a ptmtiVf scmidcfmitc mairix H such 
thai ir |77/1 " ! and 

i* maximi/es u\HI\\)\ . 141 

In anplicaiions il is more useful lo replace l.q. {4} hy 
condiiionsl2|orl3lor Theorem I. wiih tr|/rX(t*i| «fc. 

These theorems have been applkd lo find A, -opttmal 
and A : optimal designs for detecting the presence of 
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second-order polynomial terms when the assumed model 
is first order and the region of interest is cubic (see. for 
example. Eqs. (2) and (3> above). A,-optimal designs 
u k variables have been found for * < 4. and 
A 2-optimal designs have been found for all k. These 
designs, which are not necessarily unique, are supported 
on points of the 3* lattice (Le.. each xt * 1.0 or I ) on 
spheres of radius0. \.y/k I . and%/*• Whenk = 2 . for 
example, the A t -optimal design specifies that approxi­
mately &% of the experimental runs should be at each 
comer of iY (which is the square: I < xf < I . i = I . 
2) . 13% should be at the midpoint of each edge, and .he 
remaining 20% should be at the center. 

DESIGNS TO DETECT THE PRESENCE OF 
INTERACTIONS I N FACTORIAL EXPERIMENTS 

In a previous report.* we described the initial results 
of an investigation whose purpose was to construct 
designs for delecting the presence of two-facior 
interactions in factorial experiments. The criterion used 
was the maximization of the trace iif the lack-of-fit 
matrix L. which is equivalent in this setting to 
Aj-optimalily as defined by Junes and Mitchell.* 

As a result of this previous work, wv have conjectured 
that m the 2* case, where each of the k factors can take 
only two levels, the optimal design in the class of 
fvMvrer designs is trf/.Hylinial. Wc have now obtained 
general rules for constructing optimal foldover designs 
in 4. 6. or K :uns to augment our previous computer 
work, which construe led optimal fuldovers in >ip to I d 
runs for k < X. To investigate the power of these 
designs under the \ : lack-ot'-fii test, a simulation study 
was conducted and the results tabulated. Ivcn the 
smaller designs were surprisingly powerful for u\ feeling 
the presence of interactions of moderate size. 

Furlhc- evidence in support of our conjecture that 
tny.Voo'.imal foidjvefe arc globally optimal was 
obtained by means of a comparison wild trl/.i-opiimal 
designs from the class of balanced arrays ol strength 3 
and from the class of "ncar-foidovcrs." which become 

S. "Factorial De«ijEn« for Defection of Model Inadequacies." 
Mull. SUI. Res. Drp. Hog. Rep. June JO. Iv7f>. ORNL/CSIM 3. 
pp. S-9 (October I976». 

foldovers if a single run is changed. However, we ha«e 
been unable to prove the conjecture in general.... 

For designs of size .V < 2 * . the ir(/-Foptimal 
foldovers have the practical disadvantage that neither 
the mam effects * " the two-factor interactions are 
individually estimable. However, these designs are easily 
augmented with a lew idditional runs to permit 
estimation of the main eO.-cts. We have constructed 
tables ;»f such "compromise" designs. We have also 
demonstrated by means of an example the potential 
utility of the trl/.Foptimal loldovers in the first stage of 
a two-stage experiment in which one ur>l tests the 
hypothesis that there are no two-factor interactions. 
The results of this lest then influence the choice of the 
runs to be made in the second stage, which is primarily 
for the purpose of parameter estimation. 

In the 3* case, where each factor can take on any of 
Three levels, we were unable to find an optimal design 
class comparable lo the foiduwers in the 2* case. We 
have obtained some limited resuits. however, based on 
computer searches. 

A complete search was made of design* for 3 2 

experiments which have two or fewer runs at each 
lattice point. The form of each design and its 
corresponding value of irf/. I were tabulated. 

Designs l«*r 3 J and 3* experiments were constructed 
using balanced arrays and two different sequential 
optimisation pror?durcs. Il was apparent that lif/->-
optimal designs in 4 . 6 . x. or 9 runs arc found by totally 
confounding additional factors with factors in optimal 
3 : designs. This was not true lor larger designs. 

As with designs '. i 2* experiments, a simulation 
study was performed in order lo investigate the power 
of the \ 2 test for lack of lit when small in7 Hwlimal 
designs arc used. 

Since small Iri I. s-oplimal designs lor 3 J and 3 4 

experiments do not provide estinwNlily of all main 
dice's, wc at tempted to construct designs lor which 
main el lee is arc estimable and values of frtV.I arc 
relatively high. For design sizes of IX ->r less, it 
appeared that these designs were not substantially 
better |in the trt/.i sense| than comparable/J-oplimal 
designs. 

Designs were also developed lor sequential experi­
mentation, as in ihc 2* case, ffu'se were found by 
aupmcnlinpl/J-opiimally) small Ax-optimal designs. 
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6. Statistical Testing 

J.J.fcauchamp K.O. toman F. L. Miller. Jr. C.P.Quesenberry' 
L R. Sfcenton2 V. R. R. Uppukih 

EFFECT OF NONNMMAU1Y ON THE 
DCSTKIMmON OF THE i STATISTIC 

Daring ibis reporting period die work on this project 
has been in the area of determining the actual level of 
significance expected when tabled r values are med • n 
samples from nomtormal distributions. Since it has not 
been possible to craniate the general expression for this 
probability, except for a very few cases, we must rely 
on Monte Carlo procedures and approximations to the 
distribution of the i statistic whun the parent distri­
bution is nonnorrnal. (See Sbenton ct it.3 and tieary* 
for two approximation methods investigated.) Correc­
tions and extension to terms of order »"* of Geary's 
procedure were used in the evaluation. Certain Fade 
approximations were also used to evaluate needed 
suznmalMms. As a result of this research we have found 
that the probabilities calculated from the approxi­
mations to the i distribution reasonably agree with the 
Monte Carlo results for sample sues greater than or 
equal to 25 for 0 < v#i < 15 and 2.0 < 0, < 4.5. II 
the values of y/&, > 1.0 are omitted, the approxima­
tions give good results for sample sizes down to 
approximately 10. The results of this research will be 
summarized in an irlkle to be published in the open 
literature. 

TESTS FOR UNIFORMITY 

The power study of tests of uniformity described in -
previous reports5-* has been extended to include four 
Neyman Smoothness tests, the Kuiper test, the fearson 
Probability Product lest, the Sherman statistic,and the 
Sukhatme test. In addition, most powerful test (MPT) 
statistics have been evaluated for three of the four 
famiies of alternative distributions5'* to construct 

1. North Carolina Slate UmV.-rtil)-. 
2. l!ni*cf*iiy nf <«orjria. 
3. L. R. Shcnton. K. O. Bowman.and l>. Shwhan. "Sampiinc 

Moments of Moments AVUKUICII with Univamir l>rtiri-
bwtinn*."/. * . Stat. Snc. B 33.444 57 11971). 

4. R. <•. (icary. "TcMin? r«r Normality." Brnmlnkii 34. 
209 42(I947» 

5. C. F. Qucwnberry and I-'. L. Miller. Jr.. "Power Studies i»f 
Some Test* for 1'niformiiy." J. S101, O'mput. Simulation 5. 
169 91(1977) 

h. "Power Studies for TCM» of I'niformity." Mtih. Sw. Rrs 
Dtp. fro%. Rtp. JunrSO, 1974. ORNI.49H9. np 3 5 

power envelopes against which to compare the per­
formance of the competing statistics. Figure 2 displays 
the performance of several test statistics against a 
symmetric triangular alternative distribution. In Fig. 2 
the power of the Koimogofuv-Smirnov statistic D, the 
Cramer -von Mises statistic I f 3 . Pearson's \ ! stalistic 
with ten cqual-si/ed simmtervab \ f * . the Neyman 

onssL-owc rr-i itro 

0 10 20 30 40 50 
SAMPLE SIZE 

Fig. 2. Rennvc power of test* of uniformity for a irnMBtnr 
density. 
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Smoothness test p2

 z . and Watson's V* ait compared to 
Jm* power of the MPT. 

LOG LAPLACE MSTKIHJTION 

A random variable --«• < Y < «• is said to have a 
double exponential or a Laplace distribution if the 
probability density function r„(r I is given by 

jrA(r>=yespr-Xirl>. — » < r < - . 

In analogy with the togrmrmal distribution, we let X * 
expf K) and say that K has a log-Laplace distribution. 
The cumulative disi •button function f-\ix) of X a 
given by 

rJt*/2 UnO<x<l. 
F * U > " I I n / l v ' l f o r K . r . 

The probability density function /*!x) of X a given by 

f Xt* '12 flHO<JT<l. 
f k U t t " \ Mix*' f„r I < jr. 

A skclch of ihe family of log-Laplace disiribuiion 
functi.r» shows thai ibis family will be useful for 
several applications. For example, the biologists and 
health physicists v»fc»> are concerned about the low-level 
effects of ladiation doses we inieresied in the slope of 
the cumulative distribution function at the orirjn. This 

lamiy for X s I has a hnear frowth and for X » 2 has a 
quadratic rise at the origin. If one has data for certain 
values of the dose xt. xt x* (away front the Rro 

far inference about the shape parameter X. 
The reciprocal of a log-Laplace random variable aho 

has the same distribution- Tins can be seen from the 
probability statements 

Frobl? = ( ! / * )<. - , *rrob|Jr>l/;| 

* I Prob(Jr < Hz] . 

The hketmuod ratio criterion of a simple hypothesis vs 
a simple alternative about the parameter A depends on 
the product of independent identically distributed 
tag-Laplace random variables. Tins can be deduced from 
the dntrnmlion of the sum of independent identkaHy 
dslributed Laplace random variables. 

Proposition: The probability density function of Y •» 
Y, • ... * >"„ where each Y, has a Laplace dBtribution it 
given by 

/ • „ \ ft I 2" * (ir ft I)! 

We note that this result is more general than the 
problem posed by Feller.T 

". W i-eWtr. Am Immdttciwrm to AniwMSr/r Throrr ami In 
Appktiriom n-l. 2. p M. Wiley. New York. IV** 



7. Multivariate. Multipopulation Classification 

M. SctcT " V. R. R. Upprfwi 

MULTIVARIATE HYrERGEOMTnUC 
DBTRIRUTIOftf: EXTREMAL FREQUENCES 

Suppose we have a finite pupnhtiun of N objects 
dassrOed into b * I categories. Lrl each of the * 
categories have M objects, and the (A • I |H category 
lave N Mf objects. Suppose m sample without 
replacement. Then after * objects are selected without 
replacement, we are interested in the drunbutional 
properties of the muummm«wirniwarin) of the observed 
fruptencres. 

We study this "without replacement" probltm in 
paraRel to the "with replacement" problem. The lalter 
prubfcre corresponds to the drstribulional properties of 
the maximum (iranirnuni) frequency of a sample from a 
nwiimomial distribution studied by Sobel. I ppuluri. 
and Frankowski x 

After « objects are selected withuut replacement, let 
#VjJ\-tr.n) denote the probability that each of ihc h 
categories appears at least r times. Then we haw 

Proposition I: 

(*» » \ ( v * ' , 

' « i / 

More generally, after w object* arc selected wilhiHif 
repiacciiienl. lei //|f*-fyr. ») denote the probability that 

/ specified categories appear r times id), and b / 
categories appear at least r times. Then we have the 
banc recursion given by 

Prupusitiun 2: 

» /r " - * 

We have the f-5owmg boundary conditions: 

<tv .» i - f . ' - u ; ; *C v ™\/(N\im**. 
" , -* I r ; '• w hr • I y H ' 

These recursions and boundary conditions are useful to 
compute / /^ ' \ l r . «> very fast and with high accuracy. 
We hope ti> exploit the basic recursion not only for 
computational purpose* but arm to study the proper­
ties of the associated waiting-time random variables. 

1. I'nm-rMlv t»l Cdifm.-Jia al Sanla Ibrbara. 
2. M. S..H.I. V. R R. t'ppiirmi. and K. I rankovnki. 

"DirkMrl l>nmhiil»>n Type I . " Srl>-rfnl Tahb-t m Mtlkr-
"Ult.al Xialnlfs. t'M. IV. IMS. American Malhemalkat 
S<iicfv. Pri.vukmv. R. I.. 1977. 

file:///-tr.n


8. Statistical Estimation 

N. R. Draper' T J. Mitchell 

WDCE KHarf %SKIH AS A MEAN? or 
imuzmc -nuor- MFORMATION 

Tie Knear model: 

J* • JW •*!*•* *" - *M*** e * - *'" l- 2---"• »»> 
is frequently Med l» "correlate*" m obscrvaiMms of a 
response r with a set of p "predictors''' X,. X j . ...Xf 

where ike ft arc unfcnow* coefficients and «, is a 
undiim error. If the prctictors arc "scaled and cen­
tered*' «ta the transformation 

Z^XXi, XtfS,1'*. 

where 

then the model. Eq. f 11. may be written 

j> ,«tV + » V i « + ---+ • *£ *«+< ' • f - 1 . 2 * . ( 2 > 

where 

»/»V'2<*-
In practice, t in transformation b a recommended first 
step as a technique for removing nonessential ill-
conditioning. 

The kasf-squares estimators of the unknown param­
eters in Eq.(2)are 

and 

l - I Z ' Z r ' Z ' y . (3) 

where y is the n X I vector of observed responses. 7. is 
the t X p matrix whose (/,/') element i s l a n d f is the 
p X I vector of least-squares estimates of the 0's. 

I. Unnvni y of WrKnntin. 

When Z*Z is "^conditioned." that is. the ratio of its 
targesl to its smallest t i fwahn b targe, f can he 
unsatisfactory m that Us dements may be nmch ton 
brat in umgaitude or incorrect in sign. This sanation 
fienncntly occurs when the data haw been canceled 
routmcly from an undesigned expenment. m which the 
pntdicturs are hta*ny correlated with one another. 
Hoed apd Kennard* proposed instead of the least-
squares estimator a family of rwfcr eitmmiim of the 
form 

# 4 « l i f Z • * / , ' * > . (4) 

where I is the p X p identity matrix and the ridge 
parameter ft indexes the members of the famiy-1 The 
estimator of fc' ny no .nailer what the value of ft n.) 

For small valncs of ft the ridge estimator. Eq. (4), waS 
have a lower mean-square error than the feast-squares 
estimator. Eq. (3) (winch corresponds to ft • 0). Hnerl 
and Kennard recommended that the choice of ft be 
made by examining the ridge trace, that is. the pfot of 
the dements of #* as a function of ft. As ft increases 
from 0. the estimated »'s change rapidly initially and 
ihen^slowly approach 0. The lowest value of ft at which 
the 9's seem to stabilize at "sensible" values is the one 
chosen. 

The rfcierl-Kennard approach, which we shall refer to 
as "standard" ridge regression, t misly has features 
that are arbitrary (the form of F«|44|| and subjective 
(the choke of ft). The problem of making the ridge 
regression procedure more objective and more rigorous 
has recently attracted the attention of many re­
searchers. 

Our research in this area was motivated by (a) an 
uneasy feeling that the "Standard" method is often 
inappropriate and (b) a desire to make sense out of the 
overwhelming array of suggestions for applying ridge 
regression which have recently been published. 

Our basic viewpoint is that ridge regression is essen­
tially a method by which external or prior information 
about the 0"» or about the response itself is incorpo­
rated into the bask regression setup. We consider 

2. A. K. Hncrl and K. W. Krnnard. "Rule* Rcernsion: Mawd 
Rsmrwlion for Hm-ofthnfonai PrnMrim." TrrHmrmrirk-t 12, 
55-t7(|*70). 
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several ways of expressing these fuhngi. »1 o* which 
lead •» a general form of hojr estimator. 

Cfmrrmtimml mrnrsaw appninra 

In tins approach. which has been described by 
Liadky am) Smith.' a prior distribution it placed upon 
Mat (fs and the mode of the pusierior dMribvliou it 
take* as the estimate off . 

Rruhctmm uf'fhn spcafinl 
enqnpmmf J VJBI M 

TKB B eaeniialy die approach of Huerl and 

Kenaard,* where Ihe cOipsnidal rcpon has the form 

and the constant c- depends M I k. Thb yields the 
standard ridge estimator. fcq. (4). A mnre general 
approach is to consider reports of the form 
0 - t*)'T\f f ) < c\ where 7"is normegalivc deTmiie. 
This eenerali/ation involves chousing T and fi* as well 
as* . 

FtruwHv exprmmn a pnfrrrmx fir 
m "liable"mpmne 

Suppose A? is a specified "region of interest" in the 
space of the original variables $|. t 2 . ... i,- |The p 
predictors in Ihe model, F.q. ( I ) . are functions of the 
t's.| We shall define the hnuhHitr of ihe true response 
function rrf{) over X. assuminf Eq. ( I ) b correct, to he 
Ihe variance of nit) induced by a uniform distribution 
over R. (More generally, other distributions over R 

•JUW be used to give different emphasis to different 

3. D. V. LMky and A. K M. Smilfc. "Rajm Klmuio for 
the Linear Maori." 7. K. SHI. So,. « 34.1 41 11972>. 

parts of AT.} The instability is eaaty aha— to be the 
quadratic form f t * , where ihe elements «t V are 
blown. Out viewpoint is thai, of a l the poaribte values 
of $ that ate equator ~gojd~ as far at the aata are 
concerned lie., that have the same residual aum of 
squares), we thai prefer the one that gives the most 
stabk response over IT. Tins kadi to ihe e;im*ator 

it'ijrxtktrr'r'y. 
This approach aho provides a natural way lo extend 
ridge wgiuiiuii to modeb in which the predktors are 
mnhnear functions of the |*s. 

.4jremr*rrmr ikr nktrmd Jam 
w»r* ~<amvmr~<»6srnwriu«rs 

A very useful and flexible way of bimgjng prior feel­
ings formal) into Ihe estimation procedure it lo esti­
mate the response. Mibjtvtrvely. al points thai were not 
observed m the experiment. By mcfudnvg the avtmnry 
observations iiteeihrr with the actual observations in 
ihe regression equations, a ridge-type estimator is 
obtained. The rmsi extensive development of Ibis 
approach was given by Then1.4 even before the first 
Huerl-Kennard paper on ridge regression appeared. 

AH of the above approaches lead to a general ridge 
estimator of the form 

At * IXX * **"> 'iJty • * 7 f » > -

where f is a nonnegaiive definite matrix and 0* b a 
p X I vector. The choice of * . 7". and f* depends on 
the particular approach being used as well as on the 
nature of the prior information. 

4. I I . T IK I I . "On ihr Vnt nf Incmnr4ri< fhot InformatioN in 
RerrvMinfi Andy**." J. Am. SHI. Aon,. M . 401 14 (IV»3). 
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Part B. Statistical and Mathematical Collaboration 

The Mathematics and Statistics Research Department coNaboraies with many divisions of Oak Ridfr Nalianai 
Laboratory and other UCC-ND and F.ROA installations. Each quarter the indmduai statisticians and mathematicians 
repot! and document major cottafeoratinns. which are lined in Table I by dmshm fur focal year 1977. Some of 
i!f.ne activities arc smnmareed in this pari of the report. 

Drntuxi 

R»**y.ORNL 
Mrlafc ar i ( n j m n . (MINI. 
FimfKamcuial Socmxv OHM 
Y 12 Hani 
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AiuH Ikjl ("kmNMry. (MINI. 
1'ranwm Rc*wror% FiahulMi Phiiei'l 
Kncrj!>.imNL 
S»M Stole-. ORNI. 
Ojk Rifer ( o « n « IMUnmn fbnl 
Ikzllhrhyiks.GHHl 
ChrmMry. (MINI. 
NuticM Rqcubltxy C<«nmnN»>n 
IIMIIHIC I'm Kncrpj Andy** 
Compwlcr Sricmnrt I)I»IMHO 
i'lunfuativt Animal Re*cwi-n Lil)»r;ilury 
Cbciakal Tci-h»nl»*y. ORNI. 
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9. Analytical Chemistry 

cm. M. R. Catna R. W. Hoaaatrc, 

•Irifcatioa lo lat 
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Caarelte Ptafram a * Male to faal 

in* m Ikt laKaatf laaajks) 

ntiks mailiauu - akatiat. pH. paraua. cokwt-
ic aataal. aaj ataia"a|ajrteaa' — aaa lae caa^a-

at alack tkr mnifce nawfcaaMc was apphtJ to 
Nine Maikcwtaica* naiarfe. of aiffeieiH 

«»f lane ax variables acre aae»iia*ca' 10 

Mints. Akfcoajk the acoat of 1MB slaty 
aar> kaatea1 lo ax variants, it ants saw ikat lat 
coacrr.iratiua of tat skin pamiiac cundnisale I D . tfce 
aaawal of nknliar |N). ami tat conarasale all make a 

fiai 

Tat k m 
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arrfcvi jamaaai . ikr naa.ru a" valors aiiafcl fa* OR 
lat preoxtiua Nat aVaaa fruai ikt lower kft-kaaa 
comer lw ifct upper riakl-kaaJ corner. Oat siaaaara 
amaiion 15) from ike pmacicd bar is S » CMC: ihr 
mmbrr nf poiais ikal are nat. law. aaj Ikrcc v. jadara 
orviaJiuas from «fce preAcliwi fcar anr pven in Table 2. 
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. the 
of the 
a sssnifkant 

That is. the 
to 

test 

froar. the 
o f i i» 

watri-

I ! 3* 
« . 7 
27.7 

However, far stMral data sets. 

ClCAKCTTESMOUPAltTICU 

aaW) 
A w 

e 
ef 

to 
dtffcreni 
cjaaretle 

The dutimnlioa of the sis of 
factor that dttcti 

of test! 
These sin 

the cflects of cajarctle smoke on 
of lo t animals. The diameter of 

panicles can be m*as»Kd from photo-
of smoke panicles deposited on a filler pad. 

The hypothesis that the luearifhms of the smoke 
particle diameters. W«#». have a mwmal distribalian can 
he tested by the mmrnaa-Shenton lest,1 which is based 
on the statistics V»i and » : that estimate skewness 
ii/fi,) and knrtwsis tft?) respectively. Skewness • a 

of symmetry abnvt the mean, and knrloHS is a 
of the flatness of the dntrihalion. At the 5" 

the in 
departare fromi 

IK where ( i s a 
» he deteranatl. was formed to awe non-
lepsrtms from noemdhy far all casts 
For example. Table 3 dnobys the statistics 
particle dnmrters taken from eight photo-

from the center of a filler pad (art I Mo 
the oater cwje fstt »>. The sets arc ranked tram the 
lowest vafcK to the hifbeslvabK of the V»i statistic for 
the smoke particle diameters. The expected vahses of 
V » , and »: for dau from a normal drstribation are 
hiy/kt * 0and# \?* i :»3 f» ! > / ! " • Dfor a sample 
sixeof * . 

The h*grithm uf the dwmetcrs fur sets 6 S. 2. and I 
show a HpuTicant departure fiuM a normal distribution. 
If the attentate transformation iaW {» is used, none 
of the data sets show a snmificanl departvre from 
normaKiy. The scabac parameters ( were estimated3 

front the data <|aanliiies qm where Pr i * |» />v . | • • . 
the data means, and the standard deviations. The 
estimates of the scaNnc. parameter adjust each of the 
da*a sets s» that she fits m the "lads" of the normal 
dbirifwiina were irnpr«>ved. 

Ontn-
2. K. O. M m i m d L. R. Sbmimi. -TT ii-1 T«« _ . . . 

r M M n n CM Drmrnr.-s fapflf Nnflaawiaf )T PtaTJMw! <m v * I MM 1 3. 1 . AiithtvM a»J J. A. C. S T A W I , Thr l.nt> 
* j . oxNorawa * 2 . J 1-3 SWH97SI humm >. f "jmfciojr I 'm*. Pro*. Sem Yort 1.1957 

TsMr 3. Sarwomi i n * 
A*).m4*.mi**4 O 

Ximph. 
vox 

llMnrtcr t«J». 
I»W» 

* : 

Imhl o A 

SCI 
Ximph. 

vox 

llMnrtcr t«J». 
I»W» 

* : V * l ftj 
t 

Ximph. 
vox 

V*. *: * : V * l ftj 

* 194 O.M 2JW o.*n 3.40* O.04 2.*7 0.53 
n mi OM 3.21 o.*2 3.23* 0.07 2 7 5 0 J 3 
2 122 0.55 3.41 0.51 3.27* 0.19 2.91 0JI3 
1 102 0.5* 3.5a 0.55 3.30* 0.23 2.97 1.02 
7 195 0 . M 4.5* 0.2» 3.31 0.03 3.09 0.17 
5 15* 0.91 3 * 9 0.12 315 0.03 3 2 0 0.07 
4 IS4 0.94 4.14 0 2 0 302 0.05 2«S 0.11 
J 1*7 1.7 J HJO 0.22 311 0.01 3.02 0.07 

T..UI 1271 0 . 1 * 4.71 n.35 3.23" 0.07 2.9* 0.25 

'SirnHk'jni ai the S'J ttpiirKamt loci. 
SieiMficaM ai ihc 10'- Mpiiruancr Irvel. 



10. Biological Research 

J J k m - h a n p W. M Generaao' J M H o M 1 T . J . K M C M I W. L. RusseT 
J.G.Brewen1 D.G.Gosdee M. C. Jcfmgan' F.Neueshemt1 R. A.WaiVV 
E.1 Dardw.Ji 2 R. r. femenger* R.C.Meacham.Jr. N. Rrm' D.G.Wihwi 

rtOTEIN MEAKOOWN IN A CELL 

• A i M l w u l i r i l |imi)fl of die process of protein 
breakdown in a cell was constructed to test the 
hypothesis that the rates of breakdown in ceU cv»o-
pham and eel nudcuj ate significantly different. 

It was aiiumtd that the nuefcui and cytoplasm 
exchange protein at competing rates and that the 
protein in each decays at a specific rate. The resulting 
mitial value problem-

C * -*,r r • *2c„ T,C, . crio>«c,. 

C. » - * , C • *,C, 7 J C • C.I0I - 0 . 

where ft, and ftj are the exchange rates and 7, and 72 
are the decay rates, was solved explicitly using the 
2 X 2 matrix exponential. The solution b 

CVlO» |C./|X, X,»||4 exp|X,r| Jfexp(X :r)| . 

«.*«I'>*,C./|X, M (MWMlexnt t .O 

exp|X;Op . 

where A * X, +ft 2 • 7 2 : « » Xj • * . + 72 .and X : .X , 
are the real, distinct, negative eigenvalues of the 
coefficient matrix: 

V * i * i 7s / 

withXi > X 2 . 
As expected, the model gave the protein concentra­

tion in both nudeiis and cytoplasm as a sum of 
decaying exponentials. However, the experimentally 
observed quantity, total protein concentration, ap­
peared to be adequately represented >• a single 

1. biulufy INVMMI 
2. Comparairw Animal Reicarch Laboratory. 
3. Cncmntry MvMon. 

decaying exponential. The expression for total protein 
concentration given by our model was 

CHO»«IdexplAiO - * explXjill , 

where • - r , / | | X , X , * , | . 0 " >•<« ft2).andt* 
M - * , • ? - Tr possibilities which permit CT to be 
rcprcsentable as a single decaying exponential are 11) 
?, * 72. that is. the decay in nucleus and cytoplasm is 
at the same rate (ia thiscase^>ftx and*-0) :a! id( : ) 
the time over which experimental dau were taken was 
too short to observe the second exponential. There 
appears to be no fortuitous combination of parameters 
which result m Cr-e~M (except the trivial case 
fti * 0 in which no exchange occurs). 

RAMATON-INDUCED CIvKOMOSOnK 
AKKRATIONS 

Statistical methods were used to analyze the fre­
quency of chrucosome aberrations in mouse oocytes 
exposed to acute or chrome radiation.4 A model was 
developed to account for the fewer aberrations resulting 
from exposure to fractionated doses of acute radiation 
relative to the corresponding total dose in a single 
exposure. The method of Kmbaum* was used and 
extended to perform statistical tests of MgnifV-ancc. 
Linear at.-; quadratic ,pproximalk>ns to models derived 
from one- and two-nil tarj.f theory associated with 
chronic ami acuie exposures, respectively, were used. 
Linear and quadratic terms were filled simultaneously 
to the frequency of aberrations by the method of 
weighted least squares. That is. the intercept and the 
coefficient of the dose variable were estimated by 
utilizing the chronic and the single acute data, while lite 
coefficient of the dose-squared variable was estimated 
from the acute data only, by minimising the weighted 

4. "f-'rarliiMalinn Lffccl* on X-Ray Induced Chtommomt 
Atwrr-lfens m Mow* Orxytc*." 9ml Drr. Am. ffnt. Krp. Jwtr 
JO. 1*7* ORNL-SI95.pp.57 5RlNnwmlicr 1976). 

5. A. mmvaum. "SfatiMfcal Method* for r\Mswnn ProrcMes 
and KxponeiMial Pnpwfetron *."•/. Am. Sut. Asm. 49.254 66 
(1954). 
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smn of squares of derations from the model for all 
obatmed aberration frequencies. 

For the fnciionaied acute doses the following equa­
tion is proposed. 

i"«.Y-«**D*tlJ, : • « / :

: »*2c ( l /|n|i/,«/: - • e . 

where Y a die number of aberrations obsened in -V 
ceBs. J | and J : are the UavMNlated dWs totaling D. e 
t^ne-ubsewatiiiSnai error. t is the time between ex­
posures, and f\n is 3 function of time such that .rl 01 = 0 
and yl«»» * I. When/lr) is defined to be zero or one. lor 
a'? r. two models termed interactive and additive, 
respectively, are obtained. The equation for the inter­
active mode) is 

) * .V|« • hD • i Dr) • e 

and lor the additive model is 

>'» \\a • bD * »W, : • J :

: » ) + «•. 

Since r > 0 and D: > «/, : • i / :

: . :he additive model 
priHiiices fewer aberrations. 

Tests •» significance comparing the two models, for 
lour values of i. using Birnbaum's mcth«>d. have been 
•rode on data from experiments in ihe Biology Division. 
ORNL. These statistical tests were made b> substituting 
observed aberration frequencies lor expected fre­
quencies at single acute doses. To use Birnhaum's 
method, the proportion of aberrations in ihe frac­
tionated uose group. 

P - v, i y, • ! ' , » . 

is compared with ihe expected proportion, r. under 
each model, where ) , and ) , are the observed number 
of aberraiums in the fractionated and single dose groups 
respectively. 

The expected proportion lor the interactive model is 

.7*.V,'i.\>vY,i. 

The lest is accomplished by computing the probability 
of obtaining a value of />. or one more extreme, in 
random sampling from a binomial probability distri­
bution with parameters r. and Y * Y< • \ , 

The expected proportion (or the additive model wlien 
l / | = l / : IS 

When J, #«/;. in the additive model. 

#»-»>07*V. i**" f 2». 

where >\, and !',> are the number of aberrations 
observed in A",, and A',i crib in single acute dose 
groups corresponding to the fractionated doses J, and 
Jz respectively. In this case, r is. a function of A',-..V,,. 
.\', 2 and the expected values of >>. Y\,. and r,2". Since 
the expected values are unknown, we propose an 
approximation for - using A> and the harmonic mean 
H. ot A",, and A',2. namely r 3 A><A> +H). Further 
development of the model using exponential terms in 
the function / in is in progress. 

RADIATION-INDUCED MUTATIONS AS A 
FUNCTION OF DOSE AND DOSE RATE 

Two models have been proposed to relate the specific 
locus muiatiif. frequency in irradiated mice to dose |D> 
and dose rate i.\>. In both models, the initial lesion is 
caused by a single ionization track and may be repaired 
before it is manifested as a mutation. The models are 
described as follows 

M'Hhll 

This model takes the form 

\-kxlH\ plPi\*r„. i l l 

wr*»re 

v = niiiuiion frequency at dose/J. 
k, = lesions per unit dose. 
/>, = maximum probability of repair. 0 <,px < S. 
/»; = efficiency of repair.0 %p: < I. 
/>., - mutation frequency for the controls. 

When ihe efficienc- of repair p: = I. the function 
becomes 

i =*,/)!I />, )*p„ : t2) 

that is. it is a s.raighl line with slope *,»I p ». l/bcn 
p: =0. wc have 

»« :.Y,.|IY r +A,». ; » * , / ' • pn . 13) 



2* 

The effect of dose and dose rate on the repair system 
expresses itself through the parameter pi. Spcciikalh. 
we assume that p2 b given Sy the logistic function 

p 2lD. Xl» | l xe \pl«**lnD + f InXH"' I4| 

There are no biologkai grounds for this choke: it is 
simply a flexible curve that for * > 0 and r > 0 . 
decreases from I to 0 as the dose or dose-rate increases. 
This equation may conveniently be modified ifthedose 
has been adminbtered in F equal fractions. In this case, 
it can be shown that one needs only to add the term 
-* In F to the asgument of the exponential function in 

Eq. 14). 
At a given dose rate the mutation frequency r as 

given by Fqs. f I )and 14)b tangent to F.q. 12) at D • 0. 
Its slope increases initially with D and then deer ases as 
v approaches F.q. |3)asymptoticaly. Within thecxperi-
mentai range of doses and dose rales, r b closely 
approximated by the straigh. line. Fq. f J), at high doses 
and dose rales and by the straight line. Fq. 12). at low 
dose rates. 

UoJcttt 

Lesions aie assumed lo occur randomly, with the rate 
proportional to A. Thai is. in a given interval of lime . 1 / . 
the expected number of lesions is *,.\ ±i. If the repair 
system is functioning, some proportion p, of these 
lesions is repaired, so the expected number of unre­
paired lesions in the interval - i / is 11 /», A , .\ H. We 
further assume that the repair system can fail and that 
its lime until failure has an exponential distribution 
with mean M. which may depend on the conditions of 
the irradiation, particularly dose rale. After the repair 
system has failed, all lesions in irs jurisdiction go 
unrepaired and bec>me mutations, fnder the above 
assumptions, the expected mutation frequency is given 
by 

r*P»+k,D ^ 1 1 r " ' " V 15) 

where Pn is the expected mutation frequency in (he 
control? in fitting the model to data, wc hate assumed 
further that 

H'ktV . "• (6) 

that is. the hazard for the repair system is pr>porlional 
to some power of the dose rate. 

Both Model I and Model II have been fined lo 
Russell's data 4 ' 7 on mouse spennato/onUt 14 17 data 
points) and oocytes «*» data points). Fitting was 
dune by weighted least squares, where the weights are 
based on the assumption that the number of mutations 
at each dose and dose rale has a IVtsson distribution. 
Both models Tit well, particularly to the oocyte daia. 

Another model, based on the assumption that at high 
doses and dose rales the lesions are primarily two-track 

• -events.- has been proposed by Abraham— and Wolff _• 
The goodness of fit of their model, which b applicable 
lo high and low I but mM imermedniei dose rales was 
used by them to argue for the validity of their 
assumptions. Since Models I and II fit the data even 
better, the two-track hypothesis b not necessary to 
explain the behavior of the observed mutation fre­
quencies as a function of dose and dose rate. 

LENS OPACITY STUDIES 

During thb period our effort has bren directed 
toward the application of the dose-response relationship 
to estimate the Relative BMogkal Effectiveness f RBF). 
summarized in earlier reports.* I sing the estimated 
dose-response relationship, specific comparisons were 
made among different types of radiation leg., neutron, 
gamma, and x-ray) and between the two methods of 
delivering thb radiation (acute and chronic). The 
following arc the comparisons made from these data: 
11) acute and chronic gamma radiation results. 12) acute 
and chmni-.- neutron radiation results: ard 13) x-ray and 
acute gamma radiation results. The acjlc radiation was 
found to be more effective than the .-hronic radiation 
with the differences decreasing with increaiing dose. 
Kslimalions of the RBF of fission neutrons with respect 
lo gamma rays were obtained for both acute and 
chronic radiation. While for the acute radiation, we 
found ihc RBF to he a decreasing function of dose, the 
chronic radiation data resulted in an increasing RBI as 
a function o< dose. However, the estimated variance of 
the RBF. values woe larger than the RBF values over 
much of the do<* range of interest because of the small 

6 U. f. R»<*?!f. "Smrfiet 'n Mammafan Kj&jttnn (it-
nrhW.Vin*m«wr« 25.S3 5*.fc2il9A5». 

7. W. I . Kii%«cll. pcrvwwl t immiutK-alioo 
n. S. Abcjhamwwi jnd S. *'»lrr. "Rc-vnalvMt of RjdwiKm-

Induced Specific Lncu« Mutjlu-n* in Ihc Moinc." Xtlnrr 2M. 
7(5 19 r 197*1. 

9. "I.cn* Opacity Study." Muh. Sm. Rry fhp- / W . Krp. 
Jirnr JO. / *"< rrrND/C'SD-IR. p. .'2 lOclohcr I97SI: and 
Mtfh. Slit. Rr%. #>/». lYng. Rrp. hmr Jit / •?* . OHM. 
CSn-IJ.p. 2* lOclotwr I976I. 
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Therefore, ike practical sajnifii 
aawbtful. AddHmnal work b in 
expianalum of das anomaly, in 

the treated 

Therefor*, die 

and to check! 
were aietpective. 

i area 0-5 cm from the edge of die i 
In das experiment, only neairoa 
km ike mice were placed at deferent dblances 
and below Ike edges of ike exposure port in 
lo determine if UKSC cbawjes in position were 

i i . Two different runs were made for ike 
Mimab. 10 it was pocnafe to lest fur a 

•l run effect. 
There was interest in potential future comparisons of 

Ike mutts of this experiment widi ike experiment 
discussed previously in this article. Therefore, the same 
expression was useci to describe ike lime percent-
tens-opacity or trtne-rcsponse reralion for each cape of 
jninwli. No significant difference could he delcclcd in 
Ike results from one run to another. The response for 
the irradiated animals was significantly greater than that 
for the control group of animab. In addition, when two 
groups of animab were irradrated at l°.3 and 2rV J rads 
respectively. 31 the same position from the edge of the 
exposure port, a significant dose effect was observed. 
The question of a significant position effect has n-.»l 
been conclusive because of the confounding of the dose 
and position factors. AddHional analysis will he needed 
lo unravel this question. 

DESIGN OF A SERIAL SACRIFICE 
EXPERIMENT 

Statistical iieihods were used to plan a long-term 
experiment on factors causing cardiovascular disease. 
The determination of the number of animab. the choice 
of experimental design for the combinations of factors, 
and the determination of the number of additional 

to 
for each period of a atrial 

: to ike plan oi the exi 
IrmMhupval studtts have indi­

cated thai the level of lipids and the level «* several 
elf meties HI Ike uvet are aanuemtea wttaj car#sovascutar 
dbeme. A cuMiuncd experiment on the effect <N iunjd 
level and the effects «f (war elements smyhr and hi 
CW«*ma*aaa«u*Mlt VHn Bat paTTffNVIlCV V 

their rmubukim ifcilii reirmMrt that of I 
The number of t ip mi rewJwH loaavea. 

chance of dctcctmg real dofereewes m die mcrdenccof 
cardrmmcuhr disease due to eSffercut kvjfe of the 

Thai number plus the aduamjiial number of annua* 
needed s» ahuw lor natural mnrtahe>- through the 
several years period was re •abed before ate but drag 

Some aniraab wal be kaatd and comiiud patho-
logkaly daring each period to investigate basic 
nbms of the development of the disease. The fa 
formula was derived tt> estimate the ,1 umber I.Vr of 
pigeons needed ai ihr bepmwag of the experbnent m 
order to have A' animab available for sacrifice in nch of 
/periods. 

2('/'» 
i 1 

where f , > l and «>. for / > I . n the prohabdily that a 
pigeon ahve at the beginning of the /"th period wi l 
survive to the end of that period. Information from 
previous experiments on the mortality frequency distri­
butions, for hrfh and low lipid levels, was used lo 
estimate the a's. 

The five factors, each at two leveb. result in 32 diet 
combinations. Since A' must be less than 32. the 
sacrifice schedule was designed using experimental 
designs to mrnirmxe Ihc confounding of the factor 
effects with lime effects, such as aging. Fractional 
factorial designs which do not confound lime effects 
with individual factor effects, two-factor interactions, 
nor other important interactions were proposed. With 
these design it is abo possible to perform tentative 
.ilalbtical analyses as the experiment progresses. 
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SEQUENTIAL TESTS FOR MUTAGENICITY 
OF CHEMICALS 

The development of efficient experimental pro­
cedures to detect mutagenic chemicals by testing for 
heritable translocations is continuing.1* In order to test 
chemicals for mutagenicity they are subjected to a 
subset of a battery of tests. One such test is the 
heritable translocation test, which is based, in part, on 
the fertility of the offspring of treated animals. Statis­
tical methods are being used to improve a sequential 
test to minimize the errors of inisclassifkation of 
cherakab and the costs of testing. Thc«e tests are 
particularly expensive, because a huge number of 
treated animals are required for the detection of the 
relatively small increases in mutation rales caused by 
chemicals which must be used in concentrations below 
their toxic levels. 

The two errors to be minimized are the probabilities 
of classifying an animal with reduci-d fertility as a 
fertile animal and of classifying a fertile animal as one 
with reduced fertility. Our currently recommended 
procedures are based on both empirical distributions 
and the binomial distribution. The binomial distribu­
tion fits experimental data well for normal animals but 
does not fit well for animals with reduced fertility. The 
latter distributions exraT.it extra-binomial variation, and 
better approximating distributions will be used, pos­
sibly compound distributions. 

Another statistical problem is the determination of 
the number of animals needed in treated and control 
groups, each of which is to be tested by the sequential 
procedure, to screen each chemical. The spontaneous 
mutation rate is approximately 0.001. and it is neces­
sary to have experiments which are sensitive enough to 
have a high probability (X>.°5) of detecting induced 
mutation rales in the range 0.002 to 0.1. with greatest 
interest in the range 0.002 to 0.01. 

INHALATION CARCINOGENESIS 

A large study of the combined effects of :wo 
carcinogens (BaP and BaP • F e , O s ) and three gases 
(HCHO, C j H 4 0 , and NO,) on mortality and disease 
incidence in hamsters has been completed. The treat­
ment groups are shown in Table 4. When there arc 
several groups in a particular "cell" in the table, each 

TaWe4. 

Each pwtp fcpreKnis a chamber of St animals. 
except for thine mailed with an asterisk. 

m which there were 44 annaah 

Cafcmoeen — 
Gas 

Noae HCHO C1H4O NO. 

NiHte 101» IHI 
102* 
103* 

IM5r 

Bar IBI* IH7 
IB4* l i l t 
IBS* I I I 

112 
BaT and 2BI 2HI 

Ke,0 , 2H2 
2H3 

I A3 

2 A I 

INI 

IN2 
IN3 
IN4 
IN7 

2NI 

10. "Sequential T c u for Mutagenic KfTecls." Math. Slot. 
Rn. Drp. frog. fliy. Sunt JO. I97S. UCCND/CSD-18. p. 30 
(October 1975). 

represents a different dose or mode of treatment. 
except for the BaP controls ( IBI . IB4. IBS)and room 
controls', 101. 102.103). 

This was a survival experiment in which the animals 
were examined at death for the presence of various 
diseases, particularly tumors of the respiratory tract. A 
comprehensive statistical analysis of these data has 
begun, based on the following outline. 

I. Survival Analysis 
A. Plots of Survival Curves 
B. Mean Age at Death 
C. Median Age at Death 

II. Analysis of Tumor Frequencies 
A. Number of Tumors per Animal 
B. Number of Animals with Tumor! s) 

III. Cross-Classification Tables 

In addition to presenting the summary statistics 
(means and standard errors) jsociated with each end 
point cr response of interest, we have made compari­
sons, using Student's Mest. of the various Created 
groups with the appropriate controls. We were pre­
sented with some difficulty in these comparisons by the 
extra variation among cages and among chambers. We 
partially avoided this difficulty by taking the experi­
mental unit to be the cage, where each cag? housed four 
hamsters. For example, (he average number of tumors 
per animal within a given cage was defined as a response 
for that cage. The same approach was used in the 
analysis of the number of tumor-bearing animals. 
However, wc have not been entirely successful in 
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doling with the extra variation among chambers, 
primarily because there was hardly any true replication 
with respect to chambers. We are now in the process of 
determining the extent to which the variation among 
chambers affects the suiisticai significance of our 
results. 

Separate analyses are being node for tumors at four 
sites of interest within the respiratory tract as wen as 
the entire respiratory tract. Four different types of 
respiratory tract tumors I carcinoma, papilloma, 
adenoma, and sarcoma) are also being analyzed sepa­
rately. 

So far. the analysis for tumor rates has involved no 
correction for differences in mortality patterns among 
the groups. These corrections will be made using 
methods described in previous reports.1' ' ' 

The cross-classification tables that have beer, com­
piled are mainly for purposes ol reference. Some of 
them tabulate the association between tumor response 
and group and between tumor response and age at 
death, for various definitions of tumor response. Others 
show the association between pairs of sites with respect 
to tumor response, and also the association between 
pairs of tumor types, for example, carcinoma and 
adenoma. 

DECONVOLUTION OF FLUORESCENCE 
DECAY DATA 

The convolution in'egral. I q. ( I ) . arises naturally 
whenever one studies the time-dependent response of a 
linear system. 

/HO = /,'</''r/lr'lrl' t'\ 

-f'tJt'(f(r t'yir't. 

In Kq. ( I ) the function pit) is the actuai response of the 
system to the input t/if). The functions!/) is the "delta 
function response" of the system, that is. it is the 
response of the system to an input equal lo a Dirac 
delta function occurring at lime zero. The function lit) 
contains all the interesting physics of the system 
without any distortion due lo details ot the input 
function. 

11. 'Y'tKarciiMtpcnh: I- ffcci\ »f Srmic ;ind Iron ONKII'." Mjih. 
Stat. Kry P,p. lYt*. R,v. funr Mt. ItU. ORM-49K9. P 22 
iDcconhcr I974> 

12. "Likrlihnitd Inference for the lop Otltlt Kali" in Survival 
twprrimentv" Math. Slut. K>y /;••/>. /Vr»r. /f,y>. tun M /';?< 
WfND/CSIMH.pr- I 2itMi.Kr !97Si. 

The usual problem in practice is to make use of Eq. 
( I I and measurements of the functions pit) and <HD to 
determine essential physical properties of a linear 
system. Here we are concerned with the fluorescent 
decay of molecular systems, where pit) and <rt" have 
been measured using single photon counting methods. 
Thus the data from measurements of these functions 
wiffl be assumed to be in the form of a series of positive 
integers {p,v and {*>. i"=l. 2 n. representing 
numbers of photons in sequential lime intervals 
f channels). 

Previously,13 we reported a method for decon­
volving fluorescence decay data by expressing Eq. (1) 
in terms of the discrete approximation 

/»,= i tyr ,-.• - i -1.2. .- .«. (2) 

and minimizing the weighted residual sum of squares. 

S|F»= £ — \p, P,V . 13) 
r, fi 

subject i-i linear constraints on the solution F = (/• t . 
f-'z /„> A fast quadratic programming algorithm 
was written to solve for F. 

We have now incorporated into our program a 
metlt for constructing a likelihood interval for each 
/••- The right and left end points, r, and /,. of this 
interval are solutions to 

.V,|v» S»Fl = 3.84. (4) 

wncrc .S",(v> is the minimum of SiT) subject to F, = x 
and the given linear constraints on F and where F is the 
solution to the minimization problem, r.q. (3). Both r, 
and /, indicate how far /•', can be inovcd from its 
optimum (/,) before the residual sum of squares is 
increased by the amount 3.84. An increase of this 
magnitude represents approximately a 47-fold decrease 
in likelihood. The reason for the choice of 3.84 is that 
in the unconstrained lew!-squares problem, the likeli­
hood interval gives exactly the ^S" confidence limits 
lor /•,. for the constrained problem that we arc dealing 
with here, the probability that thr- likelihood interval 
covers the true value of /•', is not known: however, some 

I.V "l>rc»nviiiiilii>n (>f I lui>rr*d-ncc Decay Data." Malh. 
Stat. H,\. !)<!>. I>«g. R,p. .tun,- M l>*74. ORM.-49H9. pp. 8 9 
iDrvembcr 1974). 
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rinvuhtions we have done indicate that its interpreta-
tiaw as a 9S% confidence interval is not nvskadhig. 

To son* Eq. (4) requites the approximation of the 
function S£x). whkh does not have a known dosed-
form solution. Wc have used a quarlic spline interpo­
lation Tor this purpose. 

This procedure is now incorporated into our decoa-
vriulion program a.'d has been applied in several test 
cases using real data. 

SURVIVAL ANALYSIS OF NICE TREATED 
WITH X RAYS AND MMS 

A 2 X 3 factorial experiment was conducted to 
examine the effects on nice of x rays and the chemical 
methyl methane sulfonate (MMS) (administered in 
drinking water). The experimental groups are shown in 
Table 5. with tr-; median age at death for each group 
shown in parentheses. These data include the results of 
two separate experiments: hence the presence of two 
groups in some of the treatment "cells." The first was z 
survival study in which the mice were left until death, 
and the second was a serial sacrifice study in which a 

IaMcS. Experimental groans 
hack jeruup im-Mr* 100 150 nrvr. 
Com-vled median apes at death are 

picn m parentheses. 

Ayr -il which M.MS v . ,„ 
« * 'ay 

treatment bepin r-
.Weeks, " « *">* 

0 2M*23> 2 At 7(101 
2IXW)J> 2fl7l2i 

4 IAI826) 1*730) 
IUJJ04) IKl7C6> 

12 IO870) IIX70S> 

"MMS was pwen at 20 me. kj~' day' 1 in the 
dr'mkmr water. 

X-ray exposure was at six wt-cks. 

predetermined number of mke were U k d at regular 
mtenrafc and examined for the presence of various 

Tht mtdians shown in Table S were inch obtaircd 
from a Kaplan-Meier plot.' 4 which corrects the empir­
ical timc-to-death distribution for accidental deaths and 
deaths due to extraneous causes, such a> the outbreak 
of pneumonia which affected several of the groups. 

Comparisons among the corrected survival curves 
«re made using the odds-ratio analysis described in a 

previous report.12 where the "disease of interest" is 
defined to be death from all causes other than accident, 
sacrifice, cr pneumonia. The initial phase of the analysis 
compared the survival curve of each member of a pair 
(e-f... 2B and 2D) within a treatment ceH. There were no 
significant differences, with the possible exception of 
Groups IB and I H. where the odds-ratio appeared to 
change significantly with time, so the decision was 
made to pool each such pair of groups. 

The next phase of the analysis consisted of rompering 
each MMS treatment with the appropriate om«:>)l to 
evaluate the effect of MMS. A l four of these compari­
sons mdkated that the risk of mortality (in terms of the 
odds-ratio) associated with each MMS group was greater 
than that of its control. In three cases, however, there 
was notable variation in the relative risk with time. This 
means that the effect of MMS may not be so simple as 
to be conveniently expressed in terms of a single 
Halive risk statistic. We are currently investigating this 
point. 

We have also begun an examination of the interaction 
between x ray and MMS as it affects survival, again 
using the odds-ratio method of assessing relative risks. 
We will then apply essentially the same techniques to 
other end points, such as the prevalence of specific 
diseases. 

14. K. L. Kaplan and t. Meier. "Nonparjmclrk Kslimatton 
from Incompklc Observatnms." J. Am. Slal. Awn: S3. 
457 Rlfl95ft>. 
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L J. Cray T. Kaplan' M. t . Mostoiler' R.C.Ward 

CALCULATION OF THE DENSITY OF 
STATES OF ALLOYS 

A bask step in ihe calculation of the density of stairs 
J4 an aBoy is the compulation of the fallowing 
quantity. 

Im[(z/ •*r.ii f i r 

where Im denotes the imaginary part of a complex 
number, z is a complex number equal to c * re for 
arbitrary real numbers * and f. A a an #r X n large. 
spans, symmetric matrix, and I < r. i < «. An 
algorithm, coded as subroutine ITLANC. has been 
developed 10 compute this quantity for an arbitrary 
number of values of *. 

The basis of this algorithm is the method of Lanc/os. 
Denning v 0 s o and given v,. Lanc/o»' iterative 
method2 can be described by 

with Of - v/^v, and fy., > Ochosensothatiiv,,,!!* I. 
After k iterations, we have 

rf^-M* • * • , * * • • « » ' 121 

where V^ is an n X k matrix whose/lh column is»',. T* 
is a * X k symmetric tridiagunal matrix whose (/. /> 
element is a, and (/./'• D clemeni 1$$,,,. and e t is the 
*th column of the A X A identity matrix. If wc subtract 
aVk from both sides of Kq. (2). wc have 

M ol)Vk'VkiT, o /M^M»*. ie* T 

Thus, performing the Lanc/os iteration on a matrix 
obiaincd by subtracting an arbitrary scalar o from the 
diagonals i»f A produces the same identical v ;s and d,'s 
with the o/s shifted by the quantity a. 

1. Solid Slate Drmion. 
2. C. C. fatft and M. A. Saunders. "Solution of Sparse 

Indrutile Sy*(cm*'rr Linear Kqu»li«>n*.".V//t.W/ Sumrr Anal. 
12.617 29fl»75». 

Let v, = e t . the Jth column of the if X it identity 
maiiix: partition Vk as foflows: 

* ' * -
c k 

vk 

where Ck is Ihe indicated (r I) X A suhrotrix. mk is 
the nh row. and Vk is the indicated (M - r) X ft 
submairix.and let yk be Ihe solution to 

(Tk o/rJr*=e, : 

then. u 4

T y / k -*e,'M of»"'e, as * - • • . The quantity 
e,TM o / ) M e , is Ihe I/. 5) element of the inverse of 
A ol. 

Subroutine ITLANC has the capability of performing 
additional Lancsos iterainms to obtain ;he desired 
accuracy of riq. 11) as a. the real part of 2. varies over 
the values of interest. ITLANC also may detect con­
vergence before all the available iterations have been 
used. 

DISORDERED SYSTEMS WITH 
SHORT-RANGE ORDER 

In previous work.* we have detailed a method for 
treating disordered systems described by independent 
random variables. However, nnny physical systems, 
including alloys and amorphous solids, possess short-
range order, and therefore, ihcir mallicmatical descrip­
tion requires dependent random variables. We have 
shown how to extend our previous work to this more 
general situation. In essence, given any collection of 
discrete random variables, we can construct an equiva­
lent operator-valued weak distribution. Thus in order lo 
compute configuration averages, we can define an 
appropriate nonrandom Hamiltonian defined on a larger 
space and use conventional approximation techniques. 

Model calculations arc shown in Fig. 4 for a one-
dimensional binary alloy, whose configurations ate 

3. T. Kaplan JIHI L. I. Gray. "Ckmcnory facilatiom in 
Random Sub-litulional AHoys," Fh\%. Krv. H 14(8). 3462 70 
CI 976). 
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M M . - M S «s-<aow L-0"6 H - 4 0 U 

F * 4 ComaariM* of Ifce dcnMy of stales catniMcsJ in ihc ASF with a Ramie* I m l of • (smooth cwvr) wMi Ihr 
cxactcak«lMiMlM(iapam)f«ralOOjlMOaiom twain. «> r > B « 0.1: i i u B , ' f l 5 ; < r > r n > 0 9. 

determined by a Markov process. The parameter l n B is 
the probability of finding a B atom at a site given that 
there is a B atom immediately to the left. 

SPECTRAL DENSITIES OF 
DISORDERED SYSTEMS 

In many experiments on disordered solids it is the 
spectral densities which must be calculated in order to 
properly understand the result. For example, in neutron 
scattering experiments the inelastic cross section is 
related to the spectral density of a displaccmcnt-
dispiacement Green's function. 

Using the Augmented Space Formalism!ASFh' - 4 WC 
can express the spectral density of a disordered system 

as a .-Matrix element of a new nonrandom operator. The 
ASF is particularly well suited for this purpose, since it 
automatically includes ;••? translation?) invariance 
which results from averaging over all configurations of 
the disordered system. Standard numerical approxima­
tion techniques can be used to calculate the matrix 
elements. 

Model calculations have been completed lor the 
spectral density of a onc-parlicic propagator of a 
three-dimensional simple cubic A-B alloy. Calculations 
for an actual physical system are in progress. 

4. T. Kaplan and 1.. I. (.:JV. "Kkmrnury I uitjliom in 
Disordered System* with Shnri Ranpc Order." Wi.«. Her. H 
I5t6>. 3260 66 (19761. 



12. Energy Research 

( . K. Baync W. E. Lever H. N. Long* R.C.Ward D.B. Reiner 2 

SENSITIVmr OF THE ECONOMY T O 
ENERGY DECISIONS 

In a previous repurt.> a relationship between ihc 
economy and energy decisions was described by the 
sensitivity of an eigenvalue in a gencrab/ed eigeiivilue 
problem. The first-order perturbation of the eigenvalue 
was given in terms of its left and right eigenveci**s and 
the eigenvalue itself. Thb ptojiet has been completed 
by iht development of algorithms for determining these 
parameters. 

The combination shift QZ algorithm* should be »sed 
to determine the eigenvalue of the relevant generalixi 
eigenvalue problem. Then, an inverse iteration algo­
rithm should be used to determine the left and right 
eigenvectors for the eigenvalue of interest. The inverse 
iteration algu-iibm used lor this project, coded a* 
subroutine CINVIT. can compute cither the k i t or 
right eigenvector using the eigenvalue and the input 
matrices: CilNVIT leiums the facturi/aiion and pivut 
information lor possible later use. Also. G I W I T can 
compute either the left or right eigenvector from this 
returned information in an extremely efficient manner. 

FIELD DEMONSTRATION OF 
COMMUNICATION SYSTEMS FOR 

DISTRIBUTION AUTOMATION 

The Electric Power Research Institute I l iPRI) and 
ERDA have jointly planned to conduct a field demon­
stration of communication systems lor distribution 
automation. The purpose of the demonstration is to 
Mljislrale the feasibility of various communication 
inelh.>ds to remotely control and monitor aspects of an 
electric utility under operating conditions. 

Some <>l the advantages to be derived from an 
automated distribution system arc I I I load manage­
ment. i2) timc-of-day metering. (3) >tatus monitoring. 
| 4 | failii detection and isolation. (5) distribution 

1. tncriry Division. 
2. InMilutc for Incrpy Aiulysn. OR/U'. 
3. "fried <it l-ncriry Detiwors <»n ihc Ktin«my.".M*»* Siai. 

Kry Uhp. f>»e. Rrp. Junt JO. /'/"*. ORNI. TSI>I3. P 32 
itXlohct I97*i. 

4. R. ( . Wjrd. "The ri.mbirtaln>n Shifi i)l Aleittilhm." 
.V//I.W J. Sumrr. Ami I2.H35 53U97M. 

network switching. 161 equipment control. 1 7> remote 
meter reading, and IS) dab for had research-

Four manufacturer'uiHiiy teams arc participating in 
the demonstration, the teams arc as follows: American 
Science and Engineering/San Diego Gas and Electric. 
Compu-GuardVCarolina Power and Light. Westing-
house/Detroit Edison, and Daico/Omaha Public Power 
District. Each team will JnsiaB equipnent at approxi­
mately 750 customer sites to den. nstrate various 
aspects of their communicaiion systems. The sites wW 
be distributed among residential, multifamdy. commer­
cial, and industrial customers and between underground 
and overheaJ circuits lor both urban and suburban 
areas. The demonstration is planned to continue for at 
least one year. 

The rok of the Mathematics and Statistics Research 
Department fMSRD) in the demonstration was to I I I 
review the manulai surer *s proposals in terms of site 
selection, ex.ienmcnial design, and data analysis. (2 ) 
devise a form to indicate the type of experimental 
variables and test results that should be repotted: and 
131 suggest methods of analy/ing the data to delect 
factors that influence the error rates hi the communica­
tion system or the reliability of the equipment. 

The review ol the manufacturer's proposals indicated 
thai three areas were not adequately addressed by the 
terms: 11 Mhc method of selecting the customers for 
the demonstration. 12) the criteria that would be used 
to judge a successful demonstration, and (31 the 
statistical methodology lo he used to analyze ihc data 
generated by the demonstration. 

Since In lie aitcniio'i had been paid to the manner in 
which i IK data should be collected, a list of experi­
mental parameters was compiled as a gci.-ral guide for 
ihc teams to use to gather information for the data 
analyses. This list was partitioned into five parts: ( I ) 
sample point history: 121 error rale in general:!3>error 
rale per customer. (4 ) meter reading data: and ( S | 
equipment reliability data. 

To avoid the pitfall of not answering the original 
objectives of the project, ihc learns were encouraged lo 
set up similar objectives and data collection and analysis 
plans as soon as possible. To initiate this planning, a 
data analysis mcihoonlngy was suggested which could 
be used by ihc learns as a common basis for their 
analyses of ihc data arising from ihc field ik'inonsira-
lion. 
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¥. L Muter. Jr. R. L. S m a r t 1 A. D. Sokmiun 

RESEARCH ON LATENT HEAT. 
THERMAL ENERGY STORAGE SURSYSTEMS 

One of the key elements •:• a successful program of 
sutar energy utilization is the method to be used lor 
thermal energy storage (TES). In an effort lo reduce the 
sane and complexity of thermal energy storage systems, 
matt of which currently rety on using large masses of 
nick for sensible heal storage, a significant research 
program is under way with the aim of developing 
methods fur storage of thermal energy as Uue.it heat m 
swcahVd phase-change materials (pent), which will melt 
or solidify according lo whether heal h stored or 
released. The goal of the analytical modeling part of 
this program is the development of analytical and 
computer models which will accurately predict the 
performance of latent heat, thermal energy storage 
subsystems. 

In the work performed up to the present lime, two 
kinds of activities have been carried out. The first is the 
attainment of qualitative information about the be­
havior of pem subject to a variety of external tempera­
ture condition, in slab, cylinder, and spherical geome­
tries. The second has been the development of more 
accurate malhemaiicai methods for use in the analytical 
and computer models. More specifically, the following 
results have been obtained. 

1. Approximation of the temperature distribution. 
Polynomial atiJ broken-line approximations for the 
temperature distribution in a wall were derived for a 
variety of boundary conditions. These approximations 
will be employed as possible alternatives to infinite 
series expansions for the temperatureJ and finite 
difference approximations.4 

2. Approximate nmtlkms of miring boundary prob­
lems. A comparison was made between several approxi­
mation methods for the solution of a moving boundary 
problem in the slab geometry. The methods studied 

I. ChrmMry Drmknt. 
1 Fucmccrine Tcchnoloey Dr»iwm. 
3. H. Csrsbw and J. Jacecr. Omducmm of Hen in Solhii. 2d 

ed.. Oxford Vtm. Press. London. 1959. 
4. C. $m"»>. Nioncnnl Snktikm of Nriml IXffrrrniml 

Kaualton. Oxford Uiw>. F»». London. 19*5. 

included those of Goodman* and Megeilm.* In addi­
tion, the Megerlm method was extended to an approxi­
mation scheme based on subdivision of the pem region 
which, for a large fanuty of problems, was shown lo 
yield a sequence of temperature and phase-boundary 
approximations converging lo their exact values. 

3. Simtdatmm of a latent html uorm^e met hanhm for 
a S M L A mathematical simulation was derived for the 
blent heat storage mechanism in a sbb «>f pem 
separated by a wall from a channel in which hut (or 
cold) fluid is flowing. The simulation was based upon 
•he use of the Megerlin method in the pem and a 
sirai'sri-line temperature distribution in the wall. Re-
suits were obtained for the pem Pen/oil 1112/118) 
While Scale Paraffin Wax and waits composed of copper 
and mcthylmeihacr)lale. for a variety of fluid tempera­
tures and flow rales. It was found that the heal storage 
process was initially strongly dominated by the wall, 
whereas for larger limes the waft properties had an 
insignificant effect. 

4. The effeet of auemenfing ihe pem with a pmni 
eonduetma fitter material In the wish to estimate the 
effect on the heal storage rale ar.d boundary hislorv of 
a TfcS system of ihe addition of good conducting fillers 
to a poor conducting pem. a one-dimensional slab 
model was examined for a variety of pern's and fillers. 
A typical result obtained was the prediction thai by 
adding 1.5 vol '', of aluminum filler lo the Pen/oil 
(112/11H) White Scale Paraffin Wax. ihe latent heat 
storage rale will he enhanced by a factor of 3.55. 
Generally speaking, the enhancement effect appears lo 
be highly significant. 

5. The effeet of a simuoidai input temperature. 
Analytical predictions were derived for the free bound­
ary history and the rale of latent heal storage for the 
slab geometry when the boundary temperature is 
sinusoidal. As in 3 (above), the effect of the wall and 
channel flow diminish rapidly, and the TES process is 
dominated by the pem properties. 

5. T. («odnun and J. Shea. "The Mctlinc of l-mitc Sbb*." / 
Appl. Mnh. 32,16 2411960). 

6. !•'. Mcperlin. "f*nn>c(rijt'h findime-.Monal Warmefrironi! 
lleim Schmcr/cn and Frstarrcn." hmrk Ingrnirarwn. 34. 
40 461196ft). 
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6. Thr effect ttf umvrmmir of pkyskwl fnferhes. 
The fact thai many p.nTs exhibit additional solid-solid 
transitions, supercooling, and other "uncertainiies" 
requires that we hive an understanding of the sensi­
tivity of the predicted estimates of. for example, heat 
storage rates and boundary history to this possible 
variability or uncertainly. Assuming randomness of 
such properties as the blent heal, thermal conductivity, 
and others, expected values and probability Jtsiribu-
liuns were dtrr ed for the rale of heal storage and free 
boundary in the slab case. These relations will be 
•Korporaied into the testing procedure for the com­
puter simulation program. 

POtTCRrlJOT PERFORMANCE 

The statistical analyses underlying a report of the 
Council on Economic Priorities on power plant per­
formance have been evaluated.7 The Council report 
compared coal and nuclear electrical generation plants 
by regressing capacity factor (a measure of decirkily 
generated lo electricity which could be generated) on 
factors such as age. size, coai quality, and type of 
generating unit. None of the report's principal regres­
sion equations explained more than 4 1 ^ of the variabil­
ity in the data. For instance, boiling water reactors 
(BWR) were treated as functions of unit size. This 
explains IV- of the variation of individual BWR 
capacity factors about the mean value. Given the large 
amount of residual variability, the resulting uncertain-
lies of predicted capacity factors arc so large that the 
predications arc of little use in comparing generating 
facHiiy types. 

DYNAMIC FAR-FIELD STRESSES GENERATED IV 
A SUDDENLY APPEARING CRACK 

As reported previously.* Smith estimated the dy­
namic stress-intensity (actor for a longitudinal crxk 
located on a cylindrical shell in conjunction with the 
planning of crack-arrest experiments in intermediate-
vcssel-si/e geometries. The crack was opened hy the 
internal pressure of the cylinder. He used Frc«nd's* 

7. R. L. Simard, A fruitful' "f thr Crmnril im Ktmrnmh-
hinrifir* Text, htwrr Hani Ftrfnmwnce \uclear and Onl 
Capacity Factnn and tconomlct. ORNL/TM-5M611977>. 

*. ft. C. Smith. "A Simple Method for Analy*ine (he 
Dynarmc Propagation and Arrest of Axial Throueh-ThtckntM 
Cracks in Cylinders." Q. fm%. Rep. Hra.v-Secikm Slrrl Tnh. 
hngramOct. Drc. I97S. ORNUNURKG/TMO. pp M M. 

9. L. V. F'mind, "Crack Propagation in an fclaMk Solid 
Subjected lo (icncral Loadinr." / Mrch. Phv%. SnMs 20. 
129 40(1972). 

solution for an approximate calcination. Freund's solu­
tion is mainly concerned with obtaining the dynamic 
slress-iniensily factor for a senu-infiniie crack on an 
mfiniie flat plate. In his solution, the efieel of the edge 
reflection has been neglected and the solution far from 
the crack has nut been discussed m dciad. In n n r of 
•he finite radius of the cylindrical surface in the 
problem as considered by Smith, the stress waves 
generated by the opening of the crack will travel arouad 
the cylindrical surface and contribute lo the stress 
intensity. The purpose of this study was 10 assess the 
significance of the returning waves by use of a sohtiion 
of the related dynamic problem of a Hat plate with a 
suddenly appearing crack. 

From the principle of superposition, the problem of 
the crack opened by the internal pressure is equivalent 
10 that of" a stationary crack with suddenly applied 
traction on the surface of the crack. In the following 
discussion only the latter problem is corstaVred. The 
method of analysis in this study' * is based on that used 
by Freund hut with more calculations lor the dynamic 
stress distribution away from the crack. The result 
shows that a plane wave propagates outward in the 
direction perpendicular to the surface of the crack. It 
has a magnitude equal to the applied surface traction 
and a bandwidth equal lo the length of the .rack In 
addition, two cylindrical waves are generated from the 
lip of the crack. One propagates with the longitudinal 
ware speed and the other with the transverse wave 
speed, (lose to the wave Iroiiis. the vertical stress 
components are proportional lo yfi s jT and \l 
S j * V 2 . respectively, where s L and i j - are the slowness 
(i.e.. the inverse of the longitudinal and transverse wave 
speeds respectively). r is the distance to the crack lip. 
and 1 is time. Clearly, the intensities close lo both of 
the cylindrical wave fronts are negligible as compared 
with the major plane wave. Therefore, in the short 
period of lime after the longitudinal wave has traveled a 
complete round of the cylinder, the major pkne wave 
can he used lo approximate the stress-intensity factor 
for the crack on the cylindrical surface. In addition lo 
these components, a head wave is generated from the 
surface of the crack for s,/ < 1 < sjr. Its existence 
compensates the surface traction induced by the longi­
tudinal component of the cylindrical waves before the 
arrival of the transverse component. 

10. S.-J. Chant. "An Analytical Solution lor the Dynamk 
I ar-l khJ SIKMCS Generated by a Suddenly Appearme Crack." 
Q. h»x. Rrp. Hem Set Hon Sieel Terh. rrotram Julv Sept. 
1976. ORNL/NURKO/TM-o*. pp. $5 68. 

file:///uclear


14. Environmental Sciences Research 

J J Beauchamp J.D.Cooney' C.C Coutam' C W Grim1 J. W. Huckabec' 
SA.Jaucn 1 RC.Mcacham.Jr. C. R. Soutaworth1 M.Stroup' 

EVALUATION OF POLYCYCUC AROMATIC 
HYDROCARBONS AND ARYL AMNES 

Poh/cydk aromatic hydrocarbons (PAH) and aryl 
vnmcs I AA) are commonly fonnd m the environment 
fs. a result of the combustion of fossil forts. Because 
nmsy «*f these iidmancei have known carcinogenic 
properties, a study was done to examine the effect of 
different PAH and AA m aquatic environments. The 
experiment evaluated the extent and rate at which PAH 
and AA ase icmovtd from somtion and accumuhtf 1 by 
Imnmmi. an important component of aquatic food 
webs. Dupmnm were placed in water containing a known 
concentration of a dissolved PAH or AA. and over an 
experimental period of 24 to 4S hi. samples of animals 
were taken and the PAH or AA concentration observed. 
The PAH or AA concentration in the water was also 
monitored. 

A model has been proposed to describe the dynamics 
of the PAH or AA concentration in the water as weU as 
m the Dtptum. The model is flexible enough to be 
useful in describing the dynamics of the PAH or AA 
concentration in the anhnab when the PAH or AA 
concentration in wate- b constant as well as decreasing 
over the experimental period. A two-siage iterative 
nonlinear estimation procedure has also been used to 
obtain estimates of the uptake and depletion param­
eters. From the filled concentration curves, we have 
also been able to estimate the curve of the concentra­
tion factor (concentration in animals/concentration in 
water) for more than a dozen PAH and AA compounds. 
Comparisons among the different PAH and AA have 
been very helpful using the estimated uptake and 
depletion parameters. In addition, estimated LD», 
values from the mortality dao of this study have been 
quite helpful. 

1. Gradoatc rewanh partkinani. I'nirrrviy of Tcnncwcc. 
Knosvmr. 

2. EwrirownciHat Science* Drmwn 
J. C m Lakes Cdttft* Association student. DcPww Uni­

versity. 

POPULATION GROWTH OF THE 
CAIJUVOIDCOPEPOD 

During die course of an investigation studying the 
effects of various environmental factors on the popula­
tion growth m ccpepods. it became necessary to sample 
laboratory cultures thai were kept in 30-liter aquaria- It 
soon became evident as die experiment continued that 
the animals were not distributed evenly throughout the 
lank. The sides and corn.'s contained the highest 
density of anunah with a marked decrease m density as 
one moved toward the center. A stratified sampling 
procedure was initiated in the foftowmg areas of each 
aquarium: 11) exterior, which included the volume uf 
water along the sides of the aquarium within a band 
wid.h of approximately 55 mm. aud(2) mierior. which 
included the remaining volume of the aquarium. 

The nonparametric median lest was used to detect 
significant differences in the observed density levels 
between the exterior and interior areas. A signifkani 
difference («* < 0.01) was found between the two areas. 
Although there was not sufficieni data available, there 
was an indication that the corners contained higher 
density tnds than the remaining exterior area. Th? 
results from the stratified sampling scheme were then 
used to obtain an estimate of the tntal population si/.-
m an aquarium, and an approximation was abo found 
to the variance of this estimate. 

EFFECT OF DENSITY AND FOOD 
LEVEL ON THE CALANOID COPEPOO 

Data are bring analyzed from a study to determine 
the effects of varying density and food supply level nn 
the reproduction of the calaitoid copepod. Drnpttunm 
ckripn. There were 18 containers subjected to a fixed 
feeding regime, and each container had a fixed density 
level of animals (twelve containers each with one pair of 
animals, four containers each with three pairs of 
animals, and two containers each with six pairs of 
animals). Over the experimental period of 21 days, all 
females with clut hes were collected from the contain­
ers, and the frliowing observations were recorded ir> 
determine if feeding or density had an effect on 
reproduction: (I) number of eggs per clutch. (2) total 

JH 
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wiliwi of dutch. «•< (3) e g sag. After mmwinf the 
clutches, ike tttaafcs wete returned to * * sane 

The 6m stag* of the data analysts employed linear 
wgitiiiun models to mminr the effect of density level 

dntch. In addition, partial corrcJatioa coeflicwj nave 
bttn calculated to considrr the joint variation between 
pairs of variables after fixing other variables. These 
anaJ/JtJ wsl prove to be quite helpful in darifyinf the 
effects of popahitiun density and toad level. 

ItETHYlJiTIOHOFilvOltCAfaClitltajvtY 

An experiment has been conducted lo examine the 
prtmnu. or absence of an -.»vivo mercury methylating 
process m brook trout. In particular, the interest was in 
the potential conversion of inorganic mercury to 
methyl mercury within the frsY Seven tanks, with SO 
fish per lank, were used for this experiment with ( I ) 
tour of the tanks uniting equivalent amounts of 
inorganic mercury and (2) three of the tanks serving as 
controls. AH of the fish were of the same size and age 
and were randomly ahocated to the tanks. Fish were 
couected from the tanks during the experimental period 
of approximately SO weeks and analyzed for total 
mercury ar I methyl nercury concentration. 

The data consisted of the matured mercury concen­
trations in each sampled fish for the different tissues 
analyzed (muscle, liver, intestine, and skin) at the 
various sampling times during the experimental period. 
The goal of the analyses of these data was to determine 
if the concentrations for the fish from the test and 
control tanks differed significantly. Since concentration 
varies with growth rate, the statistical analyses were 
done on both the organ burden and the body burden of 
mercury. A semilog linear regression model was found 
lo be adequate for describing the total organ burden of 
mercury and methyl mercury as a function of time 
since the start of the r- perimeni. A weighted regression 
was recommended because of the change in variance of 
the observed burdens as a function o( lime. The 
weighted slope estimates of the regression lines were 
more precise than those found using the unweighted 
regression estimates. As a result of thex regression 
analyses, we were able ( I f t " indicate those organs thai 
had a significant change in their organ burdens and 12) 
to determine whether or not the ,-ontrol and test groups 
differed. In addition, these statistical analyses sup­
ported the contention that the food chain can be an 
important uptake route for methyl mercury. 

TrntMORCGULAHON W FISH 

A study has been done lo test for evidence of 
predictive rtuiinouiufciiiin in mosquito fish. From this 
type of thermoregulation a fish wj | tend to move to the 
top if tfee water temperature is below ike acchmatiot: 
temperature or to the bottom if the water tempnature 
is above the acclimation temperature. The procedure 
used in this study involved fish m a tank with the water 
temperature greater than, less than, or equal to one of 
the acclimation temperatures of interest. For each 
experimental run. 12 fish from each acclimation group 
were used. Therefore, a total of 36 fish were used for 
each run. and a run was made at each acclimation 
temperature. Three fan of the same acchmation tem­
perature were placed m each of four cylinders within a 
tank, and the avenge position of the fish in each 
cylinder was recorded for a period of one hour after the 
fish became adjusted to the new environment. 

The experimental data were examined to determine 
the effect of test temperature Or,) and acclimation 
lemperatuie lx2) on the depth preference ( r ) . a 
measured by the average depth over a fixed period of 
lime of the fish within a particular cylinder. The 
following model was used to describe the data: 

«.»->» d, • JiJt, • f cx , • i» i J x ,x I . 

The results of the regresoon analysis showed no 
significant effect (r>>O.IO)from * , . JT7 . oix,xz. Since 
multiple observations were available at each combina­
tion »f fjr,. or 2 >. a lack-of-fit test was also performed to 
determine the adequacy of the model and was not 
found to be significant (/*>0.I0). Although the results 
of these statistical analyses have been inconclusive as far 
as the proposed thermoregulation hypothesis, valuable 
information has been obtained that will be useful in the 
planning of additional experiments and possibly in a 
modificatiori of a new thermoregulation hypothec. 

INFLUENCE OF ADULT DENSITY ON A 
CALANOIOCUfEPOD ZOOPLANKTER 

Preliminary results from the data analysis of a study 
on population dynamics of a zooptankter have been 
previously summarized.4 Starting with a secoiij-order 
regression model in terms at variables related tv female 

4. "InrlHciK-c of Adul Density on a Cabnoid Copepod 
Zonpianktcr." Math. iui. Rn. Dtp. Ivwe. Kep. June JO. I97f, 
ORNL/CSD 13. p. 33 (October 1976) 
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vn. adult density, and water temperature, die observed 
cmtch. size had been reasonably explained by a untar 
nwdcl cnafiama, 13 terms after applying a statistical 
mishit selection procedure. Since the previous analysis 
dsi not take into account dart the obav**l namher of 
cyjs per dutch aught be a Poissoa random variable, a 
lot was performed to test das hypoawsis. Except for a 
fear cases that coatd be attributed to Gather observa-

fcre. the ctgmsaoa malyiii was done on dm reduced 
itcoad mdti model usmg weights appropriate for Pois-
son distributed data.* The results of this analysis ssade 
it pmimli to test for the adequacy of dm approxima-
tkn and die assmaed Poissou distribution. Additional 
analyses of these data ham been done by calculating dm 
•rimipa components of die standardized laistdu 
related to female size, adult density, and water temper-
stare, and dam using dune new variables to explain the 
variation in dm obstived clutch size. The benefit of mis 
approach is die orthogonality of die new variables. 
Conflations of dtese new variables with dm original 
ubsciml variables may be used to make a physical 
interpretation of the new variables. 

USE OF LINEAR LOGISTIC MODEL TO 
EVALUATE TOXIC SUBSTANCES 

Daring this period die work on the urn of die linear 
logistk model to evaluate dm effect of toxic substances 

S. E L. Fiwac. M. H Kmacr. ami I. J. lo*cfaN«p. 
•HfMijiwa Anaiys* of Ftoia»»4>irtrih«M2 DMa." / Am. Smt. 
At—it*.W5 40IIV7JI 

has been m dm area of dm derivation of approximate 
variance expressions for dm estimated concentration 
levels of dm toxic substances necessary to achieve a 
fixed level of mortality. In particular, in dm expression 
of the probabmty da* an organism wiH die from a 
concentiatnin. x§. of substance one and from a 
concentration. x x . of substance two. that is. 

f*(expitfy(l+cxp40. 

wncfft 

* * « • • * • * ! • « ! * ! •011*1* • * ! 1*1* •011*1*1 • 

we have used the maximum Ukehhood estimates of the 
0*s and their associated corarhmce matrix to fmd 
approximation! to the variance of rim rttaaated value 
of x ior fixed values of x2 and F. This is denoted by 
Van>,Uri)- A siaubr expression for V* (x x iX i ) for 
fixed values of jr t and**has also been derived. 

In addition. Fiefler's dmorem has been applied to 
obtain approximate contidence regions on JC, . for fixed 
values of x» and f. from the maximam bkeuhood 
estimates of the fs widi dwir associated covariance 
matrix. Similar expressions foi approximate confidence 
regions on xt for fixed values of x, and P have also 
been derived using Fieher's theorem. All of these 
expressions will assist in the planning of future experi­
ments mvestigaiiag the effect on mortality of the joint 
application of toxic substances. 
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C D . K m 1 F.L.Mtkr.Jr. 

LEUKOMA B C t O e C E OF 
ATOMIC •OMBSUKVIVORS 

L>yfcimia d m from rtediet of itonak bomb a n i w i 
have D M H analyzed Mine calcinations of absorbed don? 
to acute bow marrow. Previous analysts nave used 
iirtnmln of tissue kenna in air and acfkmd the sttf-
shamlmg of internal ortans by the survim's body. The 
risk irtaaam m n obtiinedby fitting aronctioa of the 
famt Yr « * * > , *§Dy

t, where Y, n'he incidence rate 
in ocas of control incidence rate. Dn n the neutron 
dace, and D 7 it the anamm dose. The control incidence 

rate was computed from survivors exposed to 0 - 9 rads. 
The risk estimates obtained m this analysis are in food 
afrcenwnt with dw risk estimates obtained bytheBEJR 
Committee1 from data on x-ray-treated spondylitis and 
menorrhafja patients. Previous risk estimates, using 
dose estimates based on tissue kerma in air. have not 
been m food aajreement. 

1. HfaftJl FfeyiMLS t i r inMl . 
2. Jreaafr 9f an? 4OMMV^ CaMMMriw aa ate avcanaeuf 

QJvm ay* hmtmg » > daww. NAS-KKC. WariMEta*. D C , 
1*72. 
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PERFORMANCE OF HTCa FUEL »ARTKLZ3 
DURING aiREIMNFLACE CARBONIZATION 

Foci rods for die ligrr-Tctnperaturr GavCookd 
Reactor iHTGR) arc madr ty bunding together coated 
uncTosphcrcs of fertile particles (ihoriwn) and fissile 
particles (uranium) in a pitch matrix to form 2-in. rod 
rods. The fuel rods are then placed in a prismatic 
graphite block and cured by driving off the volatile 
substances from the pitch matrix with heal. Since ihe 
coalings on tor fad particles are the primary containers 
of fissionable material, the effects on the particle 
coatings of the different factors of die cured-in-place 
process were examined for fertile particles. 

Three different strengths of HTGR fori parlidcs were 
used lo make fuel rods which are placed in four 
graphite Mocks. Each of these graphite blocks was 
healed a« a different rate to a final processing 
temperature. An experimental design was constructed 
10 examine the effects of different particle strengths, 
graphite Mock holes, and healing rates on the response 
of coke yield and particle failure fraction in a fuel rod. 
The coke yield is die percentage of the weight of the 
carbonized matrix to the weight of the original matrix, 
and the failure fraction in a fud rod b measured by the 
amount of thorium leached (ug) from a fud rod (using 
the chlorine leach technique) divided by die total 
amount of thorium in a fud rod. A statistical analysis 
of the results indicates that the variations in coke yidds 

I. MetabandCirjmici Dttwkm. 
3. Dcveloaiwmi Pmsiow, Y-12. 

are due to drffercnt heaung rates, and aW variations m 
uwure fraction arc due to bom different healing 1 
and dHfercut strengths of particles. 

The variable levds chosen for the experimental 1 
ait shown* Tank 6. 

The effect of S d rod location was not 
there were oniy 72 awjdabk fori rods and 81 
combinations of die levels of the four variables. 

Any effect due to location was confounded with 
particle strength, so die particle strength effects also 
include the effects due to location. The fwd rods were 
randomized in each hole and repbented twice at each 
position. 

The percentage of coke yield was found to depend on 
the healing rale of die graphite Mock in a quadratic 
manner. As die healing rate increased, the coke yield 
decreased: tins relation can be expressed by the 
equation: 

coke yidd * 39.131 1.539 heat • 0.0S3(heal)z 

The failure fraction depends on both healing rate and 
particle strength: die worst conditions are at h o & g 
rales l*C/min and S*C/min with particle strengths of 
S.I4 lb and 5.78 lb (sec TaMe 7). The lowcsf failure 
fractions occur with the 6.85-lb particle strength at aH 
healing rates. The confidence intervals on the failure 
fractions indicate that only three intervals indude die 
critical value I X 10"* frfu.t fraction. These three 
intervals occur at the conditions shnw.i in Tabic 7. 

TaMt 6. varwjMe hvefti or *ne cxpwwicnwJ 1 

Variable Level 

Healing rale 
Particle urrncih 
Hole in paphitc block 
Location of furl rod in 

the paphitc Mock hot* 

IT/min: ST/min: IO*C7min: \STCImm 
5 I4lb:5 7»lb:6 85l0 
Hotel; Hole 2; Hob 3 
Top(• I);middle»n):bottomt I) 
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lab* 7. mmtmmtmmtm 
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H S n U U I M N OF I K NUWKR OP 

DUONG MUUMATION 

a particular precursor knag formed from fijawn. This 
pwiursw can d m decay to a stable dement. Foe ibis 
process. Ihc probability distribution of the number of 
pawnsor almas. tt/>. si gma lime, r. can be dermed 
from its probability generating macinm. 

The stochastic model of the probability of at 
MMHiinexisting in ihe lime interval |r. I • ±i) h 

Prob {m. r • Ai i* rYobfm, nProfctnn precursors 
form iif decay in .VI 

* Probtm I. f iProblone precursor 
forms in . i l l 

• Proof in • I. J)Prob|one precursor 
decays in .!#) -

This stochastic model may be formulated in terms irf 
the pmbabiiily of fission, fy the number uf fission 
nrtilrom per fission. •>. the number of prcvursurs 
produced per fission, fi. and the drcay rale of ihe 
precursor. X. From this formulation, ihc ftdlnwtng 
dtffercniial-diffcrence eojualinn can he dernrcd by 
Idling ±1 — 0: 

4 Pr.rb|m. f\ldf \?fl* • mk rProbf m. i) 

• fffr Probtm l . r l t f m * I £ ProhlOT • 1./) . I l> 

According lo lq. I I I . ihe priroahililv generating 
function for Prob|#w, t\. given by 

(Hx. i)» £ ** Pmb|r. /| . w i < l . i:> 

• a ndanaa to Ihe aen-«rd«r aatial value ptubfcm: 

X*x. f s/nr > fj+s I I B * . O 

Mx l»ati |* . f t fa- . fiU.O)- I . 13) 

An explicit amiana to Enj. iJ) can be faaad by 
reducing the prwMeat to an initial «ahse prubitm lot a 
ursl-wder linear iiramii) dMfcwanal routiaa. The 
whiinints 

6U. r )«cxp UJ&t) |J t I I I r * f l | . (4) 

Tats is Ihe probability gcncraimg faactiua at ate 
rVniani djstrrnuaoa with expected value 

* | . ^ ' H - \ ^ ) l l r * ' l . 

Siacc each yibabiliiy drsinbaiiua has a unique 
pmbabmt) generating laacfioa. .%!#> has a Poi«Hn 
piubabatiy dbtnt-wtmn 

ZWOK RATE CONSTANT n E M C T O N EQUATION 

A statistical analysis of isirthermal Zircaloy-4 water 
oxidation kiaetic I ZWOK I data was made to determine 
the parameters in the exponential model foe rate 
constants as a function of temperature foe ihe ( I ) oxide 
layer. | 2 | alpha layer.«.?» i layer I oxide * alpha), and 
14) total oxygen consumed. 

A sf-̂ cimen i»f Ziuat»>>-4 was placed in the 
Mim-ZWOK slcam-oxidaiiou apparatus, and steam was 
passed «»cr the «*nei surface »»f the specimen. This 
experimeni was repeated for various lengths of time 
under isothermal ctwdiinm* over a temperalure range 
of «KK> to 1500*1' | lb5 : to : 7 j m at S0*C" f ir^F) 
intervals with at least len tpecunens being midi/ea zl 
each temperature 

Afler den expcnmeni. the mide layer thiefcnessand 
alpha iaycr tbic«ncs» were measured, with ihe Xi layer 
and ihe rntal oxygen consumed cakinaled from these 
measurement*. The rate of reaclnm U* ihe four 
meaairemenis was assumed i» follow a parabolic 
kineocs mudd in rime that is. ihe square of ihc 
meaMircmcnif was a linear function of time. The slopes 
in each of ihe linear functions were estimated using ihc 
method of Icasl squares. Those slopes represent 
estimates of ihe isothermal rale constant*. The 
logarithms of ihe rate constants were assumed to he 
related linearly to ihe reciprocal of temperature or by a 
simple Arrhcnius relationship. The parameter estimates 
for the linear models are listed in Table X. 



•armr 

Oxide h»V/2*-4.4l»W It0%02ttl/r) 1050-lJOrC 
Alpha ±ijii*-02nx - 24228.»ltl/7) tos-isorc 
Oxrir* alpha l u *^ * -1 .07462 209ttJOtl/7) loso-isorc 
Toul oxygen h * , ' / ! ' - ! . ; * 20097 9*1/7) loso-isorc 

To judge die quality of the estimated parameters, 
mdmdual and joint 90% confidence intervals were 
calculated for the true values of the parameters and are 
•ustraied in Fig. 5 for the oxide layer. The mdrvidual 
confidence intervals of the true values are appropriate 
for specifying ranges fur die possible value of each 
individual parameter irrespective of the value of the 
otfier parameter. To calculate a region m which both 
parameters may occur smultaneousty, oV joint 
confidence region takes into account die covariance and 
tie relative sizes of the variances of the two 
corresponding estimators. Each pair of points inside die 
joint confidence region determines a prediction line 
contained inside the confidence interval about the 
estimated prediction line. Those points on the joint 
confidence region boundary determine prediction lines 
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which are tangent to die confidence interval boundaries 
on the estimated prediction hne. 

circEP-itfjrnjRE OF ALLOT MATERIALS 

In support of the Drayton Power System and HTCR 
programs, mathematical descriptions of creep-rupture 
and time to 1% strain are being developed for several 
aftoys including HasteHoy X, HasteHoy S, Alloy 617, 
Aloy 625, Udimet 700, mid Waspamy. Most of these 
equations are linear functions of reciprocal tempera­
ture, stress, and logarithm of stress. Lower limits of 
stress to cause rupture and 1% strain are also defined 
using tolerance limits about die logarithm of time. 

For example, the following linear form was found to 
adequately describe the expe*:ed value of bom rupture 
life and time to 1% strain for Hastetoy X sheet: 

logi » / * * , + * , ( ~ ) + A,(lof, ,©) 

• * » (T-,.-) . 

where 

tM expected 'aloe of rupture life or time to \% 
strain, in hours, 

T • temperature, °C, 

o * stress, MPa. 

Least-squares estimates of unknown constants with 
standard errors are shown in Table 9. 

Expected values and lower limits at selected levels of 
stress and temperature are given in Table 10. These 
lower limits are based on the lower {P • 0.90, X » 0.95) 
tolerance limit about the logarithm of rupture life (or 
time to 1% strain). Data and expected values are plotted 
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HUStWC Me TNR* to 1% strain 

* • 
»l 

•s 

- i 7.3 t o n 
12.41 x lOVvtO 
2.44 * 0.35 
(-4.45 x lo ' i t 340 
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14 (2) 230 1.000 \\ 44 
21 (3) 55 220 2.4 14 

in Figs. 6 and 7 for rupture life and time to \% strain 
respectively. Symbols represent tests performed at 
different temperature levels. Plotting the dependent 
variable rupture life (or time to 1% strain) on the 
abscissa conforms to accepted practice in material-
properties research. Care should be exercised in 
interpreting the graphs since variability is in the 
horizontal direction. 

ANALYSIS OF DATA FROM VARISTP AINT 
TESTS ON INC0LOY 800 

Varistraint tests at five levels of strain were performed 
on seven hears of Incoloy 800. The simple correlations 

between total crack, a measure of hot cracking, and 
chemistry were computed for each element and several 
combinations of elements at each of the five strain 
levels. These simple correlation coefficients are a 
normalized measure of the linear dependence between 
two random variables and were used as a source for the 
subjective comment to compare current results with an 
earlier report of York and Flurry.' 

There appears to be no linear relationship between 
hot cracking and the elements carbon, alurr'num, and 

3. I. W. York and R. L. Flurry, Aueumenl of CmkMait 
Wtid Mtiris for Joining Alloy 800. WNET-119. WctUftjhovK 
Tampa Div. (February 1974). 
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titanium as leported by York and Flurry. Abo. the 
reported (Al • TiNKC • Si) ratio was found to be a 
"leasonabk" prcdktcr of hot cTadung in Incoloy S00. 
The shapler forms Ti/(C • S) and Ti/S performed 
better than the reported ratio at the higher strain irveis. 
Numerous other cornbmations of dements were 
considered and were found to be cava! to or worse than 
the above ratios. None clearly stood out as being 
ssperkK. 

Tbe correlation between hot cracking and aluminum. 
titanium, and silicon appears to be an increasing 
function of varistramt strain level, wane the correlation 
with manganese ends to be a decreasing function of 
strain level. Although there is insufficient information 
to determine if these effects are real, future effort 
should not overlook the possibility of a significant 
strain effect. 

ASUMMARY OF RESULTS FROM 
PILOT MEMBERSMT SURVEYS 

A mail survey of the American Welding Society 
(AWS) membership is expected in 1977. The purpose of 
the survey is to pin belter understanding of the 
makeup of the Society. To prepare for «he overall 
survey, pilot surveys of the Houston and Niagara 
Frontier sections were conducted in 1976. 

The questionnaires of the two sections differed in 
content and in time of delivery, the second 
questionnaire hopefully being an improvement over the 
first. Also, students were excluded in the Niagara 
Frontier survey but not in the Houston survey. The 
increased response rate in die Niapra Frontier survey 
(42.1% vs 18.1% in the Houston survey), attributable to 
the use of prepaid, self-addressed return envelopes, is 
still loo small to permit valid inferences about the two 
sections. The conclusions should be verified by an 
expanded survey. A brief summary of the findings of 
the pilot study follows: 

Typical Member 

The average or typical member of the Houston and 
Niagara Frontier sections has been with AWS for about 
ten years and is 43 years old with a bachelor's degree in 
an engineering or scientific field. He is at the 
management level in the fabricated metal products 
industry and earns 520,000 to $30,000 a year. He is 
neither a union member nor a registered professional 
engineer. 

Edmcation 

Differences are noted with respect to age. As 
expected, the younger members have received more 
formal education. Members of the Houston section vith 
only a high school diploma decrease from I in 4 for 
those ai least SO years of age to fewer dun I in 10 lor 
the youngest group. A correspondingly larger number 
of the younger members have attended junior college. 
Sirnlar but mixed trends are found in the Niagara 
Frontier section. 

Job Function 

Of the respondents, 18% indicated first-level manage­
ment responsibilities ("president, owner.officer"). 20% 
indicated second-level rranagemeni responsibilities 
("manager, director, superintendent"), and 18% 
claimed to be welding engineers. "Sales" and 
"metallurgist" were the job categories next in line. Only 
4% of the respondents marked their job function as 
"welder or cutting operator." One in fifteen (6.8%) 
belongs to a union, whereas I in 4 (23.6%) is a 
registered professional engineer. The percentages are 
not additive since multiple responses were permitted. 

Compematkm 

Because Houston has a low cost of living, it may be of 
interest to look al salaries. The two sections may be 
compared by deleting the younger age group and ail 
returns that do not specify age. From the remainder, 
two-thirds (68.1%) of the Houston members earned 
more than $20,000. wti.!- only slightly better than half 
(56.7%) of the Niagara members were similarly 
compensated. However, results above S30.000 agree 
remarkably well Approximately I in 4 received an 
annual income of $30,000 or more. I in 10 received 
S40.000 or more, and I in 20 received $50,000 or 
more. Note that 'hese figures apply to those 
respondents known to i*. *t least 30 years of age. 

Length of Membership 

The distribution of length of membership as adjusted 
to equal time intervals shows a high proportion of new 
members in both sections. Better than one-third of the 
section members responding have been with the Society 
less than three years. This phenomenon is seen at ail age 
levels. Nearly half (46.2%) of the members over 40 
years of age have been with the Society less than ten 
years, one-fourth less than five years. 
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Many factors may be contributing to this surge m new 
member* of al ages. I !am statistics may reflect die 
feaiits of an active campaign to Remit new membeis. 
There may be an increased attraction of the Society 
brought about by expanded benefits and improved 
response to membership needs. Abo. diete may be a 
significant segment of jndrridaab who for various 
reasons join for short periods of time. This latter 
segment includes those who are promoted into and then 
out of short-term positions that benefit from AW5 
membership, those who join to receive die wide range 
of pvbheations free or at reduced prices, and those who 
join to please their teachers. 

Current applied technology paced by the Feature 
Articles and New Products sections ranks a strong first 
in interest among readers of the Iranian, Jowml with 
articles about people and events bringing up Use rear. 
These is substantial interest among younger members in 
advertisements and in the Practical Welder section. This 
interest dues not seem to-be shared by the older 
members. 

A question added to the Niagara Frontier Question­
naire asked which Journal section was most important. 
Feature Articles. New Products, and Practical Welder 
sections stood out as being most important. Readers 
under 30 years of age considered the sections on 
Practical Welder and Tech Topics to be most important. 
The Research Supplement ranked fourth and fifth 
except in the 30-39 age group, where it tied with 
Practical Welder for second in importance to Feature 
Ankles. 

Reasons for Membership 

The Niagara Frontier survey requested that three 
answers be ranked in order of importance. Results show 
that "professional contacts" and "section technical 
meetings" were strong primary reasons for being a 
member of AWS Receipt of the Welding Journal and 
other publications were mentioned as frequently but 
tended to be of secondary importance. 

Orenrii Surrey 

A stratified sample survey is being recommended for 
the overall membership survey to be conducted in the 

hitter part of this year. A sample survey can achieve 
results equivalent to a census survey but at greatly 
reduced costs. Stratification Mxordiag to type of 
membenhip. size of local section, and geographical 
location wil be necessary for imprrwing precision of 
estimates within these subgroups. FoMow-up maumgs 
wul be necessary to achieve a high rate of mum so dat 

ANALYSIS OF DRY K N E R VARIAMUTY 
INKELVARYARN 

The variability patterns of denier in spools of Kdvar 
yam have been investigated. The analysis of ore denier 
data indicated that the denier within a spool of yarn 
was relatively uniform. However, uae analysis also 
indicated that a significance between spool variability 
existed. 

Generally, die results of the analysis of die denier 
data mdkated that one set of use specifications for die 
whole lot of spools would not be feasible and dot each 
spool in the lot would have to be considered 
independently. The denier measurcmuats were collected 
as specified in an experimental design previously 
reported.* 

As previously indicated,4 a subset of the design points 
were to be used to study tht patterns of variability in 
the chemical structure of the yarn. As was true with the 
denier analysis, a sgnifkapcr between spool variation 
was indicated for one of the chemical components of 
the yam. 

COAL RESEARCH PROGRAM 

An experiment design is bring prepared to study 
erosion and corrosion of ha;;' surface materials for 
handling coal slurries at high -̂ piperaiures, in support 
of the coal research program. These experiments are 
expected to be conducted on site. 

4. "Evuwiiww of Ouwcwrbticsof Kehar Yam," Melk Smt. 
Kes. Dtp, hot **P hmt 30. I97t, ORNL/CSD-I J, p. 45 
(October 197*). 



17. Sampling Inspection and Quality Control 

R-SLeete' W.E. Lever R.C.Meacham G. L. Gramethantr1 

AN INVESTIGATION OF THE TUK 
SHEET INSPECTION PLANS 

Tube ihrets supplied by a vendor for me on the 
gaseous duration process were subjected to a quality 
control iuspectioa by both die vendor and tine Oak 
Ridar Gaseous Oitfmm* Port (ORGDP). One part of 
dm insptction involved checking for oversize holes m 
die lobe sheen. The procedures used by die vendor and 
ORCDP appeared 10 five conflicting results; die 
vendor's inspection often yielded 30 to 100 oversize 
holes, what die inspection at die gaseous diffusion 
pbnt typkaiy yielded not any or only one oversize 

An inveslifHion to resolve die appaient differences 
between die two plans found diem to be generally 
complementing, radier than contradicting, each other: 
die two proccdnres had vastly different properties. The 
vendor's plan resulted in poorly defined jjmpki which 
pneraly yielded a lower-bound estimate of die total 
nwnber of oversize holes in die sheet. The nature of die 
pbn limited severely the statistical interpretation of the 
malts of die inspection and tended to imply a lower 
•polity dan actwally existed. 

The ORCOP plan was fonnd to have a precisely 
defined sampling pbn, which was based on the 
proportion of oversize boles in die sheet. Since the plan 
was precisely defined, it was readily subject to 
sutHticat mierpreiation. However, as a quality control 
prozeave die plan had a very poor mcmifacturer's risk 
and, when ligidry enforced, would have led to ibr 
rejection of many otherwise acceptable tube sheets. 

Becawe both plans bad serious drawbacks, a set of 
potential alternatives was presented which involved 
suggested changes in both inspection plans. 

INSPECTION PROIAMIJTIES 

The results of the inspection of a unit are dependent 
on many features, such as the tolerances allowed by the 

I. Technical DrvMM.Y-12. 
t InstramcMslie* art Qawity Assurance DrfdopmrM, 

ORCDP. 

specifications, die patterns of variation present in the 
uml beiag inspected, and rhe variation patterns present 
m the measurement process. As a pluming aide for 
production and inspection athrdulen. values of 
probabilities associated with die icsults of inspections 
were calculated. These probabilities were cakalaied 
under dee anumprinn diat ute true value of the 
BBnaucnaeni was a random vatae from a normal 
distribution and that she error m die measurinf device 
was a random variable from a different normal 
distribution. 

For a series of potential tolerances, anil variations, 
and measurement error variations, dee probabilities of 
the potential deposition of the measured unit were 
tabled.* 

INSPECTION ril£QUEi*riES FOR 
ERtM QUALITY AUDIT 

By a remspcciioa of a randomly chosen set of parts 
previously found acceptable, ERDA contmuaBy audiu 
the effectiveness of quality control inspection pro­
cedures used in ihe Y-l 2 plant. 

A new sequential audit procedure has been developed 
by ERDA which wiH have parts reinspecle-J at a rate 
that is a function of the part production levels and the 
number of reinspected parts which do not meet 
specifications. Because this procedure has never been 
used before and has varying inspection levels, die 
nwnber of additional inspectors required to fulfill das 
task was not known. To estimate the number of 
additional inspectors required, a simulation study of the 
reinspecikm process was conducted using proposed 
production levels for the Y-12 plant and historical data 
on the results of previous reinspections. The study was 
conducted for each general type of part inspected, and 
tobies of monuVby-mondi projected inspection fre 
quencies were generated. 

3. W. F. Lever art ft. $. Lww, Jr.. A Stmty of the 
RriMrmtmip of Imrre focton on Emn in Auavrmm. 
UCCND/V-2075 (April l«77>. 
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18. Uranium Resource Evaluation Research 

F. L litter. Jr. C. E Nichols' V. E Kane 

UKAnBUM RESOURCE EVALUATION l*OGRAJI 

The National Uranium Resource fcoluatswt (NURE) 
Program was established by die Enet|y Research and 
ua?^aw^^u^nwaBBwn>aaja> a^auJRvuww^Bu^psî uBBu^pnv BUjg* VvdJJnl^HBtun* na^gawjajamBguu 

munw.es and to identify favorable areas for detailed 
nfaniuni prospecting throughout dte United Stales. The 
Hydrugcochemkal and Stream Stdhneni Reconnais-
sane* Survey part of die NURE Program is to identify 
areas in die United Stales which are favorable for 
uranium exploration. This is accomplished by a 
munnaiiiwrr of surface water, groundwater, stream 
sediment, lake sediment, and plants. Union Carbide 
Corporation. Nuclear Division, wM survey apprssi-
matriy one nuHiun square mUes over a 12-stalc area 
coflrctiug 130.000 samples. 

From the initial planning stages, die Union Carbide 
Uranium Resource Evaluation Project has received 
statistical support in field data collection, sampling 
design, interpretative data reports, and special testing 
studies. This year we have been concerned with the 
identification of laboratory or data processing errors 
and finding sialifiical methods that aid in the 
identification of promising uranium districts. 

Before any data interpretation is performed, it is 
desirable to correct any errors that may have occurred 
in the laboratory or die computerization of the data. 
The k *v volume of data necessitated tlut an 
automated data verification process be developed. 
Consequcndy, a principal component analysis proce­
dure was instituted in which outlier samples arc easily 
identified. In the principal component analysis, the 
unuiual nature of die outlier samples is assessed with 
regard to the multivariate nature of the data. These 
samples are then reanalyzed in the laboratory, ensuring 
high quality for die final data. 

A typical collection of data would be a survey over 
21,000 km 2 (8000 sq miles) with a sample collected 
about every 26 km' (10 sq miles). Each sample has 
approximately 25 associated measurements. A basic 
problem is to uncover any geographic patterns in the 
data which may be related to uranium mineralization. 
Two mathematical techniques have proven successful. 
The first is a weighted-sum contour of uranium-related 
dements. Let Xlf denote the rth measurement for the 

I. UruMam Resource Evaluation Propel. 

/Ut sample, i * I ?; / * I N: then the 
quantity 

«• I 

is a weighted sum of measurements for die /th sample. 
The weights, wt, combine a subjective weighting as well 
as a scale adjustment for die Ah variable. The v's are 
plotted and contoured, generally showing smoothed 
variation patterns. Because uranium-related dements 
arc used, regional uranium patterns are more easily 
identified. This technique differs from most other 
smoothing methods in that die mo'lidemrnt character­
istics of a sample, rather than the mathematical 
methods, are responsible for die smoothing. 

The second method used in assessing geographic 
patterns b cluster analysis, in which die uraniunt-related 
dements arc weighted die most heavily. It is desirable 
lo weight an dement heavily if it separates the data 
according to geology and is related to uranium. 
Geologic variation is assessed by plots such as Fig. 8, in 
which sulfate separated some of die geologic units. 
Once weights are determined, plots such as Fig. 9 are 
constructed by geologists to identify potential uranium 
districts. Research in various clustering methods is 
continuing to obtain the best possible interpretation of 
the data. 

BOTANICAL COMPARISONS 

During the Llano fidd trial, die regular samples were 
supplemented with samples of pairs of tree species at 
many sample locations. For each of six pairs of tree 
species (cedar-dm, cedar- live oak, cedar-sycamore, 
dm-livc oak, elm-sycamore, and elm-willow), the 
concentrations of ten elements (Al, B, Ba, Ca, Fe, M%. 
Mn. P, Pb. and U) in < ;w species were regressed on each 
clement concentration in the other species. A difficulty 
in doing this is that element concentrations are not 
measured without error. The estimation procedure is 
unbiased, but significance testing can lead to statisti­
cally invalid conclusions. The purpose of the regressions 
was to see how well one could predict the element 
content of one tree Irtim that of another, with further 
goals of using similar techniques to estimate missing 
values and lo construct contours of equal uranium 
concentration from the botanical data. 
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Part C. Educational Activities 

The Matbtmatki and Statistics Research Department engages m » variety of educational activities both 
academic and piofcssioaal. This year the dtpaiuiat was host for both the Second ERDA Statistical 
Symawsiwm and the Union Carbide Corporation Applied Mathematics Sympoi.um. Individual department 
members have presented short cowries at Oak Ridge and at UCLA; orgawiad several seminar series and a 
famnWmfiamnBm? f l f W d mmi amaVft*8ammm* m u V M B M n T V n t d l H V j R I h B S B X amaVnaamTS fumT • f l n T f t f i l a m CSammmnamnYS. AaYafl SaammTf^flBimTK wwawa)nâ njawjp'Bw^ > M * 1 W wan> BJPUBJO w «̂awwww> w#wnwv^#ajwn>w i « % ( O t « i • » W M O H F W O » M O I # *^FW w^^urv^nwso ^mfowmrvmnaiww*^^ w a v w # w w * i • • * « • # 

Jor stadents in the OnJc Ridge Associated Universities (ORAU) Swmmer Studtnt Program and other similer 
programs; given talks aader the empire i of the ORAU Traveling Lecture Program; and worked with 

SECOND ERDA STATISTICAL SYMPOSIUM 

The Second ERDA Statistical Symposiam was hefcj October 25 27, 1976. at Oak Ridge Nations'. 
Laboratory. The program was panned by Donald A. Gardiner of MSRD. Ronald K. Lohrding of Los 
Alamos Scientific Laboratories. Wesley L Nicholson of Pacific Northwest Laboratories, and George P. 
Stecfc of Sandia Laboratories. Organization and local arrangements were handled by Kimiko O. Bowman. 

'Charles K. Bayne, Wrmam E. Lever, and Forest L. Miller. Jr.. all of MSRD. There were 65 participants 
representing ERDA. NRC. ERDA laboratories, universities, and contractors in the ERDA statistical 

The program consisted of three technical sessions at which research papers were presented, three 
sessions at which problems were presented, and three sessions at which the problems were discussed. Local 
partidpanu M the program were Roger F. Hihbs of UCC-ND, Alex Zucker of ORNL, and Victor E. Kane 
and Toby J. Mitchell of MSRD. Abo featured on the program were tours of the American Museum of 
Atomic Energy and the Oak Ridge National Laboratory. 

The proceedings of the symposium, including the discussions, were published in April 1977 by Los 
Alamos Scientific laboratories.1 

The Third ERDA Statistical Symposium » planned for October 26-28.1977. at the Pacific Northwest 
Laboratories. MSRD will be responsible for the publication of these proceedings. 

UNION CARBIDE CORPORATION APPLIED MATHEMATICS SYMPOSIUM 

The third Union Carbide Corporation Applied Mathematics Symposium, organized by C. K. Baync and 
D. G. Wilson of MSRD. was held April II-19.1977. in the ORAU administration building at Oak Ridge. The 
purpose of the symposium was to bring together practitioners of applied mathematical techniques within Union 
Carbide. Participants consisted of 36 applied mathematicians, statisticians, engineers, and computer scientists 
from 11 Union Carbide installations. Nine talks were given in three technical sessions. From MSRD. A. D. 
Solomon presented a paper titled. T h e Response of a Latent Heat Thermal Energy Storage Process to a 
Sinusiodal Input Temperature,'' and D. A. Gardiner served as a session chairman. 

I. Pmc. Srarml ERDA Sim Stmp. LA47H-C (April IV77). 

53 



54 

SEMINAR SERIES 

A. D. Solomon, on sabbatical have from David Rca Curio* University, organized a coHoauiurn oa 
awriag boundary problem*. This ccwoquann begaa ia October 197* sad coatiaoed through Jaae 1977. 
Participants were mainly f«©m MSRD. bat there were atttadees froai the Computing Applications 
Department aad the Chemistry. Metals aad Ceramics, aad Eapacerirg Technology divisions. The speakers' 
names aad the title* of their talks are givca at the ead of this sectior.. 

R. C. Ward of MSRD aad R. J. Ptcmmuai of the aatacmatics department of the University of 
Traaessee organized a leaiiaar scries oa a t t i i i methods ia Numerical Aaalvsis. Tab scries started ia 
Jaaaary aad coatiaaed iato March. The speakers* names aad the titles of their tasks are givca at the cad of 
this SCCIMM. 

F. L. Miller, Jr.. coordinated the coarimwrg deparuaeat icmiaar series. These seminars ate intended to 
acquaint the MSRD staff with each other's work aad to —n*¥"rgr interaction. Occasional outside speakers 
are also iavitcd to iaiorm as oa research ia progress at ORNL and at other facilities The speakers* names 
aad the tuks of their talks are listed at the cad of this section. 

IK-HOUSE CONTINUING EDUCATION PROGRAM 

T. L Hcbbte and R. C. Ward tangbt the statistical aad nuracrkal linear algebra sections, rupectrvety. of 
the course entitled "Numerical Analysis-Least Squares** coordinated by R. E. Fundcrbc of the Computing 
Applications Department. CSD. UCC-ND. The coarse consisted of eight 2-hr lectures subdivided as 
follows: one lecture on applications, three lectures on numerical linear algebra approaches, three lectures on 
statistical approaches, and one lecture on available software. Fifteen employees enrolled and completed the 
course daring the-1977 winter session. 

J. J. Bcauchamp and T. J. Mitchell taught a 10-wcek course entitled Practical Statistics. The purpose of 
the course was to acquaint the participants with statistical methods applicable to problems of concern to 
ORNL ard the UCC-ND. The course emphasized (I) point and interval estimation, including the 
calculation of standard errors of functions of measured variables, and statistical inference (e.g.. hypothesis 
testing); (2) regression analysis: and (3) experimental design. The course was given in the fall quarter to 24 
students and. because of the overwhelming dcrnar J. again in the winter quarter to 22 students. 

UCLA SHORT COURSE 

T. J. Mitchell of MSRD and Professor Norman Draper of the University of Wisconsin gave a 
one-week course on "Regression Analysis and Response Surface Applications.'' April 4 8. 1977. for the 
University Extension. UCLA. 

MOVING BOUNDARY PROBLEMS WORKSHOP 

A. D. Solomon organized a one-day workshop on moving boundary problems at which six researchers 
from five different divisions of ORNL spoke about their problems. The workshop was held in the 
Environmental Sciences Building at ORNL on May 5. 1977. D. C. Wilson or MSRD served as session 
chairman. 
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VISITING UNIVERSITY FACULTY 

A. Reman «f the Mathematics Department of the Techmon in Haifa. Israel, spent the summer of 1976 
working with R. C. Ward of MSRD on matrix theory problems. With R. S. Varga of Rent State University 
dxy published a report. ORSI. CSD-21. on matrices with nonposhive off-diagonal elements. 

A. D. Solomon joined the department in St number 1976. He is on extended leave from his post as 
chairman of the mathematics department at the David Ben Garion University. Becrsheva. Israel. He has 
been working with D. G. Wilson on moving bcuadary problems and with the Engineering Technology 
Division of ORNL on problems related to thermal energy storage by a phase-change material. 

B. W. TurnboB of Cornell University is working with MSRD staff analyzing biological data. He arrived 
Jme I. 1577. for a stay of approximately three months. 

ORAU TRAVELING LECTURERS 

Six department members participated in the ORAU Traveling Lecture Program this last year. They 
were J. J. Beanchamp. T. L. HrbMc. F. L Miller. Jr.. T. J. Mitchell. A. D. Solomon, and R. C. Ward. The 
titles of their talks and the dates and locations where thc>- were given are listed at the end of this section. 

SUPERVISION OF STUDENTS 

Max D. Morris, a Ph.D. candidate in statistics at Virginia Polytechnic Institute and Stale University, 
worked on factorial designs for the detection of model inadequacies under the direction of T. J. Mitchell and 
C. K. Baync. This work is discussed in detail in Pan A of this report. 

John Klein, a Ph.D. candidate in statistics at the University of Missouri, spent June 1977 of this report 
period land will spend the summer) working with T. J. Mitchell of MSRD. J. B. Storer of the Biology 
Division, and B. W. Tumbull. a visiting professor of Operations Research from Cornell, analyzing data from 
experiments on the effect of low-level radiation on mice. 

Two students. Steve Hume from Iowa State University and Dan Callon from Franklin College, worked 
with department members in the summer of 1976 as ORAU Summer Student Research Trainees. Keavcn 
Anderson, a graduate of Iowa State University now doing graduate work at Stanford, was a summer 
employee with the department in 1976 and again in 1977. Bob Wolfson and Mike Slocum from Kalamazoo 
College spent the fail quarter of 1976 with the department under the auspices of the Great Lakes Colleges 
Association. Roy Tamura from Oberlin College worked with several department members during the month 
of January. 

CONSULTANTS 

P. M. Anselone. Oregon State University. 
E. H. Lee. Stanford University. 
C. S. Lever. Oak Ridge. 
D. S. Robson. Cornell University. 
L. R. Shenton. University of Georgia. 
M. Sobel. University of California. Santa Barbara. 
I>. L. Solomon. Cornell University. 
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MSRD MOVING BOUNDARY PROBLEMS COLLOQUIUM SPEAKERS 

D. G. Wilson. "A Uniqueness Theorem for the Sterna PloMem," October 14.19% 

L J. Gray. "Oa W. Kywer's Existence Proof for a Free Boundary Pioafcin of die Heat Equation.'' October 
21. 1976 
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Rajht-Haad Sides." presented at the SIAM FaB Mcctag, Atbuun. Georgia, October 19, 197*. aad at 
tiro Third Uaioa Caibaie Corporation Apphed Mathematics Syaaaasmm, Oak Ridge. April 19.1977. 

D. C. Cosske, "The Statistical Design aad Aaalysis of Enzyme Kinetic Experiments." presented to the 
University of Teaaessee-Oak Ridge Graduate School of Bioaardiral Sciences, Oak Ridge. Febraary 7 aad 
9, 1977. 

D. C. Gonskc. "The Statistical Properties of Sequential Chemical Mumgrairity Tests," prcjcattd at the 
Heritable Transtocatioa Workshop. Staaford Research lastitulc, Mcaio Park. California. May 26,1977. 

U J. Gray, "Approximatioa of Wieaer-Fcyamaa lategnb," prestated at the Americaa Mathematical 
Society meeting. Toronto, Canada, August 25, 1976. 

T. L Hcbbk, "Oa the Use of Historic Data to Establish Staadards for Elevated Temperatare Apphcatioa," 
presented at the TMS/AIME Fall Meeting, Niagara Falls, New York, September 20.1976. 

T. L Hcbbk, "Estimating Hcat-to-H<at Variatkm in Mechanical Properties from a Statisticinn's Point of 
View," presented at the 1976 ASME International Joint Petroleum Mechanical Engineering and 
Pressure Vessels and Piping Conference, Mexico City, Mexico, September 22,1976. 

T. L Hcbbk, "AWS Membership Sarvcy: Aaalysis of Pilot Surveys of the Houston ami Niagara Frontier 
Sections," presented at the American Welding Society Committee on Long-Rangc Coals and 
Objectives, Minmi, Florida, November I , 1976. 

V. E. Kane, "Clustering Problems for Gcochemkal Data," presented at the Second ERDA Statistical 
Symposium, Oak Ridge, October 25-27,1976. 

V. E. Kane, "Gcostatistks," presented at the Symposium on Hydrogeochcntka! and Stream Sediment 
Reconnaissance for Uranium in the United States, Grand Junction, Colorado, March 16-17, 1977. 

V. E. Kane, "Data Verification Procedures," presented at the Symposium on Hydrogeochcmkal and Stream 
Sediment Reconnaissance for Uranium in the United States, Grand Junction, Colorado, March 16-17, 
1977. 

T. J. Mitchell, "Analysis of Disease Incidence Data from Survival Experiments," presented at the Second 
ERDA Statistical Symposium, Oak Ridge, October 25-27,1976. 

T. J. Mitchell and M. D. Morris,17 "Designs for Detecting Model Inadequacy in Factorial Experiments," 
presented at the Spring Meeting of the Southeast Texas Chapter of the American Statistical 
Association, College Station, Texas, March 31,1977. 

T. J. Mitchell, E. R. Jones,1' and M. D. Morris," "Optimal Designs for Detecting Model Inadequacy," 
presented at Cornell University, Ithaca, New York, May 12, 1977, and at the Joint Meetings of the 
Institute of Mathematical Statistics (Central Region) and the American Statistical Association, 
Madison, Wisconsin. May 16-18,1977. 

39. hMiiMc of SfaiiMics. T«aa» A * M (inivcniiy. 
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A-. D. Sowatoa, ~iac 
Tnaacfatarc." Third U 
It, 1977. 

of* Heat Eattgy Storage Process le a Siawoidal lapat 
Oak Ridfe. April 

R. C. Ward, "Quality Software Ibr Coaaptriag the Matrix Ewpoaeatial." ianBd paper. Coafcrcace oa fade 
. Tanaa. Florida, December 15 17.1977. 
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Part E. Professional Activities 

Members of the Mathematics and Statistics Research Department participate in the activities of several profes­
sional and academic institutions. Some of their contributions are outlined below. 

C. K. Bayne 

Member: 

Chairman: 

Trchnometrics Prize Committee 
Local Arrangements Committee. Second ERDA Statistical Symposium 

Third Union Carbide Corporation Applied Mathematics Symposium 

J. J. Beauchamp 

Instructor: 

Coordinator and Instructor: 

Respresentalive: 

Lecturer: 

Division or Mathematics and Science. Roane State Community College 

In-Hours Continuing Education Program 

ORNL Professional Education Resource Committee 

Traveling Lecture Program. Oak Ridge Associated Universities 

K. O. Bowman 

Panelist: 

Member: 

Liaison Scientist: 

Chairman: 

Women in Science Program, National Science Foundation 

Editorial Board, Communications in Statistics: Pari B. Simulation and 
Cnmputalinn 

Office of Naval Research. Department of Navy 

Local Arrangements Committee, Second cRDA Statistical Symposium 

S.-J. Chang 

Reviewer: Applied Mechanics Reviews 

R. R. Coveyotj 

Reviewer: Mathematical Reviews 
Nuclear Science and Fnxineerinx 
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D. A. Gardiner 

President: 

Professor: 

Chairman: 

Member: 

D. G. Gosslee 

Lecturer: 

L.J. Gray 

Member: 

Participant: 

T. L. HebMc 

Lecturer: 

V. E. Kane 

Assistant Professor: 

W. E. Lever 

Member: 

F. L. Miller. Jr. 

Lecturer: 

Member: 

T.J. Mitchell 

Lecturer: 

Instructor: 

Member: 

Oak Ridge Chapter of Sigma Xi 

Department of Mathematics. University of Tennessee 

Committee on Membership. Dues and Publications. American Statistical 
Associativa 

Board of Directors. American Statistical Association 

Executive Committee. Section on Physical and Engineering Sciences. 
American Statistical Association 

International Editorial Board. Communkmtions m Stmtistin; Pitrt A. 
Theory ami Methods 

Editorial Board. Jtntrml ofSlatalicml Computation and Simulation 

Oak Ridge Graduate School of Biomedical Sciences. University of 
Tennessee 

ORNL Ph.D. Recruitment Program 

NSF Summer Research Institute on Operator Theory. University of 
New Hampshire 

Traveling Lecture Program. Oak Ridge Associated Universities 

Department of Mathematics. University of Tennessee 

Technometrivs Prize Committee 

Committee to Review International Standards in Statistics. American 
Statistical Association 

Local Arrangements Committee. Second ERDA Statistical Symposium 

Traveling Lecture Program. Oak Ridge Associated Universities 

Local Arrangements Committee. Second ERDA Statistical Symposium 

Oak Ridge Graduate School of Biomedical Sciences. University of 
Tennessee 

Traveling Lecture Program. Oak Ridge Associated Universities 

In-Hmirs Continuing Education Program 

Continuing Education in Engineering and Mathematics. University 
Extension, UCLA 

ORNL Graduate Fellowship Selection Panel 
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D. Solomon 

Reviewer: O mi/mimg Reviews 
Uatheimtkml Reviews 

C f i r d 
Lecturer: Traveling Lecture Pp»$ram. Oak Rid ĉ Associated Imverimes 
Member: Applied Mathematics Commit lee. tnr.-'«!> of Tennessee 
Panelist: Panel Discussion on Directions for Research. Conference on Fade and 

Rational Approximation 
Reviewer: Ornipuimg Reviews 

C. Wilson 
Lecturer: Department of Mathematics. University of Tennessee 

Reviewer: Compuiint Reviews 
Member: Urpm/a;i«>n Committee. Third Union Carbide Corporation Applied 

Mathematics Symposium 


