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Atomic vapors have played an important role in recent work on 
optical mi-xing. They have been used to generate tunable IR radia­
tion, tunable0vacuum UV» and coherent radiation with wavelengths as 
short as 380 A. Until recently, the schemes used all involved sus­
ceptibilities derived by keeping only the dipole interaction of 
light with the'medium. Recently we reported second order sum-fre­
quency generation in Na vapor.[1] The dipole susceptibility for 
second order mixing vanishes for a vapor, and a more general type 
of susceptibility must be considered to describe this process.[2] 
For example, our Na sum-frequency generation can be described as 
phase matched emission from oscillating atomic quadrupole moments 
driven at frequency ti)3 = (uj + n]2 by two applied fieltls, as shown 
schematically in Fig. 1. The quadrupole moment density is given by: 

= X«) ( M** M l " I I. (El'Bj)] . (1) 
The second'form shows that the spherical symmetry of ihe atoms al­
lows us to define a scalar susceptibility, and to derive the qund-
rupolc geometry directly from the incident field vectors. The 
quadrupole radiation with h_ .vector k? = n3u>3/c e3 is equivalent to 
that radiated by dipole of strength-

i!eff -• -Hi* •£ 

: -iX ( Q )[(ij • Ei)£ 2 + (k3 • E 2)E! - |CE, • E.Ok.3) . (2) 

The dot products in Eq.(2) show immediately that a non-collinear 
geometry must be used, and can also be used to show that the sum-
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Figure 1: Partial level diagram of the sodium atom. Quadrupole 
sum-frequency generation with (Ua = u)j + uo is shown schomatical ly. 

frequency is maximum for orthogonally polarized beams. The output 
power can be explicitly calculated. The quadrupole susceptibility 
is given by 

„CQ) = Ne'rr-r|ys/2|s><sly|t><tHr> + f l ^ 2 j ] 
ft Z b u s r " u , " < " 2 " i Y H u i t r " ' , , > J J (3) 

which can be evaluated using tabulated matrix elements. Wo find the 
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where Ak z • |k,s - ki - k̂jl is the wave vector mismatch. 
forNa with N = lO* cm"" , Y Laser 

output power can be expressed as 

«»'(«.) - • - - - ^ h c W ) I*.•*•,!*£"-»> e- A kz/ 2og , (4) 
u viiv »i«»s- vtrwvv mj.&>"***•*-it* For cxsiTipiG* 

with N = 10" cm"- , YLaser * -25 cm""and lojp. - ui = 10 
cm -*, X ^ = 3 x 10" esu, which gives an effectiv? dipole,suscep­
tibility |k,xN--l % 10 -' esu, as large as x' 2' for quartz^ Eipja- Ef.W 
«ie»-(1) then gives <7-(<>>0 « (P(uO0(<i>2)/(11.7 x lo') watts. ' 

The experimental arrangement used to observe quadrupolc sum-
frequency generation is shown in Tig. 2. Generally the character­
istics of the observed output agree with those predicted by Eq. (4). 
In particular, the output shows the sharp two-photon resonance ex­
pected from the expression for x W when dij + uij = 104,1 (Fig- 3), 
and also shows the expected variation with k̂  vector mismatch, which 
is adjusted by changing the beam intersection angle (Fig. 4)-. 

At high densities and high input powers, however, deviations 
from the simple theory occur, and the output is less than one would 
expect from Eq. (4). First, with increasing densities, the linear 
absorption associated with the D-line resonances causes the output 
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Figure 2: Experimental set-up. T>D1, PD2, PD3- monitor pliotodctcc-
tors; L,, Lj-40 cm .and SO cm lenses; L, - 10 cm quartz lens; I'R -
polarization rotator; F- Corning 7-54 filter and pyrex attenuators; 
S '25 cm spectrometer; PM-RCA 4837; G. I.- gated integrator; CR -
chart recorder. 
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Figure 3: Sum-frcquoncy output (P (ui3) as a function of (112 showing 
the sharp resonance at ui + u 2 = USAJ = 34548.8 cm"1. Oi - 2W; tf>2 

= 25W; 9 = 47.9 mrad; N = 1.6 x 1CT cm - 3 . 

to fal l sharply as shown in Fig. S. Since wc rely on the dispersion 
of the D-linos for phase matching and resonance enhancement of x'^' , 
wc cannot tunc very far from the D-lines, and the density must 
tiiurii fijirif be limited to 1 0 " cm"3 or l e s s . In addition, Nn^ absorp-

Figure 4: Phase-matching curve (P(<o,) versus 0. (I\ = 2W; <PZ 25W; 
Ad), = b) es, « 25.0 cm" 1; u, « u 2 • W4J; N = 1.6 x 10 
The dashed curve is a theoretical curve calculated from Lq. C4). 
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Figure S: Phase-matched sum-frequency output(?((•),) as a function 
of sodium density N at Aoi, «= 40.8 cm"' and 80.4 cm- 1. The other 
parameters fixed in the experiment are U\ = 2K, (P2 a 20K, and u. * 
u 2 « u 4 d . 

tion increases strongly at densities above 1 0 1 7 . 
A second limiting factor is two-photon saturation. Since the 

output power is proportional to the square of the population dif­
ference between the 3s and 4d states, we have 

£>(U)S) « [l/W t pTJ 2 . CS) 
where W t_ is the two-photon excitation rate from 3s to 4d and T is 
an effective upper-state relaxation time. For Gaussian beams the 
spatial variation of the intensities must bo considered, and in this 
case 
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^ l •' T ^ F i B y » 4 wiiU. (6) 
IA0J2|2 

where K is a constant related to the two-photon transition probabil­
ity and fiw2 = w 4 d - u t - u t - iy. Eq. (6) predicts both saturation 
of the output with increasing Ix • I 2, and broadening of the two-
photon resonance curve. In Fig. 6 we compare these predicted var­
iations with the experimentally observed saturation and broadening. 
The constant, w, was chosen to give the best fit to the saturation 
data. The fit value, w - 1.5S x 10* 3 is in satisfactory agreement 
with the theoretical value w = 1.2 x 10~ 3. Saturation of the sig­
nal ou two-photon resonance becomes significant for I1I2 % 
10 w2/cra , for an intermediate state detuning of 41.2 cm - 1. 

Finally, at high intensities, third order nonlinearities and 
population redistribution can cause changes in the index of refrac­
tion of the vapor which defocus the pump beams and, more importantly* 
destroy the phase matching of the output radiation. By measuring 
the defocusing of the beam nearest the D lines, we deduce that in­
duced changes of the refractive index for that beam may be on the 
order of 10" 5. Both theoretical estimates and experiment show that 
index changes of that magnitude are sufficient to reduce the output 
substantially below the value expected if no induced index changes 
were present. A refractive index change of this magnitude is pro­
duced in Na by an intensity as low as 1 MW/cm2 at 40 cm"1 detuning 
from the D lines and a pressure of 2 torr, by saturation of the dis­
persion. It can also be produced by fractional ionization (due to 
resonant multiphcton ionization) of only one percent. Such index 
changes are the strongest factors limiting conversion efficiency in 
our sum-frequency generation experiments.[3] 

Besides frequency mixing, quadrupole sum-frequency generation 
also allows us to use a novel and accurate technique to measure 
quadrupole transition moments of atoms and molecules.[4J The tech­
nique uses the interference of quadrupole sum-frequency generation 
and DC field-induced third order sum-frequency generation to allow 
direct comparison of the quadrupole moment with products of dipolc 
moments. Since the dependence of the two processes on the beam 
geometry and intensities, phase matching, and atomic density are 
all common, only the matrix elements themselves are compared. Thus, 
we expect the technique to be capable of high accuracy. 

To describe the interference theoretically, the total effective 
polarization radiating in the direction ka is written: 

£.- l-*h ' £ C < 3 ) ' l ^ • I 01 ; £"£*' ( 7 ) 

where E 0 is the DC field. This polarization is proportional to: 
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Fig. 6: (a) Sum-frequency powei P ( w s ) and (b) resonance linewidth 
ii<)2 as functions of the product of the input intensi t ies 1 , I 2 . The 
solid curves arc both derived from Dq.(6) for the effects of two-
photon saturation with w * 1.55xlO~ 3. 
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P « I - i k j - JJ} • Mp'Ejo] . (8) 

where: 

MQ = <a | r r /2 |b> 

When E„ i s adjusted and both l ight f ie lds are l i i»- . r ly polar ized, 
the output i s circularly polarized when: 

E o = ± V \ } ! z M n e a / M D „ W 

where 6 2 is the angle between J<2 and k^. When the <nz input beam is 
circularly polarized, the component of the output parallel to J; x kj 
has a minimum at a field 
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Eo (volts/cmt 
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Figure 7: I x(u' 3l/Iy(i>i3) as a function of the applied DC f ie ld E„ 
for l inear polarized input beams. IxC^s) and Iy(w 3) arc phase-
matched sum-frequency s ignals polarized along x and y , respec t ive ly . 
The sol id curve i s a theore t ica l curve obtained from Uq.(7) to f i t 
the data po in t s . 
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E 0 = 3/4(VVjzz sinMUlzz)- . (103 

Either condition allows us to determine (Mh/M n), including sign, if 
we know the electric field strength. To demonstrate this technique, 
we have measured the 3s-4d quadrupole transition moment of the so­
dium atom. E_o was applied with a pair of flat plate electrodes, 
heated to prevent Na condensation. The results for linearly polar­
ized input light arc shown in Fig. 7, while those for one input beam 
circularly polarized are shown in Fig. 6. Using tabulated values 
for the dipole matrix elements, we derive the values <3s|zz/2|4d> = 
*2.24a0 and <3s|zz/2|4d> = +2.27a,.respectively,from the two meas­

urements. Laser fluctuations limited our accuracy in this experi-
aent to about ±20%. 

We have so far considered the sum-frequency generation process 
in which fixing of two pump beams at uj and IDS induces a quadrupole 
polarization at 013 = u>i + u 2. Another interesting possibility in­
volves the creation of an electric dipole polarization by mixing of 
two pump fields, one of which is coupled to a qundrunolc transition. 
Because the transition is so weak, a laser can be tuned directly to 
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Figure 8: Iy(<ii3)/Iy(u,, E 0 * 0) as a function of the applied HC 
field E, for Eft),) linearly polarized along y and U_(<J>2) left circu­
larly polarized, — 
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the quadrupolc transition to achieve maximum resonant enhancement. 
Such a process can be described by the difference frequency polar­
ization 

PCOJ, - oi2) - * X C Q a } £ , ( k , -M) * Jii(£i - U > ] • < u ) 
where 

v«J ) - H 6 ' T <rMs><s|y|t><tUy/2|r> . 
X ' " * r

r* t K r - " 2)K r-u,) 
As an example, if we tune two lasers near the 6s-6d quadrupole and 
6s-7p dipole transitions of cesium vapor, we should obtain infrared 
difference frequency generation in the range 14-15p near the 7p-6d 
dipole allowed transition of the atoms. For N = 10 1 7cm~ 3, tAj-ns/z -
(ii2 = 2cm"1 and <i>0ds/2 -U] = .25 cm - 1 we find x^i^ » 2.1 x 10 '*esu 
andO(uis) =(?(u)1)C>Cu2)/15W./lW. 

The inclusion of higher multipole terms in the interaction of 
light with matter allows second 'order nonlinear processes to he ob­
served in isotropic media. These processes may be useful both for 
generating new wavelengths of radiation, and for measuring atomic 
or molecular quadrupolc transition moments, which arc difficult to 
measure using other techniques. We may thus observe and exploit 
weak transitions, which until recently, were routinely neglected. 
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