
JULY 1977 

ISLANDS IN A PLASMA 
WITH SHEARED MAGNETIC FIELDS 

Ja HSU, Pa KAWj AND L I U  CHEN 

PLASMA PHYSICS 
LABORATORY 

P R I N C E T O N  U N I V E R S I T Y  
P R I N C E T O N ,  N E W  J E R S E Y  

'Ibis work was supported by U. S. Energy Research and Development 
A m n i n i ~ ~ a t i o n  Contract EX-76-C-02-3073. Reproductian, transla- 
tion, publication, .ase and disposal, in whole or in paart, by or 
for the United Statas G ~ v e z m m n t  in prnitted. 



DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



NOTICE 

This report was prepared as an account 
of work sponsored by the United States Gov- 
ernment. Neither the United States nor the 
United States Energy Research and Development 
Administration, nor any of their employees, 
nor any of their contractors, subcontractors, 
or their employees, makes any warranty, express 
or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness 
or usefulness of any information, apparatus, 
product or process disclosed, or represents 
that its use would not infringe privately 
owned rights. 

Printed in the United States of America. 

Available from 
National Technical Information Service 

U. S. Department of Comnerce 
5285 Port Royal Road 

Springfield, Vitginia 22151 
Price: Printed Copy $ * ; Microfiche $3.00 

NTIS 
Selling Price 



~lfve/n Instability and Micromagnetic Islands in a Plasma 
with Sheared Magnetic Fields 

J. Hsu, P. Kaw, and Liu Chen 

Princeton Plasma Physics Laboratory 
Princeton University, Princeton, N. J. 08540 

July 1977 

DISTRIBUTION OF THIS DOCUMENT IS UNLIMITEQ 



AlfvGn Instability and Micromagnetic Islands 
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in a Plasma with Sheared Magnetic Fields 
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ABSTRACT 

The normal mode equation for coupled drift and Alfv6n 

waves in a finite-B nonuniform plasma with a sheared mag- 

netic field is solved, in the slab geometry, to investi- 

gate the instability of slow Alfv6n waves. It is shown, 

that, besides having an appreciable growth rate, the insta- 

bility also produces microscopic "tearing" of the rational 

surfaces which has important implications for anomalous 

transport. 



Traditionally, anomalous transport in magnetically confined 

plasmas is ascribed to the presence of electrostatic drift-wave 

fluctuations, which are driven to large amplitudes by the expan- 

sion free energy associated with density and tekperature gradients 

in the plasma. A mechanism of equally great interest, which seems 

to have received much less attention, is the excitation of low- 

frequency, short wavelength, predominantly electromagnetic fluc- 

tuations by the same free energy source. These two kinds of fluc- 

tuations can produce loss of confinement by fundamentally different 

processes. The former is limited to an enhancement of transports 

across the magnetic surfaces. The latter, on the other hand (in 

the presence of dissipation), may produce local "tearing" and 

break-up of magnetic surfaces and thus essentially permit transports 

along newly "re-connected" field lines, This proccos is especially 

significant for short-wavelength fluctuations, since the mode- 

rational surfaces are densely packed and considerable overlap of 

"magnetic islands" may readily occur. 

In this letter, we examine the instabi.J.i ty of slow Alfv6n 

waves in a finite-(3 nonuniform plcl~mcl with sheared ~uagnetic fields. 

T11e local dispersion relation for coupled drift and Alfven waves 
2 

(which is relevant to the shear-free case) is well known, viz. 

* 

2 2 * 
where As = Te/Mwci wA = 7 ,  VA I 

we = - (kycTe/eBo) (l/nO) (dnbldx) 
with - e < 0 and 6 > 0 .represents the dissipation effect on elec- 

trons. We have neglected the ion-sound and ion damping terms. 



Equation (1) exhibits two instabilities: 

* 
For < wA I is unstable. This is the usual electrostatic 

drift instability. In this case w2 , which corresponds to slow 
* 

Alfvgn waves, is stable. For we > wA, the Alfvgn root w2 is 

unstable and the usual drift wave is stabilized. Note that the 

introduction of wA terms in Eq. (1) can be considered as a finite-$ 
* 

effect because wA/we + .D when $ + 0 .  

The normal mode equations for coupled drift and Alfvgn waves 

in the presence of magnetic shear has been investigated previously. 3 

However, 'this calculation restricts itself to an investigation of 

the 'finite-$ stabilization of the usual electrostatic drift branch 

wl. Nobody seems to have recovered the branch w2 from a nonlocal 

treatment, so far. It is t h i s  mode that we shall be discussing 

below. 

Consider an inhomogeneous (gradient along f x )  plasma in a 

sheared magnetic field B - = Bo ( f z  + i x/Ls). We describe the elec- 
Y 

trons by a drift kinetic equation with a Krook-type density con- 

serving colli,sion operator. Ions are fully kinetic and collision- 

2 less. Since R = 8nn (T + Ti)/Bo < <  1 and we restrict our atten- 
0 e 

tion to slow ~lfv6n waves which only "bend" the field lines, the 

field perturbations can be described in terms of two scalar 

potentials $,+ defined by 



6 

$,+ are related to the vector potential A eZ(defined by 68, = V x $ )  -. 
2 

through the relation $ = + - wA/Ylc. Linearizing the kinetic 

equations, solving for 6f , integrating.over the velocity space 

and using the quasineutrality condition 6ne = 6ni, we obtain the 

equation 

and Z is the plasma dispersion function. We have assumed that 

for ions, lw/ v.1 > 1 is satisfied in the whole x-region of interest 71 1 
2 2 and that 1 X TV,~ << 1 . Obtai~i ir ig  the perturbed 6 j from the tirst 
S I I 

moments of 6f e,i and using the Ampere's law we obtain a second 

equation between 7) and (I viz. 



2 where OA = k2 v2 V being the Alfvin speed. Equations ( 4 )  and 
y A' A 

(6) may be readily combined to give a fourth order differential 
2 2 2 

equation in 4. We now assume Id /dx 1 > >  lkvl . Multiplying 
L 

2 
the fourth order equation by x and integrating once, we obtain 

a second order differential equation for E = d$/dx: 

* 2 2 2  where xi = w(w + w T ) L  /k VA and C is the constant of integration. 
e S Y  

The physical meaning of this constant can be understood by passing 

to the large x limit: the two dominant terms are E + c/x2 = 0 which 

gives 8Bx = constant. This is the "constant-Y" solution in usual 

resistive instability theories5, which then matches on to the out- 

side long-wavelength &HD solutions. The mode of present interest 

can be found without outside long-wavelength MHD support. So we 

let C = 0 . 
The mode-structure of the usual electrostatic drift branch 

i s  determined by the xT term in a(w,x) so that one has to do the 

ordering X - x >> x T A ' Note that A - x gives ( w  - o,) - w,Ln/LS, T 

the well-known drift wave result. Note also that xT/xA >> 1 is 

always satisfied as long as w/w, > 6 .  On the other hand, to 

study the Alfven branch, one has to order A - xA < <  x so that 
T 

the mode-structure is decided by the Alfven term. It is this 

lack of proper ordering, which has prevented earlier workers3 from 

recovering the Alfv6.n root.' Note that X - x yields 
A 

2 2 2 2  o - k V (XS/Ls)/u* c W* as the root. 
Y A 



To the lowest order then, the ~lfvgn mode is simply described 

by the equation 

C\ 

In this limit, xT and xI are ordered large ( 1  and the electron 

inertia and electron dissipation are neglected. The solutions 

are given by x1/2~n (ix/A) and xl/*yn (ix/A where Jn and Yn are the 

Bessel functions. The lowest order dispersion relation i$ given 

by 

2 k 2 
w O ~ ( W O  -We) Ls 

n2 = - 
2 2 (9) 

0 .A As 

where n is an integer. The eigenfrequencies are given by 
/ 

and 

The second root corresponds to the Alfvgn branch and is the 

only unstable branch as shown below. To construct outward propa- 

gating (or decaying) solutions far away, we have to include combina- 

tions of J and Y functions. However, the Yn solution blows up 
n n 

at x = 0 . This pathology of the zeroth order eigenfunction is 

associated with the absence, in the zeroth order equations, of a 
9 

"dissipative" force which may balance the parallel electric fields 



genera ted  a t  x  = 0 by time-dependent magnetic f l u c t u a t i o n s .  I n  

a  c o l l i s i o n a l  plasma, r e s i s t . i v i t y  provides  such a  f o r c e  whereas 

i n  t h e  c o l l i s i o n l e s s  problem,:. e l e c t r o n  i n e r t i a  t a k e s  up t h a t  

r o l e .  W e  now show t h a t  it is  p o s s i b l e  t o  remove t h i s  pathology 

by a  proper  matching s o l u t i o n  nea r  x = 0 . 
W e  f i r s t  cons ider  t h e  c o l l i s i o n a l  c a s e  ve > w and ve/l "I IVe 

>>  1 i n  t h e  x-region of i n t e r e s t .  The equa t ion  w e  want t o  s o l v e  

2 where xR i s  t h e  r e s i s t i v e  l a y e r  t h i c k n e s s  def ined  by x i  = i w v  L / e  s 
2 2 k  v . W e  assume h - x and t r e a t  xR/xA << 1 a s  a  smal l  parameter.  
Y e  A 

In t roduc ing  s = ix/A as a new v a r i a b l e ,  t h e  lowest  o rde r  s o l u t i o n  

i n  t h e  o u t e r  reg ion ,  desc r ib ing  outgoing waves, is given by 

( 2  where Hv i s  t h e  Hankel func t ion  of second kind and 

The f i r s t  o r d e r  equa t ion  i n  t h e  o u t e r  reg ion  can be solved wi th  

t h e  boundary cond i t i on  E( ')  ( s  + m) = 0 : 



.- 

( 1 4  

where t h e  Wronskian W = -2 sinGrrv/.rr . I n  t h e  i n n e r  r eg ion ,  w e  
- 

i n t roduce  x = x/xn a s  a v a r i a b l e  and w r i t e  the lowest osdor cquo.. 

t i o n  a s  

Making t h e  t r ans fo rma t ion  @ = [ (k2 - 1) /GI  ( d ~ / d G )  , we g e t  an equa- 

t i o n  which has  t h e  s o l u t i o n  

1 1  where P ,,Qp a ~ r  ttir a s s o c i a t e d  Legendre func t ions .  The d i s p e r s i o n  
CI 

r e l a t i o n  i s  ob ta ined  by imposing t h e  p a r i t y  cond i t i ons  a t  x  = . O  

(viz. @ '  (0) = 0 f o r  even p a r i t y  and @ ( 0 )  = 0 f o r  odd p a r i t y )  , 

t a k i n g  t h e  asymptot ic  expansion of t h e  Legendre func t ions  (1x1 + m )  

and matching t h e  r e s u l t a n t  s o l u t i o n  E t o  s m a l l  - " s "  l i m i t s  of 

t h e  o u t e r  r eg ion  s o l u t i o n  E ( O )  + E . The d i s p e r s i o n  r e l a t i o n  

t a k e s  t h e  r a t h e r  s imple  form 

Equation ( 1 6 )  d i f f e r s  from t h e  ze ro th  o r d e r  E q .  ( 9 )  only  i n  t h e  

2 2 f i r s t  o r d e r  c o r r e c t i o n  t e r m -  xg /A  . This  r e s u l t  can a l s o  be 



obta ined  by a r e g u l a r  p e r t u r b a t i o n  t rea tment .  Equation ( 1 6 )  can 

be solved t o  g ive  an Alfvgn r o o t  wi th  a frequency w < w, [de- 
0 12 

f i n e d  i n  Eq. ( l o ) ]  and a growth r a t e  = ( m / ~ )  (vei/2f3). Note t h a t  

t h i s  growth r a t e  has '  an upper l i m i t  7 vei/2 (because B m/n) and 

-1 
i s  l a r g e r  by a f a c t o r  B from t h a t  of  d i s s i p a t i v e  d r i f t  waves. 

Furthermore, un l ike  d r i f t  waves, t h e r e  i s  no shea r  damping t e r m  

involved because t h e  wave func t ion  i s  l o c a l i z e d  deep i n s i d e  t h e  

sound t u r n i n g  po in t .  Note a l s o  t h a t  f o r  even p a r i t y  modes 

SBx 1 x = ~  # 0 i .e . ,  t h e  magnetic f i e l d  p e r t u r b a t i o n  has  a t e a r i n g  

component a t  'the r a t i o n a l  su r f ace .  The i n s t a b i l i t y  w i l l  t h u s  

l e a d  t o  t h e  formation of  microscopic magnetic i s l a n d s  on mode- 

r a t i o n a l  s u r f a c e s .  
-. - . . . .  . . 

The normal mode equat ion f o r  t h e  c o l l i s i b n l e s &  case w > ve i s  

where xe = wLs/k v . Assuming x < < x  
e A 

t h e  o u t e r  reg ion  equa t ion  
Y e 

i s  t h e  same a s  before .  The i n n e r  reg ion  equa t ion  i s  harder  t o  

so lve  i n  t h i s  case .  However, an approximate d i s ~ e r s i o n  r e l a t i o n  

can be ob ta ined  by a r e g u l a r  p e r t u r b a t i o n  theory.  It i s  of t h e  

form 

2 2 2 2 - 1 / 4  - x ~ / ~  = n - i nn  -1/2  
v - (xe/h) m (xl/h) . 

Equation (18) d i f f e r s  from Eq. (16) i n  t h e  form of  t h e  per turba-  

2 2 t i o n  term (xe/X) !Ln (xI/X) r e p l a c i n g  xR/X . The reason f o r  t h i s  

d i f f e r e n c e  is t h a t ,  t h e  Landau damping t e r m  goes a s  x,/x f o r  l a r g e  

2 2 x ( a s  a g a i n s t  xR/x f o r  r e s i s t i v e  c a s e ) .  To avoid t h e  l oga r i t hmic  



s i n g u l a r i t y  a t  l a r g e  x ,  w e  have t o  i n t roduce  a c u t o f f  a t  t h e  ion- 

Landau resonance p o i n t  x  = x 
I ' 

This  e x p l a i n s  t h e  x i n  t h e  
I 

logar i thm.  Equation (18) l e a d s  t o  t h e  growth r a t e  
5 

(n/2) .rr -1/2  (Ln/BLs) ( m / ~ )  ' l 2 w ,  en (1/6) which i s  aga in  a  s i g n i f i c a n t l y  

l a r g e  f r a c t i o n  of w , .  F u r t h e r ,  i n  t h i s  ca se  a l s o  a  " t e a r i n g "  

component of magnetic f i e l d  f l u c t u a t i o n  is  f i n i t e  f o r  even modes, 

e l e c t r o n  i n e r t i a  removing *.he s i n g u l a r i t y  a t  x - 0 . 
Two c o n d i t i o n s  necessary  f o r  t h e  v a l i d i t y  of above a n a l y s i s  

2 warp 111 < w, and Id :dx2 1 )) k2 . The two may be combined t o  g ive  
Y 

-2 2  2  (n/m) (Ln/LS) (Ln/Xs) > B > n  (Ln/Ls) where m i s  azimuthal  mode 

2  number and n  t h e  i n t e g e r  i n  Eq. ( 9 ) .  W e  have a l s o  assumed xe , 
2  x2 << x  <<  x: which r e q u i r e s  w/w, , v/w, << (BM/m) and w/w, > B R A 

r e s p e c t i v e l y ,  c o n d i t i o n s  which may be r e a d i l y  s a t i s f i e d .  

W e  now sgeciil,ate on thr. csnsequelluetl of rnlei-oscupic f iagnetic 

i s l a n d s  o f  t h e  t ype  genera ted  by t h i s  i n s t a b i l i t y ,  on anomalnl~s 

t r a n s p o r t .  The t y p i c a l  width w of an i s l a n d  i s  given by (GBxLs/ 

k B ) . Using t h e  l i n e a r  r e l a t i o n  between 6Bx and 6n 
Y 0 e ' w e  g e t  

-2 For LQ/T,, - 15 , h,/L, .- 1.0 , B -. , 6n/n0 - 10-2  , t h i s  g i v e s  

w/Ln - lo- '  . Thus, t h e  s i z e  of t h e  i s l a n d  can become comparable 

t o  t h e  Larmor r a d i u s  f o r  t h e  t y p i c a l  d e n s i t y  f l c u t u a t i o n s  observed 

i n  t o r o i d a l  dev ices .  We a l s o  know t h a t  t h e  d i s t a n c e  between mode 

r a t i o n a l  s u r f a c e s  i s  given by 



Thus for k X - 1 ,  we have w - Ar i.e., there will be a 
Y s S 

strong overlap of magnetic islands on neighboring rational sur- 

faces. It is quite likely then that the lossof heat and particles 

from the "confined" plasma is governed by a parallel flow along 

newly re-connected field lines. Taking a parallel collisional 

random walk model along field lines, which are themselves randomly 

going in and out due to ergodicity arising due to overlapping 

magnetic islands, one comes up with an energy confinement time 

2  2  2 2  r - (ve/ve)(qR Ln/XS) which has the correct order of magnitude E 

for typical tokarnaks and also gives the observed scaling r E  - n .  
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