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Abstract:

A tracking program to study the nonlinear effect of the
longitudinal motion for particles in the circular accelerator has been
written. When the R.F. voltage V°=1.2MV is used, we find that 7. Jump,
7. or faster acceleration rate, 7 is needed in RHIC. The simulation
result can be understood analytically via the nonlinear equation of
motion. For the L Jump scheme, there is little bunch shape dilution or.
deformation in the transition energy crossing. At a bunch area of 0.3
ev-sec/anu, A71_=0.6 in 30 msec 1s satisfactory to eliminate the beam
loss and preserve the bunch area. By manipulating the momentum
aperture, 7 can be 1increased substantially at the transition energy
region.To eliminate baam loss, 20.8% of momentum aperture 1s needed. On
the other hand, when the R.F. voltage 1s reduced tc 100KV, while
maintaining the same acceleration rate, the bunch survival rate across
the transition energy is dramatically increased. This 1s resulted from
both smaller momentum spread and longer adiabatic time at the transition
energy reglon due to the smaller voltage.
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I. Introduction

It is known that the particles in the circular accelerator
experience many interesting phenomena, e.g. the mlcrowave instability
and nonlinear synchrotron motion at the transltion energy reglon. There
are many accelerators that partlcles can not avoid the transition energy
crossing. Therefore the stabllity of’particle motlon near the transition
energy region is an important problem. For the microwave instability,
the problem arises from the vanlshing synchrotron frequency, which is
needed for the Landau damping. For the nonlinear synchrotron motion, the
problem becomes Iimportant when the leading linear component vanishes.
The nonlinear term can lead to beam loss and bunch dilution and
deteriorate the performance of the accelerator!™. It is interesting to
find the methods of safe passage through the transition energy. There
has been attempt by using the sextupoles distribution to cancel the
nonlinear terms in SPS at CERN,’ and 7 Jump in CPS’ and Acs.®?

The Relativistic Heavy 1Ion Collider(RHIC), proposed at the
Brookhaven Natlonal Laboratory,has to accelerate the heavy ions through
"the transition energy ( ':T! 25.4) at a relatively slow acceleration
rate(y=1.6/sec) due to the slow ramping rate of the superconducting
_x'nagnets. The effect of the transition energy crossing due to the
microwave instabllity has been studled previouslyg. It i{s important also
to note that the kinematical mismatch in the rf acceleration can also be
important in the transition energy crossing. Since the lattice design of
RHIC can not avold the transition crossing. It is useful to analyze the
effect of the transition energy on the longitudinal beam dynamics.

In this paper, we study the nonlinear longitudinal dynamic in the
transition energy region, where the stability of the tunch depends on
the proper stable phase relation. Indeed there are interesting
analytical studies, where a certaln class of nonlinearity can be treated
approximately. Since the equation of motion with general nonlinear term
can not be solved analytically, we shall study the problem mainly by the
particle tracking method to» ‘take in_to account wvariocus forms of
nonlinear effect. Similar effort has been worked out by MacLachlan, who
included space charge effect by using the Fourier analysi=s for the space
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charge induced voltage terms. We shall neglect the space charge effect
and microwave instability in order tao single out the nonlinear effect.
However space charge effect shall be discussed at the end.

The paper |is 'orga.nized in the following: Section 2 reviews the
longitudinal dynamics. Sectlon 3 discusses the tracking result with the
possible solution of 71_ Jump. Sef:tion 4 discusses an alternative
solution by using the avallable momentum aperture for the rf prograsing.
Section 5 dliscusses the effect of the rf parameters in the acceleration

process. The conclusion is given in sectlion 6.

2. Longitudinal beam dynamlcs

Acceleration of a bunch of particles in the circular accelerator is
accomplished by passing repeatedly through the locallzed accelerating
cavitles, where the radio frequency(rf) cavity is synchronize with the
circulating particles. The voltage across the accelerating gap in the rf
cavity can be expressed as

V= Vo- sin ¢(t)

-

where Vo is a slowly varying function of t, and d¢/dt=w, the
accelerating frequency. The accelerating frequency w 1is an integral
multiple h of the revolution freque_ncy Qo of the synchronous particle,

hBc

Ry

where Sc and Ro are respectively the velocity and average orbit radius

W= h-ﬂo=

of the synchronous particle, which experliences a constant rf phase
¢(t)=¢°. The energy gain per revolution is quo-sin(¢°). where gqe is the
charge of the particle. For the non-synchronous particles, the
deviations is defined as,

n=n°+m; ¢-¢°+A¢; p-p°+Ap; E=BO+AE; fo°+Ao -~

where 00 is azimuthal angle Iin the machine of the reference angle
measuring positive in the direction of motion, or A¢=-hdds. The equation
for the_synchrotron motion becomes,
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(1)

dé_ _ . de .o ap hnQ_ _AE
4t = h g = -h 42 = o =2 (=)

dt poRc Qo
d AE , _ _geVo _
Ty ( a ) ——"(sin¢ 51n¢°) (2)
o 2n

where 7 is the momentum slip factor,

p dQ
Q dp

n=- =177 -1t (3)

In the linearllized small amplitude synchrotron motion, Egs. 1
and 2 are equivalent to a simple harmonic motion expressed as

following:
a h2n°n° 12
40 = [ - ] sin Q t (4)
RQ s
TPy"e's
1/2
apR
H.AE- oos] cos 0t (8)
9, n 7Q s
oo
provides that the adiabatic condition 1s satisfied, -

| (aq_sdt)/n ®|<<1.

Here a 1s the longitudinal phase space area and ns is the the
synchrotron oscillation frequency given by

1/2 ‘ 172
geV h nonocos¢° qeV h LA cos¢°
Q = | - = { - (6)

2np R, 2n Ay n B2

where A and 7 are respectively the mass number of the ions and the

Lorentz. energy factor. To obtair.x a stable synchrotron motion, nsi_;!.n

eq.(6) must be a real number. Thus when the energy is below the

transition energy, 1i.e. 7(71 » <0, the synchronous angle ¢° lies betueen‘
[0, ®m/2]. At the energy above the transition energy, the stable phase

angle should be changed to x - ¢° tq malntain a stable motion.

The amplitude of the synchrotron motion is then given by,

i1
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- 2 1/4
- W aqeV h cos¢
Ap B e = [ - 9 ] (M

3= R 3
3.3
o0 2rn poaoﬂon
z'az aq 1/4
28 = [— 0 ] (8)

xp oRQqu h cos.ﬁo

Note that 3 « 772 * and A0 « 7

momentum amplitude and bunch length. When ¥ approaches 7 ,i.e. 7 = Q,
the momentum amplitude of the bunch becomes large and the bunch length
becomes small. However at 70, the transition energy region, the
adiabatic condition is violated. The synchrotron motion is not described
by the simple harmcnic motion mentioned above. When the leading order of
n can be expressed as a linear function of time t, the synchrotron

“-nu‘ are respectively the

motion of the bunch is governed by an ellipseg,

A 62 + 2-A

2
55 50 3 Ao + A“ (40)" = 1 (10)

within the non-adiabatic time tm R -

m oczr; 2r 173
L [ = ] (11)
20.h 7 qeV | cosg |

Here the coefflclents Aas' Aa & and A” can be expressed in Bessel and

Neumann functions of the order of 2/3. These coefficients depends on rf
parameters and 7 = dy/dt and 7, We observe that the ellipse is rotated
at the transition energy region. It is however important to point out
that Eq.(10) neglects the effect of the nonlinear term in the r.i‘

Lo

equation.

There are two nonlinear sources in the rf equation. The first one .

is the kinematic effect due to the different speed of particles within
the bunch. The other is due to the design of the accelerator to be
discussed in the following.
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For a given clrcular accele'rator,‘ the transition energy |is
determined by the lattice closed orbit functions, X. Following Courant
and Synderl, the equation of motion for the off-momentumparticles with
momentum p+Ap ls gliven by,

d"’x 1-n Ap
+ X= (12)

2 2
ds P PP

The difference in the path lengths between this orbit and the
‘reference orbit X=0 1s given by,

[od 2n
AC=J‘—px—ds=vJ’ B 4y ; w = I asswB. (13)
0 0

Using the solution of eq. (12), i.e.,

x =22 g22 5 % Ik (14)
2 .2
P k v-k
with
2w _3s2 N
2r 0 P
we obtain
% '
AC = 27 0% 22§ :kz (16)
p k v'-k
AC 3 la 2|
.,=_:_=_.__.._g :“2 (17)
7 2nR Ap/p R k v-k

T
- Normally, accelerators are designed ln such a way that only the a, tern
is important in order to optimize the orbital beam dynamics. Thereby the

dispersion function xpst/da , where 3=Ap/p, has small variation around
1/2

the acceleratar with a.°=t {R/v) , whers <g>~R/» 1s used for the *

average beta-function. This leads to the result that 71" v for most of
the machine. Since the tune of the machine depends on &, according the
chromaticity of the lattice, the 7 depends on the momentum 3 in a
similar fashian. Flg.1 shows the 7 -of RHIC lattice as a function of
3=Ap/p for B =6m with chronaticity being adjusted to zero with
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sextupoles.
Because of these nonlinearities, eq. (1) should be replaced by

de¢ 2 2.
<t - hﬂo(ﬂo"’ﬂla"'ﬂza *'ll:’a 1 8 (18)

at the transition energy region. The effect of nonllnear terms are
important ouly 1n the tramsition energy regilon. The coefficlents of
eq. (18) are given by,

2 2
n, 1/71' 1/
2 2,2 2
n=on/T, + 3B/20 v a2y,
2 2, , 2 2 2 2 2 4 4
'n2=-5( .5+2.58°)/4° + azlar_r (38 al)/27 7, a:l/r_r +n°/11_
4 2 2 2 2 2 2 2 2
n, g (358 15)/870 + ¢3/47_r +(B8°(308°-6)-98 a1+4a2)/127 7
2 4 2 2 4 8 8
-(8a2+3a1 )/1271_ +(38 -Zal)/27 7. +30.1/71_ nolr_r
and where the coefficients a.,x,a, are obtained from the exapnsion ;f
the momentum compaction factor «,
d(R/R )

0 2 .3
@ —=a (1+a18+a28 +a36 ¥ee) (19)

d3
with ¢°=1/71_2. Only two terms, n, and nla, in eq.(18) are important to
the particle motion, unless extremely large bunch area and/or sma.li 7
are encountered. As an example, we consider the RHIC lattice for B =6m
and zero chromaticity, nlz 1.8/‘3'_1,2 at the transition energy region.
Assuming that the rf voltage V°==1.2MV and ¢o=0.04, the particT‘e
distribution would fall within the momentum window of -~.005< & <+.00S5
for a bunch area of 0.3 evsec/amu of Au bean. Becatise of the nonllnea.ri_
term in eq. (18), nla. those particles at momentum 3=3=0.005 change sign
while the synchronous particle at energy 7 below the transition energy
T by 7-7Tz -0.971.«; = -0.11., When particles are accelerated from below
toward the transition energy, large momentum particles experienced the
effect of the transition‘en.ergy-’crossing while the syﬁchronous particles
still -0.11 away from the transition energy. The premature sign change

S
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in the rf equation (18) gives rise to unstable motion.

Thus the difflculty involved in the transition energy crossing lies
in the fact that part of the bunched beam crossed the transition energy
while the stable pr;a.se angle ¢° has not been Jumped. This lead to the
unstable motion for those particles within the time lapse propertional
to the momentum spread of the bunch. When the acceleration rate is
large, e.g. 7=74/sec in AGS, particle.s with unstable phase angle can be
recaptured into the stable phase bucket with certain dilution of the
bunch area. When the accesleration rate 1is swmall, these unstable
particles are drifted away from the retainable bucket area. To ellminate
the leading nonlinear term, i.e. 'n1==0. a should be set to -~1.5, which
corresponds to the chromaticity of 1.5 times the tune of the machine.
Such an accelerator would be difficult to operate. Particle motion under
the influence of the nonlinear equation in the transition energy region
shall be studied in next section with numerical simulation.

3. Tracking results of the longitudinal phase space.

Although analytic estimate can be made to predict the behavior of
particle motion for eqs.(18) and (2), analytical solution are not known
at present when 7 depends on & in the complicated way. We choose to
simulate the bunch with the Monte-Carlo numerical calculation. There
exists a longitudinal phase space tracking code , developed by
Maclauchlin'® in FNAL. Since the space charge is an not important issue
in RHIC energy and the collective linstability has been analyzed
earliers. we will neglect these effect in the tracking study until
section 6. Our tracking code is to solve Egqs (18) and (2) in the
difference equation with the constraint of simpletic condition. The rf
parameter is taken to be V°=-1.2MV and ¢°=0.04 rad., which corresponds:‘ iB
7=1.6/sec for Au lon or the magnetic field ramping rate of B=0.0S
Tesla/sec.’’ An 1nitial Gaussian distribution for the longitudinal «
bunch. Each bunch is populated by 1000 or more particles. Fig.2 shows an
example of tracking 1000 particles through the transition energy
7;25.4: We found that large percentage of beam is lost due to small
acceleration rate(y= 1.6/sec). Fig. 3 shows the percentage loss for the
Au ion at the acceleration rate(y= 1.6/sec) as a function of the phase
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space area. It is clear that higﬁer aéceleratlon rate across the
transition energy is needed in order to maintain the beam quality in the
longitudinal phase space. This can be achieved by the transition energy
Jump, which 1s a routine operation in CPS and AGS in the future

operation mode.

F1g. 4 shows the tracking result in RHIC with 7, Jump. We have
found that A7r of 0.6 and At=30 msec or equivalently 7 = 20/sec can
maintain minimum phase space area blow-up and no loss In the transition
crossinﬁ. Once the 7, Jump 1s enployed, the bunch shape remains
undiluted across the transition energy. Figs.5 and 6 shows the
proJection onto the longitudinal and momentum coordinates during the

transition energy region.

It is noted that the 7. Jump scheme reguires the lattice function
of the accelerator being changed rapldly by a speclal set of tuning
quadrupoles. To accomplish this goal, the dispersion function is changed
substantia.llylz. Thus the orbital beam dynamic becomes an important

issue.

4. Fast transition crossing by increasing 1 with rf program.

A higher acceleration rate through the transition energy region can
be reached by using the momentum aperture.Since the dipole magnets are
ramped .at a constant rate of .05 Tesla/sec, the beam particles under
higher acceleration rate will move out into the momentum aperture as
Xp-Ap/p. Fortunately the beam size is small during the acceleration
period, the available aperture may be wused to manipulate the

acceleration rate of the bunch.
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L = e
s - ¢s n-.04

t t t t t t time

Note here that during the time tz to t5

particles in the accelerator have been accelerated much faster than the

in the above rf program,

magnet ramping rate. The bunch will moveoutward onto 2 closed orbit with
larger radius. The amocunt of radius excursion depends on the time
required in the fast acceleration period, At=t5—t2. On the other hand,
when At is increased, the effective of the nonlinear term in the rf
equation becomes less important. Based on the the estimate of section 2,
we find that the nonlinear term becomes dominate at 17-11.15 0.1 for
phase space area of 0.3 ev-sec/amu. Thus a minimum momentum aperture
requirement would be Ap/p%+0.004. One shjuld however also take into
account the Iincrease of Ap/p amplitude when 7 becomes very small(see
eq.7). The aperture feqtnrement would be increased. To find out the
aperture requirement, Numerical simulation for the longltudinal motion
according the rf program mentioned in the above diagram. Fig. !:F shows
the particle survival rate vs the time for the rf stable phase ecual to
¢t’ where ¢t is chosen to be 4S°, SO° and 90° respectively and the time*
t is equal to ta-tz. On the top of Fig.10, we also show the aperture
requirement 1n Ap/p. To reach 98% survival through transition crossing,
the beam would make an excursion from =-0.8%4 to +0.8% during the fast
acceleration period of time. Since the bunch has *0.5% of momentunm
spread, the required aperture would be *1.3% during the transition
energy 'crossmg. It also interesting to note that the aperture
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requirement of Flg.? is independent of ¢t so long as ¢t larger than
45°. This indlcate that the remainling loss of 2% may result from the

increment ~f momentum window when y is approachling T

The aperture requirement for the edge of the beam is therefore
xp-Ap/p = 20 mm, where xpsl.Su and Ap/p=1.3%. Since the emittance of the
beam 1is relatively small, it appears that this is also a viable
solution. The possible problems is that the beam stays off cnetered in
" the arc region for considerable amount of time(s11 msec) in the
transition energy region. The impedance of the chamber that the particle
see may vary as a function of time. Careful evaluation is needed. It is
interesting to note that the beam does not experience much radial
excursion in the insertion region because of small dispersion function

in this region

5. Aperture requirements for 1"1_ and 'r schenes

We have studied the longitudinal motion at the transition energy
region in RHIC. It is clear that the slow acceleration rate of the
superconducting magnet is the main reason of the beam 1loss in the
transition energy region. To minimiz~ or eliminate the beam loss in the
transition erergy region, a faster rate of transition cressing is
needed. This can be achieved by either 7. Jump in the lattice or a
faster acceleration rate by manipulating the momentum aperture. We found
that Az'_r=0.6 in 30 msec or }-20/sec is needed to eliminate the beam loss
for a phase space area of 0.3ev-sec/amu. In the 7 - Jump scheme, the
large beam size requirement is due to the large dispersion function. On
the other hand, the momentum aperture requirement is 20.8% in order to
obtain the fast acceleration across the transition energy region. Table

1 summarizes the various cures for the nonlinear effect in the _

longitudinal motion at the transition energy region.

14
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Table 1 Comparison of transition crossing schemes

7 (Az-.r-o.S) 7
unsatched matched
momentusm (nm) 19.5 7.5 19.5
aperture
betaEron (zm) T 7 7
aperture .
Advantage 2 power supplles rf program
good beam good beam
dynamics dynamics
Disadvantage large Xp in complicated 1limited available
insertion region power supply mcomentum aperture
systen
1/2 integer
stopband

6. Effect of the rf parameters on the transition energy crossing.

As we have discussed in section 2 eq.(18), the effect of the
nonlinear tera becomes more important with increasing the =momentum
width, 3. Eq.(7) indicates that & =« (azvohcos¢°)"‘. One method to
minimize the effect is to minimize the phase space area of the bunch.
Fig. 2 showed the loss rate decrease very fast with decreasing phase
space area. An alternative method of getting smaller 3 is to decrease V’o
while keeping Vosin¢° constant. For example, usin} V°=IOOKV and
sin¢°=-0.48 ,1.e.same acceleration rate, would decrease 3 by a factor of
2 in comparison with the scenarlo of V°=1.2HV and s1n¢°=e.o4. At the
same tlme, the synchrotron frequency is also decreased. The nonlinear
ceffect become less important. Fig.8 shows the example of the phase space
evolution in the 100KV rf scenario. Similarly, the loss rate is gre;tiy
reduced. Dashed curve of Fig.2 shows the loss rate.

¢
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Fig 7 Survival through transition crossing is plotted as a function
of fast acceleration time At.
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Fig. 8 Similar tracking tesult of that of Fig. 1 with
V=100 KV ans sin -=0.48. THE loss rate becomes 1%. -
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