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QUASILINEAR SYSTEMS, SE141GROUPS, AND

NONLINEAR COUPLING

George H, Pimbley

Los A!amos National Laboratory

Theoretical Division

Mail Stop B214

Los Alamos, New Mexico

ABSTRACT

It is known that the semigroup S(t) corresponding to

non-commuting generators, each having semigroups

SB(t), is qiven by the Trotter product SA(t)*SB(t) =

the sum A + B of two

SA(t), respectively

lim ~/&)sB(:)]n
n+m

provided the latter converges. We apply this principle in treating a

quasil inear system with nonlinear coupling. The conjecture is that some

hydrodynamic systems may have semigroups.

We try semigroup methods

pt + O(P)X + Uux = o ,

Ut + UY(P)X + V(u)x = o

p(x,o) = PO(X)! U(x,o) =

on the followlng perturbation:

u z o, !$’ > 0, w’ > 0,

I $(0) =V(o) = y(o) = o , (1)

Uo(x) , O<mSy’(p)SM,

of a previously studied separated system of partial differential equa-

tions, (POE’S). We work in the Banach space f31 = L1(R) x L1(R), where

R= (-a,~). The separated system, (puto= O in (l)), is



(2)

in vector notation, where the set-valued operator Al has components given

by Crandall, [Ref. 3, p. 111, (1.7)]. The perturbing system is

()

u
~+ UA2W30, w(0) = W. , A2W 3 ~:p) ,Iy>(l (3)

x

where A2, the coupling operator, also has a Crandall-type definition.

System (2) is uncoupled. Each component DE is solved globally using

accretiveness principles, (Ref. 3, p. 110), which furnish a unique mild

~olution w(t) = Sl(t)woo Sl(t) is the contracting semigroup operator

generated by Al. If W. c BlnBm where Em = Lm(R) x L“(R), w(t) is a

ge~eralized entropy solution of (2), [I?ef. 3, p. 113, Theorem 1.2].

System (2) can be classically solved, up to a finite breakdown time,

using the method of characteristics.

System (3) is nonlinear, coupled, and is essentially an un~olved

nonlinear wave problem, (see [Ref. 8, pp. 306-320] for available mate-

rial). “(oget a useful approximate problem, we compute the Yosida approx-

imation ‘2A of the coupling operator Az, [Ref. 1, p. 65], by solving the

system

p+Aux=f

u + AY(P)X = g , (f,9) c B1 (4)

so as to produce the resolvent (I + AA2)-1. (Solving (4) is facilitated

by a result of Brezis, [Ref. 9, p. 123] on the maximal munotonlcity in

Hilbcrt space of a set valued operator containing ‘y(P)xX; See [Ref. 7].)

‘2A
=;[1 - (I +AA2) ‘1] turns out to have Lipschitz condition:

I IA2AWI ‘A2AW211 ~ ~[L+fl (Q+3)] llw~w211 ) (s)



We solve the problem approximate to system (3):

$+uA ~Aw = o ,W(o)=wo, u>o, (3A)

using O.D.E. methods, to produce the quasi-contractile semigroup solution

w =

and

The

the

‘2A(t)w(J generated by UA2A in El .

Using vector notation, we may rewrite system (1) as follows:

dw + Alw + UA2W > 0
P.

x ()
,W(o)=wo= u ,

0

the approximate problem we are going to solve is

~ + AIW + ~A2AW 3 0 , w(o) = W. .

(6)

(6A)

mild solution, wA(t) = ‘A(t)wO of (6A) ought now to be expressible as

Trotter product:

w#) = ‘A(t)wo
= ~~ [s2A(%(;)]nw0

= s2Aft)*s1(t)wo . (7)

The expeditious way Lo. show that (7) converges is first to prove

that SA(t) exists, using a well known semigroup perturbat{~n result:

Theorem: Let A be maximal accretive [Ref. 3, p. 110, (1.2), (1.4)] in a

Banach space X, and let F be a Lipschitz operator on X to it~elf, with

Lipschitz constant L. Then for every X. E m) , the proklem

du
~+ (A + F) U JO , u(o) = xc

has the unique mild solution u(t) ❑ S(t)xo c X, where the operator S(t),

t > 0, has the semigroup property and Is quasi -contracti”~e:

S(t + s) = S(t)s(s) , s(o) = I



and

Ils(t)x - S(t)yll S eLt IIX-YII , X, YE)( .

The proof of this result is repeated in [Ref. 5, Theorem 3]. Also,

the result is contained in a Corollary of Calvert and Gustafson, [Ref. 2,

p. 152]. The theorem is directly applicable to the situation with Eq.

(6A). The semigroup SA(t) in (7) exists. The conbsrgence of the product

in (7) is then based on a result of Brezis and Pazy, [Ref. 1, pp. 68, 71;

Theorems 3.2, 4.1], and the observation that Al in (2) is single valued

on D(Al)n Ba, [Ref. 3, p. 112, Lemma 1.1]. In the just-cited theorem of

Brezis and Pazy, we put T(t) = S2A(t)Sl(t). Tracing the logic of the

cited theorems, we state our first main result:

Theorem 1: Approximate problem (6A) has the unique global mild solution

given by (7). SA(t) is a quasi-contractile semigroup with Lipschitz con-

stant ePAt, where PA .:[, +~(g+ 3)]. The Trotter product expres-

sion converges uniformly-on bounded t-intervals.

Crandall states, [Ref. 3, p, 113, Theorem 1.2] that ify & LllnB@,

then Sl(t)y & BlnBm, and that llSl(t)yllm s Ilyllm, where Il*llm =

11”11 +11”11 is the norm of B Using methods like those
L@(R) L~(R)

m“

leading to (5), [Ref. 7], it is shown that A2A In Eq. (6A) is Lipschitz

continuous in BlnBm in terms of the norm Il”llm, with constant

} [1+(y2 +(+)]. Hence the semigroup S2A(t) solving problem (3A)

takes BlflBm into itself, It is not difficult then to deduce the follow-

ing result:

Theorem 2: The semigroup SA(t) generated by Al + UA2A in (6A), and which

thereby gives the solution with initial data y c BlnBm, is such that

tp;

S)(W E B@m. Moreover, we have llSA(t)yll@ 5 e llYllm, where\

The mild solution kA(t) = SA(t)wO given by Theorem 1 in BI has clas-

sical validity wherever wA(t) IS time-di fferel~tiable. T~me-parametrized



absolutely continuous locii in non-uniformly convex BI = L1(R) x L1(R)

are not necessarily time-differentiable however. A mild solution is such

a locus, and is the unique strong solution, when valid. Crandall faced

this situation with semigroup Sl(t) in [Ref. 3]. He showed that Sl(t)

gives the weak ~ntropy solution for problem (2), whatever the value

t > 0, [Ref. 3, p. 113, Theorem 1.2, (ii)], if WO s Bl~Ba. We do

wise for uur semigroup SA(t)) obtained for problem (6A).

Theorem 3: Trotter product expression (7), with W. c BlnBm,

generalized entropy solution for approximate problem (6A).

wA(t) = (PA,UA) is such that, with pA(0),uA(O) c Ll(R)n L@(R),

Tm

JJ{IP:, - kllft + sign (pA-kl) [$(PA) - Wl)]fx
o -m

- asign (p~-kl) [A2A(PA,UA)11 f)dxdt 2 0

and

Tm

j( {luA - k71gt - OSjCJn (uA-k2) [A2)t(PA,u\)]29
o--~

+ sign (uA-k2) [ll(uA)- $(k2)lgx)dxdt z O

1ike-

is a

Thus

(8a)

, (Oh)

for every pair f(x,t),g(x,t) of non-negative twice differentiable test

functions compactly supported in R, every

and arbitrary T > 0,

Here, the compo~entj [A2A(PA,uA)]l)

pail’ kl,k2 of real constants,

[~~2*(P*,A 2u )] of the Lipschitz

()
u

operator A2A in Eq. (3A) must be laboriously derived from
Y(;)x & ‘2

in Eq. (3), using A2A=~ [1 - (I + AA2)-1].

The proof we give for Theorem 3 is a two-component version of a

proof of Kruzkcv, [Ref. 4, p. 236]. Starting with the problem

dw
+ ‘lp

w +(JA w - c Aw=o, w(o) =woc Bln Bm,
at 2A

(9)



which has a unique classical solution expressible as a Trotter triple

product:

‘A,p,E
(t) = sc(t)*s2A(t)*s1p (t) w. ,

1 [1 - (I + pAl)-l] is the generator of semigroup Sip(t)),‘where ‘lp = p
we proceed in the manner of Kruzkov. After breaking (9) into coupled

PDE’s involving components of A
lp : [AIP(P)I1, [A1P(u)12, and components

‘f ‘2A : [A2A(P,U)11, M2A(P,U)12) we form Kruzkov’s non-negative inte-

gral expressions [Ref. 4, p. 236, (4.23)], using a pair of convex entro-

pies and a pair of non-negative compactly supported test functions f,g.

Letting p+O first in these expressions preserves needed regularity. Ttien

an application of the integration by parts recipe, and letting c+O,

brings us to our inequalities (8). This process is described in mor~

detail in recent work of the author [Ref. 5].

For this s~ecific problem of nonlinearly coupled PDE’s, the con-

vergence question, i.e. , what happens when we refine the Yosida approxi-

mation, taking .1+0 in Eq. (6A), has not yet been dealt with. A recent

work of the author, [Rt’f. 6], treats the case where the coupling opera-

tors in (6) and (tiA), i.e., A2, A2A, are linear. \’eforesee using simi-

lar methods at this time.

Namely, we shall study the A-lifI?it process by using an equivalent

evolution equation:

$ +‘i(w~(t))Y +0A2Ay = () , y(o) = W. c B1/lB@ , (lo)

where, in contrast with previous work [Ref. 6, Eq. (7)], the opera:or

‘2A ~ [1 - (I + AA, )-l], satisfying Lipschitz‘s ‘0” ‘Onlir’ear: ‘2A = A
condition (5).

Also, in (10) one sees the same linearized operator A’(wA(t)) as

before, [Ref. 6, (9)],



(o’(PA(x, t)) ;; “ o

)()

P

A;(wh(t))w = (11)

o ‘J’(uA(x,t))& ‘ u

where wA(t) = (pA(x,t), UA(XJ L)) is a vector known from (7). From (11)

it can be seen that if we have uniqueness for the solution of (10), then

the solution of (10) must be wA(t) itself, the generalized entropy solu-

tion of (6A). Using (10), we cap hope to study the convergence process

as A+O, as was done in the case of linear coupling, [Ref. 6, Eq. (7)].

It is important that the linearization and substitution of wA(t) from

(7), is done in a term not involved in the Yosida approximation A2A in

(6A) and (10).

The fact that A2A is now nonlinear does not hinder our showing that

Ai(wA(t)) is Lipschitz continuous in t, [Ref. 6, Lemma 2], nor our selec-

tion of a subsequence {wA(t)} by the weak (*) compactness of the sets

{@(pA(x, t)), A > 0), {$’?”A(x,t)), A > 0) under the assumptions o < m ~

$’ $ M, O < m 5 o’ S M, [Ref. 6, proof of Lemma 4]. It appears that oth-

er facets of our previous work with Eq. (10) will need a general overhaul.

The equations for one-dimensional isentropic flow, which are more or

less physical, can be written in the form

o~t+upx+ux=O , ~=logp , p= density
(12)

oUt + Y(b)x +; (U2)X= 0 u = particle velocity

where y is derived from an equdtion of state. Eq, (12) can be separated

into the diagonal problem and the coupling problem. We encircle coupling

tr:rms in (12). Though Crandall [Ref. 3, p. 126] cites difficulties with

the operator 12
# u )x, one can hope that methods such as discussed herein

might be applied ultimately to show a generalized entropy semigroup solu-

tion.
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