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QUASILINEAR SYSTEMS, SEMIGROUPS, AND
NONLINEAR COUPLING

George H. Pimbley
Los Alamos National Laboratory
Theoretical Division
Mail Stop B214
Los Alamos, New Mexico

ABSTRACT

It is known that the semigroup S(t) corresponding to the sum A + B of two
non-commuting generators, each having semigroups SA(t), respectively

n
C . - He (L
SB(t), is given by the Trotter product SA(t)*SB(t) = ;1: [SA(n)SB(n)]

provided the latter converges. We apply this principle in treating a
quasilinear system with nonlinear coupling. The conjecture is that some
hydrodynamic systems may have semigroups.

We try semigroup methods on the following perturbation:

py *+ ®(p), tou =0 , gz20,¢' >0, ¥ >0,
u, +oy(p), *+ ¥, =0, 0(0) = ¥(0) = y(0) =0 , (1)
p(x,0) = p (x), u(x,0) = ux) , 0<ms Y'(p) s M,

of a previously studied separated system of partial differential equa-
tions, (PDE's). We work in the Banach space B1 = Ll(R) X Ll(R), where
R = (-»,»). The separated system, (put o = 0 in (1)), is



¢(p)
g% + Alw 30, w(0) = Wy Alw 3 <¢(U)i> , W= (ﬂ) , (2)

in vector notation, where the set-valued operator A1 has components given
by Crandall, [Ref. 3, p. 111, (1.7)]. The perturbing system is

dw

u
_ X
It + 0A2w »0 , w(0) = Wy o A2w 3 (Y(p)x> ,a>0 (3)

where A2, the coupling operator, also has a Crandall-type definition.

System (2) is uncoupled. Each component DE is solved globally using
accretiveness principles, (Ref. 3, p. 110), which furnish a unique mild
solution w(t) = Sl(t)wo. Sl(t) is the contracting semigroup operator
generated by A,. If wy & BB, where B, = L(R) x L°(R), w(t) is a
gereralized entropy solution of (2), [Pef. 3, p. 113, Thecrem 1.2].
System (2) can be classically solved, up to a finite breakdown time,
using the method of characteristics.

System (3) 1is nonlinear, coupled, and is essentially an unsolved
nonlinear wave problem, (see [Ref. 8, pp. 306-320] for available mate-
rial). To get a useful approximate problem, we compute the Yosida approx-
imation AZA of the coupling operator A2' [Ref. 1, p. 65], by solving the
system

p+Aux=f

utAyp), =g . (f,9) € By (4)

so as to produce the resolvent (I + AAZ)-l. (Solving (4) is facilitated
by a recult of Brezis, [Ref. 9, p. 123] on the maximal monotonicity in

Hilbert space of a set valued operator containing -y(p)xx; see [Ref. 7].)

AZA = % [1 - (I + AAZ)-l] turns out to have Lipschitz condition:

| 1Ay Wy = AgaWoll S % [1 + M (J%E + 3)] lwy = woll (5)

Wi wz [ Bl



We zolve the problem approximate to system (3):

dw

a{"‘OA

N\ 0 , w(0) = Wy .+ O >0 (3A)
using 0.D.E. methods, to produce the quasi-contractive semigroup solution
W= SZA(t)w0 generated by OAZA in B1 .

Using vector notation, we may rewrite system (1) as follows:

u

dw - _ Po
Gt AWt oAW 30, w(0) = wy = ( o> , (6)

and the approximate problem we are going to solve is

dw -
at + Alw + OAZAW 0 , w(0) = Wy - (BA)

The mild solution, wA(t) = SA(t)w0 of (GA) ought now to be expressible as
the Trotter product:

WA(E) = 55(thwg = 11m [SZA(%>51(%)]'1"0

SZA(t)'Sl(t)WO . (7)

The expeditious way to show that (7) converges is first to prove
that SA(t) exists, using a well known semigroup perturbatiun result:
Theorem: Let A be maximal accretive [Ref. 3, p. 110, (1.2), (1.4)] in a
Banach space X, and let F be a Lipschitz operator on X to itself, with
Lipschitz constant L. Then for every x ¢ D(A) , the pro-lem

du

at + (A+F)u>0 , u(0)= Xg

has the unique mild solution u(t) = S(t)x0 € X, where the operator S(t),
t > 0, has the semigroup property and i{s quasi-contractive:

S(t +s5) =S(t)S(s) , S(0) =1



and

1HS(x = syl s e fix =yl , x, yeX

The proof of this result is repeated in [Ref. 5, Theorem 3]. Also,
the result is contained in a Corollary of Calvert and Gustafson, [Ref. 2,
p. 152]. The theorem is directly applicable to the situation with Eq.
(GA)' The semigroup SA(t) in (7) exists. The convergence of the product
in (7) is then based on a result of Brezis and Pazy, [Ref. 1, pp. 68, 71;
Theorems 3.2, 4.1], and the observation that A1 in (2) is single valued
on D(A;) MB_, [Ref. 3, p. 112, Lemma 1.1]. In the just-cited theorem of
Brezis and Pazy, we put T(t) = SZA(t)Sl(t)' Tracing the logic of the
cited theorems, we state our first main result:
Theorem 1: Approximate problem (GA) has the unique global mild solution

given by (7). SA(t) is a quasi-contractive semigroup with Lipschitz con-

stant ePAY, where By = %[i + J—ﬁ'<i%;r+ 3)]. The Trotter product expres-
sion converges uniformly on bounded t-intervals.

Crandall states, [Ref. 3, p. 113, Theorem 1.2] that if y ¢ B1 F\Ba,
then Sl(t)y € B1 F\Bm, and that ||Sl(t)y||m s llyll,, where [[:]] =

I1-1t , + 1l-11 _  is the norm of B_. Using methods like those
L (R) L (R)
leading to (5), [Ref. 7], it is shown that AZA in Eq. (GA) is Lipschitz

continuous in Blf"\Bm in terms of the norm ||'||m' with constant

3/2
1 M
x[l*(rn) a
takes Blf"\Bm into itself. It is not difficult then to deduce the follow-

ing result:

Theorem 2: The semigroup SA(t) generated by A1 + UAZA in (GA)' and which
thereby gives the solution with inftial data y ¢ Bl(W B, is such that

M
7=ﬁ)]. Hence the semigroup SZA(t) solving problem (3A)

[+ ]
tp
A
Sh(t)y E 81(W B, Moreover, we have llSA(t)yllm S e liyll,_, where

SH R

The mild solution wA(t) = SA(t)wO given by Theorem 1 in B1 has clas-
sical validity wherever wA(t) {s time-differentiable. Time-parametrized



absolutely continuous locii in non-uniformly convex B1 = Ll(R) X Ll(R)
are not necessarily time-differentiable however. A mild solution is such
a locus, and is the unique strong solution, when valid. Crandall faced
this situation with semigroup Sl(t) in [Ref. 3]. He showed that Sl(t)
gives the weak eontropy solution for problem (2), whatever the value
t > 0, [Ref. 3, p. 113, Theorem 1.2, (ii)], if Wy € Bltﬁ\Bm. We do like-
wise for our semigroup SA(t), obtained for problem (GA)'

Theorem 3: Trotter product expression (7), with Wy € Blr’\Bm. is a
generalized entropy solution for approximate problem (GA)' Thus

wA(t) = (pA,uA) is such that, with pA(O),uA(O) > Ll(R) f\Lm(R),

T oo
flp, - kqlf
[ e - v,

+

sign (p,-k)) [6(p,) = 0(k)IF,

osign (p,~ky) TAy, (vysuy)]; fldxdt 2 0 (8a)

- =00

and
T fe
_/; /- {lu, - k,lg, - osign (”A'kz) [Azx(px'“\)lzg

+

sign (uy-ky) [W(uy) = w(k,)]g, tdxdt 20 , (0b)

for every pair f(x,t),q(x,t) of non-negative twice differentiable test
functions compactly supported in R, every pair kl.k2 of real constants,
and arbitrary T > 0.

Here, the comporent; [AZA(pA'UA)]l’ [AZA(pA’uA)]Z of the Lipschitz

u
X
. A
operator AZA in Eq (3A) must be laboriously derived from <Y(p)x) e A,

1=

in Eq. (3), using A,, =

-1
ZA"A[I_(I"AAZ) ]'

The proof we give for Theorem 3 is a two-component version of a
proof of Kruzkev, (Ref. 4, p. 236). Starting with the problem

dw - : - - .
qo t AL+ oh,w - e Bw =0, W(0) =Wy B NB, (9)



which has a unique classizal solution expressible as a Trotter triple
product:

WA,p,E(t) = Se(t)'SZA(t)*Slp(t) Vig

(where A1p = % [I-(I + pAl)_l] is the generator of semigroup Slp(t))’
we proceed in the manner of Kruzkov. After breaking (9) into coupled
PDE's involving components of Alp : [Alp(p)]l' [Alp(u)JZ’ and components
of AZA : [AZA(p'u)]l’ [AZA(p,u)]Z, we form Kruzkov's non-negative inte-
gral expressions [Ref. 4, p. 236, (4.23)], using a pair of convex entro-
pies and a pair of non-negative compactly supported test functions f,qg.
Letting p»0 first in these expressions preserves needed reguiarity. Then
an application of the integration by parts recipe, and letting e-0,
brings us to our inequalities (8). This process is described in more
detail in recent work of the author [Ref. 5].

For this specific problem of nonlinearly coupled PDE's, the con-
vergence question, i.e., what bappens when we refine the Yosida approxi-
mation, taking A»0 in Eq. (GA)' has not yet been dealt with. A recent
work of the author, [Ref. 6], treats the case where the coupling opera-
tors in (6) and (BA)' i.e., Az, AZA’ are linear. \'e foresee using simi-
lar methods at this time.

Namely, we shall study the a-limit process by using an equivalent
evolution equation:

d . , -
Tt AL ()Y + oAy =0 , y(0) =w, e B B, (10)

where, 1in contrast with previous work [Ref. 6, E3. (7)], the operator
. =1 - -1

AZA is now nonlirear: AZA = [l (I + AA?) ], satisfying Lipschitz

condition (5).

Also, in (10) one sees the same linearized operator A'(wA(t)) as
before, [Ref. 6, (9)],



o' (p, (x,1)) g; . 0 p
Ay (W, (8w = (11)
d
0 'bI(UA(X,t)) a ' u

where wA(t) = (pA(x,t), uA(x,t)) is a vector known from (7). From (11)
it can be seen that if we have uniqueness for the solution of (10), then
the solution of (10) must be wA(t) itself, the generalized entropy solu-
tion of (GA). Using (10). we can hope to study the convergence process
as A»>0, as was done in the case of linear coupling, [Ref. 6, Eq. (7)].
It is important that the linearization and substitution of wA(t) from
(7), is done in a term not involved in the Yosida approximation AZA in
(GA) and (10).

The fact that AZA is now nonlinear does not hinder our showing that
Ai(wk(t)) is Lipschitz continuous in t, [Ref. 6, Lemma 2], nor our selec-

tion of a subsequence {wk(t)} by the weak (*) compactness of the sets
n

{¢'(pA(x,t)), A > 0}, {¢'(uA(x,t)), A > 0} under the assumptions 0 < m $
o' €M, 0<m¢< ' $M, [Ref. 6, proof of Lemma 4]. It appears that oth-
er facets of our previous work with Eq. (10) will need a general overhaul.

The equations for one-dimensional isentropic flow, which are more or
less physical, can be written in the form

Py * ud, +(::) 0 , p=1logp , p =density
(12)

1,2, _ ,
uy ++ 2 (u )x =0 u particle velocity

where y is derived from an equation of state. Eq. (12) can be separated
into the diagonal problem and the coupling probiem. We encircle coupling
torms in (12). Though Crandall [Ref. 3, p. 126] cites difficulties with
the operator %(uz)x, one can hope that methods such as discussed herein
might be applied ultimately to show a generalized entropy semigroup solu-
tion.
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