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Abstract

Results derived from calculations based on a one-dimensional
ballistic model are presented to indicate the extent to which a current
pulse of 150-keV electrons containing 1 uC of charge and having a duration
of 15 nsec (FWHM) can be bunched by a combination of accelerating and
decelerating voltage gaps fo]]owed by a drift space. To be usefulsthe
bunched current must be accelerated by an existing accelerator (ORELA),
so.the calculated results inc]udé estimates (upper and lower limits) of
the fraction of the bunched beam that will be accelerated.” It is found
that with 8 voltage gaps the 15-nsec (FWHM) pulse can be reduced to a
pulse of v 4 nsec (FWHM) in a length ~ 400 cm and that ~ 50% of this
bunched pulse will be accelerated by ORELA. The fraction of the bunched
pulse that will be accelerated is approximately the same as that for an

unbunched pulse.
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1. INTRODUCTION »
The Oak Ridge Electron Linear Accelerator (ORELA) was designed to
produce intense short neutron pulses for the measurement of neutron

1,2 The number of neutrons

cross sections by time-of;flight techniques.
in an ORELA burst is determined by the total energy of the electrons
incident on the target, and thus the suitability of the machine for
neutron time-of-flight measuremen;s would be improved if the electron
energy in a pulse of given duration could be substantiai1y 1ncre§sed.
It is proposed to accomplish this by "prebunching" the electron beam
before‘it enters the accelerator, that is, it is proposed to reduce the
pulse withdut SUbstantjally changing the charge in the pulse by passing
the beam through a combination of voltage gaps énd drift sp;ces before
it enters theléccelerator. In this paper, calculated resu]ts are pre-
sented of the degree of bunching that can be achieved with various
combinafions of voltage gaps and drift spaces.

In obtaininé the results presented here, on]x the 1qngitudina1
motion of the electrons has been considered in detail. The radial motion
of the electrons is neglected and the rotational motion of the electrons,
due to the presence of a 1ongitudinal magnetic conffning field, is in-
c]uded only ap;roximate]y. Because of the very high charge densities
considered here, space-charge effects afe large and are taken into account
in the calculations. Since the "bunched" e1e¢tron beam is useful only
insofar as it will be accelerated by the existing aﬁce]erator, the results
presented here include calculated estimates of the fraction of the bunched

electron beam that will be accelerated by ORELA.*2



In Section 2 the calculational models .are developed and discussed.

In Section 3 the results are presented and discussed.

2. CALCULATIONAL PROCEDURE
2.1 Geometric Configuration and Physical Data

In Fig. 1 a schematic diagram of the geometric configuration
is shown. The prebuncher is basically a conduction cylinder of radius
a (= 2.5 cm) with a series of gaps across which a time-dependent voltage
is applied in such a manner that an electron experiences a change in energy
as it crosses a gap. In the work reported here, the radius of the elec-
tron beam is assumed to be a constant, Tos throughout the motion. That is,
no radial motion is considered, but the rotational motion ofnthe.electrons
due to the presence of the inhomogeneous (see below) magnetic field is
taken into account approximately.

For convenience it is assumed in the calculations that the change in
energy of an electron at a qap is instantaneous so that the finite transit
time of an electron through a gap mdy be neglected. The potential dif-
ferences as a function'of time at a gap that can,Be achieved experimentally
and that are used in the ca];ulations is shown in Fig. 2. Two different
potential difference curves labeled "decelerating gap" and "accelerating
gap" are shown. At a pérticu]ar gap, i, one or the other of these
potential difference curves apply depending on'whether ;he gap is designated
as decelerating or écce]erating. The time, ti’ is the time when the first
electron in a pulse crosses a gap, i.e., in all of the calculations it is
assumed that the vo]tage transient at a gap is timed relative to the time

when the first electron in the pulse crosses the gap. Basically, a
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Fig. 1. Schematic diagram of prebuncher geometry. The shape of
the incident current pulse is shown in the lower left and the z
component of the magnetic field is shown as a function of distance at

the lower right.
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dece]erating.gap, while slowing down all of the electrons in a pulse,
reduces the kinetic energy of the electrons in the front of the pulse
relative to the kinetic energy of those 5n the back of the pulse. An
accelerating gap, while accelerating all of the electrons in a pulse,
increases the kinetic energy of the e]ectrohs in the back of the pulse
relative to those in the front of the pulse. It would, of course, be
more efficient if deceleration and acceleration could be accomplished at
a single gap, but experimentally this has not been possible. The com-
bination of accelerating and decelerating gaps, eight gaps in all, shown
in Fig. 1, is the case that is of most interest here, but calculations
for other céses will also be shown. The distances between gaps shown in
Fig. 8 are determined by the physical dimensions of the gap structure.
Any combination of acSelerating and decelerating gaps is, in principle,
possible, but'in practice goodA"bunching" is obfained only if the electrons
in the front of the pulse do not attain negative velocities and this
1imits the number and positions of decelerating gaps than can be used,
Because space charge effects are large there must be a longitudinal
magnetic field to prévent the beam from spreading radially. In the
vicinity of the gaps, however, the magnitude of the longitudinal magnetic
field that can be produced experimentally is very limited. In the work
reported here, a magnetic field of 1 kilogauss is used in the vicinity of
the gaps, and this field is increased to 3 kilogauss in the drift space.
The longitudinal field that is used is shown in the Tower right of Fig. 1.
The assumption of a linear increase in the field over a distance of 25 cm

is thought to be realistic but is otherwise somewhat arbitrary.



The shape of the current pulse used in the ca]cu]atipns is shown in
| the lower left of Fig. 1. A linear "rise" and "fall" time of 1.5 nsec

is used. This linéar assumption and the value 1.5 nsec are somewhat
arbitrary, but do not have any appreciable effect on the results. The
width of the incident current pulse at half maximum is taken to be
15 nsec so the total duration of the incident pulse is 16.5 nsec. The
current, Io’ is determined so that the total charge in the pulse is
1 uC. ATl electrons are assumed to enter the prebuncher with a kinetic
energy, Tb, of 150 keV.

2.2 Trajectory and Current Calculations

The calculations reported here are based on.a one-dimensional

3

ballistic model such as that developed by Tien et al.,” and used by

4 and by Ta]lericoslas well as many other

Williams and McGregor
investigators.* The starting point of the model is the use of the supér-
position theorem to express the electric field at a given position and
time from the current pulse as a function of parameters describing the

current pulse. This is done by means of the equation

¢

. |
E(z,t) = [, dt, 1(t)Eslz,25(t,t ), Bg(tat )] (1)

where

- :
t t if t < toM
(2)

=ty iftxt,

* ' ' '
A detailed discussion of the ballistic model and refergnces to the exten-
sive Titerature on this subject has been given by Rowe®.



and
E(z,t) = the.e1ectr1c field at position z and time t due to the
current pulse in the prebuncher,
Io(to) = the current that leaves the electron gun and enters the
prebuncher, at time tys
tgy = the total time required for the current pulse to enter the pre-
buncher (= 16.5 nsec). (Note that the zero of time is
taken to be fhe time when the first particle enters the
prebuncher.),
zs(t,to) = the position at time t of the charge that entered the pre-
. buncher at time tg,
Bs(t,to) = the velocity at time t, divided by the velocity of Tight,
of the charge that entered thémprebuncher'at time to‘
Elz.zg(t,t0)s Bgltata)]
= the electric field at position z and time t per unit
source .charge at the -position Zg with velocity BS'
It is assumed in the model that the integral fh Eq. (1) may be approxi-
mateq'by a finite sum .. .If N is an integer that specifies the number of

intervals used in approximating the integral in Eq. (1) then
: %g .
E(Z,t) : j=1 QjES[Z’Zj’Bj]’ . ‘ (3)
where

At = T - (4)
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=
]

Integer value of —— t<t

= N t>t

tOj = jatgy - v
At
0
tyt 7T
QJ =/ dtolo(ty) > =1, N (6)
Ato
Ly~ T

zj = ZS(t’tOj)

Bj = Bs(t9toj)

The equations of motion of the charge Qi are determined from the
relativistic equétiqns of motion of an electron in the electric field,
E(z,t), given by Eq. (3), the time-dependent voltage discussed in
Section 2.1 and the magnetic fie]& discussed in Section 2.1.

It is assumed throughout this work that there is no radial motion
so only the longitudinal and azimuthal equations are of interest. For

an electron these equations may be written as

1 dpz NG
- g = eE(z,t)%e E;%vk(t)s(zek-z)
(7)
- %‘r %% Hr(r,z)
d r2 do , e = |
Ef'[EEE_'dt + E—rA¢(r,z)] =0 (8)

p, = my8, - (9)
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Y = Vy_g2_g2 (10)
2%

B, =+ & (1)

B =T I (12)

polar coordinates of the electron,
velocity of light,

momentum of the electron multiplied by the

.velocity of light,

where

Z,r,¢ = the
c = the
P, = the
e = the
NG = the
Vk(t) = the
Zo = the
Hr(r,z) = the
m = the

A =
Po(r,2)™ e
i.e.

electronic charge,

number of voltage gaps,

time-dependent voltage on the kth voltage gap,
position coordinate of the kth voltage gap,

radial component of the magnetic field,

rest energy of the electron,

azimuthal component of the magnetic vector potential,

s H = curl K,

and in writing Eq. (7) the approximation of infinitesimaily thin gaps has

been made; i.e., the finite transit time of the electron across the gap

has been neglected. If the magnetic field has only an r and z .component

and if

asz(Z)

3z2

=0 , (13)
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where

Hz(z) = the z component of the magnetic field,

the A¢(r,z) may be written as 8
=r
Aq)(Y‘,Z) - 2 HZ(Z) ’ (]4)
and since
. A (r,2) .
H(rz) =-—%&— (15)
r oz
one has :
oH_(z)
- r-z
Hr(raz) - = 2 9z (]6)

It will be assumed that the electrons are emitted from the cathode of the
electron gun with %%—= 0 and that the cathode is shielded from the magnetic

field so the constant of integration in Eq. (8) may be taken to be zero and

I_(z) ‘ |
]E%%“e(sz ) | (17)

Combining Eqs. (16) and (17) with Eq. (7) yives’

thus one has

1 dpz NG
i eE(z,t)+e Eg%vk(t)é(lﬁk‘z)
aH,(z)
- €2 Hy(2) —H— (18)
where
»
y . (19)
‘/l-Bg-[e Z;Y ]2 ' "
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Equation (19) is the equation of motion of a single electron. To find

the equation of motion of the charge Qi? Eq. (19) must be averaged over
'the spatial distribution of tharge'within QiQ The basic assumption of the
ballistic model as used here is that as a result of this averaging process
z in Eq. (19) is evaluated at z; defined in Eq. (6) and r2 in Eq. (19)

is evaluated at the mean value Sé where r_ is the radius of the beam.

2 0 |
With this ansqtz the equation of motion of the charge Qi becomes

NI
dp .
] i_
c a =Y ;QJ-ES(Z],ZJ,BJ)
J#i
NG'
k=1 '
ré oH_(z.) A :
1’0 z\“i .
-Q; € [ﬁﬁ?] Hz(zi) ——521 (i = ? to N) (20)
Pi = MoviRy (21)
dz.
I N A
By = ¢ dt , (22)
v, = ‘ , (23
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where
Mi = the rest energy of the charge Qi'

The term i = j in the first sum on the right of Eq. (20) has been omitted
since it is assumed that the charge Qi does not exert a force on itself.
Equation (20) is taken to be valid for‘a11 i from 1 to N.. This set of
equations then forms a complete set for the determination of zi(t) and
Bi(t) for all i. In the approximation used here the equation of motion
of the charge Qi is essentially the equation of motion of a single electron,
i.e., the basic ansatz of the model is that the motion of the charge Qi
may be identified with the motion of an electron. The presence of the
magnetic confining field is included only approximately in Eq. (20), but
.the approximation does allow for the fact that as an electron enters the
higher magnetic field it acquires additiqna] rotational energy and this
energy must be removed from its longitudinal motion. .If should be noted
that the approximation used determines only the central position (in z)
of Qi and not the distribution in space of the charge Qi' The assumption
that is made to calculate the cur}ent at a particular position as a
function of time when only this central position is known is discussed below.

Before the set of equations given by Eq. (20) can be solved numerically,

it is necessary to specify the form of ES‘ The form used in the work
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*
reported here is essentially that derived by Williams and McGregor4

and is
2
(r2)
-2 cTr lze- 1 3 sign(z.~z.) \
ES(Zi’Zj’Bj) " rz]exp('yzjﬁr'lzi zjl) RN CAN onlzs-25) (24
0 .

(25)

* . A L. .
Williams and McGregor “ apparently used for the exponential in Eq. (24),
. Y ,
el-5y,7r,5) 3212513
rather than the expression '

y
exp(-v,s 5 1247240)

which is used here. Both forms are, of course, very approximate. The
derivation of the form used here is given in Appendix I.
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where
ro = the radius of the beam;
a = the radius of the conducting cylinder;
J, = a BesseI function of the first kind,7

the r root of Jy.

<
n

With the boundary conditions specified previously, i.e., that for all
i the electron at the center of Qi enters the prebuncher (z = 0) at the time

toi » Eqs. (20)-(23) may'be solved to give

z = 2(t,to) ~ ( 26)
7y =z(t,tyy) i=1to N, (27)

or,provided that the center of particle i actually reaches the depth z,

Eqs. (20)-(23) may be solved to give

-+
n

t(z,t)) )  (28)

-+
|

i - t(z’toi)’ . (29)

where

ti = the time when the electron at the center of Qi,that enters

the prebuncher at time t_. is at position z.

oi’
There is nothing in the model to prevent negative velocities and thus it '
is possible, and sometimes happens, that the center of charge Qi does not
reach a depth z,in which case Eq. (29) does not yield a real value for ti'

In the trajectory calculation this possibility causes no difficulty, but it
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does necessitate special consideration when the current as a function of time
at a depth z is considered.

To calculate the current as a anction of time at a particular point z
due to all charge, let us first consider the current due to a small element of
charge. By conservation of charge one has

I'(z,t)dt = Io(to)d.t0 (30)

where

I'(z,t) - the current at z at time t due to the current that
entered the prebuncher at time to.
If the right side of Eq. (30) is integrated over the interval toj to to,j+]’
if 1'(z,t) is assumed to be constant during this integration, and if the

centers of the charges Qj and Qj+] reach the depth z, then

difto,j+1
(if the centers
t o I (t)dt )
Ij(z’t) = F(t’tj’tj+1) | —0J 0’0’ 0 of QJ and Qj+] (an)
|tj+1'tj| reach the depth z)
Fltstyatiy) = [o(ty,q-t)o(t-t;)0(ty,-t;) | (32)

+o(ty-t)e(t-t 1 )0(t;-t5,,)]

o(x) =1 X>0 (33)

n
(@)

X<0

where - ‘
Ij(z,t) = the current at 'z at time t due to the charge that

enters the prebuncher in the time 1 .
tme 1nterval tOJ to to,j+1’



16

and since

t

0,j+1 1
ST gty = 3 g+ agy) (31)
0J

1
5(Q:+Q:, 1)
j+]) 227 G+ | (35)

I.(z,t) = F(t,t.,t
J J |ty -t
Jt1 7]

The absolute value in Eq. (31) must be introduced since particles may pass

during the motion and thus there is no assurance that tj+]

noted that in writing Eq. (31) the drastic assumption has been made that even

> tj. It should be

when particles pass during the motion; i.e., when tj+] < tj, the charge that

entered the prebuncher in the time interval to' to t crosses the plane

J 0,j+1
at z in the time interval Itj+1itj|. ;f the center of charge Qj+] does not

reach the depth z then it is assumed that

Ij+](z,F) =0 (if center of Qj+]

(36)
does not reach depth z)
and the current Ij(z,t) js defined by
%{Qj+0j+2] (if centersof Q, (37)
Ij(zst) = F(t3tjatj+2) |t t | and QJ+2 reach‘] s
J*2 7] depth z and the
center of Q.
does not) 31

where F(t,tj,tj+2) is defined by Eq. (32). Equations analogous to
Eqs. (34) and (35) are used if the centersof two successive charges, i.e.,

Q 1 and Qj+2,do not reach the depth z.

j+
With the current Ij(z,t) defined for all j, the total current I(z,t)

from all charges including the all important overlap of charge is given by
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N'-1

I(z,t) = 2 I.(zt) . (38)
, =1

For simplicity in writing the current equations, the small amount of charge

At At
that enters the prebuncher in the time interval 0 to~—§9- and 16.5 nsec - -ifl

to 16.5 nsec has .been neglected. There is no difficulty about including this

charge and it was included in all calculations.

2.3 Fraction of the Current Pulse That Will Be Accelerated

- Only some portion of the current pulse that is incident on the accel-
erator wi]1'actua11y be accelerated to high energy and emerge from the
accelerator. This portion is known to be of the order of 50% at ORgLA

8 However, this

under_present operating_conditions with an unbunched beam.

fraction is dependent on the energy distribution of the particles in the

current pulse, and this energy distribution is very different in the bunched

pulse from fhat in the unbunched pulse, éo it is important to have estimates of

the fraction of the bunched pulse that will be accelerated. Such estimates

ha&e béen obfained by using a ihebry developed by S]ater.8 The theory is

described in detail in Ref. & so only a brief outline will be given here.
InAthe Slater theory, only the longitudinal motion of the eleﬁtrons

is considered, and it is assumed_that only a single-velocity component,

i.e., the "dominant" mode, of'ihe traveling wave in the accelerator need

be considered. Furthermore, it is assumed that the electric field strength

of this dominant mode in the longitudinal direction is sufficiently large

that space-charge éffects misy be neglected. Under these circumstances,

the equations of motion of the izh-e]ectron to enter the accelerator may

be written8

dp,: T z
Ai _- . Ai
gt = €Epq sin 2mv(t-t, -

- * 9) (39)



m B
Aj
Pps = —— 40)
M (
1 BAs
]
1 dz,. .
Bp; = = __Ai 41
.Al C gt (41)
where
Pai ~ the longitudinal momentum of the ith electron in the
accelerator;
e = the electron charge,
m = the electron rest energy,

EAo = the amplitude, before any electron accéleration, of the
longitudinal electric field for the dominant mode of the
traveling wave (= 0.1 MV cm™! in ORELA),

v = the frequency of the dominant mode of the traveling wave
(= 1.3 x 102 sec™! in ORELA), |
tao = the time when the first electron in the current pulse enters

the accelerator,

the longitudinal coordinate of a particle measured from the

entrance to the accelerator,

¢ = the velocity of light and the velocity of the dominant mode of
the traveling wave in ORELA ,

¢ = an arbitrary phase;

~and from the equations pf motion, it follows that H, defined by

: 7.,
- C Ai
H= vp2 + pf\i Ppi-e EAO Py €08 2rv(t - tAlO e +¢) , (42)
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is a constant of the motion. The constant tAlO could be absorbed into thé
arbitrary phase ¢, but for clarity this has not been done. By analyzing H

as a function of the argument of the cbsine, Slater shows that there is a

minimum incident momentum of an electron (pA)MIN, given by
2
m2 - 4(e E,, »—)
: 0
(pA) = Ao Zmv . (43)
MIN

C
4EEA° -2-“—\')'

such that an electron that enters the accelerator with momentum less than this

minimum cannot be accelerated to high energy. Furthermore, from H it can

be shown that if

Ppio = (), s 44 )
where
Paio = the longitudinal momentum of the ith electron at the
entrance to the accelerator,
and
L (
Ho= e+ (p2 (Phlyzw * € Fao Zno 4)
then those electrons such that
m +pRiO-pA10-HL @6 )

cos 21y ('r.m.0 - tA10 +¢) s Tt
Ao 2mv
where ‘
tpio = the time when the ith electron in the current pulse enters

the accelerator,
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will be accelerated. The phase of the wave in ORELA when the first particle
in the current bunch enters the accelerator is arbitrary. To simulate this

in the calculations, the arbitrary phase ¢ is introduced and an average is

carried out over all values of ¢.

The probability, PU(L,pAio,d) that the ith electron which enters the

accelerator will be accelerated to high energy may be written as

PU(L’pAio’¢) = 1- if Eq. (46) is satisfied

0 if Eq. (46) is not satisfied, @7 )
where L denotes the entrance to the accelerator (see Fig. 1) and the proba-

bility averaged over all phases, ﬁb(L’pAio)’ is

— 2 2T .
Py(Loppio) = 77 fo Py(LsPasoo0)de. (48)

The subscript U means "upper" since the theory presented in this Section gives
an upper limit on the current that will be accelerated as explained in

Section 2.4. The assumption will be made that ﬁh(L’pAio) may be applied to a

group of electrons, but, even so, the fraction of the current Ij(L,t), given by

Eq. (46 ) that will be accelerated cannot be found by multiplying

Ij(L,t) by 5h(L’pAio) because Ij(L,t) contains electrons with a variety of
momenta. To overcome this difficulty, let
n(j)at = tj+1 - tj , (39"

where n(j) is the smallest integer such that

AtMIN 2 At . 6o )

and AtMIN is a time interval which must be specified. Then let

gt g+ kat k=0to'n(J'). 1)
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Li(zatopyy) = 15(z,t) oltty o 4y o[ty -t] kf 1 to n(j), (52)

where the momentum ka associated with the current IJk is found at
At

tjk =~ by linear interpolation between P (z) and p +1(z) Then
N-1 n(j) :
Iy(L,t) = Z; Z Li(Lstsp )PU(L,p (53)
where

IU(L,t) = the current (upper limit) as a function of time at
the entrance to the accelerator that wili be accelerated.
In the calculations, the time’AtMIN was taken to be 0.05 nsec. If
Eq. (37) rather than Eq. (35) applies then tj+2_rather than t. . is used

in Eq. (49).

3+

2.4 Beam Loading

The theory described in Section 2.3 allows a determination of the
fraction of the current pu]sé incident on the accelerator that will be ac-
celerated if the amplitude of the longitudinal electric field for the
dominant mode of the traveling wave in the acce]erato;, EAo’ is known. For
a constant gradient linear accelerator like ORELA,] however, this amplitude
is not a constant but varies with the amount of charge that is accelerated,
and thus, to calculate the fraction of the incident current pulse that will
be accelerated, it is necessary to take into account this variation. The
theory of how this amplituc2 varies under transient conditions has been

10

~discussed in detail by NeaT9 and by Leiss, “and it is the results of these
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.authors that will be utilized here. In this section, only a brief discus-
sion is presented, but a detailed dérivation of the results used here is
given in Appendix 2. |

If

EA(ZA’t"tAxo)= the amplitude of the longitudinal é]ectric field

‘ of the dominant mode of the traveling wave at

. position zy aﬁd any time t after the first electron
in the current pulse enters the accelerator,

it can be shown that for sufficiently large zZp

‘A (54 )
Eazps t-ty ) = Epg- Kiplt -ty 0-< 1 -

where
. K= a constant,
iA = the accelerated current {assumed constant in the derivation
of Eq. (54)), |
¢ = the particle velocity in the accelerator which is assumed to be
| 'approkimétely the.ve]bcity of light. '
The équation of motion of thé ith electron traveling down the accelerator

may be written approximately as

Zp; = c(t - tAio) . ‘ o (55)

‘and then E(zA,t) evaluated at the position of the ith electron becomes
Enlzpgot) = Egom Kip(tpsom tayg) = Epg- K Qy (56)
where

QAi = the charge that is being accelerated ahead of the ith

electron.
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Basically, Eq. (54) is applicable only for z, values such fhat the current
iA may be assumed to be constant (i.e., particles are no longer being lost
from the beam that is being accé]erated) and such that the electron
velocity is sufficiently relativistic that it may bé assumed to be ap-

proximately the velocity of light.

The value of K in Eq. (56) was determined from measurements made at
ORELA by Pering and Lewis.] If the ambiguity in the energy change of the
particles at small z) is neglected, then it follows from Eq. (56) that the

energy spread of the beam as. it leaves the accelerator, Ae, is given by

Ae = K e Qply » ' 7}

where

QA = the.total charge‘accelerated, and

‘ LA = the length of the accelerator.

The relation in Eq. (57) has been verified for a range of QA values by the
measurehents in Ref. 1, and from these measurements, the value of K for
ORELA was determined to be 7.27 MV (uC)'1 m'l. This is the value used in
obtafning the results with beam loading given in Section 3.

Equation (56) indicates that the amplitude of the electric field at
the position of the ith particle as it travels in the accelerator is a con-
stant independent of time. This means that the theory of Section 2.3 could
be applied except that Eq. (56) is valid only for large Zy i and the theory
of Section 2.3 must be applied at small Zps When Eq. (56) is used at
small Zpio it is not clear what value of QAi should be used, but it is clear
that a Tower limit on the field, and thus the fraction of charge accelerated,
will be obtained if QAi is put equal to all of the incident charge that has
entered the accelerator from tA10 to tAio’ and this is the approximation
that is made here.
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With EA(ZAi’t) determined from Eq. (56), the probability,
FL(L,pAiO), that the izﬂ-e1ectrbn that enters the accelerator will be

accelerated may be defined in the same manner as Eh(L’pAio) with EAo

replaced by E,, and then

N-1 n(j)
1 (L) - . |
L8 = 20 3 Lt P (L), (s0)

where
.IL(L,t) = the current.as a function of time at the eﬁtrance to the
accelerator that will be accelerated when beam loading in
the approximation described above is used.
Since the effects of beam loading have been overestimated, the quantity
IL(L,t) is a lower limit on the current that Qi11 be‘acce1erated. On the
other hand, IU(L,t) is obtained by neglecting beam loading and gives,

therefore, an upper limit on the current that will be accelerated.

3. RESULTS AND DISCUSSION -
Calculated results for several cases of interest in the design

of the ORELA prebuncher are given in Figs. 3-6. Each figure corresponds
to a particular configuration of decelerating and accelerating vo]tagé
gaps and specific values of the magnetic field parameter, Zy» (see Fig. 1).
In all cases, the radius of the conducting cylinder, a, is 2.5 cm, and in
all cases except that considered in Fig. 6, the radius of the beam, oo

is 0.4 cm. The total charge in the incident beam was taken to be 1 uC.
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The results presénted in each figure represent.the current as a function

of time (at the entrance to the accelerator) that will be accelerated for
specific values of the length, L, of the prebuncher. For each L value,

the zero of time is taken to be the time when the first electron enters

the accelerator. F§r each L value considered, the current as a function

of time is given "without beam loading" and "with maximum beam loading."

As explained in Section 2.4, the beam-loading approximation used here gives
an overestimate of the effects of beam loading, and thus the current "with
maximum beam loading" is a lower 1imit on the current that will be accel-
erated. Similarly, the calculated current "without beam loading" is an
upper 1imit on the current that will be accelerated, and thus the two curves ,
for each L value bracket the current,as a function of time,that will be
acée]erated. Because of the many ® functions which occur in IU(L?t) and
IL(L,t) given by Eq. (53 and (58)  these functions contain many stepwise
discontinuities. To avoid these discontinuities, insofar as possib]e, the
functions IU(L,t) and IL(L,t) have been averaged over a sequence of small
time intervals to produce histograms. It is these histograms that are pre-
sented in Fiés. 3-6. Also given for each L value in each figure are the

total charges that will be accelerated and the second moments of the current
distributions defined by

L
—
—
A
[

g” Ia(L,t)dt

T (L) - T /w I, (L,t)tdt

0
oy(L) = {@]TLT [F1n [t—fg(L)J?-cn:}”5

where @ takes values U for the case without beam loading and L for the case

with maximum beam loading.
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In Figs. 3-5, calculated results are given for the case of 7, 8,
and 9 voltage gaps, respectively. The results in Fig. 4 were obtained
with the decelerating gap-acce]erating gap configuration shown in
Fig. 1. The voltage gap configuration used in obtaining the results
in Fig. 3 is the same as that shown in Fig. 1 except that the last de-
celerating gap before the drift space was removed. The voltage gap
configuration used in obtaining the results in Fig. 5 is the same as
that shown in Fig. 1 except that an additional decelerating gap has been
added at 30.48 cm aftef the last gap shown. In obtaining all of the
results in Figs. 3-5 the decelerating gap-accelerating gap configuration
for the first seven gaps is the same. The actual configuration of these
seven gaps is somewhat arbitrary, but not entirely so since, as a general
rule,it seems undesirable that the particles in front of the pulse attain
a negative velocity.

In obtaining Fig. 3,the magnetic field parameter zy (see Fig. 1) was
taken to be 250 cm, and in obtaining Figs. 4 and 5,zM = 275 and 300 cm,
respectively. 1In all caées, the value of zy was chosen to be near the
beginning of the drift space. As stated previously, the magnitude of
the magnetic fie}d that can be produced in the vicinity of the gaps is
limited, and, therefore, the assumption is made that to prevent
the radial spreading of the beam it is desirable to increase the magnetic
field strength to its final value near the beginning of the drift space.

The curves at the top of Fig. 3 are for L = 0.0 cm and thus cor-

respond to the case when the current pulse enters the accelerator directly
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Fig. 3. Current that will be accelerated vs time for a 7-voltage
gap configuration. (The dashed histogram is the upper bound and the
solid histogram is the lower bound) (Q = 1 uC, ro = 0.4 cm).
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from the electron gun. The decrease with increasing time of the solid
curve for L = 0.0 cm is due to beam loading (i.e., the electric field
strength decreases as particles are accelerated and thus the particles
that enter the accelerator at the later time find a much reduced field
strength and have a correspondingly lower probability of being accelerated).
The total charge that will be acce]érated without beam loading, QU’

equals .61 uC and the total charge that will be accelerated with maximum
beam 1 oading, QL, equals .43 uC. ORELA operating experience indicates
that approximately 0.5 uC of a 1 uC pulse will be accelerated,thus con-
firming that QU and QL as calculated here are upper and Tower limits on

the current that will be accelerated.

The other sets of histograms in Fig. 3 correspond to increasingly
larger values of L. The second set of histograms from the top of the
figure (L = 235 cm) show the result when there is no drift space, that is,
the current pulse enters the accelerator immediately after passing through
the last voltage gap. At L = 325 cm a modest amount of bunching has:
occurred and the amount of bunching - as indicated by 9 and o - increases
slowly as L increases to 400 cm. At all L » 235 cm the upper and lower
limits on the current distributions are similar in shape. It shouid be
noted that QU and QL for all L values considered are not significantly
different so that the total charge that will be accelerated has not been
appreciably affected by the bunching process. The largest L value con-
sidered (= 400 cm) was primarily dictated by the available space at
0RELA3, but because of radial confinement problems that are not‘considered
here, it seems.desirable to keep the total length of the prebuncher as

short as possible.



29

To obtain more bunching than that shown in Fig. 3, a larger

velocity gradient across the current pulse is needed so in Fig. 4
results are shown for an 8-gap configuration (see Fig. 1). The
vqrious sets of histograms in Fig. 4 correspond to different L values
as indicated.. The histograms for L = 0.0 cm are not shown since they are
the same as those shown in Fig. 3. The histograms at L = 242 cm again
correspond to the case when the particles enter the accelerator im-
mediately after leaving the last voltage gap. At L = 325 cm the bunching
in Fig. 4 is somewhat better than the bunching in Fig. 3 and this con-
tinues to be the case atAthe larger L values. The total current that
will be accelerated is very approximately the same at all L values in
both Figs. 3 and 4. In Fig. 4, the best bunching is achieved at L = 400 cm,
but the degree of bunching is changing only slowly with distance so the
exact length of the prebuncher is not of critical importance.

| In Fig. 5 results are giveh'for the 9-voltage gap configuration; i.e.,
for one decelerating gap in addition to those used in obtaining the results
in Fig. 4. The set of histograms at the top of the figure (L=273) cor-
respond to the case when the particles enter the accelerator immediately
after leaving the last voltage gap. The most striking feature of the
results for L > 325 cm in Fig. 5 compared to those in Figs. 3 and 4 is
the appearance of a "tail" on the current distribution calculated without
beam loading. This "tail" corresponds to particles that lag behind the
main pulse. In Fig. 5, the "tails" are shown only out to 20 nsec, but
they do extend beyond this time. Tails similar to those shown in Fig. 5

- also occur in Figs. 3 and 4, but the magnitude of the current in the tail
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Fig. 4. Current that will be accelerated vs time for an 8-voltage
gap configuration. (The dashed histogram is the upper bound and the
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is so small that it cannot be‘shown on the graph. It is important

to note that the tail occurs only on the dashed histogram, i.e., on the
upper bound. Since the "tail" 6ccurs.on the upper bound as calculated
here and not on the lower bound the actual extent to which this tail

| will occur experimentally is not known from the present calculations.
For L » 325 cm the total charge that will be accelerated is slightly
smaller in Fig. 5 than in Figs.‘3 and 4. If one considers only the solid
curves and GL in Fig. 5. then the bunching is slightly better than that
in Figs. 3 and 4, but because of the effects of the tail the o, values
in Fig. 5 are appreciably larger than those in Fig. 3 and 4. Since the
presence of the tail is undesirable experimentally, it seems that it may
be necessary to accept only the bunching provided by the 8 gap config-
uration in order to avoid a substantial tail.

The results in Figs. 3, 4, and 5 are based on the idealized assumption
that the electron beam does not spread radially during its motion. To
obtain a very approximate estimate of the effects of raqiai sbreading on
the bunching the calculations with the 8-gap configuration have been repeated
under the assumpt{on that the beam has a radius of 1.0 cm (rather. than
0.4 cm). The results of this calculation are shown in Fig. 6.

The most striking feature of the results in Fig. 6 are the tails on
the distribution for L > 325 cm and the fact that the éharges that will
be accelerated, i.e., QU and QL,are somewhat lower for L > 325 cm than in
the previous figures. Note in particular that at L = 242 cm, QU = .61 uC
aﬁd QL = .46 uC while at L = 325 cm QU = .44 uC and QL = .30 uC. The basic

reason for this decrease is the change in the ﬁagnetic field that occurs
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between 275 and 300 cm in this case. This inhomogeneous magnetic field
acts as a "magnetic mirror" and thereby decreases the longitudinal
energy of the partic]e; so that they are less likely to be accelerated
when they enter the accelerator. (In some cases the particles attain-a
negative 1ongitudina1 velocity and thereby never reach the accelerator.)
This same effect is present in the other cases considered, but it is

- much smaller when the beam radius is small. The tails on the current
distribution calculated without beam loading in Fig. 6 are very similar
to. those in Fig. 5 and all of the previous discussién concerning these
tails applies to those in Fig. 6. The presence of the tails in Fig. 6
indicates that even a configuration that appears to give reasonable
bunching (see Fig. 4) may be unsatisfactory from a bunching point of

view if there is appreciable radial beam spreading.

SUMMARY
The results of essentially one-dimensional calculations indicate that

a 15 nsec (FWHM) electron current pulse can be bunched to approximately

4 nsec (FWHM) by the prebuncher considered here. The bunched beam, however,
has a tendency to develop an undesirable "tail", and it may be necessary
experimentally to accept a modest amount of bunching in order to avoid

a substantial tail.
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APPENDIX 1
SPACE CHARGE FIELD

In this appendix the space charge electric field given by Eq. (12)
is derived. The derivation presented here is very similar to that of
Williams and McGregor"“, but the result is slightly different from that
obtained by these authors.

The potential of a point charge at rest inside a conducting cylinder

(assumed infinite in length) may be written’

| ® = J(u.b)d_(u p)
V' o= g%— ) (2-82)expl-u |2;-2:]] s ' S r‘gcos s(¢-9,)
2% r=1 570 T3 0 (nya)] A1)
where
a:-= the radius of the conducting cylinder;
z'.,b,¢o = the polar coordinates of the point charge;
z;,0,6 = the polar coordinates of the field point;
Jo = a Bessel function of the first kind 7,
0 _ . _
65 =1 ifs=0
=0 ifs#0 (A1.2)
and My, is defined from the zeros of J0 by the equation
Jo(urg) = 0. A (A1.3)

The.- electric field in the z direction is given by

v o2 o V!

i
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SO

() = 2% 1 Sgo(z-a;)exp[-ur|z;-z3|Jsign<zg-z3)
- : B (A1.5)

34(u 8)3 (o )cos s(4-5,)
(g (722

This is the electric field in the system where the point charge is at rest.
If the point charge is moving in the z direction with a velocity %j and if
it is assumed that the Lorentz transformation is valid when the conducting
cylinder is present then
=2 % Y (2_5%Vexp[- B i -z.) (A6
E, =3 r§1 SZO (2-6gJexpL-u v, lz5-2;| Isign (zi_éj) (A1.6)

9,023 ny0)cos s(6-,)

[0 (1) ]2
: 1
Y25 = \Fﬁi;g , t (A1.7)
J
where
EZ = the electric field in the Taborétory system;
Z‘j,b,¢0 = the polar coordinates of the poigt charge in the
laboratory system;
Z{,P59 = the polar coordinates of the field point in the
laboratory system.
In obtaining (A1.6) the fact that‘EZ is invariant under a Lorentz

.transformation along the z axis and that

24-2; = ZJ(zi-zJ.) . . (A1.8)

have been used.
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Equation (A1.6) is the field from a point charge, but to obtain the
field ES that appears in Eq. (A1.5) it is necessary to integrate over the

spatial extent of the source "disk" and to average over the spatial extent

of the fixed "disk". That is,

2% ro 27 r’o
ffff €, ——dbd¢0pdpd¢ ﬂ
] 0+
Es s 3:85) = P (A1.9)
ff qf pdpd¢
070
where
q. = the charge density of the source "disk", and

s
Qe = the charge density of the field "disk".

Assuming that the charge densities are constant over the "disks" the inte-
grations in Eq. (A1.9) may be carried out in a straightforward manner as
shown by Williams and McGregor* to give

) xp[-v =—-|2 23 1]

Es(zi’zjssj) = r=]

-~
onN N

(A1.10)

™
29, (vy3 ian( )
. sign(z;:-z:
¥pd; (Yy) METY

This expression for ES is sti11 not directly useable in Bq. (A1.5) because

gq. (A1.10) was derived assuming Bj to be constant and the B, in Eq. (A1.5)

J
is changing with time. It will thus further be assumed that Eq. (A1.10)
remains approximately valid when Bj is changing with time, i.e., the

Lorentz transformation used in the derivation is assumed to be approximately

valid if carried out at the instantaneous value of Bj‘
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The expression for Eg given in £q. (A1.10) differs from that used
by Williams and McGregor“ only in that they replace the exponential factor

Y .
exp[-yzj ’%| Z,- zj 1]
by

1 Yr
expl-5{v,i4v,5) 51 %-%11.

Both forms are, of course, very approximate.
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APPENDIX 2

BEAM LOADING

In this appendix the beam-loading results introduced in Section 2.4
are derived. The derivation given below is taken from the work of Neal®
and Leiss.10 |

The equation governing the flow of rf power in the accelerator may be

written?
EESEA:EZ ; - 21,(z,) P(z4st) - i(zyst) Ep(zyst) (A2.1)
0z, 2Ip\zp) FiZpsT), art) Eplzpet) o
where
P(zA,t) = the power at point z, at time t,
IA(zA) = the voltage attenuation coefficient at Zps

i(zA,t) = the electron current at zp and t,

'EA(zA,t) = the electric field amplitude at zpt,

and where the approximation has been made that the electrons travel on the
crest of the wave from the time they enter the accelerator and are not Tost
to the walls. These approximations are not valid near the beginning of
the accelerator, and thus the derivation presented here is not applicable
for small values of zp. Using the expression for the shunt impedance, r,
of the wave guide, 10 _ |

E2(z,,t)

A'TA?

and the expression for IA(Z) derived by Neal? for an accelerator of the

ORELA type,
y
- A .
Iazp) = 20— 2)) (h2.3)
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' the average power expenditure per unit length in the
accelerator (= constant),
P, = the input rf power,

1
Eq. (A2.1) may be rewritten as

3E(z,,t E(z,,t ,
i) ) + v i (ZA ) ==V IA(ZA) r 1(zA,t) . (A2.4)

ot g 9z

where

vg = the group‘velocity in the wave guide.

To solve Eq.(A2.4), the Laplace transform with respect to time is taken to
give

aE(zA,s)

azA + Vi E(ZA,S) = ;II— E(ZA,O) -r IA(ZA) i_(ZAss) o (AZ.S)

g g

The general solution to Eq. (A2.5) may be written

Ep(zp,8) = Ep(0,8) exp(- 5; 2,)

ZA ] ] S [} . 1
-r { dz;1,(2;) expl- V;—(ZA-ZA)] i(zp.5)

E(z,,0
+ ‘gZAdzA __(3A_) exp[- Vi (ZA' ZA)] ’ o (A2.6)
9 9

and inverting the transforms
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Zp Zp
E(zy0t) = E5 (0, - o) ot - )
. g g
. Ex(z) -2
A A A’ A
+ [ dzg —— St - )
0 g g
Z Zp -2, Zp -2
A ] » A A A A
-r { dzAIA(zA) 1(;A,t- 7 ) et - v ) (A2.7)
z y4
A A
| Ep(zgst) = E5 (05t - E) et - E)

z z -z Zp - Z,
v [ Paz 1z it - 2B e - Al (r2.8)
0 . g
For boundary conditions, it will be assumed that
EA(zA,O) = Epg
EA(O,t) = EAO ’ |
where E,, = constant, so Eq. (A2.8) becomes
z Z,-2Z,
A A
Ea(zpst) = B, - 1 A dz}I,(z!) i(z},t - —— ) , (A2.9)
A‘CA Ao {Avt) ®(Z Vt) A“A‘“A A Vg

where the lower limit has been determined from the @ function in Eq. (A2.9)

To proceed further, the current, i(zA,t), will be specified to be

z
A
=)

i(zy,t) = ip @ft-t, . - , (A2,10)



42

where

iA = constant,

tAlo the time when first electron enters the accelerator,

C

the particle velocity in the accelerator which is

assumed to be constant and eqUa] to the velocity of light,
that is, the current in the accelerator will be assumed to be a constant
except that it is turned on at t = tAlO' If Eq. (A2.10) is substituted in
Eq. (A2.9), and T is defined by

z
A .(1

T=1t-ty,,-—1*2zp(— )
Al0
vg A vg

O |—s

one finds

t-t
Ealzst) = By, (jj—1>./p Mo C -, Iplzp(MdT o, (R2.77)
v._C

(t- tA]n " Ao (t- “ty o Vg)
,(z4(D)] = gpptrrrr (A2.12)
Py-vazgdT)T

Equations (A211) and (A212) may be used to obtain an exact expression
for EA(z,t), but for our purposes it will be convenient to proceed in a
much more approximate manner. First, note that current pulses of only
~ 15 nsec duration are of interest and Vg = 0.007 c,!s2 so.the lower Tlimit
on the integral in Eq. (A2.11) is different from zero during the pulse only

for z, € 3 to 4 cm. Since Eq. (A2.11) is not valid in any case at small zZ)
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‘because .of the constant current assumption, the lower 1imit may be taken
to be zero with the understanding that small values of z, . are not to be
considered. Then, using the mean-value theorem, for sufficiently large zp
Eq. (A2.11) becomes

Z
A g

o EA(ZA’t) = EAO-Y‘ IAVgiA[t'tAlo - C_ ’ (A2.13)

where

IA = some mean value of Ip that is to be specified.

Now let us evaluate Eq. (A2.13) at fhe position of the izh-electron as it

moves in the accelerator. Since
Zp4 = c (t-tpig) » (A2.14)

where

tAi = thg time when the iih-electron enters the accelerator,

~one finds
Egzpiot) = Epg = v Lnvgialtage - o) (A2.15)
= Epo - T IpvgQ; (A2.16)
Qui = Tlltaso = taiod > (A2.17)
where

Qai = the charge that is Being accelerated in front of the ith

electron.

Equation (A216) indicates that the electric field amplitude at the position
of the izh-electron as it moves in the accelerator is approximately a

constant independent of time.
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To determine the constant in Eq. (A2.16), the.enérgy change of. the
electrons at small Zps is neglected as it is negligible compared with the
energy of the electrons at the end of the accelerator, and thus the energy
spread of the electron pulse, Ac, as it leaves the accelerator is given

approximately by

Ae = er‘fAngALA (A2.18)
where
QA = the total charge that is accelerated, and
LA = the length of the accelerator.

Measurements of the energy spread of the current pulse as a function of
accelerated charge have been made at ORELA, and the linear relationship
given in Eq.(A2.18) has been shown to be quite valid.1»2 Furthermore, from
the measurements the constant in Eq.(A2.18) can be obtained and is found

to be

~
|

= rTAvg

_ 7.3 W
T uCm

It is this empirical value that was used in obtaining the results presented

in Section 3. The manner in which the beam-loading results are used is

discussed in Section 2.4.
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