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EPRI PERSPECTIVE

PROJECT DESCRIPTION

Through RP307-1, EPRI has made available to utilities and the industry 
at large the general-purpose and user-oriented explicit finite difference 
transient continuum mechanics computer code, STEALTH, based on the technol­
ogy developed and tested in the defense community. As part of the EPRI 
research program to develop advanced nonlinear analysis methodology and com­
puter codes for nuclear design and licensing analysis, successful completion 
of the general-purpose version of the STEALTH code has been followed by 
reduced versions for "specific" applications such as soil-structure inter­
action, piping flow, and fluid-structure interaction. The current documen­
tation updates expanded capabilities, modeling improvement, and additional 
qualifications accomplished since the publication of the original STEALTH 
manuals, EPRI Computer Code Manual NP-260, in 1976.

PROJECT OBJECTIVE

The objective of the project is to develop a general, portable, modu­
lar, and machine-independent explicit finite difference code to address 
transient and quasi-static design situations such as water-hammer, soil- 
structure interaction, missile impact, piping flow, and fluid-structure 
interaction. State-of-the-art capabilities are developed, and extensive 
qualifications are performed. It is intended that, with extensive docu­
mentation and user-oriented modeling features, the code can be used by 
engineers with maximum efficiency and reliability.

PROJECT RESULTS

Since 1976, more than 100 copies of the STEALTH code have been dis­
tributed through three releases, to both domestic and foreign organizations, 
including utilities, vendors, architect-engineering firms, and research
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institutions. Version 4-1A is the fourth release of the general-purpose 
STEALTH code, in which three-dimensional capabilities are qualified and 
documented. In addition to the general-purpose code, special-purpose 
versions of STEALTH are developed using either mechanical-only or thermal- 
only subsets for efficient soil-structure interaction, piping flow, and 
fluid-structure interaction applications. The Introduction and Guide 
(Volume 0) of the STEALTH manuals provides an overview of the design and 
documentation structures of the entire STEALTH family codes.

This project has been managed by Conway Chan and H. T. Tang.

H. T. Tang, Project Manager 
Nuclear Power Division
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ABSTRACT

A useful computer simulation method based on the explicit finite 
difference technique can be used to address transient dynamic situations 
associated with nuclear reactor design and analysis.

This volume is divided into two parts. Part A contains the theoretical 
background (physical and numerical) and the numerical equations for the 
STEALTH ID, 2D, and 3D computer codes. Part B contains input instructions 
for all three codes. The STEALTH codes are based entirely on the published 
technology of the Lawrence Livermore National Laboratory, Livermore, Cali­
fornia, and Sandia National Laboratories, Albuquerque, New Mexico.
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STEALTH DOCUMENTATION REVISIONS

With each release of new or revised STEALTH documentation, the STEALTH 
user will receive a Newsletter and a set of "REVISIONS" pages, both of which 
will summarize changes to the documentation. The Newsletter will present 
general comments, while the REVISIONS pages will include a detailed summary 
of changes. The REVISIONS pages will be numbered so that they will have a 
permanent location in an appropriate volume of the STEALTH manuals. The 
volume number and date of each REVISIONS page will appear in the lower right- 
hand corner of the page. The format of the REVISIONS page is shown below.

New New Old Old
Page Rev.# Date COMMENTS Rev.# Date

The "Page" heading refers to the page number of the revised page. The 
"New" and "Old" headings refer to the information in the lower right-hand 
comer of each page. (If there is no information in the lower right-hand 
corner of a page, assume that the page was created on 15 AUG 75 and its re­
vision number is 0.) Under the "COMMENTS" heading, there will be a string 
of coded letters with the following meanings:

EA = equation(s) added TA =
EC = equation(s) changed TC =
ED = equation(s) deleted TD =

PA = page added VA =
PC = page changed VC =
PD = page deleted VD =

NF = new figure SC =
NT = new table 
NE = new equation number 
NR = new reference

text added 
text changed 
text deleted

variable(s) added 
variable(s) changed 
variable(s) deleted

simple correction (usually 
correction of typo or spelling)

xiii
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2.14 1 15 NOV 77 TC, TA 0 15 AUG 75
2.15a 1 15 NOV 77 TC, TA, EC 0 15 AUG 75
2.15b 0 15 NOV 77 PA
2.15c 0 15 NOV 77 PA
2.15d 0 15 NOV 77 PA
2.15e 0 15 NOV 77 PA
2.15f 0 15 NOV 77 PA
2.16 1 15 NOV 77 TC 0 15 AUG 75
2.17 1 15 NOV 77 TD 0 15 AUG 75
2.18 1 15 NOV 77 TD 0 15 AUG 75
2.22 1 15 NOV 77 NE 0 15 AUG 75
2.23 1 15 NOV 77 NE 0 15 AUG 75
2.24 1 15 NOV 77 NE 0 15 AUG 75
2.25 1 15 NOV 77 NE 0 15 AUG 75
2.26 1 15 NOV 77 NE, TC, EC 0 15 AUG 75
2.27 0 15 NOV 77 PA
3.1a 1 15 NOV 77 TA 0 15 AUG 75
3.1b 0 15 NOV 77 PA

*Key to COMMENTS appears on Page xm.
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Old 
Rev. #

Old
Date

3.2 2 15 NOV 77 EC, TC 1 1 DEC 76
3.3 2 15 NOV 77 EC, TC 1 1 DEC 76
3.4 1 15 NOV 77 TC 0 15 AUG 75
3.5 1 15 NOV 77 NF 0 15 AUG 75
3.6a 2 15 NOV 77 TA 1 1 DEC 76
3.6b 0 15 NOV 77 PA
3.6c 0 15 NOV 77 PA
3.6d 0 15 NOV 77 PA
3.6e 0 15 NOV 77 PA
3.6f 0 15 NOV 77 PA
3.6g 0 15 NOV 77 PA
3.7 1 15 NOV 77 EC, TC 0 15 AUG 75
3.8a 1 15 NOV 77 NF 0 15 AUG 75
3.8b 0 15 NOV 77 PA
3.8c 0 15 NOV 77 PA
3.8d 0 15 NOV 77 PA
3.8e 0 15 NOV 77 PA
3.8f 0 15 NOV 77 PA
3.8g 0 15 NOV 77 PA
3.8h 0 15 NOV 77 PA
3.9 0 15 NOV 77 PA
3.10 0 15 NOV 77 PA
3.11 0 15 NOV 77 PA
3.12 0 15 NOV 77 PA
3.13 0 15 NOV 77 PA
3.14 0 15 NOV 77 PA
3.15 0 15 NOV 77 PA
3.16 0 15 NOV 77 PA
3.17 0 15 NOV 77 PA
3.18 0 15 NOV 77 PA

*
Key to COMMENTS appears on Page xiii.
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3.19 0 15 NOV 77 PA
3.20 0 15 NOV 77 PA
3.21 0 15 NOV 77 PA
3.22 0 15 NOV 77 PA
3.23 0 15 NOV 77 PA
3.24 0 15 NOV 77 PA
4.2 1 15 NOV 77 EC 0 15 AUG 75
4.3 1 15 NOV 77 EC, TA 0 15 AUG 75
4.4 1 15 NOV 77 EC 0 15 AUG 75
4.5 1 15 NOV 77 EC 0 15 AUG 75
4.7 2 15 NOV 77 EC 1 1 DEC 76
4.8 1 15 NOV 77 TC 0 15 AUG 75
4.17 1 15 NOV 77 EC, NE 0 15 AUG 75
4.18 1 15 NOV 77 NE 0 15 AUG 75
4.20 1 15 NOV 77 SC, NR 0 15 AUG 75
4.21 1 15 NOV 77 EC 0 15 AUG 75
4.22 1 15 NOV 77 EC, TC 0 15 AUG 75
4.23 1 15 NOV 77 VC, TC 0 15 AUG 75
4.25 1 15 NOV 77 EC 0 15 AUG 75
4.29 1 15 NOV 77 VC 0 15 AUG 75
4.34 1 15 NOV 77 VC 0 15 AUG 75
4.36 1 15 NOV 77 TC 0 15 AUG 75
4.42 0 15 NOV 77 PA
4.43 0 15 NOV 77 PA
4.44 0 15 NOV 77 PA
4.45 0 15 NOV 77 PA
4.46 0 15 NOV 77 PA
4.47 0 15 NOV 77 PA
5.1 1 15 NOV 77 TC 0 15 AUG 75
5.2 1 15 NOV 77 EC 0 15 AUG 75

*Key to COMMENTS appears on Page xiii.
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5.3 2 15 NOV 77 EC 1 1 DEC 76
5.4 2 15 NOV 77 EC 1 1 DEC 76
5.5 1 15 NOV 77 EC 1 15 AUG 75
5.6 2 15 NOV 77 EC 1 1 DEC 76
5.7 2 15 NOV 77 EC, TC, TA 1 1 DEC 76
5.8 1 15 NOV 77 EC 0 15 AUG 75
5.10 2 15 NOV 77 EC 1 1 DEC 76
5.14 2 15 NOV 77 EC 1 1 DEC 76
5.17 1 15 NOV 77 TC 0 15 AUG 75
5.19 1 15 NOV 77 TA 0 15 AUG 75
5.20 1 15 NOV 77 EC, TC 0 15 AUG 75
5.22 1 15 NOV 77 TD, TC 0 15 AUG 75
5.24 1 15 NOV 77 TC, EC 0 15 AUG 75
5.25 1 15 NOV 77 EC, TC, NR 0 15 AUG 75
5.26 1 15 NOV 77 EC, VC, TC 0 15 AUG 75
5.27 1 15 NOV 77 NE, TC, VC 0 15 AUG 75
5.31 1 15 NOV 77 EC, TC 0 15 AUG 75
5.37 1 15 NOV 77 VC, TC 0 15 AUG 75
5.39b 1 15 NOV 77 EC 0 1 DEC 76
5.43 1 15 NOV 77 VC 0 15 AUG 75
5.44 1 15 NOV 77 VC 0 15 AUG 75
5.45 1 15 NOV 77 TC 0 15 AUG 75
5.51 0 15 NOV 77 PA
5.52 0 15 NOV 77 PA
5.53 0 15 NOV 77 PA
5.54 0 15 NOV 77 PA
5.55 0 15 NOV 77 PA
5.56 0 15 NOV 77 PA
6.1 0 15 NOV 77 PA
6.2 0 15 NOV 77 PA

*Key to COMMENTS appears on Page xiii.

Volume 1
15 NOV 77 xxiv



REVISIONS

New New
Page Rev.# Date

6.3 0 15 NOV 77
6.4 0 15 NOV 77
6.5 0 15 NOV 77
6.6 0 15 NOV 77
6.7 0 15 NOV 77
6.8 0 15 NOV 77
6.9 0 15 NOV 77
6.10 0 15 NOV 77
6.11 0 15 NOV 77
6.12 0 15 NOV 77
6.13 0 15 NOV 77
6.14 0 15 NOV 77
6.15 0 15 NOV 77
6.16 0 15 NOV 77
6.17 0 15 NOV 77
6.18 0 15 NOV 77
6.19 0 15 NOV 77
6.20 0 15 NOV 77
6.21 0 15 NOV 77
6.22 0 15 NOV 77
6.23 0 15 NOV 77
6.24 0 15 NOV 77
6.25 0 15 NOV 77
6.26 0 15 NOV 77
6.27 0 15 NOV 77
6.28 0 15 NOV 77
6.29 0 15 NOV 77
6.30 0 15 NOV 77
6.31 0 15 NOV 77
6.32 0 15 NOV 77

*

Old
COMMENTS" Rev.#

PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA

Key to COMMENTS appears on Page xiii
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6.33 0 15 NOV 77
6.34 0 15 NOV 77
6.35 0 15 NOV 77
6.36 0 15 NOV 77
6.37 0 15 NOV 77
6.38 0 15 NOV 77
6.39 0 15 NOV 77
6.40 0 15 NOV 77
6.41 0 15 NOV 77
6.42 0 15 NOV 77
6.43 0 15 NOV 77
6.44 0 15 NOV 77
6.45 0 15 NOV 77
6.46 0 15 NOV 77
6.47 0 15 NOV 77
6.48 0 15 NOV 77
6.49 0 15 NOV 77
6.50 0 15 NOV 77
6.51 0 15 NOV 77
6.52 0 15 NOV 77
6.53 0 15 NOV 77
6.54 0 15 NOV 77
6.55 0 15 NOV 77
6.56 0 15 NOV 77
6.57 0 15 NOV 77
6.58 0 15 NOV 77
6.59 0 15 NOV 77
6.60 0 15 NOV 77
6.61 0 15 NOV 77
6.62 0 15 NOV 77

*

Old
COMMENTS* Rev.#

PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA

Key to COMMENTS appears on Page xiii
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6.63 0 15 NOV 77
6.64 0 15 NOV 77
6.65 0 15 NOV 77
6.66 0 15 NOV 77
6.67 0 15 NOV 77
6.68 0 15 NOV 77
6.69 0 15 NOV 77
6.70 0 15 NOV 77
6.71 0 15 NOV 77
6.72 0 15 NOV 77
6.73 0 15 NOV 77
6.74 0 15 NOV 77
6.75 0 15 NOV 77
6.76 0 15 NOV 77
6.77 0 15 NOV 77
6.78 0 15 NOV 77
6.79 0 15 NOV 77
6.80 0 15 NOV 77
6.81 0 15 NOV 77
6.82 0 15 NOV 77
6.83 0 15 NOV 77
6.84 0 15 NOV 77
6.85 0 15 NOV 77
6.86 0 15 NOV 77
6.87 0 15 NOV 77
6.88 0 15 NOV 77
6.89 0 15 NOV 77
6.90 0 15 NOV 77
6.91 0 15 NOV 77
6.92 0 15 NOV 77

*
Key to COMMENTS appears on

Old
COMMENTS* Rev.#

PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA

Page xiii.

Old
Date
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6.93 0 15 NOV 77
6.94 0 15 NOV 77
6.95 0 15 NOV 77
6.96 0 15 NOV 77
6.97 0 15 NOV 77
6.98 0 15 NOV 77
6.99 0 15 NOV 77
6.100 0 15 NOV 77
6.101 0 15 NOV 77
6.102 0 15 NOV 77
6.103 0 15 NOV 77
6.104 0 15 NOV 77
6.105 0 15 NOV 77
6.106 0 15 NOV 77
6.107 0 15 NOV 77
6.108 0 15 NOV 77
6.109 0 15 NOV 77
6.110 0 15 NOV 77
6.111 0 15 NOV 77
6.112 0 15 NOV 77
6.113 0 15 NOV 77
6.114 0 15 NOV 77
6.115 0 15 NOV 77
6.116 0 15 NOV 77
6.117 0 15 NOV 77
6.118 0 15 NOV 77
6.119 0 15 NOV 77
6.120 0 15 NOV 77
6.121 0 15 NOV 77
6.122 0 15 NOV 77

*

Old
COMMENTS''' Rev. #

PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA
PA

Key to COMMENTS appears on Page xiii.

Old
Date
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6.123 0 15 NOV 77
6.124 0 15 NOV 77
6.125 0 15 NOV 77
6.126 0 15 NOV 77
6.127 0 15 NOV 77
6.128 0 15 NOV 77
6.129 0 15 NOV 77
6.130 0 15 NOV 77
6.131 0 15 NOV 77
6.132 0 15 NOV 77
6.133 0 15 NOV 77
6.134 0 15 NOV 77
6.135 0 15 NOV 77
6.136 0 15 NOV 77
6.137 0 15 NOV 77
6.138 0 15 NOV 77
6.139 0 15 NOV 77
6.140 0 15 NOV 77
6.141 0 15 NOV 77
6.142 0 15 NOV 77
6.143 0 15 NOV 77
6.144 0 15 NOV 77
6.145 0 15 NOV 77
6.146 0 15 NOV 77
6.147 0 15 NOV 77
6.148 0 15 NOV 77
6.149 0 15 NOV 77
6.150 0 15 NOV 77
6.151 0 15 NOV 77
6.152 0 15 NOV 77

*Key to COMMENTS appears on

Old
COMMENTS* Rev.#

PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA

Page xiii.

Old
Date
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Old
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6.153 0 15 NOV 77 PA

6.154 0 15 NOV 77 PA
6.155 0 15 NOV 77 PA
6.156 0 15 NOV 77 PA
6.157 0 15 NOV 77 PA
6.158 0 15 NOV 77 PA
6.159 0 15 NOV 77 PA
6.160 0 15 NOV 77 PA
6.161 0 15 NOV 77 PA
7.a 1 15 NOV 77 PC 0 15 AUG 75
7.b 1 15 NOV 77 PC 0 15 AUG 75
7.c 1 15 NOV 77 PC 0 15 AUG 75
7.d 1 15 NOV 77 PC 0 15 AUG 75
7. e 1 15 NOV 77 PC 0 15 AUG 75
7. f 1 15 NOV 77 PC 0 15 AUG 75
7.g 1 15 NOV 77 PC, TC 0 15 AUG 75
7.h 1 15 NOV 77 PC 0 15 AUG 75
7.i 1 15 NOV 77 PC 0 15 AUG 75
7.j 1 15 NOV 77 PC, TC, TA 0 15 AUG 75
7.k 0 15 NOV 77 PA
7.X 1 15 NOV 77 PC 0 1 DEC 76
7.m 1 15 NOV 77 PC, TC 0 1 DEC 76
7 .n 1 15 NOV 77 PC, TC 0 1 DEC 76
7.r 2 15 NOV 77 PC 1 1 DEC 76
7.s 1 15 NOV 77 PC 0 15 AUG 75
7.001 2 15 NOV 77 TC, TA 1 1 DEC 76
7.002 1 15 NOV 77 TC 0 15 AUG 75
7.009 2 15 NOV 77 VA 1 1 DEC 76
7.012 1 15 NOV 77 TC 0 15 AUG 75
7.013 1 15 NOV 77 TC 0 15 AUG 75

•flf
Key to COMMENTS appears on Page xiii.
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7.014 1 15 NOV 77 TC, TA 0 15 AUG 75
7.016b 2 15 NOV 77 TC 1 1 DEC 76
7.017 1 15 NOV 77 VA, TA 0 15 AUG 75
7.018a 1 15 NOV 77 VA, TA 0 15 AUG 75
7.018b 0 15 NOV 77 PA
7.113 2 15 NOV 77 TC, TD 1 1 DEC 76
7.201 1 15 NOV 77 TA, TC 0 15 AUG 75
7.202a 2 15 NOV 77 PC 1 1 DEC 76
7.202b 0 15 NOV 77 PA
7.202c 0 15 NOV 77 PA
7.203 1 15 NOV 77 TC 0 15 AUG 75
7.204 1 15 NOV 77 TA, TC 0 15 AUG 75
7.207 2 15 NOV 77 TA, TC 1 1 DEC 76
7.208 1 15 NOV 77 TC 0 1 DEC 76
7.209a 2 15 NOV 77 VA 1 1 DEC 76
7.211 1 15 NOV 77 VC 0 15 AUG 75
7.212b 2 15 NOV 77 TC 1 1 DEC 76
7.221a 1 15 NOV 77 VA 0 15 AUG 75
7.221b 1 15 NOV 77 VA, TC, VC 0 15 AUG 75
7.301 2 15 NOV 77 TA, SC 1 1 DEC 76
7.302a 1 15 NOV 77 TA, TC 0 1 DEC 76
7.302b 0 15 NOV 77 PA
7.302c 0 15 NOV 77 PA
7.309 2 15 NOV 77 VC, VA 1 1 DEC 76
7.311a 1 15 NOV 77 VA 0 15 AUG 75
7.311b 1 15 NOV 77 VA, TA 0 15 AUG 75
7.381a 1 15 NOV 77 TC 0 1 DEC 76
7.381b 0 15 NOV 77 PA
7.382a 1 15 NOV 77 TC 0 1 DEC 76
7.382b 0 15 NOV 77 PA

*Key to COMMENTS appears on Page xiii.
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7.382c 0 15 NOV 77 PA
7.382d** 0 15 NOV 77 PA
7.388 0 15 NOV 77 PA
7.389 0 15 NOV 77 PA
7.401 1 15 NOV 77 TC 0 15 AUG 75
7.402 1 15 NOV 77 TA 0 15 AUG 75
7.403 1 15 NOV 77 TC, TA 0 15 AUG 75
7.409a 2 15 NOV 77 VA 1 1 DEC 76
7.409b 1 15 NOV 77 VA 0 15 AUG 75
7.412c 1 15 NOV 77 TC 0 15 AUG 75
7.422 1 15 NOV 77 TC 0 15 AUG 75
7.423 1 15 NOV 77 TC 0 15 AUG 75
7.431a 1 15 NOV 77 TC 0 15 AUG 75
7.432 1 15 NOV 77 TC 0 15 AUG 75
7.441a 1 15 NOV 77 TC 0 15 AUG 75
7.442 1 15 NOV 77 TC 0 15 AUG 75
7.443a 1 15 NOV 77 TC 0 15 AUG 75
7.444 1 15 NOV 77 TC 0 15 AUG 75
7.445a 0 15 NOV 77 PA
7.445b 0 15 NOV 77 PA
7.446 0 15 NOV 77 PA
7.451a 1 15 NOV 77 TC 0 15 AUG 75
7.452 1 15 NOV 77 TC 0 15 AUG 75
7.461a 1 15 NOV 77 TC 0 15 AUG 75
7.462 1 15 NOV 77 TC 0 15 AUG 75
7.463a 1 15 NOV 77 TC 0 15 AUG 75
7.464 1 15 NOV 77 TC 0 15 AUG 75
7.465a 0 15 NOV 77 PA
7.465b 0 15 NOV 77 PA
7.466 0 15 NOV 77 PA

*Key to COMMENTS appears on Page xiii.
Pages 7.383a, 7 •383b, and 7.383c are to be removed from the manual.
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7.481 1 15 NOV 77 VC 0 15 AUG 75
7.482a 1 15 NOV 77 VA, TA 0 15 AUG 75
7.482b 1 15 NOV 77 VA, TA 0 15 AUG 75
7.601 1 15 NOV 77 TA 0 15 AUG 75
7.602 1 15 NOV 77 TC 0 15 AUG 75
7.609a 2 15 NOV 77 VA 1 1 DEC 76
7.609b 1 15 NOV 77 VA 0 1 DEC 76
7.621 2 15 NOV 77 TC 1 1 DEC 76
7.622a 2 15 NOV 77 VA, TC, VC 1 1 DEC 76
7.622b 0 15 NOV 77 PA
7.624 1 15 NOV 77 TD 0 1 DEC 76
7.631 2 15 NOV 77 TC 1 1 DEC 76
7.632a 1 15 NOV 77 VA 0 15 AUG 75
7.632b 1 15 NOV 77 VC, VA, TA 0 15 AUG 75
7.641 2 15 NOV 77 TC 1 1 DEC 76
7.651 2 15 NOV 77 TC 1 1 DEC 76
7.652a 1 15 NOV 77 VC, VA, TA 0 1 DEC 76
7.652b 1 15 NOV 77 VC, VA, TA 0 1 DEC 76
7.661 1 15 NOV 77 TC 0 1 DEC 76
7.662 1 15 NOV 77 TC 0 1 DEC 76
7.663 2 15 NOV 77 TC 1 1 DEC 76
7.671 2 15 NOV 77 TC 1 1 DEC 76
7.672a 1 15 NOV 77 TC, TA 0 15 AUG 75
7.672b 1 15 NOV 77 TC, TA 0 15 AUG 75
7.674a 1 15 NOV 77 TC, TA 0 15 AUG 75
7.674b 2 15 NOV 77 TC, TA 1 1 DEC 76
7.675a 2 15 NOV 77 VC 1 1 DEC 76
7.677 1 15 NOV 77 TC 0 1 DEC 76

•kKey to COMMENTS appears on Page xiii.
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BIA.1 0 15 NOV 77 PA
BIA.2 0 15 NOV 77 PA
BIA.3 0 15 NOV 77 PA
BIA.4 0 15 NOV 77 PA
BIA.5 0 15 NOV 77 PA
BIA.6 0 15 NOV 77 PA
BIA.7 0 15 NOV 77 PA
BIA.8 0 15 NOV 77 PA
BIA.9 0 15 NOV 77 PA
BIA.10 0 15 NOV 77 PA
BIA.11 0 15 NOV 77 PA
BIA.12 0 15 NOV 77 PA
BIA.13 0 15 NOV 77 PA
BIA.14 0 15 NOV 77 PA
BIA.15 0 15 NOV 77 PA
BIA.16 0 15 NOV 77 PA
BIA.17 0 15 NOV 77 PA
BIA.18 0 15 NOV 77 PA
BIA.19 0 15 NOV 77 PA
BIA.20 0 15 NOV 77 PA
BIA.21 0 15 NOV 77 PA
BIA.22 0 15 NOV 77 PA
BIA.23 0 15 NOV 77 PA
BIA.24 0 15 NOV 77 PA
FLS.l 2 15 NOV 77 TC 1 1 DEC 76
GLS.2 1 15 NOV 77 TC, TA 0 15 AUG 75
IDS. 1 2 15 NOV 77 TA 1 1 DEC 76
MAT. 2 1 15 NOV 77 TC 0 15 AUG 75
MAT. 3 1 15 NOV 77 TC, TA 0 15 AUG 75
MAT. 4 1 15 NOV 77 TC 0 15 AUG 75

•k . , ,Key to COMMENTS appears on Page xnr.
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MAT. 5 1 15 NOV 77 TC 0 15 AUG 75
MAT.7 1 15 NOV 77 TC 0 15 AUG 75
MAT.10 1 15 NOV 77 TA 0 15 AUG 75
MAX. 1 2 15 NOV 77 TA, TD, TC 1 1 DEC 76
MSG. 1 1 15 NOV 77 TC 0 15 AUG 75
MSG. 2 1 15 NOV 77 TA 0 15 AUG 75
NTN.1,2 1 15 NOV 77 VA, VC 0 15 AUG 75
REF. 1 1 15 NOV 77 TC 0 15 AUG 75
iii 1 15 NOV 77 TA 0 15 AUG 75
V 1 15 NOV 77 TA, TC 0 15 AUG 75
vi 2 15 NOV 77 TA, TC 1 1 DEC 76
vii 1 15 NOV 77 TA, TC 0 15 AUG 75
viii 1 15 NOV 77 TA, TC 0 15 AUG 75
ix 1 15 NOV 77 TA, TC 0 15 AUG 75
xi 1 15 NOV 77 TC 0 15 AUG 75
xiii 1 15 NOV 77 TA 0 15 AUG 75
xxi 0 15 NOV 77 PA
xxii 0 15 NOV 77 PA
xxiii 0 15 NOV 77 PA
xxiv 0 15 NOV 77 PA
xxv 0 15 NOV 77 PA
xxvi 0 15 NOV 77 PA
xxvii 0 15 NOV 77 PA
xxviii 0 15 NOV 77 PA
xx ix 0 15 NOV 77 PA
xxx 0 15 NOV 77 PA
xxxi 0 15 NOV 77 PA
xxxii 0 15 NOV 77 PA
xxxiii 0 15 NOV 77 PA
xxxiv 0 15 NOV 77 PA
xxv 0 15 NOV 77 PA

*Key to COMMENTS appears on Page xiii.
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i 3 30 SEP 80 TC 2 15 NOV 77
iii 2 30 SEP 80 TC 1 15 NOV 77
V 2 30 SEP 80 TA 1 15 NOV 77

vi 3 30 SEP 80 TA 2 15 NOV 77
vi.a 0 30 SEP 80 PA

vii 2 30 SEP 80 TA 1 15 NOV 77
viii 2 30 SEP 80 TA, TC 1 15 NOV 77
viii.a 0 30 SEP 80 PA

ix 2 30 SEP 80 TA, TC 1 15 NOV 77
1.1 1 30 SEP 80 TC, TA 0 15 AUG 75
1.2 2 30 SEP 80 TA, TD 1 15 NOV 77
1.3 0 30 SEP 80 PA
1.4 0 30 SEP 80 PA
1.5 0 30 SEP 80 PA
1.6 0 30 SEP 80 PA
1.7 0 30 SEP 80 PA
2.3 2 30 SEP 80 TC 1 15 NOV 77
2.5 3 30 SEP 80 TC 2 15 NOV 77
2.12 2 30 SEP 80 TC 1 15 NOV 77
2.22 2 30 SEP 80 TC 1 15 NOV 77
2.23 2 30 SEP 80 TA, EA 1 15 NOV 77
2.25 2 30 SEP 80 TC, EC 1 15 NOV 77
2.26 2 30 SEP 80 EC 1 15 NOV 77
2.28 0 30 SEP 80 PA
3.1a 2 30 SEP 80 TC 1 15 NOV 77
3.1b 1 30 SEP 80 TC 0 15 NOV 77
3.3 3 30 SEP 80 EC 2 15 NOV 77
3.7 2 30 SEP 80 TC, EC 1 15 NOV 77
3.8b 1 30 SEP 80 EC 0 15 NOV 77

*Key to COMM ENTS appears on Page xiii.
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3.8c 1 30 SEP 80 TA 0 15 NOV
3.8d 1 30 SEP 80 PC 0 15 NOV
3.8e 1 30 SEP 80 PC 0 15 NOV
3. 8f 1 30 SEP 80 EC 0 15 NOV
3. 8g 1 30 SEP 80 TC 0 15 NOV
3.8i 0 30 SEP 80 PA
3.8J 0 30 SEP 80 PA
3.8k 0 30 SEP 80 PA
3.11 1 30 SEP 80 TC 0 15 NOV
3.17 1 30 SEP 80 TC 0 15 NOV
3.18 1 30 SEP 80 EC 0 15 NOV
3.24 1 30 SEP 80 TC 0 15 NOV
3.25 0 30 SEP 80 PA
3.26 0 30 SEP 80 PA
3.27 0 30 SEP 80 PA
3.28 0 30 SEP 80 PA
4.2 2 30 SEP 80 TC 1 15 NOV
4.3 2 30 SEP 80 TC 1 15 NOV
4.4 2 30 SEP 80 EC 1 15 NOV
4.5 2 30 SEP 80 EC 1 15 NOV
4.9 1 30 SEP 80 EC 0 15 AUG
4.11 1 30 SEP 80 EC 0 15 AUG
4.18 2 30 SEP 80 TC 1 15 NOV
4.20 2 30 SEP 80 TC 1 15 NOV
4.21 2 30 SEP 80 TC, TA 1 15 NOV
4.34 2 30 SEP 80 EC 1 15 NOV
4.35 1 30 SEP 80 EC 0 15 AUG
4.39 1 30 SEP 80 TA, EC 0 15 AUG

*Key to COMMENTS appears on Page xiii.

77
77
77
77
77

77
77
77
77

77
77
77
77
75
75
77
77
77
77
75
75

Volume 1
30 SEP 80 xxxviii



New New Old Old
Page Rev.# Date COMMENTS* Rev.# Date
4.40 1 30 SEP 80 PC, NF 0 15 AUG 75
4.40a 0 30 SEP 80 PA
4.40b 0 30 SEP 80 PA
4.41 2 30 SEP 80 EC 1 01 DEC 76
4.45 1 30 SEP 80 TC 0 15 NOV 77
4.48 0 30 SEP 80 PA
5.2 2 30 SEP 80 TC 1 15 NOV 77
5.3 3 30 SEP 80 TC 2 15 NOV 77
5.9 1 30 SEP 80 TC 0 15 AUG 75
5.18 1 30 SEP 80 TC 0 15 AUG 75
5.19 2 30 SEP 80 TC 1 15 NOV 77
5.24a 0 30 SEP 80 PA
5.24b 0 30 SEP 80 PA
5.25 2 30 SEP 80 TC, TA 1 15 NOV 77
5.26 2 30 SEP 80 NE, TA 1 15 NOV 77
5.26a 0 30 SEP 80 PA
5.26b 0 30 SEP 80 PA
5.29 1 30 SEP 80 EC, TC 0 15 AUG 75
5.43 2 30 SEP 80 EC 1 15 NOV 77
5.44 2 30 SEP 80 EC 1 15 NOV 77
5.48 1 30 SEP 80 TC, EC 0 15 AUG 75
5.49 1 30 SEP 80 PC, NF 0 15 AUG 75
5.49a 0 30 SEP 80 PA
5.49b 0 30 SEP 80 PA
5.50 2 30 SEP 80 EC 1 01 DEC 76
5.53 1 30 SEP 80 NE 0 15 NOV 77
5.54 1 30 SEP 80 EC, TC 0 15 NOV 77
5.57 0 30 SEP 80 PA

*Key to COMMENTS appears on Page xiii.
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6.1 1 30 SEP 80 PC
6.2 1 30 SEP 80 TC
6.3 0 15 NOV 77 PA
6.4 0 15 NOV 77 PA
6.5 0 15 NOV 77 PA
6.6 0 15 NOV 77 PA
6.7 0 15 NOV 77 PA
6.8 0 15 NOV 77 PA
6.9 0 15 NOV 77 PA
6.10 0 15 NOV 77 PA
6.11 0 15 NOV 77 PA
6.12 0 15 NOV 77 PA
6.13 0 15 NOV 77 PA
6.14 0 15 NOV 77 PA
6.15 0 15 NOV 77 PA
6.16 0 15 NOV 77 PA
6.17 0 15 NOV 77 PA
6.18 0 15 NOV 77 PA
6.19 0 15 NOV 77 PA
6.20 0 15 NOV 77 PA
6.21 0 15 NOV 77 PA
6.22 0 15 NOV 77 PA
6.23 0 15 NOV 77 PA
6.24 0 15 NOV 77 PA
6.25 0 15 NOV 77 PA
6.26 0 15 NOV 77 PA
6.27 0 15 NOV 77 PA
6.28 0 15 NOV 77 PA
6.29 0 15 NOV 77 PA
6.30 1 30 SEP 80 TC

*Key to COMMENTS appears on Page x:

COMMENTS*
Old Old

Rev.# Date
0 15 NOV 77
0 15 NOV 77

0 15 NOV 77
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COMMENTS*
Old

Rev.#
OldNew New

Page Rev.# Date (
6.31 0 15 NOV 77 PA
6.32 1 30 SEP 80 EC
6.33 0 15 NOV 77 PA
6.34 0 15 NOV 77 PA
6.35 0 15 NOV 77 PA
6.36 0 15 NOV 77 PA
6.37 1 30 SEP 80 NE
6.38 0 15 NOV 77 PA
6.39 0 15 NOV 77 PA
6.40 0 15 NOV 77 PA
6.41 0 15 NOV 77 PA
6.42 0 15 NOV 77 PA
6.43 0 15 NOV 77 PA
6.44 0 15 NOV 77 PA
6.45 0 15 NOV 77 PA
6. 46 0 15 NOV 77 PA
6.47 0 15 NOV 77 PA
6.48 0 15 NOV 77 PA
6.49 0 15 NOV 77 PA
6.50 0 15 NOV 77 PA
6.51 0 15 NOV 77 PA
6.52 0 15 NOV 77 PA
6.53 0 15 NOV 77 PA
6.54 0 15 NOV 77 PA
6.55 0 15 NOV 77 PA
6.56 0 15 NOV 77 PA
6.57 0 15 NOV 77 PA
6.58 0 15 NOV 77 PA
6.59 0 15 NOV 77 PA
6.60 0 15 NOV 77 PA

Date

0 15 NOV 77

0 15 NOV 77

*Key to COMMENTS appears on Page xiii.
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OldNew New
Page Rev.// Date
6.61 0 15 NOV 77
6.62 0 15 NOV 77
6.63 0 15 NOV 77
6. 64 0 15 NOV 77
6.65 0 15 NOV 77
6.66 0 15 NOV 77
6.67 0 15 NOV 77
6.68 0 15 NOV 77
6.69 0 15 NOV 77
6.70 0 15 NOV 77
6.71 0 15 NOV 77
6.72 0 15 NOV 77
6.73 0 15 NOV 77
6.74 0 15 NOV 77
6.75 0 15 NOV 77
6.76 0 15 NOV 77
6.77 0 15 NOV 77
6.78 0 15 NOV 77
6.79 0 15 NOV 77
6.80 0 15 NOV 77
6.81 0 15 NOV 77
6.82 0 15 NOV 77
6.83 0 15 NOV 77
6.84 0 15 NOV 77
6.85 0 15 NOV 77
6.86 0 15 NOV 77
6.87 0 15 NOV 77
6.88 0 15 NOV 77
6.89 0 15 NOV 77
6.90 0 15 NOV 77

Old
COMMENTS* Rev.//

PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA

*Key to COMMENTS appears on Page xiii.
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COMMENTS*
Old

Rev.//
OldNew New

Page Rev.# Date
6.91 0 15 NOV
6.92 0 15 NOV
6.93 0 15 NOV
6.94 0 15 NOV
6.95 0 15 NOV
6.96 0 15 NOV
6.97 0 15 NOV
6.98 0 15 NOV
6.99 0 15 NOV
6.100 0 15 NOV
6. 101 0 15 NOV
6. 102 0 15 NOV
6.103 0 15 NOV
6.104 0 15 NOV
6.105 0 15 NOV
6.106 0 15 NOV
6.107 0 15 NOV
6. 108 0 15 NOV
6.109 0 15 NOV
6.110 0 15 NOV
6.111 0 15 NOV
6.112 0 15 NOV
6.112a 0 30 SEP
6.113 1 30 SEP
6.114 1 30 SEP
6.114a 0 30 SEP
6.114b 0 30 SEP
6.115 0 15 NOV
6.116 0 15 NOV
6.117 0 15 NOV
6.118 1 30 SEP
6.119 0 15 NOV
6.120 0 15 NOV

*Key to COMMENTS appears

Date 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA
TC 0 15 NOV 77
NE 0 15 NOV 77
PA
PA
PA
PA
PA
EC 0 15 NOV 77
PA
PA

Page xiii.
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77
77
77
77
77
77
77
77
77
77
77
77
77
77
77
77
77
77
77
77
77
77
80
80
80
80
80
77
77
77
80
77
77

on



OldNew New
Page Rev.# Date
6.121 0 15 NOV 77
6.122 0 15 NOV 77
6.123 0 15 NOV 77
6.124 0 15 NOV 77
6.125 0 15 NOV 77
6.126 0 15 NOV 77
6.127 0 15 NOV 77
6.128 0 15 NOV 77
6.129 0 15 NOV 77
6.130 0 15 NOV 77
6.131 0 15 NOV 77
6.132 0 15 NOV 77
6.133 0 15 NOV 77
6.134 0 15 NOV 77
6.135 0 15 NOV 77
6.136 0 15 NOV 77
6.137 0 15 NOV 77
6.138 0 15 NOV 77
6.139 0 15 NOV 77
6.140 0 15 NOV 77
6.141 0 15 NOV 77
6.142 0 15 NOV 77
6.143 0 15 NOV 77
6. 144 0 15 NOV 77
6. 145 0 15 NOV 77
6.146 0 15 NOV 77
6.147 0 15 NOV 77
6.148 0 15 NOV 77
6.149 0 15 NOV 77
6.150 0 15 NOV 77

Old
COMMENTS* Rev.#

PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA 
PA

*Key to COMMENTS appears on Page xiii.
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New New Old Old
Page Rev.# Date COMMENTS * Rev.# Date
6.151 0 15 NOV 77 PA
6.152 0 15 NOV 77 PA
6.153 0 15 NOV 77 PA
6.154 1 30 SEP 80 EC 0 15 NOV 77
6.155 0 15 NOV 77 PA
6.156 0 15 NOV 77 PA
6.157 0 15 NOV 77 PA
6.158 0 15 NOV 77 PA
6.159 1 30 SEP 80 TC 0 15 NOV 77
6.159a 0 30 SEP 80 PA
6.159b 0 30 SEP 80 PA
6.160 1 30 SEP 80 TC 0 15 NOV 77
6.161 1 30 SEP 80 EC 0 15 NOV 77
6.162 0 30 SEP 80 PA
6.163 0 30 SEP 80 PA
6.164 0 30 SEP 80 PA
6.165 0 30 SEP 80 PA
6.166 0 30 SEP 80 PA
6.167 0 30 SEP 80 PA
6. 168 0 30 SEP 80 PA
6.169 0 30 SEP 80 PA
6.170 0 30 SEP 80 PA

*Key to COMMENTS appears on Page xiii.
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New New Old Old

PaRe Rev.# Date COMMENTS* Rev.# Date
7.c 2 30 SEP 80 TC, SC 1 15 NOV 77
7.d 2 30 SEP 80 TA 1 15 NOV 77
7.e 2 30 SEP 80 TC, TA 1 15 NOV 77
7.f 2 30 SEP 80 TA 1 15 NOV 77
7-g 2 30 SEP 80 SC 1 15 NOV 77
7.m 2 30 SEP 80 TC, TA 1 15 NOV 77
7.n 2 30 SEP 80 TC, TA 1 15 NOV 77
7.0 0 30 SEP 80 PA
7.p 0 30 SEP 80 PA
7.x/7.r 3 30 SEP 80 PA, PD 2 15 NOV 77
7.y/7.s 2 30 SEP 80 PA, PD 1 15 NOV 77
7.z 0 30 SEP 80 PA
7.001 3 30 SEP 80 TC 2 15 NOV 77
7.011 2 30 SEP 80 TC 1 01 DEC 76
7.012 2 30 SEP 80 TA 1 15 NOV 77
7.013 2 30 SEP 80 TA 1 15 NOV 77
7.014 2 30 SEP 80 TA 1 15 NOV 77
7.016a 1 30 SEP 80 TC 0 15 AUG 75
7.018a 2 30 SEP 80 TA, SC 1 15 NOV 77
7.111a 1 30 SEP 80 SC, TC 0 15 AUG 75
7.112b 2 30 SEP 80 TA 1 01 DEC 76
7.203 2 30 SEP 80 TD 1 15 NOV 77
7.204 2 30 SEP 80 SC 1 15 NOV 77
7.205 1 30 SEP 80 SC, TC, TA 0 15 AUG 75
7.206 2 30 SEP 80 TA 1 01 DEC 76
7.207 3 30 SEP 80 TA 2 15 NOV 77
7.207a 0 30 SEP 80 PA
7.209a 3 30 SEP 80 TA 2 15 NOV 77
7.209b 2 30 SEP 80 TA 1 01 DEC 76

*Key to COMMENTS appears on Page xiii.
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Page
New

Rev. #
New
Date COMMENTS*

Old
Rev.#

Old
Date

7.211 2 30 SEP 80 TA, SC 1 15 NOV 77
7.221a 2 30 SEP 80 TA 1 15 NOV 77
7.221b 2 30 SEP 80 SC 1 15 NOV 77
7.233a 0 30 SEP 80 PA
7.233b 0 30 SEP 80 PA
7.248a 0 30 SEP 80 PA
7.248b 0 30 SEP 80 PA
7.249a 0 30 SEP 80 PA
7.249b 0 30 SEP 80 PA
7.257a 2 30 SEP 80 TA 1 01 DEC 76
7.271 0 30 SEP 80 PA
7.301 3 30 SEP 80 TA 2 15 NOV 77
7.302 2 30 SEP 80 TC 1 15 NOV 77
7.303/7.302b 1 30 SEP 80 TC 0 15 NOV 77
7.304/7.302c 1 30 SEP 80 TC 0 15 NOV 77
7.305 0 30 SEP 80 PA
7.309 3 30 SEP 80 TA 2 15 NOV 77
7.311a 2 30 SEP 80 TA 1 15 NOV 77
7.321 2 30 SEP 80 TA 1 01 DEC 76
7.381a 2 30 SEP 80 SC 1 15 NOV 77
7.382a 2 30 SEP 80 TA 1 15 NOV 77
7.388 1 30 SEP 80 TA 0 15 NOV 77
7.401 2 30 SEP 80 SC 1 15 NOV 77
7.402 2 30 SEP 80 TA 1 15 NOV 77
7.404 1 30 SEP 80 TA, TC 0 15 AUG 75
7.409a 3 30 SEP 80 TA 2 15 NOV 77
7.409b 2 30 SEP 80 TA 1 15 NOV 77
7.411a 1 30 SEP 80 TC, TA 0 15 AUG 75
7.412a 1 30 SEP 80 TC, TA 0 15 AUG 75
7.412b 1 30 SEP 80 TA 0 15 AUG 75
7.412c 2 30 SEP 80 TA 1 15 NOV 77

*Key to COMMENTS appears on Page xiii.
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New New Old Old
Page Rev.# Date COMMENTS* Rev.# Date
7.413a 0 30 SEP 80 PA
7.413b 0 30 SEP 80 PA
7.414a 0 30 SEP 80 PA
7.414b 0 30 SEP 80 PA
7.421b 1 30 SEP 80 TA 0 15 AUG
7.422 2 30 SEP 80 TA, TD 1 15 NOV
7.423 2 30 SEP 80 TA, TD 1 15 NOV
7.451b 1 30 SEP 80 SC 0 15 AUG
7.482a 2 30 SEP 80 TA 1 15 NOV
7.482b 2 30 SEP 80 TA, SC 1 15 NOV
7.483b 1 30 SEP 80 SC 0 15 AUG
7.484b 1 30 SEP 80 SC 0 15 AUG
7.503 2 30 SEP 80 TA 1 01 DEC
7.513a 1 30 SEP 80 TA 0 15 AUG
7.514 2 30 SEP 80 TA 1 01 DEC
7.609a 3 30 SEP 80 TA 2 15 NOV
7.610a 2 30 SEP 80 TC 1 01 DEC
7.616 1 30 SEP 80 TA 0 15 AUG
7.623 1 30 SEP 80 TC 0 15 AUG
7.624 2 30 SEP 80 TA 1 15 NOV
7.625 0 30 SEP 80 PA
7.631 3 30 SEP 80 SC 2 15 NOV
7.641 3 30 SEP 80 SC 2 15 NOV
7.651 3 30 SEP 80 SC 2 15 NOV
7.653 1 30 SEP 80 TA, TD 0 01 DEC
7.654a 1 30 SEP 80 TA, TC 0 01 DEC
7.661 2 30 SEP 80 SC 1 15 NOV
7.663 3 30 SEP 80 SC 2 15 NOV
7.674a 2 30 SEP 80 TA, SC 1 15 NOV
7.674b 3 30 SEP 80 TA, TC 2 15 NOV
7.674c 0 30 SEP 80 PA
7.675a 3 30 SEP 80 TA, TC 2 15 NOV
7.675b 2 30 SEP 80 TA 1 01 DEC

*Key to COMMENTS appears on Page xiii.

75
77
77
75
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77
75
75
76
75
76
77
76
75
75
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77
76
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New New Old Old
Page Rev.# Date COMMENTS* Rev.# Date
7.677 2 30 SEP 80 SC 1 15 NOV 77
BIA. 1 1 30 SEP 80 TC 0 15 NOV 77
BIA.5 1 30 SEP 80 TC 0 15 NOV 77
BIA. 9 1 30 SEP 80 TA 0 15 NOV 77
BIA. 25 0 30 SEP 80 PA
BIA. 26 0 30 SEP 80 PA
BIA.27 0 30 SEP 80 PA
BIA.28 0 30 SEP 80 PA
BIA.29 0 30 SEP 80 PA
BIA. 30 0 30 SEP 80 PA
BIA.31 0 30 SEP 80 PA
BIA. 32 0 30 SEP 80 PA
FLS. 1 3 30 SEP 80 TA, TC 2 15 NOV 77
GLS. 1 1 30 SEP 80 SC 0 15 AUG 75
GLS. 2 2 30 SEP 80 TA 1 15 NOV 77
GLS. 2a 0 30 SEP 80 PA
GLS. 3 1 30 SEP 80 TD 0 15 AUG 75
GLS. 4 1 30 SEP 80 TA 0 15 AUG 75
GLS. 6 1 30 SEP 80 TA 0 15 AUG 75
GLS. 7 1 30 SEP 80 TA 0 15 AUG 75
GLS. 8 1 30 SEP 80 TA 0 15 AUG 75
HYD.l 0 30 SEP 80 PA
HYD.2 0 30 SEP 80 PA
HYD.3 0 30 SEP 80 PA
HYD. 4 0 30 SEP 80 PA
HYD.5 0 30 SEP 80 PA
HYD. 6 0 30 SEP 80 PA
HYD. 7 0 30 SEP 80 PA
HYD. 8 0 30 SEP 80 PA
HYD. 9 0 30 SEP 80 PA
HYD.10 0 30 SEP 80 PA

*Key to COMMENTS appears on Page xiii.
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COMMENTS*
New New

Page Rev.# Date
HYD.11 0 30 SEP 80 PA
HYD.12 0 30 SEP 80 PA
HYD.13 0 30 SEP 80 PA
HYD.14 0 30 SEP 80 PA
HYD.15 0 30 SEP 80 PA
HYD.16 0 30 SEP 80 PA
HYD.17 0 30 SEP 80 PA
HYD.18 0 30 SEP 80 PA
HYD.19 0 30 SEP 80 PA
HYD.20 0 30 SEP 80 PA
HYD. 21 0 30 SEP 80 PA
HYD.22 0 30 SEP 80 PA
IDS. 1 3 30 SEP 80 TA
MAT. 2 2 30 SEP 80 TC
MAT. 7 2 30 SEP 80 TA
MAT.7a 0 30 SEP 80 PA
MAT. 7b 0 30 SEP 80 PA
MAT. 7c 0 30 SEP 80 PA
MAT. 7d 0 30 SEP 80 PA
MAT. 8 1 30 SEP 80 TA
MAT. 9 1 30 SEP 80 TC
MAT.11 1 30 SEP 80 TA
MAT.14 2 30 SEP 80 TA
MAT.16 1 30 SEP 80 TA
MAT.18 1 30 SEP 80 TA
MAT.19 2 30 SEP 80 TA
MAT.21 2 30 SEP 80 TA
MAX. 1 3 30 SEP 80 TC
MSG. 1 2 30 SEP 80 TA
MSG. 2 2 30 SEP 80 TA
MSG. 3 1 30 SEP 80 TA

TC

TA

Old Old
Rev.# Date

2 15 NOV 77 
1 15 NOV 77 
1 15 NOV 77

0 15 AUG 75
0 15 AUG 75
0 15 AUG 75
1 01 DEC 76
0 15 AUG 75
0 15 AUG 75
1 01 DEC 76
1 01 DEC 76
2 15 NOV 77
1 15 NOV 77
1 15 NOV 77
0 15 AUG 75 *

*Key to COMMENTS appears on Page xiii.
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New New Old Old
Pafte Rev.# Date COMMENTS* Rev.# Date
NTN. 1 2 30 SEP 80 TC 1 15 NOV 77
NTN. 2 2 30 SEP 80 TA 1 15 NOV 77
NTN. 3 0 30 SEP 80 PA
OPT. 4 2 30 SEP 80 TA 1 01 DEC 76
OPT.5 1 30 SEP 80 TC 0 15 AUG 75
OPT. 6 1 30 SEP 80 TC 0 15 AUG 75
OPT.6a 0 30 SEP 80 PA
OPT.6b 0 30 SEP 80 PA
OPT. 7 2 30 SEP 80 TC 1 01 DEC 76
OPT. 8 1 30 SEP 80 TC 0 15 AUG 75
OPT.9 1 30 SEP 80 TC 0 15 AUG 75
OPT.10 2 30 SEP 80 TC 1 01 DEC 76
OPT.10a 0 30 SEP 80 PA
OPT.11 1 30 SEP 80 TC 0 01 DEC 76
OPT.1la 0 30 SEP 80 PA
OPT.16 1 30 SEP 80 TA 0 15 AUG 75
OPT.18 2 30 SEP 80 TA 1 01 DEC 76
OPT.21 2 30 SEP 80 TC 1 01 DEC 76
OPT.22 2 30 SEP 80 TC 1 01 DEC 76
OPT.23 1 30 SEP 80 TA 0 01 DEC 76
OPT.25 1 30 SEP 80 TD 0 01 DEC 76
OPT.26 1 30 SEP 80 TD 0 01 DEC 76
OPT.28 1 30 SEP 80 TC 0 01 DEC 76
OPT.29 0 01 DEC 76 PD
OPT.30 0 01 DEC 76 PD
OPT.31 0 01 DEC 76 PD
OPT.32 0 01 DEC 76 PD
PHU. 1 1 30 SEP 80 TC 0 15 AUG 75
PHU.2 0 30 SEP 80 PA
REF. 1 1 15 NOV 77 PD

*Key to COMMENTS appears on Page xiii.
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SECTION 1
INTRODUCTION

1.1 USER'S MANUAL DESCRIPTION

The STEALTH User's Manual is intended to be a relatively 
expandable document for users of general-purpose STEALTH* ID, 
ADAPRO*. The User's Manual is Volume 1 of a four-volume set. 
volumes are titled as follows:

complete but 
2D and 3D, and 
The STEALTH

Volume 1

Volume 2 
Volume 3 
Volume 4

STEALTH User's Manual
Part A Theoretical Background and Numerical Equations 
Part B Input Instructions 

STEALTH Example and Verification Problems 
STEALTH Programmer's Manual 
GRADIS* Manual

The STEALTH User's Manual is divided into seven sections. Page numbers 
in Sections 1 through 6 and the first part of Section 7 are of the form S.n, 
where S is the section number and n is a unique sequential page number.
This convention was adopted to permit future addition of pages to a section 
without the necessity of changing page numbers of any other section.

The portion of Section 7 which contains the input record pages uses the 
following convention for page numbering: page numbers are of the form 
S.iii, where S is the section number and iii is the input record type. If 
the input record type is numeric, this is used for the page number. If the 
input record type is an alphabetic one or if the page contains general in­
formation, then the iii is a specified three-digit number different from any 
possible numeric input record type.

STEALTH (Solids and Thermal hydraulics codes for EPRI Adapted from 
Lagrange TOODY and HEMP), ADAPRO (Archive DAta PROcessor), and 
GRADIS (GRAphic Display) were developed under EPRI Contract RP-307.

Rev. 1
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The pagination convention for the Appendixes is different from Sec­
tion conventions. Page numbers in the Appendixes are of the form AAA.n, 
where AAA is a three-letter mnemonic identifying the appendix and n is a 
unique sequential page number. Appendixes are in alphabetical order by 
three-letter mnemonic.

Volume 1 contains the following sections and appendixes:

Section Title
1 Introduction
2 The Physics of Continuum Mechanics
3 Numerical Difference Equations
4 One-Dimensional Lagrangian Finite-Difference Equations
5 Two-Dimensional Lagrangian Finite-Difference Equations
6 Three-Dimensional Lagrangian Finite-Difference Equations
7 Input Instructions for the STEALTH Computer Programs

Appendixes Title
FLS Files
FNC Functions
GLS Glossary
IDS Identifiers
HYD Hydrodynamic Versions
MAT Material Models
MAX Maximums
MSG Messages
NTN Notat ion
OPT Out put
PHU Physical Units

Sections 1 through 6 are published as Part A, while Section 7 and the
Appendixes are published as Part B.

Rev. 2
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1.2 DOCUMENTATION UPDATES

STEALTH documentation will be updated periodically to correct typo­
graphical errors and omissions, to supplement or expand existing documen­
tation, and to describe new capabilities. The procedure for all STEALTH 
documentation is as follows:

• Whenever changes are made to the documentation, a solid 
black vertical bar will appear at the right edge of the 
page to indicate where changes have been made. The 
revision number and the revision date will be changed 
to reflect how many times the page has been changed and 
when the last change was made.

• New pages will be added in sequence behind existing 
pages. The page number of the page before the addition 
will be given a lower case alphabetic character, and 
the new page(s) that follow will use the page number of 
the previous page, with alphabetic characters in in­
creasing order. New pages will be noted as "Rev. 0" 
and will include the date of the addition. •

• A revision summary page called "REVISIONS" will be 
included to describe all revised pages, whether these 
pages are new or corrected. The revision summary page 
will have a page number which will follow the Table of 
Contents and List of Figures. Revision summary pages 
will be sequentially numbered so that a user can tell 
if any revision summary pages are missing.

Rev. 0
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The STEALTH code system and documentation actively support three levels 
of users. The first level includes the occasional user who runs problems 
which involve only the standard options. The second level includes users 
who make runs that require special coding in the user-supplied subroutines. 
The third level involves users who want to make major changes to the STEALTH 
logic in order to perform very non-standard calculations- Figure 1.1 dis­
plays the STEALTH documentation pyramid that has been designed to address 
all three user levels. The documentation pyramid is made up of several 
volumes of EPRI NP-2080 (References 1.1-1.8). At the top of the pyramid is 
"Introduction and Guide". The next level (Volumes 1-3) contains detailed 
information about the general-purpose versions. Volumes 1-3 include a 
user's manual, example problems, and a programmer's manual. The third level 
(Volumes 5-9) contains documentation on the special-purpose versions. The 
latter volumes rely heavily on information in the general-purpose 
documentation. All versions of the STEALTH codes use the GRADIS graphics 
system, which is documented in Volume 4.*

1.3 VERSION NUMBERS

In general, STEALTH version numbers are composed of three characters. 
The first character on the left is the "generic version number", and is 
always numeric. The middle character is separated from the left character 
by a hyphen. It is also always numeric. It represents the "re-sequencing 
code". The third character, the one on the right, is always alphabetic. It 
designates the "correction level" or "bug fix level" for a particular 
generic version number and re-sequencing code.

The correction level character changes most often and identifies levels 
of changes which are supposed to be transparent to all users. The 
re-sequencing code digit changes next most often and is supposed to be 
transparent to users not updating the code. Users who are updating the code 
will have to change their update sequence numbers when the middle character 
of the version number changes. A change in the generic version

Volume 4 is not up to date for Version 4-lA of STEALTH. However, all 
STEALTH plot input is adequately documented in Volume 1.

Rev. 0
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number, however, is a change that is not transparent to any user.. A 
change in the generic version number usually means that a format has 
changed, i.e., the format of the restart tape or archive tape has 
changed, common blocks are different, etc.

Users of STEALTH should not feel that they have to keep up with the 
most current version of the code. Newer versions of the code may contain 
options not necessarily needed by a user dealing with an older version.
It is hoped that information in the STEALTH Newsletter that accompanies 
each version of STEALTH will be sufficient to allow one to make the 
choice as to whether to hang a new version of the code. The Newsletter 
will attempt to explore the options for the user and make recommendations 
based on the changes that are being presented.

1.4 USER COMMENTS

In order to insure clear documentation and systematic bug elimina­
tion, it is necessary to have constant feedback from active users. At 
the end of this section are two forms which may be copied and filled out. 
The first, "STEALTH Suspected Error Report", is intended for reporting 
errors in the documentation and/or coding. Evidence supporting the 
discovered bug or annotated copies of misleading documentation should be 
included with a description of the problem. The second form, "STEALTH 
Reader's Comment Form", is intended to encourage general comments on the 
documentation.
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Alto, California. Prepared by Science Applications, Inc., San Leandro, 
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STEALTH SUSPECTED ERROR REPORT
Please complete this form and return to:

Nuclear Safety and Analysis Dept., Attn: Dr. H. T. Tang
Electric Power Research Institute
3412 Hillview Avenue
P.0. Box 10412
Palo Alto, California 94304

STEALTH ID □ 20 □ 3D □ Version N

Machine System

Name: Telephone

Address

Description: (Please be complete . Append relevant decks, listings, core dumps, etc .)
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STEALTH
READER’S COMMENT FORM

Please complete this form and return to:

Nuclear Safety and Analysis Dept., Attn: Dr. H. T. Tang
Electric Power Research Institute
3412 Hillview Avenue
P.0. Box 10412
Palo Alto, California 94304

Your comments and suggestions about this computer code manual may help to 
improve its usefulness; this form will be sent to the author for appropri­
ate action. Possible topics for comment are: clarity; accuracy; complete­
ness; organization; index; figures; examples; legibility.
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SECTION 2
THE PHYSICS OF CONTINUUM MECHANICS

2.1 DERIVATION OF CONTINUUM MECHANICS EQUATIONS FROM FUNDAMENTAL
PHYSICAL LAWS

2.1.1 Theoretical Elements of a Physical System. The mathematical 
description of a physical event is always derived from the conservation 
laws of physics. These laws apply to all phenomena and can be applied to 
any physical system. The external boundaries of the physical system may 
be chosen to encompass any volume of space. Usually, the choice is made 
partly from considerations based on the region of interest of the physical 
event and partly because of certain difficulties in describing some bound­
ary values. Boundary values must be known for certain dependent variables 
at every point on the external boundaries. The fundamental conservation 
principles may be written as mathematical equations in any frame of refer­
ence and using any set of convenient coordinates. These mathematical 
equations are theoretically solvable for any geometric shape (symmetric 
or asymmetric) when constitutive equations and initial conditions are
supplied .

Table 2.1 summarizes the theoretical elements necessary to analyze 
the physical response of any system. The resulting partial differential

TABLE 2.1. THEORETICAL ELEMENTS OF A PHYSICAL SYSTEM

• Conservation laws physical principles governing 
all motion
geometric constraints and 
boundary values
initial state of things

• Boundary conditions

• Initial conditions

• Constitutive relations material models
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equations are time-dependent and nonlinear. They are hyperbolic in form 
and are sometimes referred to as the "nonlinear wave equation." In this 
section, these equations will be limited to mechanical and thermal effects 
and will henceforth be called the fundamental continuum mechanics equations 
-- or just "continuum mechanics equations."

2.1.2 Conservation Laws. Derivation of the fundamental, non-symmet- 
ric, continuum mechanics equations is accomplished by applying the conser­
vation laws to a small volume element in space. The volume element may be 
in any frame of reference. For mechanical and thermal problems, a non- 
relativistic (inertial) frame is required. For the purposes of demonstra­
tion, a volume element fixed in space (i.e., laboratory frame), described 
by Cartesian coordinates (x,y,z), will be used to derive the Eulerian con­
tinuum mechanics equations. The resulting mathematical equations are writ­
ten in fixed (Eulerian) coordinates. Figure 2.1 shows a typical non-moving, 
fixed volume element in this frame.

Figure 2.1. Volume element used to derive Eulerian continuum mechanics 
equations.
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The conservation laws are a direct application of the Divergence Theorem 
and may be summarized as follows (Reference 2.1):

(1) Law of Conservation of Mass

Rate of increase 
of mass within 
volume element

Rate of mass 
flowing into 
volume element

Rate of mass 
flowing out of 
volume elementV x

(2) Law of Conservation of Momentum

Rate of increase 
of it*1 component 
momentum within 
the volume element

Rate of momentum 
flowing into the 
volume element 
in i1-*1 direction

Rate of momentum 
flowing out of the 
volume element 
in i*-*1 direction

r
Sum of the 
surface forces

r
Sum of the 
body forces

+ < acting on the 
volume elementx. 1_in itn direction

► + * acting on the 
volume element 
in i^ direction

(3) Law of Conservation of Energy

Rate of increase of 
energy* within the 
volume element

Rate of energy 
convected into 
the volume element

Rate of energy 
convected out of 
the volume element.

+
Rate of energy | 
added by work on | 
volume element j

+
Rate of energy 
added to volume element 

. by conduction & radiation

"energy" includes internal and kinetic energies; potential energy 
due to gravity is a work term.
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Applying the law of conservation of mass to Figure 2.1 results in 
the following equation,

r + pv. Ay AZ ' r + pvx. Ay Az "
1
X

ix+Ax

“r(p Ax Ay Az) = i 0C + pvy|Ax Az * - < + pvy| Ax Az
y y+Ay

pvz| Ax Ay > >.. + pvz, Ax Ay >
z z+Az

(2.1)

I where

P
(Ax Ay Az) 

(vx Ay Az) ■ 
(vyAxAz) 
(vz Ax Ay) J

velocity of material relative to the fixed volume element 
mass density
the volume of the element

volume rates of flow through the element.

Dividing Eq.(2.1) by (Ax Ay Az) and rearranging, yields

fpv , - pv , 1K x M x| rpvy| “ pvy| 1 fPvz| - PVz|l

x+Ax x y+Ay y z+Az z
Ax Ay Az

% “

Taking the limit of Eq.(2.2) as Ax-»0, Ay^O, and Az-»0, results in

■&_ p = - ^_(pV ) _ ^_(pV ) _ ^_(pV ) , (2.
fit H bx M x7 5yy 6zv^ z/

Equation (2.3) is known as the Eulerian "continuity equation" in component

All symbols and notation are defined in Appendix NTN.
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form. It is the mathematical representation of the law of conservation 
of mass in Cartesian coordinates in a fixed frame of reference. Equa- 
tion (2.3) may be written in vector notation ,

$£. = 
6t -V • (p v) ,

and in tensor notation*,

6p
bt

6
6x.J

(P Vj)

(2.3a)

(2.3b)

Applying the law of conservation of momentum to Figure 2.1 in the 
x-direction yields

b_
bt (pvX ) = - T“(pv V ) - T-(pv V ) - T-(pv V ) Ox K x x Oy x y' bzv x z7

+ b_
6x

5_
5x P + PEX 5

where

(2.4)

s = deviatoric stress (tension is positive) 
p = hydrostatic pressure (compression is positive) 
s - p = a = total stress** 
g = acceleration of gravity.

Equation (2.4) is the Eulerian, x-component "equation of motion." Similar 
equations can be written for the y- and z-components of momentum. All 
three components of the momentum equation may be written in vector nota­
tion as

^(ov) - (V . p vv) + (v • s) - (Vp) + P£ (2.4a)

*Conventions used are from Appendix A of Reference 2.1.
**This sign convention assumes that pressure is positive in compression 

and stress and stress deviator are positive in tension.

2.5
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and in tensor notation as

b£<pvi> ■ T-- (Pv.v.) + T- S.. - ^— p6. . + pg.
Ox. j i Ox. ii 6x. ij iJ J 3

(2.4b)

(where is the Kronecker delta).

Applying the law of conservation of energy to Figure 2.1 yields

^(pG+l pv2) = - |j[J,x(pa+i Pvs) - |;[vy(pa+! pvS) - pvS)]

5 h// ^ 5
bx x 5y y bz z

b b+ r—(s V+S V+S v) + T—(s V+S V+S v) bx xx x xy y xz zy by yx x yy y yz z

+ (s V+S V+S v) - T~(pv ) - T—(pv ) - ,r-(pv ) bz zx x zy y zz z bx x oy y oz r z

+ p(vg + v g + v g ) + v"' . xx y°y z°z (2.5)

where

u = internal energy per unit mass
i* uh = conduction energy flux

•///U = energy source or sink rate per unit volume.

Equation (2.5) is the Eulerian energy equation in component notation, 
Equation (2.5) may be written in vector notation.

b_
bt

^pu+-| pv2) = -V • v^pu+-| pv2) V • h^ + V • (s • v) - V • pv + pv • ^ + U/// . (2
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or tensor notation

Equations (2.3a), (2.4a), and (2.5a) are the general mechanical and 
thermal equations of change in vector notation assuming an Eulerian point 
of view. Equations (2.3b), (2.4b), and (2.5b) are the same equations, res­
pectively, in tensor notation. These five equations may be converted into 
moving coordinates (Lagrangian frame of reference) by realizing the follow­
ing consequences of fixed and moving coordinates. The Eulerian point of 
view requires that volume elements are fixed in space. Lagrange coordi­
nates, on the other hand, require volume elements which can move and dis­
tort in space. In the former, mass in an element is variable, while in 
the latter, mass is fixed. A transformation between the two frames fol­
lows directly from the law of conservation of mass. In the Eulerian sys­
tem, mass is transported from volume element to volume element. Associ­
ated with the transported mass is an amount of momentum and energy that 
is also carried from cell to cell. In the Lagrange system, fixed mass 
units translate, rotate, compress, expand, and distort. Momentum is asso­
ciated with the motion of the mass and internal energy is fixed to the 
mass unit.

Equation (2.4b) is referenced to fixed coordinates. To obtain the 
form of the momentum equations for moving coordinates, rearrange Eq.(2.4b) 
in the following way:

Tr(pv. ) +t—(pv.v.) = + ot i °xj J 1
(2.6)

The left side of Eq. (2.6) may be expanded

6 (2.7a)v. + pv. 1 v. + v.v i 'i bxj j i .
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and then rearranged.

fb , b 1 , fb b 1 ^’[hvi + vjSTviJ + vi[bHp + vj^pJ pvi'STvj (2.7b)

Using the definition of the "material" derivative.

D / \ — ^ / \ . ^ / \5j( ) - •S( ) + v.^-( ) ,

the left side of Eq.(2.6) may be written as

D 0 bP + v. — p + pv. T— v .K Dt i i Dt ^ i bx. jJ J
(2.7c)

But from Eq.(2.3b), conservation of mass for a fixed mass may be shown 
to be

(2.8)

Substituting Eq.(2.8) into the expression (2.7c) and plugging the result 
into Eq.(2.6), yields

P Dt Vi —h b
bx. sji p6

ij + PSi (2.9)

The Lagrangian motion equations, Eqs.(2.9), are a composite of the con­
servation of mass and momentum principles.
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A similar approach may be taken to convert the Eulerian energy equa­
tion, (2.5b), to the Lagrange frame of reference. Forming the scalar 
product of the fixed volume (Eulerian) momentum equation with material 
velocity v, yields, in vector notation

v --^(pv) = -v • (V • p v v) + v • (V • s_) - (v • Vp) + PS (2.10a)

6_
dt

(j PvS) = " (V ' 1 pv2^.) ~ (1;VZ) + (v * (£ * v)) + p(V • v) - (V • pv) + pv • £ . (2.10b)

This equation is called the Eulerian "mechanical" energy equation. It is 
not a fundamental equation, only a form of the momentum principle. Sub­
tracting it from the equation (2.5b) leaves the Eulerian "internal" energy 
equation.

-V • puv - V • li" + (s:Vv) - p (v • v) + U,// , (2.11a)

or in tensor notation,

+ s. . 5-r--v.
°Xj 1

+ U (2.11b)

Equation (2.11b) is referenced to fixed coordinates. To obtain the 
form of the equation of internal energy conservation for moving coordinates, 
rearrange Eq.(2.11b) in the following way.

+ ^r(p(lvi> + s ij (2.12)
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The left side may be expanded.

"bF" + ubFp + P'',-'j^r-u + uvf-j^p .i i bx. i
b

i bx. (2.13a)

rearranged,

fa * ^ b -1 ^ -fa . 6 1
JLbF"+ vibFruJ+ “Fp + vihtpJ . . b+ PUT-- V.bx. 11

(2.13b)

and converted to "material" derivative form,

D ~ D ^ b
P Dt “ + UDt P + pUbJ7 Vi •

1
(2.13c)

But again, Eq.(2.8) may be substituted into Eq.(2.13c) and the result 
applied to Eq.(2.12) to yield

D - b £// . 60 « K Dt bx. ii
+ 3 . . T--  V . -ij 6x^ i

p £— v. + U 
bx. i r

(2.14)

The Lagrangian internal energy equation, Eq.(2.14), is a composite of the 
conservation of mass and energy principles.

Equations (2.8), (2.9), and (2.14) are the Lagrangian equivalents 
of Eqs.(2.3b), (2.4b), and (2.5b), respectively. (The Euler set 
has been expressed in component form in Cartesian coordinates (x,y,z).) 
Any other spatial coordinates (e.g., r,z,9) would have worked, but for 
the general non-symmetric equations, Cartesian coordinates are the 
most convenient. Symmetric equations are often more conveniently writ­
ten in other spatial coordinates. The five Lagrangian equations (three 
components of momentum, the internal energy equation, and the Lagrangian 
form of conservation of mass, sometimes called conservation of volume) 
express the same physical principles of mechanical and thermal motion as
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the five Eulerian equations which include an explicit form of continuity. 
Conservation of mass is inherent in the Lagrangian formulation, i.e., 
p(x,y,z,t) is computed on that basis. In either case, the number of equa­
tions so far derived is less than the number of variables. To obtain a 
unique solution of either set of equations for a particular problem requires 
more equations (physical relationships called constitutive equations), proper 
boundary conditions, and correct initial values.

2.1.3 Boundary Conditions. Boundary conditions may be divided into 
two distinct categories: geometric constraints and boundary values. The 
geometric constraints define the location of physical or conveniently cho­
sen external boundaries as well as internal material interfaces and voids.
The boundary values are values of certain dependent variables used in the 
conservation equations at the external boundaries. Typically, the momentum 
equations require that components of stress or velocity be given for all 
boundary points and the energy equation requires temperature or heat flux 
boundary values. In the Eulerian frame, the continuity equation needs mass 
flux boundary values while in the Lagrange frame, mass flux is always zero.

There are two ways in which boundary values are obtained, i.e., by 
prescription or by interaction. By prescription means that boundary values 
are provided as time histories for an entire event; by interaction means 
that an algorithm for calculating values is provided. The latter case is 
typically required when two or more materials interact at a common interface.

2.1.4 Initial Conditions. Initial values must be given for all time- 
dependent variables in the space. That is, the initial thermodynamic state 
and geometry must be known. The initial values give the current state of 
things prior to any motion.

Initial values may be divided into thermodynamically intensive and ex­
tensive parts. The intensive group includes scalar and tensor variables such 
as pressure, internal energy, density, stress deviators, etc. The extensive 
initial values refer to the vector components of the conservation equations 
such as the initial velocity field (i.e., kinetic energy).

Rev. 1
15 NOV 77

2.11



I

2.1.5 Constitutive Relations. The additional equations (physical re­
lationships) that are necessary to completely describe a system come from a 
knowledge of the inherent response characteristics of each portion of the 
space enclosed by the external boundaries. These response characteristics 
form a set of equations which are called the constitutive relations. As an 
example, the mechanical and thermal response model of an isotropic material 
may be divided into three classes of equations which completely describe the 
appropriate equilibrium material response characteristics of a physical space. 
These classes are:

(1) The mean stress or pressure equation-of-state model,
P = P(u,p) ;

(2) The deviatoric stress model,
s . . = s (/. ,Y)ij i '

where are elastic stress deviator invariants and Y is the yield stress, 

Y = Y(u,p) ;
(3) The heat flux model,

h". = h(T)

where T is the temperature,
T = T(u,p) .

The forms of these equations will depend on the material and on the boundary 
conditions. The lack of material (void) may be described by a set of trivial 
constitutive equations or by correct boundary conditions.

This particular model is a convenient one for modeling complex response 
characteristics of an isotropic material. It is by no means unique. For ex­
ample, simple mechanical material response characteristics need not make the 
distinction between mean stress and deviatoric stress. In the case of non­
isotropic materials, the mean stress or pressure cannot even be measured in a 
thermodynamically meaningful way. In either case, the notion of stress in­
variants and yield stress, Y, can be replaced by a completely different theory, 
e.g., Endochronic Theory (Reference 2.2).
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2.2 REDUCTION OF THE FUNDAMENTAL CONTINUUM MECHANICS EQUATIONS TO 
SIMPLER FORMS

2.2.1 Overview■ The conservation and constitutive equations coupled 
to appropriate boundary and initial conditions form the necessary and suf­
ficient mathematical data required to theoretically analyze a physical 
system. An analytic solution of the continuum mechanics equations for 
arbitrary constitutive properties, complex boundary conditions, and non­
simple initial conditions is not available. Simplified or reduced ver­
sions of the continuum mechanics equations can be solved using analytic 
techniques. Typically, the simplifications that make these equations more 
analytically convenient are those that lead to linear ordinary differen­
tial equations or elliptic or parabolic partial differential equations 
with constant coefficients.

Simplifications may be conveniently separated into several distinct 
types of physical assumptions. Mathematically, all assumptions are always 
achieved by selectively or globally invoking some form of the conditions 
V( ) = 0 and/or ^-( ) = 0. Fundamental physical assumptions relate to 

spatial and temporal variables, (x^,t) and require that V( ) = 0 or ) = 0

be invoked globally; that is, all dependent variables are affected by the 
conditions V( )=0 or )=0. These assumptions are considered funda­
mental because (x^,t) are the independent variables. All other physical 
assumptions are mathematical subsets of these, and are, therefore, not funda­
mental. The mathematical conditions, V( ) = 0 and ) = 0, in this case 
are used selectively rather than globally to eliminate specific physical 
mechanisms. Thus, assumption of ideal material response characteristics, 
simple geometric shapes and boundary values, and/or quiet initial values,
merely becomes a specific application of V( ) = 0 and —( ) = 0.ot

2.2.2 Spatial Simplifications--Natural Symmetries. There are always 
three spatial variables (e.g., x^=x,y,z). However, the number of independent I
spatial variables can be reduced if the physical system exhibits a "natural"
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symmetry. There are three one-dimensional and two two-dimensional natural 
symmetries. They are summarized in Table 2.2.

TABLE 2.2. NATURAL SYMMETRIES

Number of
independent spatial variables

Name and mathematical 
constraint for dependent 

spatial variables for five symmetries

plane
(x,y,z) by()=°, fe()-o

1. Xj, is independent, x2=x3 = 0, 
(one-dimensional) < cylindrical

(r,e,z) be ()=°, fe()-o

spherical tx-C )=0, )=0(r,0,cp) b 69

2

/■

xx and Xg are independent, x3 = 0, 
(two-dimensional)

translational
(x,y,z)

axial 
(^,0,z) 

v

= 0

= 0

3. xx, x2, and x3 are independent 
(three-dimensional)

asymmetric not symmetric
(x,y,z)

( ) means any and all dependent variables.
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Many physical problems exhibit symmetrical characteristics. To solve 
the reduced equations which take advantage of these symmetries does not com­
promise the fundamental continuum mechanics equations, since these simplifi­
cations refer only to the symmetric qualities of the problem. However, when 
symmetry does exist, the computational cost of solving a problem is lower be­
cause the number and length of the continuum mechanics equations are reduced. 
One-dimensional symmetries involve only three continuum mechanics equations 
instead of five, and each equation contains fewer terms. For example, the 
momentum and internal energy equations for one-dimensional planar symmetry 
are derived by applying ) = 0 and -^( ) = 0 to the Cartesian form of Eqs. 

(2.8), (2.9), and (2.14). From Eqs. (2.9) and (2.14),

= + CTxx + pSx ’ (2.15a)

pu = 6 •//' hx PT— v + s r— v + U ox x xx ox x (2.15b)

where x = Dt vx ’ u s Dt u and -r- v Ox x = exx

e is the principal strain rate. Conservation of mass, Eq.(2.8), defines 
the rate of cubical dilation (A) to be the rate of volume change, i.e., the 
gradient of the velocity field,

A 6
bx Vx (2.15c)

Equations (2.15a), (2.15b), and (2.15c) are the general continuum mechanics 
equations for a three-dimensional space exhibiting no spatial gradients in 
two directions and no divergence in the direction of the independent space 
variable, x.

The remaining one-dimensional symmetric equations may be derived simi­
larly. The cylindrically symmetric forms of momentum and internal energy
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are derived from the (rj9,z) forms of Eqs.(2.9) and (2.14). Due to symmetry, 
the 9 and z components of momentum are zero (thus, 0 and z are zero) and the 
r component of momentum becomes

pr ir br(-rCTrr) " r

or, expanded,

.. b . °rr CT00
^ ‘ b? °rr + --- J--- (2.16a)

while the internal energy equation reduces to

^ lb,.//. lb /_ . * ^ i t . __/// , £i_\pu = - — r—(rh ) - p — t—(rv ) + s t— v + sQ.---h U . (2.16b)H r brv x’ F r brv r7 rr br r 00 r v ,

The rate of cubical dilation is calculated directly from the rate of volume 
change and is equal to

A = lb,— ■>;—(rv ) r brv x'

b_
br vr +

vr
r

= err + e 00 (2.16c)

ft is the radial strain rate and eQ. is the circumferential strain rate, rr 60

The spherically symmetric momentum and internal energy equations are 
derived from (r,0,cp) coordinate versions of Eqs. (2.9) and (2.14). They are, 
respectively,

■ 2[-r]
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or, expanded,

& . ,rrr'ff0e
cr = b? arr + 2 --- T (2.17a)

and

„ i 1 ^ / 3. // x lb,2Xl bP u ---- — T—(r h ) - P -p- T—(r v ) + s —r3 brv ' r r3 brv r' rr br
v + 2 fs0 —1 + Dw . 
r 06 r J

The rate of cubical dilation is
(2.17b)

A = |-(rsv ) 
y-2 orv ry

X v0 . 0 r_ v +2 —br r r

= err + 2 eee • (2.17c)

From symmetry considerations , see = in Eq. (2.17b) and = ^ in Eq. (2.17c)

The two-dimensional translational symmetry equations are derived from 
Cartesian coordinates. The momentum components are

px =

py =

, ba__ + — a__+ pgv ,bx xx by xy x
(2.18a)

t— o + r- a + pg , bx xy by yy KOy ’
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and the internal energy equation is

•: b •//. 6 •// N /b , bPu = - —(h^ ) - —(h t ) - v, + — v_bx^ x y byv y kbx x by y)
i b . b . i ^ TT/,/ /O+ ^ S v* + syy b? vy + Vfe vx + S vy) + 0 ■ 18b)

where

-— v = e ,bx x XX ’

by Vy " Syy ’

t— v + t— v = e by x bx y xy

The rate of cubical dilatation is

A = e + e . xx yy (2.18c)

The two-dimensional axially symmetric momentum and internal energy equa­
tions are derived from (r,9,z) coordinate versions of Eqs.(2.9) and (2.14). 
Momentum relations are

pr 1
r

b_
br (ro ) \ rr/ bz rz

..lb, V pz = — r-(ra ) r brv rz' + +pSzz
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or, in expanded form

pr
b . b . CTrr 'CTe0
57 CT*r + bl CTrz + r

(2.19a)

pz 5_
5r CTrz a zz >

while internal energy is

• 1 b , /// . 5 ./// .pu = - — T—(rh ) - — (h ) - pr r5rvr/ 5zvzy r

5 r 5 ,+ S "T— v + snn----1- S X~ V + s ,rr 5r r 90 r zz 5z z rz

[r fe(rvr> + fe VJ

(fcvr + 5r
(2.19b) 

Vz)+ ■

where

— v = e , 5r r rr

t— v = e , 5z z zz

b_
bz

Vr z erz

The term — t—(rv ) + -r— v is the volumetric strain rate, A r 5rv ry 5z z ’
volumetric strain rate,

Expanding the

A = t— v 5r r vz

_ err + e09 + ezz (2.19c)
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2.2.3 Temporal Simplifications. Time simplifications are not as easy 
to classify as spatial symmetries. Physically, time dependency varies from 
static (no time dependence) at one extreme, to dynamic (full time dependence) 
at the other extreme. In between, there are various degrees of time depend­
ence. Mathematically static problems are specified by -^( ) =0, whereas 
fully dynamic problems are given by ^( ) # 0. Steady-state momentum prob­

lems are given by v^ = 0.

A simple example of the static condition exists when ^( ) = 0 is applied 

to the one-dimensional, plane symmetry equations. The resulting equations are 
the static overburden equations for a one-dimensional column of material. The 
momentum equation becomes a familiar static balance,

5x axx = "Pgx ’

^°xx = -Pgx Ax ,

while the energy equation is indeterminant.

2.2.4 Conservation Law Simplifications. The most common simplifica­
tions are those that result from assumptions that eliminate physical mecha­
nisms and interactions from the conservation equations. Mathematically, 
these assumptions are invoked by specifying that the conditions V( ) =0 and 
^( ) = 0 apply selectively to certain of the dependent variables. Since 

there are only a few primary dependent variables, only a small number of 
possible physical assumptions is anticipated. (The primary dependent vari­
ables are p, v^, p, u, h^ .) However, many convenient secondary depend­
ent variables (e.g., impulse, momentum, etc.) may be defined,
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leading to the possibility of non-primary physical assumptions. In gen­
eral, these assumptions are combinations of primary physical assumptions.

Tables 2.3, 2.4, and 2.5 summarize some of the most obvious mecha­
nistic simplifications. Table 2.3 deals with mass; Table 2.4 deals with 
momentum; and Table 2.5 deals with internal energy.

TABLE 2.3. EXAMPLES OF SOME MASS CONSERVATION SIMPLIFICATIONS

Basic equation:

Simplifications:

k implies incompressible, from the condition that 
p = constant ^ 0

0

The assumption of incompressibility applied to a viscous fluid reduces 
the wave equation to the Diffusion equation (i.e., hyperbolic partial differ­
ential equations are reduced to parabolic equations). The pressure (mean 
stress) is therefore made indeterminate because bulk modulus is now infi­
nite. Sotmd speed is also infinite. Thus, for viscous fluids, this assump­
tion is valid only for small amplitude pressure waves.
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TABLE 2.4. EXAMPLES OF SOME MOMENTUM CONSERVATION SIMPLIFICATIONS

Basic Equation:

D ,6 be.p — v. = + r—s . . - T—po . . + pg. Dt i bx. ji bx. ij iJ j

Simplifications :

Dt Vi 0 implies
no acceleration, no a. if v. =0, implies static
inertial force, i.e., , ... „ . . .., ; b. if v. =constant, impliessteady state or static i . , . .J steady state

bXj S ij

-—p6bx. p ij

0 implies s.. = constant ij

= 0 implies p=constant

( implies external forces do 
no work

= 0 implies no gravitational forces

Inertial assumptions are the most common momentum equation simplifi­
cations . For example, a problem involving no motion (static equilibrium) 
becomes a boundary value problem rather than an initial value problem. 
Further, the continuum equations become elliptic rather than hyperbolic.

Constant external forces which imply that no work is done yield equa­
tions of motion which are integrable in a straightforward manner. The form 
of the resulting equations is the same as those used to describe particle 
motion.
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TABLE 2.5. EXAMPLES OF SOME ENERGY CONSERVATION SIMPLIFICATIONS

Basic equation:

D ~ b /// . bP "r- u = " t— n . + s . .    v.Dt bx. i 11 bx. i
i J J

P I— V. + U 
bx^ i

m

Simplifications:

D_
Dt 0

h'/ = 0

b
bx. V .1 0

s . . = 0 ij

implies no change in internal energy

implies no heat flux (i.e., adiabatic)

implies no volumetric expansion or compression 
(i.e., incompressible)

implies no distortional work

implies no sources or sinks.

Energy equation simplifications imply different types of thermodynamic 
processes. Eliminating effects of irreversibility due to frictional heat 
loss or distortion can directly reduce the mathematical complexity of the 
energy equation. Similarly, assumptions relating to adiabatic, isothermal, 
isobaric, etc., processes can indirectly simplify the equations to be 
solved because of concomitant constitutive assumptions.
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2.2.5 Constitutive Simplifications. Constitutive (material descrip­
tion) simplifications for a continuum response model are among the easiest 
types of simplifications to categorize once the proper perspective has 
been achieved. Figure 2.2 consists of a diagram that is intended to help 
establish this perspective. Presented side by side are the fundamental 
forms of matter and a more detailed breakdown of the forms of matter for 
continuum mechanics material modeling. The order in which the forms of 
matter are listed is extremely important. For example, properties such 
as mass density, strength, stiffness (inverse of compressibility), and 
thermal conductivity decrease as matter changes from rigid solid to rare­
fied gas, while thermal radiation becomes more of a factor as mass density 
decreases.

Continuum Mechanics 
Forms of Matter

Fundamental 
Forms of Matter

Rigid solid 
Small strain solid 
Large strain solid

Solid

Very deformable solid 
Dense liquid Solid-fluid transition

Liquid 
Dense gas 
Gas

Fluid

Rarefied gas 
Ionized gas Fluid-plasma transition

Figure 2.2. Spectrum of materials in a non-plasma continuum
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Constitutive models in continuum mechanics ultimately must describe 
the relationships between total stress, total strain, and internal energy 
because a relationship between these properties constitutes a complete 
mechanical and thermal model.* Data which are used to develop the forms 
of these relationships do not come from a single convenient experiment. 
Instead, a variety of experiments is used in which different but related 
properties are measured. For example, strength data may come from uni­
axial tension tests, triaxial compression tests, Hugoniot experiments, 
etc. Each type of experiment supplies different stress-strain data. In 
uniaxial tension, for example, only one component of strain is measured 
from one component of stress. Thus, only a partial picture of material 
strength is described. Caloric properties come from Joule-Thompson ex­
periments, throttling calorimeters, electron beam experiments, etc., 
each again supplying only part of the energy picture.

Constitutive simplifications result from special relationships bet­
ween stress, strain, and internal energy. For example, the stress ten­
sor will vary from material to material. However, there are classes of 
materials for which model stress tensors have the same functional form.
The fluids' stress tensor (more often called the viscous stress tensor) 
is normally a function of velocity gradients (strain rates). If the 
functional form is a linear combination of velocity gradients, then the 
tensor is termed Newtonian. If the functional form has nonlinear terms, 
the tensor is called non-Newtonian. The solids' stress tensor is normally 
a function of displacement gradients (strains). For linearly related 
stresses and strains the stress tensor is called elastic. Nonlinear forms 
include the strain hardening tensor as an example.

From a mathematical point of view, these relationships constitute 
the additional, independent equations needed to solve the funda­
mental equations of continuum mechanics.
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The linear isotropic fluids' stress tensor and the linear isotropic 
solids' stress tensor are developed below to show the similarity of these 
two constitutive models. Hie only information necessary to write down 
the explicit relationships is provided by the principle of conservation 
of angular momentum. That is, it can be shown that the stress tensor must 
be symmetric, i.e.,

CT . . = CT . . . IJ Jl

This fact reduces the number of independent tensor components from nine 
to six and in the case of the Newtonian fluids the only symmetric linear 
combinations of velocity gradients are

b bT--  V. + T--  V.bx. j bx. i i J

and

6. . .ij

Thus,

a.. 
ij

6. .
3-J

where a and b have no indices if the fluid is assumed isotropic. To be 
consistent with the definition of viscosity from Newton's law of viscosity

a = - C

where Q is the coefficient of viscosity. To be consistent with kinetic
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I theory of gases (Reference 2.3),

b -fc,

but for dense gases or liquids a correction must be applied such that

b-fC-K

where K is called the dilatational viscosity. Notice that K =0 for an 
ideal gas. Finally, one can write for the Newtonian viscous stress tensor

aij 6. . 
ij

In component form

axx

= -2C exx

a
yy

= -2G eyy
+

azz

= -2G ezz

(2.20)

(2.20a)

(2.20b)

(2.20c)
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a = a xy yx
/bv bv

-e — + —z^ \by 5x ,

-£ exy

/ bv bv N
(T = O’ = — C I +yz zy \5z by

(2.20d)

= -C eyz (2.20e)

(bv bv '
bx bz ,

= -Qizx (2.20f)

Similar arguments lead to the isotropic elastic stress tensor.

ct. . = g(!— d. + |— d. ) + iK-f G) i ^— d . )6. .
ij \6xi j ^>xj 1/ V 3 / V (2.21)

where G is the shear modulus and K is the bulk modulus; d^ is the displace­
ment in the i-direction. The isotropic elastic constants G and K are related 
to the Young's modulus, E, and Poisson's ratio, v, as follows:

r = E . v = E
2(1 + v) 5 N 3(1-2v) *

Other relationships between isotropic elastic constants are summarized in 
Reference 2.4. If the material is not isotropic, G and K must be subscripted. 
Notice the similarities in form between the linear-solid and linear-fluid 
stress tensors, Eqs.(2.20) and (2.21). Notice the difference
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in sign convention. In component form, the solid stress tensor is

a = 2Ge + XAXX XX

ct = 2Ge + \A
yy yy

ct = 2Ge + XA zz zz

ct = ct = Ge xy yx xy

ct = ct = Ge yz zy yz

ct = ct = Ge zx xz zx

(2.21a)

(2.21b)

(2.21c)

(2.21d)

(2.21e)

(2.21f)

where and

exx
bd 

e
yy by ezz

bdz
bz ’

A =

exy

. r <XX - TO
yy zz bx.1 i ij *

bd 5dx\ 
by / ’ e s yz

f^z
1 by ezx

bd bd 
bz ' bx

The properties G, K, G, and K may be functions of any two thermodynamic 
variables. Generally, they are reported as functions of temperature and 
pressure. Temperature is the dominant thermodynamic variable with pres­
sure (or density) only becoming important at phase changes.

Rev. 1
15 NOV 77

2.24











SECTION 3
NUMERICAL DIFFERENCE EQUATIONS

3.1 INTRODUCTION

The mathematical equations, Eqs.(2.8), (2.9), and (2.14), that represent 
the Lagrange partial differential equations of continuum mechanics cannot be 
solved analytically for arbitrary boundary and initial conditions and non­
linear constitutive relations. Therefore, they must be solved numerically.

A numerical method well suited to solve these equations is the explicit 
finite-difference approach. The explicit approach is ideal for solving time- 
dependent equations because it preserves the notion of time sequence and path 
dependence. An explicit scheme has two identifying characteristics:

(1) "Unknowns (are computed) directly in terms of the known quan­
tities" (Reference 3.1) ; e.g., values calculated for a new time 
(n+1) need only use data from the old, or previous, time (n).

(2) Physical phenomena can propagate only one spatial discretization 
in one calculated step; e.g., the calculated response at a par­
ticular location is only dependent upon the data at nearest 
neighbor locations.

Implicit methods, on the other hand, result in the solution of a set of 
simultaneous equations in which time is no longer an independent variable.

The characteristics of an explicit method may be written mathematically 
as a stability requirement. For example, the requirement for mechanical sta­
bility is

ci4t
bJL

<, 1 (3.1)

where c^ is the local longitudinal sound speed (i.e., the largest mechanical 
signal speed), At is a stable time step, and bJL is an appropriately chosen 
characteristic discretization length, usually in the direction of maximum
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acceleration. Equation (3.1) is commonly referred to as the "Courant Cri­
terion", based on a 1928 paper (Reference 3.2) by Courant, Friedrichs, and 
Lewy which introduced the concept of stability. Equation (3.1) is sometimes 
called the "von Neumann condition" from John von Neumann's work on shock 
waves (Reference 3.3). Specific formulas for choosing stable mechanical (and 
thermal) time steps will be derived later.

The choice of using a finite-difference representation for the spatial 
derivatives in Eqs.(2.8), (2.9), and (2.14) instead of a finite element for­
mulation is somewhat arbitrary. Either approach can be numerically explicit. 
However, the finite-difference method described in this section has some dis­
tinct advantages when the problem to be solved involves transient, high ampli­
tude, large strain response. The explicit finite-difference method has no 
stiffness matrix to re-form as constitutive properties change; there is no 
need for multiple formulations of elements to handle different geometric situ­
ations; momentum and thermal transport effects do not have to be solved sepa­
rately; and there is no need to be concerned with different convergence cri­
teria for problems with different characteristic lengths and time scales.
The explicit finite-difference formulation results in algebraic constitutive 
equations, geometric accuracy which depends only on spatial discretization, 
thermodynamically consistent processes for coupled thermomechanical transport, 
and, finally,stability criteria which are applicable to a wide range of prob­
lems. Furthermore, the finite-difference equations require little mathemati­
cal sophistication -- the entire scheme is based on the same fundamental prin­
ciple as the conservation laws, the Divergence Theorem.

3.2 DIVERGENCE THEOREM

The finite-difference equations for spatial derivatives (gradients) are 
based on the Divergence Theorem,

(3.2)

where the surface, S, encloses the volume, and n is the positive (outward)
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normal to S. A is a vector function of position with continuous derivatives 
that can be written as

A = Ax _i + Ay j + Az k

where j, k are unit vectors for the Cartesian coordinate system, x, y, z, 
respectively. Ax, Ay, and Az are the respective x, y, and z magnitudes of A. 
Solving Eq.(3.2) for the divergence of A yields

V • A lim (3.3)

where

n = nx ^ + ny j + nz k .

In component form, Eq.(3.3) becomes

Ax i = lim f [ax i n dS = lim f fAx nx ds >
Ar-o JJ ttfr-o J J

• Ay 2 = lim // Ay j • nds = lim / / Ay ny ds , (3.4)
Ar~»o

'^^//i■ 2ds = ^ifr ff k*a.is

An analogous derivation may be made for a scalar field.

Equations (3.4) can be put in integral operator form as follows.

( ) = lim 4: / / ( ) • ndS .A^o M JJ
(3.5)

Equation (3.5) is a general formula for partial derivatives of either a
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vector or scalar field. This is a direct result of the fact that

bx ( ) s V • ( ) .

In component form, Eqs.(3.4) become

bx ( ) = iim a!1 / /
A^O J J

( ) • nx dS ,

t ( ) = limby sr- o M If ( ) • n_ dS ,

bz ( ) = lim 
LIT-

o&ff ( ) • n dS .

(3.6)

(3.7)

Equations (3.7) may be written in finite-difference form as follows:

b_
bx ( ) 1

r

£max
E[<

b_
6y ( ) X S,] .

£max

£=i

x s 0 9

£

(3.8)

where the index £ counts the number of surface elements, S, that enclose 
the volume, IT. These formulas can be used directly to derive specific numer 
ical equations for any spatial symmetry involving Cartesian coordinates. In
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particular, they are immediately useful for one-dimensional planar, two- 
dimensional translational, and three-dimensional asymmetric geometries. Equa­
tion (3.7) may be rewritten in (r,0,z) coordinates for one-dimensional cylin­
drical and two-dimensional axial equations. For one-dimensional spherical 
equations, Eq.(3.7) must be formulated in (r,9,cp) coordinates.

3.3 ONE-DIMENSIONAL EQUATIONS

One-dimensional numerical equations are by far the easiest equations to 
derive because the computational mesh is simply a colinear string of mesh 
points. Volume is a function of the distance between mesh points and surface 
area is defined perpendicular to the direction of the mesh points. In plane 
infinite slab symmetry, Eqs . (2,15a,b ,c) , the surface areas are the same for 
all values of the Cartesian coordinate x, and zone volume equals the distance 
between mesh points times the surface area at the center of the zone. In cy­
lindrical and spherical symmetries, Eqs.(2.16a,b,c) and (2.17a,b,c), the sur­
face area at each mesh point (or zone center) increases with increasing radius, 
while zone volume increases as the differences of the squares and cubes of 
mesh point radii, respectively.

Figure 3.1 displays five consecutive interior mesh points in a typical 
one-dimensional Lagrange mesh, no matter what symmetry is used. The mesh 
points divide the space into discrete entities known as zones. Momentum- 
related variables (vectors) are calculated from equations centered at mesh 
points. Energy-related variables (scalars and tensors) are calculated from 
equations centered at zone interiors.* For Lagrange zones, conservation of 
mass is automatically satisfied because the zones have fixed mass.

In the equations that follow, time and space dependence of physical var­
iables is noted by superscripts and subscripts, respectively; n is the tempo­
ral index, while i is the one-dimensional spatial index.

These spatial conventions result in a second-order accurate numerical 
scheme. The notion of overlapping meshes is described later.
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Conservation of Momentum 
Centered at Mesh Points 

(vector quantities)

i-s

..n x.1-1
• i 1 • •'o

’Xi-x :
n+ix.1-1

..n x.i
n+i

x.i X .

.n+% x.i
n+i

..nx. ,x.i+i i+i

i+i

i-

i-i • • i+i

ZONE ZONE

n+i

n+i n+i

i+ %

(—----- x
1 ^ Conservation of Internal Energy

Centered between Mesh Points 
(scalar and tensor quantities)

i+s

L = left 
R = right

Figure 3.1. One-dimensional Lagrange mesh.
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Using the x-component equation from Eqs.(3.8) to represent partial de­
rivatives in one-dimensional symmetry (the y- and z-components are eliminated 
by symmetry), the following simplified form for the gradient at point i at 
time n is derived,

bx
i

(3.9)

The values at i+% and i-% are average values which apply to the entire zone 
or, equivalently, are the values that act at the center of the zone. In 
Eq.(3.9), the contributions from the front and back surfaces cancel each 
other by symmetry, as do the top and bottom surfaces. ^ is the grid point 

volume.

In plane infinite slab symmetry, the surface areas S1? j and S? i are
l+-£ l-:2

equal and can be taken to be unity. The grid point volume is the distance 
between the centers of adjacent zones multiplied by the average surface area 
(which in this case is equal to 1). Thus, for one-dimensional slab symmetry, 
Eq.(3.9) becomes

—( )n bx^ i

< -(>?-»
n n (3.10)

x. . - x. ,]_+% !-%

Equation (3.10) may be used to represent the term i-n Eq.(2.15a).

The coordinates x? , and xY , in Eq.(3.10) are the locations of zone
1+^

centers. They are computed from known grid point locations as follows,

n

xn
n , n x. + x. i i-i

i-% xn
n , nx. + x.i+i i

i+% (3.10a)
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The formula for the gradient at the center of a one-dimensional zone 
(say, i-%) is

( )?s? - ( )n sn
11 1-1 1-1

rn
(3.11)

where S? and ^ are grid point surface areas and ^ is the zone volume. 
For planar symmetry, Eq.(3.11) becomes

c )n
l-l

n x.i
nx.i-i

(3.12)

Equation (3.12) may be used to compute vx in Eq.(2.15b).

Finite-difference formulas for one-dimensional cylindrical and spherical 
symmetries may be derived from (r,9,z) and (r,0,cp) versions of Eq.(3.5), re­
spectively. The radial component of the (r,0,z) equations is

I £_
r br

max
[*■<>]-f E [( )

4=1
(3.13)

The one-dimensional version of Eq.(3.13) analogous to Eq.(3.9) is

( )i+^+3. - (

Y
n

n
i-% (3.14)
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For cylindrical symmetry, S is the surface area per unit height.

n nS. , = 2rr r. ,i+% i+%

Sn , = 2nrn , ,

If is the volume per unit height,

k ■" [k. j - a j ] ■

and, letting the variable x be used in place of r, Eq.(3.14) becomes

•(>]. =
n n n( ) .• j,xj j, 1 ^ 1 ^

(xi*%) ' (x"-%)

The radial component of the (r,0,cp) equations is

max
E [<> x s0
i=i

The one-dimensional form of Eq.(3.16) is

n ^ i*% i+% ~ ^i-% i-%

rn
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In spherical symmetry, the surface area, S, is

(3.17a)

and the volume, is

(3.17b)

Substituting Eqs.(3.17a) and (3.17b) into Eq.(3.17) and letting r be replaced 
by the variable x,

(3.18)

Equations (3.15) and (3.18) may be used to describe gradients at grid points 
of radially diverging quantities. Equations analogous to Eqs.(3.11) and (3.12) 
can be derived for each symmetry.

Another approach can be used to compute the gradients of diverging 
quantities. First, expand the radial gradients as follows,

LI
r

(3.19)
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Then, a cylindrical equation which is equivalent to Eq.(3.15) can be derived 
from Eq.(3.10),

< A.k - < )ni-» , (>ni

xn n
i+% i-%

nx.i
(3.20)

and a spherical equation equivalent to Eq.(3.18) may also be derived from 
Eq.(3.10),

1 6 r 2 , o11
x2 bxL ~

( f, ( n
i-%

n n * + 2
i+% - x.

( )j
nx.

(3.21)

In both Eqs.(3.20) and (3.21),

(>:n
< + <

(3.22)

For all three sjnmnetries, a common form of the one-dimensional gradient at a 
grid point is obtained by combining Eqs.(3.10), (3.20), and (3.21),

(3.23)

where f = 0 for plane symmetry, f = l for cylindrical symmetry, and f = 2 for 
spherical symmetry. Equation (3.23) may be interpreted as computing the 
planar gradient and adding an appropriate correction for divergent symmetries. 
Equation (3.23) may be used to compute gradients of stress in Eqs.(2.16a), 
(2.17a), and (2.18a).
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For gradients at zone centers, the finite-difference formula analogous 
to Eq.(3.23) is

(3.24)

Equation (3.24) may be used to compute gradients of velocity in Eqs.(2.16b), 
(2.17b), and (2.18b).

In Eqs.(3.23) and (3.24), it was possible to eliminate the grid point and 
zone volume terms. However, it is necessary to calculate the zone volume so 
that the mass of each Lagrange zone can be computed. The formulas for zone 
true volume are derived for each symmetry as follows:

• Zones in plane symmetry are one-dimensional, variable­
thickness slabs of specified cross-sectional area. The 
Lagrange coordinate is perpendicular to the unit cross 
section. The true volume of a zone is

If s (slab thickness) X (cross section).

When the cross-sectional area is constant for all zones, 
the slab symmetry is called planar; when the cross-sec­
tional area is variable, it is called "planar-flume" or 
"planar duct" symmetry or simply one-dimensional pipe 
flow geometry. The true volume formula at time n for a 
constant cross-sectional area slab symmetry is

(3.25a)

Equation (3.25a) assumes a unit cross-sectional area;
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however, any constant may be used, since it will affect 
all equations in the same way and cancel out.

• Zones in cylindrical symmetry are concentric cylindrical 
shells of constant height and finite thickness. The La­
grange coordinate is the radius of the cylindrical shells, 
always beginning at the point of concentricity (i.e., the 
center) and directed outward. The true volume at time n 
comes from the difference in circular cross-sectional 
areas multiplied by the cylinder height,

K-k =n[(xi)s- (vJ3]x (1> • (3-25b>

Equation (3.25b) assumes a unit constant height. As in the 
plane slab geometry, any constant may be used. A geometry 
analogous to pipe flow geometry will result from variable 
heights. This symmetry is a one-dimensional divergent flow 
between a variably separated plate geometry.

• Zones in spherical symmetry are finite, concentric spherical 
shells. The Lagrange coordinate begins at the point of con­
centricity and is directed outward. The true volume at time 
n is

(3.25c)

The volume formula for planar flume (where y is the flume radius) is

rIl TT
i-% = 3

[(yi) +yi5V1 +(y"-i)] •

The volume formula for non-constant height cylindrical symmetry is

*1% - 2T,{"i.%[(xi)3 - KJ3]+1 [yi-i+ "i-% Vi][(xD • (x”-1).

where = (^i " )/(xi “ yi-i) and y is the height-
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3.4 TWO-DIMENSIONAL EQUATIONS

Two-dimensional gradient equations for a grid point (i,j) denoted by P 
in Figure 3.2 are derived from the x- and y-components of Eq.(3.8). The sur­
face integral is defined along the diamond-shaped path LTRBL, shown in Figure 
3.2, leading to the difference equations,

b_
bx

( )nTL
-.n
:>TLV + n( ^ 3trv + ( )nBR 5brx + ( )nBL BLx

Xn

( )nTL STL„ + ( )nTR 3tr„ + ( )nBR
.n
3BRV + ( )nBL BLV

n

(3.26)

The values at TLx and TLy are the x- and y-component average values which 
apply to the entire top left zone or equivalently, to the center of the top 
left zone. Similar definitions for TR (top right zone), BR (bottom right 
zone), and BL (bottom left zone) may be made. The grid point volume, , is 
the volume which is enclosed by the surface with the cross-sectional area de­
fined by LBRTL. In two-dimensional equations, contributions from front and 
back surfaces cancel each other, leading to four instead of six terms in the 
numerators of Eqs.(3.26).

For two-dimensional translational slab symmetry, there is a constant slab 
depth, which leads Eq.(3.26) to be reduced to

—( £= bxv %

, Vn , , vti . .11 , vn , . .n , Vn( ^ (yT “ yL) + ^ + ^ W ^yB " yR^ + ^ ^L ^yL " yB^

(3.27)
.n( ^L ^ ^ + ^ ^TR ^ " XT^ + ^ ^R ^B " ^ + ^ ^L ^

. n

n ^ vn .n . , ,n

—( )^ = 6y^ T

jn

.nThe grid point area, A^, is the area which is enclosed by the closed contour 
LBRTL.

3.7
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ZoneZone

Zone Zone

P = Point being calculated, (i,j)
L = Left of point P in index space, (i-i,j)
B = Bottom of point P in index space, (i,j-i) 
R = Right of point P in index space, (i+i , j)
T = Top of point P in index space, (i,j+i)

Figure 3.2. IVo-dimensional Lagrange mesh.
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Equations (3.27) may be used to compute grid-point centered gradients 
in Eq.(2.18a). In terms of the index notation shown in Figure 3.2, Eqs.
(3.27) become

b_
bx (

b_
by (

+1

/ n n
“ yi-U

i+%, j+%
n- y. .
i>J+i

y i+%, j-%
n- y.
i+i ,J

1

•r-
)

1

/ n(yi-U
n- y. .i, j-i

'P'

^i-%, j+% (xn . 
i,J+i

n- X.
i-i

' i+%5 j+%
f n(x. l+l ,J

n- x. .
i, J+i'

f' i+%, j“% (x. .
l.J-l

n- x.
i+i ,3

1 ^ 5 J ^
(x.

1-1 ,J
n- x. . 
i,J-i

(3.28)

.nA" which is the quadrilateral area enclosed by LBRTL, is computed from the 
sum of the triangular areas,

An .n
1 5 J

n .n .ni.BRTL PLBP + PBRP + I’RTP + ^TTLP
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,nThe formula for the area of a triangle, say , is determined from analytic
geometry as follows,

^LBI

1
2

— LB X ~ LP

n
XB
n

*P

n
*L

n n 
yB " yL

n n n
yP " yL

1

0

" 5 [(XS-\)(5'?-^) - (X?-\)(5rB'yL)]

‘ 1 [XB(y?-yL)+X?(yL-yB)+XU(yB-yp)] • (3.29a)

Equation (3.29a) can be written in index notation as follows,

.n l["n /n n \.n/n n \,n /n n\
^LBP ' 2[Xi, j-l(yi, j - yi-l , j) + Xl,j(yi-1 ,J ‘ + Xi-1 ,j(yi, j-i ‘ yi, j)J'

(3.29b)

Similar formulas may be derived for triangles PBRP, PRTP, and PTLP.

A formula for translationally symmetric gradients at the center of a zone 
(say, i-%,j-%)* can be derived similarly to Eqs. (3.27) with the help of Figure 
3.3, using the surface integration path TL - BL - BR - TR - TL. Equation (3.26)

Zone (i-%,j-%) is defined by the grid points (i,j), (i-i,j), (i-i,j-i), 
and (i, j-i) .
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(••) = zone being calculated
T = top side of zone in index space 
L = left side of zone in index space 
B = bottom side of zone in index space 
R = right side of zone in index space

TL = top left corner of zone in index space 
TR = top right corner of zone in index space 
BL = bottom left corner of zone in index space 
BR = bottom right corner of zone in index space

Figure 3.3. Two-dimensional Lagrange zone.
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becomes

bx''

< >T STx + < >L S^x + ( )B SBx + ( SR

rn

— C fby^ J(-)

Equation (3.27) is

(”)

< >T STy + < >L S^y + < )B SBy + < ^R SRy (••)

(3.30)

Vn(••)

—( )n bx1' ' (••)
n[..n.n n n . n .. .

( h tot-1,31 -yL,j-S + < >R •yi,j)J ' A(-) •

W ;(")
-E

(3.31)
/ \Ti . n n \ i / ^ \( )_ (x. .-x. .) + ()_ (x. ,-x. . ) v 'T v 1,J 1-1,J L 1-1,J 1-1,J-1^

..n.n n n.n n. ,.n^ ^B Xi-i, j-i Xi,j-i^ ^ R ^Xi,j-i Xi, j j (••)

nA further simplification develops in Eq.(3.31) because the quantities ( ) ,
( )n , ( )n , and ( ft, are only defined at the four corners of the zone, Thus, 
LB R

( )n

( )n

( )n + ( )nv ^XR v 'TL

/ sH , s’!^ ^BL + BR

( )n
( )n + ( )nv ;TL V ;BL

(3.32)

( )
n /- \nn _ ( ^BR + ( ^TR

R
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Substituting appropriate components of Eq.(3.32) into Eq.(3.31) yields the 
following formulas for the gradient at the center of the zone (i-%,j-%),

bx'' ' i-%, j-%
\yl-i i-i 'yi il ^ • 1
L 11 >J"i L r-i ,J i,J-i J

5_
&y

- K.J -<^]

( ■ - ([*?-. .3-1 -J.3] [( t.o - < fl.l-. ]

- fxn . - xn . 1 f( f - ( f 1
L i-i , j-x i,j J

/2An x . , , 
x-%>

(3.33)

/2An , . ,
i-%3J-%

The area of the zone (i-%,j-%) is computed by dividing the zone into two 
triangles using either diagonal as the separator. Assuming that the line LB 
in Figure 3.2 divides the zone (i-%,j-%), then the previously derived area
ApLBP '*'n represents one part of the zone area, A^v . The

n '-'i-%,j-%other part, , is derived as follows,
S *i-%, j-%

.n Ifn.n n .^)i-%, j-% 2 L1’j-1 ’ j "

, n.n n .+ x. .(y. . -y. . )i-i,j i-i ,j-i i,j-i

n n n 1+ x. . (y. . - y. .)i-i,J-i i,J-i i-i ,J J (3.34)

The total zone area, A? , . i.
3--%, J-%

, is

(3.35)
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Finite-difference formulas for two-dimensional axisymmetric equations 
may be derived in the same way that Eqs.(3.23) and (3.24) were developed for 
the nonplanar one-dimensional cases. In Eqs.(2.19a) and (2.19b), terms of 
the form ^ are exPanded to the form ^( ) + so that Eqs.
(3.28) and (3.33) may be used for both translational and axisymmetric geo­
metries. In the latter case, x represents the radial coordinate and y the 
axial coordinate.

To derive axisymmetric formulas analogous to Eqs.(3.15) and (3.18) re­
quires that the following substitutions be made in Eq.(3.26). The surface 
terms are of the form.

STLX ^yT “ yL^ 2TT
XT+XL

(3.36a)

STLy * <XT-V2n(^T-!k/’

where
XT + ItL

is the average radius to the axisymmetric surface and x = 0 is
the axis of symmetry. The grid point volume is the sum of the triangular 
cross-sectional toroidal volumes (rotated about x =0) which make up the quad­
rilateral cross-sectional (LTRBL) toroidal volume (see Figure 3.2). The for­
mula for a typical triangular cross-section toroid volume is

PLBP ^LBP 2tt
XP+XL+XB

(3.36b)

where is the radius of the "center" of the triangle PLBP.
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Substituting Eqs.(3.36) into Eq.(3.26) yields a formula of the form

(3.37)

From Eq.(3.37) , equations analogous to Eqs.(3.28) and (3.33) may be derived.

To calculate the two-dimensional zone volume, equations of the form of 
Eq.(3.36b) are used. Referring to Figure 3.3 and Eqs.(3.29a), (3.34), and 
(3.35), the true volume of a translational symmetry zone of constant slab 
depth equal to unity is

rn, = An (

The axisymmetric zone volume is

nx.
3+ An 217

or, in factored form

(3.39)
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A formula for translationally symmetric gradients at the center of a 
triangle can be derived using a method similar to the one used for 
gradients at the center of a quadrilateral zone (Eqs. 3.30). Referring 
to Figure 3.3, consider the triangle formed by the vertices TR-TL-BR-TR,
i.e., the BL triangle with respect to grid point (i,j). Eqs.(3.8) become

6x ^ Vlbp

. .n n . .n xi . vii _n
( >L SLX+ ( >D SDX + ( >B SBX

V,PLBP

« SLy + ( >D SDy + < >B SBy

n
PLBP

(3.39a)

where subscript PLBP refers to the bottom left triangle with respect to 
grid point P, denoted by (i,j); subscript L refers to the face to the 
left of grid point (i,j); subscript B refers to the face below grid 
point (i,j); and subscript D refers to the diagonal face. In index 
notation, these equations become

[

[

( fr (y? i -yV i P + ( (yy . ,"
Li J-> J >J ^ J-"1 jJ A>J~X

( 'B /APX.BP ’

n , n n

. .n.n n ....n.n n .( )T (x. . -x. .) + ()_ (x. . -x. . )'L i,j i-i,J D i-i,J i>J-i

( )“ (xn . -xn .)! /A" „ 

' 'B v i,J-l J PLBP

(3.39b)
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The quantities ( , ( )**, and ( are defined using the notation of Figure
L D B

3.2.

( ),
( fp + ( fL ( . + ( f.

■ ___ _ ■1-1 »J

( )“
<>1 + < > B ( ). . + C ). ..1-1  1»3-12 (3.39c)

( ).nB
( )n + ( )n ( f. • + ( f. •

i»J i.J-i

Substituting Eqs.(3.39c) into (3* 39b) yields

6 n bx^ ^PLBP
ZAPLBP '

+ °us [( ( '"i.J-J

—( fbyv yPLBP
TJT H’D '

+ x?. r (f. .-(f.. l
1,3 L 1-1,3 1,3-1J

(3.39d)

+ xn . f( f. . - ( f. .1
i-i,3 L i,3-i i,3J
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The area of the triangle PLBP, , is computed from Eq.(3.29a).
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3.5 THREE-DIMENSIONAL EQUATIONS

The three-dimensional equations are based on the mesh conventions shown 
in Figure 3.4. The formula to calculate a partial derivative at a point, 
say at mesh point P, can be derived from the x-, y-, and z-components of 
Eq.(3.8). The surface integral is defined over the eight triangular surface 
elements, TLF, TFR, TRA, TAL, BLF, BFR, BRA, and BAL. The volume enclosed 
by this surface (ALBRTF) is composed of eight tetrahedrons. The vertex of 
each tetrahedron is at point P, while its base is a surface element.

The area of a typical surface element is given by the formula

s = I * B| (3.40)

where A and B are vectors defining two sides of the surface triangle. Both 
A and B are directed from the same vertex. From Figure 3.5, the following 
more specific formula may be written for triangular element TLF,

STLF

i j k

*L"XT yL-yT ZL " ZT

XF-XT yF-yT ZF “ ZT

Expanding Eq.(3.41a) yields

(ZF-2t) - (yF-yT) (2L-2i)] 

(2l'2i) ' (xl-xt) (2f'2t)]

(yF-yl) ‘ (^-*1) (yL ~ yx)] }

STLF + - STLF ] ' 
y z -1

(3.41a)

(3.41b)

(3.41c)

3.9
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y

- j + i

^ k+ i

P = Point being calculated, (i,j,k)
L = Left of point P in index space,
B = Bottom of point P in index space, 
R = Right of point P in index space,
T = Top of point P in index space,
A = Aft of point P in index space,
F = Front of point P in index space,

(i-i,j,k) 
(i,j-i ,k) 
(i+i , j,k) 
(i,j+i ,k) 
(i,j,k-i) 
(i,j,k+i)

Figure 3.4. Three-dimensional Lagrange mesh.
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T

Figure 3.5. Three-dimensional tetrahedron surface area TLF.
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Referring to Figure 3.4, the component formulas for defining the sur­
face integral at a mesh point P are

>p - [<)"
TLF TLF,

i / \^ q^ i /
^rrw T. ' \ / rprcns ^'TTTD \ / rrm 1 ^'TFR TFRX v J TRA TRA-

+ ( >m STAL + ( )p- + ('BLF BLFX v BFR BFR.

+ < )BEA SBRA, + < SMlJ 7

by
r ^ - [f \n 4. ^ n qn + / \n snV ;p - ^ ^xLFy + 1 ''TFR TFRy ^ ;TRA TRAy

. / \n qn S11 +(''>n Sn
+ ^ ^TAL TALy ^ '’BLF BLFy V jBFR BFRy

( ^BRA SBRAV + ( }BAL SBALy]/ (Volume)ALBRTF ’ (3.42b)

b_
bz

n _ [\ .n n , / xn q11 , f \n Sn( )p |_( )TL7 ^TLFz + 1 ;TFR ^ -'tra traz

, r nH qn I Z Nn qn J- f N11 cn
+ ( ^TAL TAL. + ^ ;BLF BLFZ ^ ''BFR BFRz

+ ( ^RA SBRA. ( )BAL (Volume)ALBRTF (3.42c)

Substituting appropriate index-space forms of Eq.(3.41b) into Eqs.(3.42) 
yields .the following equations,
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£_<• Ln = i () n
i-%.

+ ( ) n
i+ %, j-% >k-%

+ ( ) n
i+%> j+%>k-%

+ ( ) n
i--h,j+k,k-k

+ ( ) n

/'y11 - y11 W zn . zn \

(Zi,j>k-i Zi-i »j ,k) ^ yi> J-1 >k yi-i»j>k)

/ yn - yn \(zn . zn )
\ i+i,j,ky

- (zn - zn ) (yn - yn )
^ i+ijjjk/\ i+ijjjk/

( n n Wn _n )
^ijj.k-i yi+i , j ,k/ \ Zi , j+i ,k Zi+i,j,k/

(zi , j ,k-i zi+i , j ,k) ( yi, j+i ,k yi+i,j,k^_

/n n \/n _n ^
\i> j+i >k “ yi-i , j ,k/ \ zi , j ,k-x ' zi-i,j,k/

- - 2i-i,j,k)(yi,j,k-1 " y"-i,j,k). <3'

/ n n Wn n )
\ yi > j“i >k yi-i , j,k/\Zi , j,k+i " Zi-i,j,k/

+ ( )

+ ( )

( )

/ n(Zi,j-i,k ' Zn Vyn
i_1 > j 5k/ \ i > j >k+1

n- yi-1 , j 5k

n
i+%>

/ n
,k

yi, j ,k+i) (, Zi+i ,j ,k n- z. . . i > J >k+i

/ n n ^ ( n n
\i»j-i>k Zi, j,k+i/ \ yi+i »j»k y i > j > k+ x

n / n n N\ / n n
i+%> j+%>k+% [_Vyi+i ,j,k ' yi,j,k+ij \ zi,j+i,k Z i > j > k+1

(Zi+i , j ,k zi, j ,k+i) (yi, j+i ,k n
yi> j jk+i

n n \ / n n
i-%, j+%,k+%

( yi,j,k+i yi-i , j .k/ \Zi>j+i»k - z. . ,i-i ,J,k

/ zn n ^ ( n n
\Zi,j,k+i Zi-i >j >k/ \yi, j+i jk - y

i-i > j jk

43a)

/*p .
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—(ln by'- P ( ) n
i-%.

+ ( ) n
i+%»

+ ( ) n
i+%,j+h,k-h

+ ( ) n

( n\i> j“i

(‘".j.k-i

V
(Zij j+i5k

fxn .
\ IjJ+ljK

- X

- z

- X

- X

- z

n \ (xn - xn \
i-1,j,ky V i.j-1i-1

n \ fz11 - zn )
i-i>j »k/ V i-ijj jk/

n ^ (x11 - xn "i
i+i^.k^V i,j,k-i i+i , j ,k/

n ^ - zn )
i+i>j>k/ \ i,j,k-i i+i,j,k/

n W n - xn )
i+i »j jk/ \xi, j+i ,k Xi+i,j,k/

n
i+i,j,k/\ i, j+i ,k

n ^ / n - n |
i-i ,j,k/VXi>j>k-i Xi-i,j3k/

n \i ^ - zn )
i"i >3^) \Zi> j»k-i i-i > j jk /

zn )
i+i , j .k'

+ ( ) n
i-%>j"%>k+%

z11 . i - z
. i>J-i,k

" • • v ' x° • v) (3
1-1 >J>k/\ i,j,k+i i-i,J»k/

+ ( )

+ ( )

+ ( )

(Xi,j-i ,k -x" ■ t)( 
i-i ,j,ky v

n2. . , i, J , k+1
-^i.jA

)n
i+%, j-%,k+%

^(Zi,j-i ,k ■
xni+i , j ,k

(Xi,j-i,k ■ Xi,j,kn)( n
z • -ii+i , J ,k

- zi,j,ktl).

)n
i+%, j+%,k+%

/ zn
V i+i , j,k

- 2n . , ) ( 
i,j,k+iy \

n
i,J+i »k

■xi,j,k.i)

/n
V i+1 , j ,k

- x" • V )(
i,j,k+iy v

n
z- • ii,J+i ,k

- ^.j.k.i).

)n
i-%, j+%,k+%

(Zi,j,k+i -2" -vie
i-i .J.k/VXi,j+i»k

(Xi, j,k+i - x" ..)(
i-i ,J »k / \,Zi, j+i ,k

- Vi.j.k) ir
n
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—( )n =1 
bz^ ;p 2 ()n

i-%>j-%>k-%

" Xi-i , j,k) (yi, j-i ,k

- (yl3,^ yi-i , j,k) (Xi, j-i ,k

+ ( )n 
i+%> ,k

" Xi+i,j,k) (yi,j,k-i

- (’'i.J-l.k yi+i , j,k) (Xi, j,k-i

+ ( )n
i+% j j+%>k-%

/ n
\ i ’ j >k-i

xn ^ f n
i+i,j,k/ \ i , j+ijk

/ n n \ / n
(yl,3,^ yi+i ,j,kj \ i,j+i ,k

+ on

i-%>j+%>k-%

/ n
v i J+1 >k i-i»J»k/V i>J>k-i

- y.

n ) 
i-i ,j,k/

+ ( ) n
i-%,

+ ( ) n

:n ) 
i+i , j,k/

rn )
i+i >j ,k/

:n ) 

i+1 , j , k' _

• k)

// . yn Ux11 - xn )

\ i, j+i ,k i-i.j.k/V i j J >k-i i-i,j,k/

/n n \ / n. n J
\i > j"i jk “ Xi-i , j ,k/ \yi, j ,k+i “ yi-i,j,k/

("ij-.k 

(’‘i.j-.k

(''Ij-Lk

+ ( ) n
i+%5 j+%>k+%

+ ( ) n
i-%> j+%>k+%

nx. . ,i+i > J >k

(yn
V i+1 >j »k

(Xi, j ,k+i

(yn
\ i.jjk+i

yi-i, j5k) (Xi, j ,k+i n- x.i-i , J ,k

xn ^ f n
Xi,j,k+iJ \ yi+1 ,j,k n^J.k+i'

n \ / n n
yi > j >k+1/ V Xi+1 a j >k Xi,j,k+i-

n \ i/ n nXi,j,k+i) l Yi,j+i >k “ y i, j ,k+i <

y11 )(xn
i,j»k+iy\ ij j+1 >k

n- x.i,J,k+i'

n \ / n nXi-i .j.k) Vijj+i>k “ yi-i , j ,k

n \ / n nyi-i,jskJ Vi, j+i ,k - x . . ,i-i , J »k

(3.

/rn

43c)

3.15
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The grid point volume, may be calculated by averaging the zone vol­
umes of the zones surrounding the grid point. An interior grid point will 
have eight zones to be averaged, a side grid point will have four, an edge 
will have two, and a corner will have one.

Zones in a three-dimensional mesh are defined by eight mesh points which 
are allowed to move independently, according to conservation of mass and mo­
mentum. These eight mesh points define a hexagon in index space and a duo- 
decahedron in physical space. The duodecahedron (Figure 3.6) is not uniquely 
defined in that the "fold” in each index space face is arbitrary. Therefore, 
in order to be properly centered, the volume formula is taken to be the aver­
age of the parallelepiped volumes defined at each vertex. A parallelepiped 
volume is given by

rvertex A • (B X C)| (3.44a)

Ai Aj Ak

Bi Bj Bk (3.44b)

Ci Cj Ck

- *1®:^ - ®kCj>

+ - BiV

+ Ak(BlCj ' BjCi> ' (3.44c)

where A, B, and C are vectors pointing from the vertex. Considering zone 
(i-%5, which is defined by the eight grid points (i,j,k), (i,j-i,k), 
(i,j-i,k-i), (i,j,k-i), (i-i , j ,k) , (i-i , j-i ,k) , (i-i , j-i ,k-i ) , and (i-i,j,k-i), 
the volume is
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Diagonals across cube 
faces are fold lines

k

ATR

ABR - i

(••) = zone being calculated (i-%, j-%,k-%)
FTR = front top right grid point (i,j,k)
FTL = front top left grid point (i-i,j,k)
FBL = front bottom left grid point (i-i,j-i,k) 
FBR = front bottom right grid point (i,j-i,k) 
ATR = aft top right grid point (i,j,k-i)
ATL = aft top left grid point (i-i,j,k-i)
ABL = aft bottom left grid point (i-i,j-i,k-i) 
ABR = aft bottom right grid point (i,j-i,k-i)
L = left face (i-i)
R = right face (i)
B = bottom face (j-i)
T = top face (j)
A = aft face (k-i)
F = front face (k)

Figure 3.6. Typical duodecahedron zone.
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oo
lf-

'
I yll+l

i -3- -S-J- V-3- i- 'z J J ^ K 1>

(x . , - X , )ljJ>K ■LjJ •l51^

+ (z, 4 V “ Z-i i-T lr^
1- 9 J J->K

+ (y«

»k-i - y. . t) (z. . ,, j-i ,k i-i , j-i ,k “ z. . ,)i,j-i ,k

^Zi, j-i,k-x - z. . . ) (y. . ,5k i-i
yi,j-i ,k0

[(zi,j-i,k-i - z. . , ) (x. . .i, J-1 ,Y.' 1-1 , J-I ,k - x. . , )i>J-i >k

- (x. . .,k-i Xi,j-i,k^ ^Zi-i,j-i jk Zi>j“i >k^ ]

[(xi,j-i ,k-i Xi, j-i ,k^ ^yi-i ,j-i jk yi»j-i jk^

- Cvi , j-i ,k-i yi> j-i 5k^ ^Xi-i , j-i ,k “ xi,j-i ,v)~\

[^i-i , j-i ,k-i yi,j-i,k-i^^zi,j-i,k zi,j-i,k-i^

^Zi-i , j-i ,k-i - z. . , )(y. . ,i,j-i ,k-i wi,j-i ,k ' yi,j-i,k-i)

, j-i »k-i - z. . , )(x. . .i,j-i ,k-i i>J-i >k Xi, j-i ,k-i ^

- (x. . .i-i ,j-i ,k-i Xi, j-i ,k-i ^ ^Zi, j-i >k zi, j-i ,k-i ^

[(xi-i ,j-i ,k-i Xi,j-i ,k-i^yi,j“i »k " yi,j-i .k-^

Cvi-i ,j-i ,k-i
yi,j-i »k-i^Xi,j-i ,k Xi,j-i,k-i^]

(This equation is continued on the following page.)
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+ (X i-l , j ,k-i ” Xi-i ,j-i ,k-i ^ [^yi-i ,j-i ,k yi-i ,j-i ,k-i^Zi,j-i ,k-i z. . . )1-1 , J"i 5k-i

- (z. . , - z. . , ) (y. . ,1-1 ,j-i ,k 1-1 ,j-i ,k-i' wiJj-i ,k-i

+ (yi-i , j jk-i ” yi-i , j-i ,k-i ^ {^Zi-i ,j-i ,k zi-i , j-i ,k-i ^Xi , j-i ,k-i

(x. . . - x. . , )(z. . ,i-i j j-i >k i-i ,j-i ,k-i ijj-i >k-i

- x. n . , )i-1 , j-i ,k-i

Zi-i , j-i ,k-i 0

+ (z. . , - z. . .i-i jjjk-i i-i ,j-i ,k-i
[^Xi-i ,j-i 5k Xi-i ,j-i ,k-i^yi,j-i ,k-i - y )i-i »j-i ,k-i

+ (x. . . - x. . . )i-i »J jk i-i ,j-i ,k

+ (y,- ,

+ (z. . , - z.i-i , j ,k :

^yi-i ,j-i ,k - y.i-i ,J-i »k-i )(xi,j-1>k-x - x. . . )i-i ,j-i ,k-i

(yi, j-i ,k - y.*1-1 ,i-i ,k ) ^zi-i , j-i ,k-i 2i-i , j-i ,k^

(z. . ,i,j-i ,k " z.1-1 ,1-1 ^ ^yi-i , j-i ,k-i - ^i-l .j-! .^J

(z. .i,j-i ,k - z.1-1,1-1 (x. . ,i-i ,j-i ,k-i Xi-i ,j-i ,k^

(Xi,j-i ,k - X .1-1,1-1 ,k) (z. . .i-i ,j-i ,k-i
zi-i , j-i .k^]

5Xi, j-i ,k - X .1-1,1-1 ,k} (yi-i >j-i ,k-i yi-i , j-i ,k^

(yi,j-i,k - y.i-i ,l-i .k5 (x. . ,i-i ,j-i ,k-i
Xi-i ,j-i ,k^]

(This equation is continued on the following page.)
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+ (x. . . - X,v i,j-l ,1c :

+ (yt 4_, k - * k)

+ (z. . , - z.1, J-1 ,k J

+ (xi ^ v , “ xi i v , > (y4 i

+ (y,- 4_n I... • y,- 4 v.,) Fc2,' i
1>JX>K1 I5J5KI L ;L>J>

(yi-l,j,k yi,j,k^ ^Zi,j,k-i Zi,j,k^

^Zi-i , j ,k Zi,j,k^ ^yi,j jk-i Zi»j»k)]

^zi-i , j ,k zi,j,k^ ^Xi,j,k-i " ^.j.k5

(xi-i,j ,k - x , ) (z. . ,
Zi,j,k^]

(x. . ,1-1 , j ,k - x ) (y . ■ yi.j.k5

(yi-i J,k ■ yi.j.k5 (xi,j,k-i
Xi,j,kO

(yi,j,k yi 5 j ,k-i ^ ^zi-i , j ,k-1 Zi , j ,k-i ^

(Zi,j,k zi,j,k-i^ ^yi-i ,j,k-i “ yi,j,k-i>

^Zi,j ,k - z. . . )(x. . .1, j ,k-i 1-1 , j ,k-i " Xi,j,k-i)

+ (z. . . - z. . , )v 1,j-i ,k-i ijjjk-i7

" (Xi,j ,k

[ (XiJs1

' (yi,j,k

-X. ... )(z. -z. .. )1, j ,k-i 1-1 > J >k-i 1 > J >k-i J

xi,j,k-i^yi-i ,j,k-i " yi,j,k-i^

yi,j,k-i^Xi-i ,j,k-i Xi,j,k-iO

(This equation is continued on the following page.)
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+ ^Xi-i,j-i,k-i " xi-i,j ,k-i^ L<yi.3.^ ■ y. )(z. -i■,i-i,j,k-i/ i-i, j,k Zi-i , j ,k-i ^

- (z. . , - z. . . )(y. . ,i-i »J,k-i i-i>J >k yi"i ,

[(zi,j,k-i Zi-i ,j ,k-i^Xi-i, j ,k Xi-i.j.^-i^

- (x. . ,i,j,k-i Xi-i,j,k-i^^Zi-i , j,k
Zi-i , j ,k-iO

+ (z. . , - Z. • i ) [(xi,j,k-i Xi-i,j,k-i^ ^yi-i,j,k ' yi-i,j5k-i)

" (yi,j,k-i yi-i , j,k-i^Xi-i , j,k
- x. . . ) j

i-i,J,k-i J

+ (X. . , - X. . , )j-“l j J IjK- J- IjJ?1*'
[(yi-ijj »k-i ‘ y^., i <zi i k - z. . . )i-i , J »k

i-i f j }k-i - z, . , k) (y.- , k
■ ^o,^]

+ (yi_1}j-1}k [(zi-i ,j,k-i zi-i,j,k^ ^Xi , j ,k - x. . , )i-i > J >k'

- (x. . .x-i , J ,k-i - x . .) (z , Zi-i > j

+ V ' Zi-> i1 9 J y*’

[(xi-i , j ,k-i - x . . .) (y . . . yi-i,j ,k^
'

^yi-i ,j,k-i - (xi,j,k
- x. • i)1 ' •

i-i,J,kyJ

(3.44d)
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Formulas for gradients at the center of a zone (••) [where (•■) means 
(i-%,can be derived similarly to Eqs.(3.42). Referring to Figure 
3.6,

b_
bx

,n
3RX

+ ( -.n n( ^ .n

+ ( .n (3.45a)

b_
by

+ ( S ( n
r

+ ( (3.45b)

i, - [< f ♦ < i
+ < ? SB + ( ¥

Z 2;

+ ( >: s" + ( )f s" ]/r(-

" sn

(3.45c)

A typical term of the form ( )n 8° in Eqs.(3.45) is calculated by dividing 
each face into two triangles twice, evaluating the appropriate factors, and 
averaging the result. As an example, consider the term ( ^ ^ . First, di­
vide the right face into the triangles with a common base formed by the diag­
onal FBR-ATR. The areas of these triangles are determined from Eqs.(3.41). 
Denoting the triangles by the vertex opposite the common base, the formula
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for ( )*) based on the diagonal FBR-ATR becomes 
R Rx

[( * FBR-ATR
“( )n2V ;A LWFBR

FTR
[(4 n . . ny^) (zFTR/v ATR FTR

n \

- (y1n n n yX’T’Tj) (ZTATR FTR FBR
2n )1
FTR;J

+ —( )n
2K L FBR

ABR
[(yFI n n yATRJ^ZABR n \ 2 ATR

- (yn n x / n
y A TT? ) (zi:ABR •7ATRy v FBR

ZATR^]

Changing the diagonal to connect the grid points FTR-ABR yields the

[<«J 2 ^
FTR-ABR FBR

[(yF n . nyimj) (ziFBR FTR ABR FTR
n \ Z>Tirrrr\ )

n n n n \\
^yABR " yFTRMZFBR “ ZFTR',J

Nn+ \ r-'ABR
ATR

[(yAE n v * n 
yFTR;^ZATR n \ ZFTR

- (y
n
ATR

n s ^ n
yFTR; ^ABR

zn )1
FTR^J

(3.46a)

formula

(3.46b)
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which isAveraging Eqs.(3.46a) and (3.46b) yields a formula for ( ^ ^ 
independent of the choice of diagonal

FTR-ABR
(3.46c)

The triangle-centered values of the variable for which the gradient is 
being taken are usually computed as the average of the grid point centered 
values. Thus,

( )a

( )

FTR

n
ABR

( )
FBR

( )n
ATR

1
3

1
3

1
3

1
3

[( )FTR + 

[( ^ABR + 

\} ^ FBR + 

^ATR + (3.46d)

Formulas for gradients at the center of a tetrahedral volume can be 
derived using a method similar to the one used for gradients at the center 
of the duodecahedron zone, Eqs.(3.45). Referring to Figure 3.7, which shows 
the front-top-left tetrahedron, PRTF, with respect to grid point (i,j,k),

Rev. 1
30 SEP 80

3.24



Eqs. (3.8) become

^ / \n I”/- \n r.n . /• Nn ✓ \n „n . , Nn „n T .*,11 .£)x( TRTF L( h SX + ( ^ Si + ( Sj + ( Sk J /rpRTF » (3*47a>

[( ^ SX + ( A Si + ( s*j Sj + < >k Sk ] /rpRTF • <3-47b>

tetj^ = front-top-left tetrahedron

PTF = face i 
PFR = face j 
PRT = face k 
RFT = face X

P = grid point 
R = grid point 
T = grid point 
F = grid point

(i»j.k) 
(i+i,j,k) 
(i,j+i>k) 
(i,j,k+i)

Figure 3.7. Front-top-left tetrahedron
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A typical term of the form ( )nSn in Eqs. (3.47) is evaluated on a 
tetrahedral face, i.e., a triangle. The four terms in each component 
equation correspond to the four triangle surfaces that enclose the 
tetrahedron. The subscript convention denotes the three faces coming 
together at grid point (i,j,k), as faces i,j,k corresponding to the index 
space planes to which they are parallel, and the fourth face as X, which 
has no vertex at grid point (i,j,k). Face H "leans" on the other three 
faces. The areas of the surface triangles are determined from 
Eqs.(3.41).

Using the notation of Figure 3.7, the x-gradient terms are

[( $ S" ] kf [(y£-yp>(Zp-2p> - (y£-y£> (*;!-*">] . C

PRTF ptf

[ n n “J 1, 0* fy n nw n n\ / n n\ / n n\"l( ^ Sj J = 2( > K “ V (ZF ' V - ^F-V^-VJ » (3
PRTF PRF

.n _n “I ly vH fy n nN y n n. y n nv y n n.“l< \ SkJ * 2< \ L<7R' V <i!T ■ V - <7t-V(zr-VJ •
x PRTF “prt

(3

r. .n _n 1 ly fy n nx y n nN y n n\ y n ns"l yoL( 4 ' 2< )4RrTL(7r‘yR)<IT‘IR) ' <yT - ^ (ZF - Vj • <3
PRTF
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The triangle-centered values of the variable for which the gradient is 
being taken are usually computed as the average of the grid-point-centered 
values. Thus,

(
PTF

(

(

(

PRF

.n
^PRT

*n

RFT

3 [< 'p + < >R + < >f] •

3 [( )p+ < >R+ < >l]>

3 [(>R+<>F+<>"T]-

(3.49)

The tetrahedron volume can be computed from Eq.(3.44a) by taking one 
quarter of the volume of the parallelepiped that is formed around the 
tetrahedron PRTF. The parallelepiped volume is computed from the three 
vectors coming together at P.

Specific numerical representations of the one-, two-, and 
three-dimensional Lagrange continuum mechanics equations utilizing the 
surface integral approach are presented in Sections 4, 5, and 6, 
respectively.
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SECTION 4
ONE-DIMENSIONAL LAGRANGIAN FINITE-DIFFERENCE EQUATIONS

4.1 INTRODUCTION

The Lagrange explicit finite-difference equations which represent the 
physical equations of a one-dimensional continuum are solved using two 
overlapping meshes—a displacement mesh and a stress mesh. The displace­
ment mesh is made up of grid (mesh) points which define geometric quanti­
ties such as shapes, interfaces, and boundaries. Conservation of momentum 
is used in the displacement mesh to solve for the vector variables, acceler­
ation, x, velocity, x, and position, x, at specific points in space. The 
stress mesh is made up of zones in which scalars and tensors are calculated 
as averages over zone volumes and surface areas using conservation of inter­
nal energy and constitutive equations to solve for scalar and tensor vari­
ables such as stress, CTyy> etc*j internal energy, u, pressure, p, etc.

Both meshes describe the same region of space and are related through 
identical satisfaction of conservation of mass; that is, density, p, in both 
meshes describes the existence of material in the same way. Thus the rela­
tionship between meshes is that the grid points of the displacement mesh 
uniquely define the zones of the stress mesh.

4.2 DISPLACEMENT MESH

4.2.1 Calculational Sequence. The one-dimensional Lagrange continuum 
mechanics equations are solved in three steps. First, the momentum equation 
is solved to determine mechanical motion from stress, internal energy, and 
density distributions. Next, conservation of mass is used to calculate new 
density distribution, and finally, the constitutive relations and conserva­
tion of internal energy are solved simultaneously to calculate a new stress 
and internal energy distribution. This procedure is shown schematically in 
Figure 4.1.

4.1



n .n-% x. , x. z, i i
n n
pi-v Gi-%

..n x.i

Initial Conditions 

Conservation of Momentum

Explicit
Integration

x.i > At

X .1

n+i
p • i.

At

Conservation of Mass

Simultaneous 
Solution for 
Explicit 
Time Step

u

At
iv 1/2

n+i f n+i .n+i n+x \ Conservation
i-% = U< Pi-%’ of Energy

n+x
i-% = P

/n+x n+x \
Ui.%’ pi-w Constitutive

n+i / n+i n+i n+x \ Relationsi-% = S<<Pi-%’ Pi-%’ ui-%;

n+i
7i-h

Atn+i

Initial Conditions 
for Next Time Step (cycle)

Time Step
for Next Cycle from
Courant Stability Criterion

Figure 4.1. One-dimensional calculational cycle.
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4.2.2 Momentum Equation. The general momentum equation for one inde­
pendent space variable (for slab, cylindrical, and spherical symmetries) is

1 xxx = — y---p 6x + f XX yy ^x
*(4.1)

where f = 0 for plane (slab) symmetry, f = 1 for cylindrical** symmetry, and 
f = 2 for spherical** symmetry. The finite-difference form of this equation 
can be derived in such a way that it is possible to use the same numerical 
equation for boundary points as well as interior points. Consider the non­
boundary grid point, i, and its immediate neighbors, as shown below.

i-i i i+i
• • •—--  displacement mesh grid points
|-«—i-^——I——i+%——--- stress mesh zones

The grid point neighbors of grid point i are points i - 1 on the left, and 
i+1 on the right. The volume defined by grid points i- 1 and i is called 
zone i-%. The volume defined by grid points i and i + 1 is called zone 
i + %.

To derive a properly centered finite-difference form of the momentum 
equation, Eq.(4.1) is rewritten as follows,

(4.2a)

where superscripts denote the time centering, while subscripts denote 
space centering; or

(4.2b) * 30

In general, gravity (e ) may only act in slab symmetry.
For divergent symmetries, replace x with r; xx with rr; and yy with 00. 
See Eqs. (2.15a), (2.16a), and (2.17a).

4.3
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where is the relative volume. defined as

vn1 n
Pi

y

where is a reference density usually taken to be the density at zero 
stress. Equations (4.2a) and (4.2b) represent a time- and space-centered 
partial differential equation which can be reduced to

Act
..n
xi

a

n
xx.
—- + f P? + g 
n i sx (4.3)

where is the areal density.

an _
n . nai j. + aj+}._L_2____1 m (4.3a)

and 3^ is the circumferential stress contribution,

= pn ^ni-J- ^i+J- (4.3b)

Equation (4.3a) is derived using the definition of a first-order spatial
average and Act11 can be derived from the definition of a first-order

xx
spatial difference.

( l
(u + ( u (4.4a)

(4.4b)
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Rewriting Eq.(4.3) in spatially centered difference notation using 
Eqs.(4.4a) and (4.4b), yields

• •nx. =i
2

+ ct
n
i+%

(4.6a)

(4.6b)

(4.6c)

(4.6d)
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Numerical evaluation of Eq.(4.5) yields grid-point acceleration of grid 
point i at time n. To determine the velocity and position of grid point i 
requires two time-centered integrations. Figures 4.2 and 4.3 are pictorial re­
presentations of these time-centered integrations. Equation (4.7) is a

.n+x.i

.n-
xi

Figure 4.2. Pictorial representation of velocity integration.

slope = x.
n+i

Figure 4.3. Pictorial representation of displacement integration.
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time-centered integration of Eq.(4.5) for velocity,

• n+% 
xi

. -n. n + xiAt (4.7) |

and Eq.(4.8) is a time-centered integration of Eq.(4.7) for position.

n+ix. = x. + Xi• n+%Atn+% (4.8)

The time step values Atn and Atn+2 used in Eqs.(4.7) and (4.8) are deter­
mined from the stability requirement that a sound signal can only propa­
gate the smallest zone dimension of the entire mesh or less in one time 
step. Mathematically, this condition, called the Courant stability cri­
terion, is written as follows:

At = minimum value of Atn ^
i-% for all i ;

.n+% . .At = minimum value of .. n+ % At. ii-% for all i;

where, from Eq.(3.1),

At . i i-%
c.

At1? ! 
r-%

Atn+%i-%
+ At?"J

(4.9a),(4.9b)

A-6? , is the smallest length across zone i-% at time n, and c? , is the 
r-% i-%

sound speed of zone i-% at time n. Values at time n come from initial 
conditions or a previous cycle.

Equations (4.7) and (4.8) use the definition for a first-order temporal 
difference analogous to Eq.(4.4b),

A ( )n h ( )n+^ - ( )n^ ,

and
A( s ( )n*1 - ( .

I
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(4.10b)
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Equations (4.5), (4.7), and (4.8) are perfectly centered in space and
time. However, a time-centering error can occur in Eq.(4.7) for the initial
step because x? 2 may not be known at time n- %. In this case, it is common 

1.
to let 2 take on the value of x^ and to use an initial time step, At° , 
that is 0.1 of the initial stable value. After the initial time step, Eq. (4.7) 
is properly centered.

4.2.3 Momentum Boundary Conditions . Momentum boundary conditions are 
of two types -- those that use a stress or force and those that use an accel­
eration, a velocity, or a displacement. The former, known as "stress-type 
boundaries," affect Eq.(4.5) while the latter, known as "velocity-type bound­
aries," affect Eqs. (4.7) and (4.8). In addition to the two types of boundary 
conditions, there are two ways in which boundary values are obtained, i.e., 
by prescription or by interaction. By prescription means that boundary values 
are provided as time histories for an entire event; by interaction means that 
an algorithm for calculating values is provided.

Equation (4.5), which was derived for non-boundary points, is well 
suited for stress-type boundary conditions. Left boundary conditions affect 
the i-% values in Eq.(4.5), while right boundary conditions affect the i+% 
values. There are four possible boundary orientations in one-dimensional 
geometry. They are:

(1) outside left,
(2) outside right,
(3) inside left,
(4) inside right.

(The inside left and inside right boundaries are associated with the exist­
ence of an interior void located between two independent grids.)

Equation (4.7) may be written in "dynamic relaxation" form so that 
static and quasi-static calculations are computed more efficiently. 
A discussion of dynamic relaxation appears in Section 4.5.
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An example of a left boundary condition is a free left boundary. 
Mathematically, the free left boundary is given by

n
axx , 0;

nP 0.

Substituting Eq.(4.11) into Eq.(4.5) yields

..n x.i ai+%
XX i+i

f 3n x
i+%

(4.11)

(4.12)

The formula for acceleration of a free right boundary is derived in a similar 
manner. The condition for a free right boundary is

n7XX. = a
yyi+%

= 0;

i+% = 0

Substituting Eq.(4.13) into Eq.(4.5) yields

..n x.i ai-%
xx. ii-%

fPn ,
i-%

(4.13)

(4.14)

Velocity-type boundary conditions eliminate the need for Eq.(4.5). These 
conditions affect Eqs.(4.7) and/or (4.8) directly.
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The simplest way to provide boundary values is by prescription. That 
is, stress (or velocity) is given at the beginning of a problem for all 
time at a boundary grid point. The value is a function of time only, since 
the location of the grid point is always known. If the boundary value is 
tied to a coordinate which is different from the boundary grid point, then 
an interaction calculation is required. For example, outside boundaries 
can interact with geometric constraints (wall segments) and inside bound­
aries can interact with each other by coming together to close a void. In 
general, when a boundary grid point engages a constraint or another bound­
ary grid point, a velocity condition is required. When a boundary grid 
point disengages, a stress-type boundary calculation is required, e.g., it 
can become free.

Equations of interaction between a grid point and a constraint or be­
tween two grid points are governed by the principle of conservation of mo­
mentum during the moment of initial contact and during intimate contact. 
During the time when the points move independently and at the moment of 
separation, the grid points are separate stress-type boundaries.

In the one-dimensional case, it is possible to close a void (between 
grid point and constraint or between two grid points) exactly. The proce­
dure requires that the time step be chosen in such a way that it satisfies 
stability requirements while exactly bringing together grid point and con­
straint or two grid points. The formula for the time step is derived by 
inverting the momentum equation as follows:

Assume that an interior void (defined by two grid points) is closing. 
Prior to closure, the left side of the void is moving as if it were 
a free right boundary. Its acceleration, x^, is given by Eq<,(4.12). 
The right side of the void is moving as if it were a free left bound­
ary. Its acceleration, x*1, is given by Eq.(4.14). The condition

Li
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for closure is

n+i n+i 
XL = XR > (4.15)

where subscripts L and R refer to the grid points (and zones) immedi­
ately to the left and right of the void. Equation (4.15) can be re­
written in terms of free left and free right accelerations as follows.

nx„ n+% .n+% n , . n+% .n+3+ At 2 xT 2 = x„‘ + At R 1

n ■ A^n+%/.n-% , .^ + At s(Xl + At/.n-% , . n..n\ n , , n+%/.n-% , . n..n\\ L + At xl)- xr + At VXR + At xr) ■ (4.16)

Combining left and right positions, left and right velocities, and left 
and right accelerations yields

. ii+% A.n/.-n ..n\ A4^n+%/.n-% .n-%\ , / n n\ . ..At At(xR-xLj + At (xR -xL ) + (xr-xl)=0. (4.17)

Letting

A s ..n ..nx - x R L = 2
XXR XXj

+ f
O'.R O'.

(<4-0*

B 3 •n-% .n-%
XR - XL »

C 3 n n 
XR “ XL ’

Atn 3
Atn+% + Atn"%
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Eq.(4.17) can be rewritten as

At
n+% . ,. n-%n+%/At +At A + Atn+% B + C = 0

A + (Atn+i) (aB + AAt"^) + 2C - 0 . (4.18)

Equation (4,18) is a quadratic equation in Atn+2. The value which cor­
responds to the correct closure time step is always the more positive 
of the two roots. The actual value of the closure time step is usually 
obtained by iteration (e.g., using Newton's method).

Upon closure, the velocity of the interface becomes the constraint veloc­
ity or the momentum conserved velocity. In the latter case, the formula is

. n+ x. i-
%
X Xn+% _ 1UR*R

"L +mR (4.19)

4.2.4 Mass Equation. The general continuity or conservation of mass 
equation for one-dimensional symmetries is

V
V

= |i + f 2
bx x (4.20)

where V, x, x, and f are previously defined. The left side of Eq<,(4.20) is 
called the volumetric strain rate while the right side contains directional 
(or component) values of strain rate. The first term on the right is the 
one-dimensional principal strain rate.
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A finite-difference analog must be derived separately but consistently 
for each term in Eq.(4.20). First, consider the volumetric strain rate, 
written in the following differential form,

AV.' '/Atn+%
(4.21)

where AV. ^ is the change in relative volume of zone i-% 
n+J'At 2 is the time increment. Applying Eq.(4.10b) to the 

tive volume, the change of relative volume is

at time n+% and 
definition of rela-

AVn+%i-%
vn+1j. - v" j, ,
t-% i-% (4.22a)

AV.j 1, “ P.: x,
J-“'2 X.—'b n+i (4.22b)

Since the mesh is Lagrangian, Eq. (4.22b) may be written in terms of true 
volume, as follows.

(4.23)

Equation (4.23) is a formula for change of relative volume in terms of change 
of true volume. The change of true volume is related directly to coordinates 
and symmetry. Using the mesh notation shown on Page4.3, the formulas for 
change of true volume for each of the three natural one-dimensional symme­
tries are derived as follows:
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(1) Zones in slab symmetry are one-dimensional, variable­
thickness slabs of specified cross-sectional area.
The Lagrange coordinate is perpendicular to the unit 
cross section. The true volume of a zone is

If = (slab thickness) (cross-section) .

When the cross-sectional area is constant for all zones, 
the slab symmetry is called planar; when the cross-sec­
tional area is variable, it is called "planar-flume" or 
"planar duct" symmetry or simply one-dimensional pipe 
flow geometry. The true volume formula for constant 
cross-sectional area slab symmetry is

Equation (4.24a) assumes a unit cross-sectional area; 
however, any constant may be used, since it will affect 
all equations in the same way and, in effect, cancel out.

(2) Zones in cylindrical symmetry are concentric cylindrical 
shells of constant height and finite thickness. The 
Lagrange coordinate is the radius of the cylindrical 
shells, always beginning at the point of concentricity 
(i.e., the center) and directed outward. The true vol­
ume at time n comes from the difference in circular 
cross-sectional areas multiplied by the cylinder height,

ri-% ■"[(xi) - (xi-i)] x (1) •

Equation (4.24b) assumes a unit constant height. As in

(4.24a)

(4.24b)

4.14



the plane slab geometry, any constant may be used.
A geometry analogous to pipe flow geometry will re­
sult from variable heights. This symmetry is known 
as one-dimensional divergent flow between variably 
separated plates.

(3) Zones in spherical symmetry are finite, concentric 
spherical shells. The Lagrange coordinate begins at 
the point of concentricity and is directed outward. 
The true volume is

i-%
f "[(xi) - (Xi-J] ■

The change of relative volume using Eq.(4.23) may be written in 
of coordinates for each symmetry, as follows:

slab

cylindrical

(4.24c)

terms

(4.25a)

; (4.25b)

(4.25c)
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Equations (4.25a), (4.25b), and (4.25c) are exact formulas for change of 
relative volume independent of the amount of strain in the zone. However, 
numerically these equations are subject to round-off error when the motion 
(change in time) of a particular coordinate is small compared to the abso­
lute value of the coordinate. For these cases (and in general), it is 
desirable to make the formulas independent of the absolute value of the 
coordinate.

A simple way to do this is to re-derive the change of relative volume 
formulas in terms of the derivative of the coordinate as a function of the 
"change" variable, time (i.e., velocity). These formulas are easily derived 
by using a Taylor's series expansion about the time value, tn+2, using all 
non-zero terms in the series.

The formulas for change of relative volume in terms of velocity are:

slab

AV. i2 _
^i-% /.n+%
m,o
L-%

Xn+% \ , ^n+%
i-i At (4.26a)

cylindrical

AV. f i-% o
m. ! i-%

2 2TT ^ ir4 1 it”4X .1 1 - X. X.1-1 1-1 (4.26b)

spherical

o
AVmJ --1^4.7. i^l

i"% m , V i / i V i-i/ i-i
i-% l L J

Atn+%

(4.26c)

. n+%' (Atn^)
12
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where x.' ^ and xV i-x i are computed from the definition of a first-order tem­
poral average analogous to Eq.(4.4a),

( ) n+%
( )n+1 + ( )n

(4.27)

Equations (4.26a) (4.26b), and (4.26c) are round-off-free formulas for 
the change of relative volume of zone i-% at time n+%. To calculate volu­
metric strain-rate from Eq.(4.21) requires the relative volume of zone i-%
at time n + %. The formula for V. ? comes from Eq.(4.27),i-%

Vn+%
v?+i + V?,

1-% (4.28)

7n+iwhere ^ is known and ^ can be calculated from Eq. (4.22a). Solving
Eq. (4.22a) for yields

vi-i= vi->+ <+
L 1—l (4.29)

If is a number whose order of magnitude is less than the order of
magnitude of V? , by an amount greater than the significant decimal digits of 
the computer being used, then a round-off error will result. This error can 
be eliminated by transforming variables by shifting the order of magnitude of 
V? , nearer to that of AV?+{;, computing the transformed variable using an 
analog of Eq.(4.29), and then transforming the variable back to V.n+i1-%’ The
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transformation is achieved using the following shift definitions:

n+i = V°- 1 - vn+i (4.30a)

CV x V? ! - Vn ! , (4.30b)

where V is a reference relative volume and the transformations become

AC. i - cn
—

(4.31)

ACn+ ^
i-% -AVi-% ' (4.32)

It is obvious after a comparison of Eqs.(4.30b) and (4.32) that the variable 
n ^ i

C. 1} which is often called compression, is on the order of AC. ,, the change i-'S _, i—^
of compression. Therefore, C. ^ calculated from Eq<>(4.31) is free of round- 

1 ^off error and ^ can be calculated from Eq.(4.30a) in a round-off-free 
manner.

The next step in calculating the terms of 
of the one-dimensional principal strain rate.

Eq.(4.20) is the computation 
By definition, it is

* .n+ %

Axi-%
(4.33)

which by definition of first-order spatial difference, Eq.(4.4b), yields

• n+ %x.i
n+ %x.i

•n+%- x.i-i
n+%- x.i-i

(4.34a)

This definition of compression is different from the variable, |i, used 
for equation-of-state models defined in Section 2.
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where

(4.34b)

The final step in calculating the terms of Eq.(4.20) is the computation 
of the two other principal strain rates which depend on the symmetry. The 
simplest way to compute these terms is to first rearrange Eq.(4.20) in the 
following form.

x _ V bx 
x V bx (4.35)

Since both terms on the right-hand side of Eq.(4.35) are known, it is pos­
sible to compute the term on the left-hand side and divide its value into 
appropriate components of strain.

In slab symmetry, the term on the left is zero, which is consistent with 
the one-dimensional planar assumption.

& = 
by (4.36)

where y and z are coordinates perpendicular to x and to each other.

In cylindrical and spherical symmetries, the term on the left 
zero if Eq. (4.34b) is satisfied. When Eq.(4.34a) is non-zero, the 
the left is interpreted as follows:

is only 
term on
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cylindrical

by _ V bx
by V bx * (4«37a)

(4.37b)

spherical

&. = 1 
by 2 (4.38a)

bz
bz

1 /v bx \
2 \ V " bx / (4.38b)

4.3 STRESS MESH

4.3.1 Artificial Viscosity. Although the finite-difference momentum 
equation, Eq.(4.5), is general, it cannot economically handle high frequency 
mechanical phenomena (such as shocks) because the spatial resolution of a 
mesh would have to be several times smaller than the thickness of the shock 
for Eq.(4.5) to be applicable. To calculate the transmission of a shock 
for a distance of a few centimeters would require tens of millions of zones 
or a shock-following microzoner and a very small time step if the shock 
thickness were on the order of angstroms. Clearly, this approach is not 
economically feasible.

An economical approach with considerable merit was devised by John von 
Neumann (Reference 4.1). He proposed that the presence of a shock within a 
zone (where the zone is millions of times larger than the thickness of the
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shock front) could be detected by the rate of change of volumetric strain 
and that the stress rise could be simulated by artificially spreading it 
over several zones. The crux of the idea is to add an artificial viscous
stress, q^, dependent on the square of the volumetric strain rate 
mean stress (pressure). The artificial viscous stress (sometimes 
the quadratic artificial viscosity) is given by

to the 
called

(4.39)

where is a dimensionless constant dependent on differential stress 
across the shock front and the number of zones over which the stress is 
to be artificially spread. A value of 2.0 for Cq spreads a shock front 
over three zones and is good for differential stresses up to 1 Mbar.*

Another consequence of applying the momentum equation to a discretized 
mesh is computational noise, i.e., stable zone-to-zone oscillations of low 
amplitude. In general, noise does not invalidate a solution and does not 
have to be eliminated if its effects can be clearly determined. However, 
it is possible to reduce, and in some cases completely eliminate noise by 
applying a viscous damping stress, q ,

J_j

= CT p AxXj
bx
bx ’ (4.40)

where C is a dimensionless constant dependent on the amount of damping J_i
required to eliminate the noise oscillations. A typical value of C is 
0.8. Equation (4.40) is a simple dashpot (viscous stress is proportional 
to velocity) and q is called a linear artificial viscosity. * 30

The value of Cq for collapsing porous materials (as well as foams and 
frangible material) should be 4.0 or 6.0, depending on the degree of 
porosity and the level of loading. Even then, the formulation for 
quadratic artificial viscosity may not accurately describe the Rayleigh 
line process for porous matrix collapse.

4.21
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Equations (4.39) and (4.40) may be written in finite-difference form 
as follows:

n+% (4.41)

and

q (4.42)

I

I

4.3.2 Internal Energy Equation. The conservation of internal energy 
equation may be written in the following form,

• • • • •
u = -(p+q)V + Z + h + U . (4.43)

u, p, q, and V have been previously defined. Z is the distortional energy 
rate which, for one independent space variable, is

Z = v(s e + s e +s e ). (4.44)
\ xx xx yy yy zz zz /

s , s , and s are stress deviator components and e , e , and e xx yy zz xx yy zz
are strain rate components. The strain rate components have already been 
defined as follows:

•Sxx H [see Eq. (4.33)];
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slab

e
yy

e = 0zz [see Eq.(4.36)];

cylindrical

e V
yy V xx [see Eq.(4.37a)];

e zz 0 [see Eq. (4.37b)];

spherical

e

• iffh is the heat flow and U is the source or sink energy rate

Substituting Eq.(4.44) into Eq.(4.43) yields an equation with six 
unknowns, since V can be determined from Eq.(4.29). To solve for the
internal energy rate, u, requires equations for p, s , s , s , and h.xx yy zz

4.3.3 Constitutive Equations. The equations that relate p, s^,
s , s , and h to u and V are known as constitutive equations and may yy zz
be categorized as follows:

equation of state

P = P(u,V) ; (4.45a)

strength description

(4.45b)
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heat flow model

Given the functions p(u,V), s(u,V) and h(u,V) and knowing that Eq.(4.29) 
has been solved to give V, then Eqs.(4.43), (4.45a), (4.45b), and (4.45c) 
can be solved simultaneously (using the same explicit time step used to 
solve the momentum equation) by iteration or, in some cases, by substitu­
tion. A two-step iteration procedure is described in Section 4.3.4.

Typically, the equation of state, p(u,V), requires material constants 
(e.g., bulk modulus) that describe compressibility for the mechanical con­
tribution to pressure and a specific heat ratio or a Gruneisen coefficient 
for the thermal contribution to pressure. The strength description requires 
a shear modulus, yield stress, flow rule, and yield criterion. The heat 
flux model needs thermal conductivity. In all cases, these or equivalent 
material constants may be functions of other thermodynamic variables.

The equation of state is usually simple or complex, depending on the 
number of phases and components that must be described. A single phase, 
one-component material is by far the simplest equation of state. A linear 
elastic solid or an "ideal" gas are examples of simple equations of state.

Strength descriptions are more or less complex, depending on strain- 
rate dependence during loading, relaxation to or from a failed state, re­
load characteristics after failure, ductility, brittleness, the existence 
of microfractures, etc. The simplest strength description is small strain 
elastic, where no failure is allowed to occur. Elastic-plastic models 
having a yield criterion based on the second stress invariant are also 
fairly simple. Plasticity can be handled using an appropriate flow rule. 
Strain hardening, fracture, dilatational effects, etc., increase the com­
plexity of a strength model.

h = h(u,V) . (4.45c)
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The heat flux model can be viewed in two separate categories -- con­
duction modeling and radiation modeling. An adequate model describing 
conduction is Fourier's Law,

h" = _ kVT . (4.46)

Radiation, on the other hand, is more complex and no simple equation such 
as Eq.(4.46) can be used in a physically correct and economical manner.

Once Eq.(4.43) has been solved in conjunction with appropriate consti 
tutive equations, Eqs. (4.45a), (4.45b), and (4.45c), all remaining thermo­
dynamic state variables can be computed. In particular, stress can be cal 
culated from

a = sXX XX (p + q) .

CT = S
yy yy

(p + q) > (4.47)

CT = S ZZ zz (p + q) >

where q = qn + qT• Once Q L
ure 4.1) is complete, 
for the next cycle.

stress is computed, the computational cycle (Fig- 
All that remains is to determine a stable time step
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4.3.4 Simultaneous Solution of Constitutive Equations and Conser­
vation of Energy by a Two-Step Iteration. The procedure used 

to calculate new values of internal energy density, pressure, deviatoric 
stress components, and heat flow was discussed in Section 4.3.3. For the 
standard models in STEALTH, a two-step iteration is used to solve simul­
taneously the coupled constitutive equations and the internal energy con­
servation equation for u, p, s, and h.

The logic, which is located in subroutine ZONMDL, is as follows.

Calculate the approximate change in distortional energy density.
AZ^ in zone i-%.

X-k V xx,
en+^
XX. ix-k

+ syy.j, yyt_^ + S ZZ . zz. , x-\

2 Calculate the heat transfer energy density, Ah?+^ , into zone i-% 

at time n<-% ,

- f. , -i-% m.

o
i-'2
i-%

//n+% ’//n+%
hVi-i - h. Atn+%

where, in zone i-%, f is a geometry factor depending on symmetry.

Symmetry f

plane ID 1
cylindrical ID 2rr
spherical ID 4tt

planar flume 1

cylindrical flume 2rr
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p° is the reference density and m is the mass; Atn+2 is the time step 
for the entire mesh; and at grid points i-1 and i, b."™ 2 is the heat 
flux. The heat flux is calculated from Fourier's heat conduction law,

b" = -k(T) V T ,

where k is the conductivity and the gradient V affects the conduc­
tion formula in the following way for interior points:

Plane symmetry (also planar flume)

, kn , kn , (rn , - Tn A■ n+ % _ r-% i+% \ i+%____i-%/
, n . n . , n . n^ Ax. . + k. , Ax. ,% x+% L-%

where

Ax
X. - X.  L L—1

i-% " 2

Ax.
X . - X . L+l L

Cylindrical symmetry (also cylindrical flume)

*//n+%h.L

-k” n k? x (t? x - t" )
L-% L+% \ L+% L-%/

k0 ifa

nx.L
nx.. !

+ k
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Spherical symmetry

h?"*4
i

kn

-k'ni-%

, x. nZ •L+ ■X .
+ k? ,

i-%

where for all symmetries

n , n x. +x. n _ 1-1 i
Xi-% “ 2

nx.
n , n x. + x. i n-i

For left side boundary points, the heat flux is given by

•// rw-% h.i = f.
-kn - Tn ^

i+%\ i+% BDY/
/xi + Xi+^

or f u,/n+% fihBDY »

while for right side boundary points ,

i = f.
-kl-%(TBDY - Ti-%)

n , n x. ,+ x.i-% i
or f L" n+ ^ fihBDY »

where f^ takes on the following values:

Symmetry

plane
cylindrical 
spherical 
planar flume 
cylindrical flume

f

1
nx.
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3. Calculate source energy density, U . , , to be deposited in zone i-% 
at time n.

U" ! = U. , (tn) ,

where U. v(tn) is a time-dependent function of energy deposition
1”^ n

for zone i-% evaluated at time t .

4. Add approximate reversible work (old pressure multiplied by new change 
of relative volume), approximate distortional energy density, heat 
transfer energy density, and source energy density in zone i-% to in­
ternal energy density (u? i) in zone i-% to get the approximate inter-

1" "2
nal energy density (u. i) in zone i-%.

~n+1 n / n , n*% \ A„n+% , .-^n+% , n+% , ITnui_% " Ui-% " (Pi-% + cli-%)AVi-% + AZi-% + Ahi-% +Ui-
% *

5. Calculate an approximate pressure,^. ?i- in zone i-% for time n+% by 
n+ifirst calculating the approximate n+1 pressure, p. , , from internal1-^5

energy density in zone i-%.

~n+i /^n+i n+i \Pi-% - pi-%(ui-%’ Vi-%) »

where V. i is the relative volume already calculated in zone i-% for 
time n+1 [Eq.(4.29)], p. i is the pressure equation of state, and

n't* ip' . , is the approximate pressure for zone i-% at time n+1 .
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Then adjust this pressure, to satisfy explosive or spall cri-
teria. (These criteria are mutually exclusive.) Calculate the ap-

~n+1 . .iproximate spall pressure, p . > m zone i-^,
mini-%

— n+i /—n+i „n+iP nrt M = Pm-ir. V U -i 3^ » Vi kmin. i min. i \ i-^ i—^ 9

where p . is a material function for zone i-%.
Tni-^

adjust 'pr^^ to its spalled value. Then calculate Pi-%

P n+i
min.i-

~n+i n
— n+% P i-% Pi-%
P i-% = 2

6 Calculate shear modulus, , for zone i-% at time n+% by first
calculating the shear modulus, , for zone i-% at time n+1,i-^

n+i
i-%’ P mii-%’ 9

where G. . is the material function for zone i-%, and then using

n+%r • 1i-%

,n+i + G 
2

n
i-%
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n+i n+i
7. Calculate elastic stress deviators, si 

in zone i-% at time n+1 as follows.
* yy^ ’1 li>

n+ie
3zz. i >i-%

n+i
xx. i

n ,n+%s + 2.0G. ,xx. x i-% XX. 1
1 Vi-% 
3 yH+% Atn+%

where snxx. is the xx-stress deviator in zone i-% from time n.
•n+%exx. is the previously calculated xx-strain rate in zone i-% at

time n (Eq. 4.33), and At 2 is the stable centered time step for 
this cycle; and from symmetry.

Plane symmetry

n+i
yy, j.r-'g

n+i
-sXX.

n+i
zz.

n+i
= -sxx.

/2,

/2 ;

Cylindrical symmetry

en+1s = sn +2.0 GV I e
yy, i, yy, i \ yy1-^ l-"2 i-%

1 i-%
3 vn+% 

i-%;
Atn+%

n+i
zz. ,

n+i n+i
xx. + s

yy.i.
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Spherical symmetry

n+-i
yy • i

n+i
•s6 /2 ,
XX. 1

n+x n+ie e /0s = -s /2 .zz. , xx. ,i-% i-%

8. Calculate the elastic yield stress squared, , for zone
i-% at time n+1 from the second stress deviator invariant.

n+i

ri-% ) 2
( n+i \ / n+i N.O+ ta, n+i

+ zz,i-%//

n+i9. Calculate the allowable yield stress, Y. 15 for zone i-% at time n+1,1-

•■Tn+1 __ /~n+i ~n+i n+i \Yi-% ~ Yi-% \ i-% ’ Pi-% ’ Vi-%/ ’

where Y. , is a material function for zone i-%.i-%

10 Compare the allowable yield stress,
n+i

Y . , with the elastic yield stress, i-%

if n+i
Yi-%

n+i
> Y. material is linear elastic;

if Y?+i material has exceeded allowable yield stress.
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11 If the material is linear elastic, the elastic stress deviators 
already calculated are correct.

12.

min+i es = sxx. i xx+--2i-J;

n+in+i es = s ,yy, ^1—-5 -L — 5

n+in+i es = szz. , zzi-%

When the material has exceeded its allowable yield stress, adjust 
the stress deviators according to the Prandtl-Reuss flow rule.

smi zz.i %
n+i
zz.
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13 in zone. Calculate the change in distortional energy density, AZ. , , 
i-% at time n+%.

i-% V ' Ati-%
n+% n+% ;n+%3 e +s e d-s'1xx. i xx. i yy. , yy. i zz.i-% i-% •,-'i-% •/yi-% i- zz.

where

n+%
’xx. i i-%

2.

i--2

n+%

misxx. , i-%
+ nsXX. i i-%
2

n+i ns + s
yyi-% yyi-%

2 9

n+i ns + szz. , zz. , 
1-%

zz i-% 14

n+i14. Calculate the internal energy density, u. , , in zone i-% at time n+1.

n+i nu. i “ u. .i-% i-%
/— n-t(Pi-n+% + q"+_J)AV^i + Azf^ + Ahn^ +Un

■% i-% i-%

n+i15. Calculate the pressure, p. i , in zone i-% at time n+1.

n+iP- i = P-i-% i-
/ n+i TTn+i\(ui-%> vi-%) •
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16. Calculate the spall pressure, p . , in zone i-% at time n+1,min. i i-%

n+ip . = P .min. , mm. , i-% i-%
/ n+i n+i „n+i \(U1-V Vi-%’ zi-%)>

where Pm^n is a material function for zone i-%. 
i-%

adjust P^+j. to its spalled value.

n+1 ^ n+iIf P4 ^ ^ P,i-% ‘min. ■, 1-%

17. Calculate the total stress, c!!!"1 , o^1 , cr^1 , in zone i-% at
xxi-% yyi-% ZZi-%

at time n+i,

n+i 
7xx. 1 1-%

= sn+iXX .-i-%
/ n+1 , n+% \(Pi-% + \-h)

n+i n+ict = s
yyi-% yy±.h

/ n+i n+%\- (P1.%+‘li-%)

rn+1 
zz.

n+i 
5zz.

A,n+1 4. ^' (Pi-% + <ii.%J

18 Calculate the longitudinal sound speed squared, 
i-% at time n+1,

' n+i in zone

n+i n+iu. n+i 
i-'2 9

where is a material function for zone i-% .
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in zone i-% at time n+1 ,,n+i19. Calculate the temperature,

n+i /n+i n+i n+1 \Ti_% " Ti-% (U i-% ’ Pi-%’ Vi-%) ’

where T. , is a material function for zone i-%i-%

n+120. Calculate the conductivity, k. in zone i-% at time n+1.

, n+1 . /n+i n+i n+1 \ki-% " ki-% \ U i-% * Pi-% * Vi-%) ’

where k. , is a material function for zone i-% i-%

21. Calculate the specific heat capacity, C. in zone i-% at time n+1,i--5

_n+i _ _ / n+i n+i „n+i \Ci-% " Ci-% ( U i-% ’ Pi-%’ Vi-%)

where C. , is a material function for zone i-% i—%
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4.4 EXPLICIT TIME STEP

4.4.1 Overview. The explicit calculational scheme has two identi­
fying characteristics:

(1) New values are computed from old values; e.g., values at 
n+1 are computed from values at n.

(2) Data for computations come only from nearest neighbors; 
i.e., information can propagate across only one zone in 
one calculational time step.

These characteristics are the essential elements of the explicit numerical 
method and are embodied in the criteria required to calculate stable time 
steps.

4.4.2 Stable Mechanical Time Steps. The physical criterion required 
for the calculation of a stable time step was described in Section 4.2.2 
and is summarized in Eqs.(4.9a) and (4.9b). If artificial viscosity were 
not present, the most conservative (largest) value of mechanical sound 
speed would be the isentropic longitudinal sound speed. The general form 
of the isentropic longitudinal sound speed is

(4.48)

where the subscript l denotes the longitudinal direction, is calculated 
from Eq.(4.47), and p is the actual density. Equation (4.48) can also be

4.37



written in component form.

2 2,2,2 c0 = c +c +c, ^ s p q (4.49a)

bp/. bp/. bp
y' isen 1 Kisen

+ ^a) (4.49b)
isen

where "isen" means isentropic.

c is the deviatoric contribution to sound speed and can be calculated s
conservatively from the formula.

|g

<* - T- •
S P

(4.50)

where G is the shear modulus and p° is the reference density, c? is
s

4/3 times the elastic shear velocity squared.

c is the pressure (or mean stress) contribution to sound speed and 
P

is calculated from the equation of state. When the equation of state is 
of the form

p = A + Bu , (4.51)

where A = A (7]), B = B(T|), and T) = ^, then from the isentropic condition 

that du = -pdV, the thermodynamic (hydrostatic) sound speed is

 A/ + B'u + BpV3 (4.52)

where A/ = ~ , B/ = ^ • When the equation of state is not in the form 

of Eq.(4.51) then a more specialized approach must be taken.
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Cq is the artificial viscosity contribution to sound speed and is 
composed of two components, linear and quadratic. The formula is

bq(
bo ). + bp

' isen
(4.53)

isen

Using Eqs. (4.41) and (4.42), c^ becomes (References 4.2 and 4.1, respectively).

2C
q

(4.54)

Combining 
maximum stable

Eqs.(4.50), (4.52), and (4.54) yields the formula for the 
time step of zone i - % ,

In determining a time step for the next cycle, only n+1 data exist in 
order to predict the n+3/2 time step. This dilemma is not critical 
provided that one understands the pathological cases which can arise 
from a poorly estimated time step.

There are two pathological cases that must be considered when cal­
culating the new n+3/2 time step. These cases can be seen from a plot 
of time step versus time. See Figure 4.4. If the time step is in­
creasing with time (Case 1), predictions of the n+3/2 time step based 
on n+1 data will be conservative whether constant extrapolation (i.e., 
setting Atn+3'2 = tn+1) or linear extrapolation is used. On the 
other hand, if the time step is decreasing with time (Case 2), the
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under prediction of At, 
therefore conservative

Case 1

Case 2

over prediction of At, 
therefore potential instability

Time (t)

Figure 4.4. Example of need for or K
liquid

vapor

= At at vapor conditions 
= At restricted to 207., growth

Time (t)

Figure 4.5. Example of need for f .GKr
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constant extrapolation procedure will predict a time step that is apt 
to be too high to maintain stability. The linear extrapolation is much 
better but can also be inaccurate if the rate of time step decay is 
large. In problems in which the time step is expected to experience 
rapid drops in time, it is advisable to use a safety factor multiplier 
of 2/3. This will add another level of conservatism to the calculation 
of the n+3/2 time step.

Thus, when the n+1 time step is greater than the n+1/2 time step 
(Case 1), set the n+3/2 time step equal to the n+1 value and recompute 
the n+1 time step to be the average of this n+3/2 value and the n+1/2 
time step. This will also be conservative. If, on the other hand, the 
n+1 time step is less than than the n+1/2 time step, calculate an n+3/2 
time step based on a linear extrapolation of the n+1/2 and n+1 values. 
This procedure should lead to a relatively safe value for most calcula­
tions. When the n+1 time step equals the n+1/2 value, either approach 
will work.

There are other time-step constraints which insure the stability 
of a calculation. First, there is a safety factor multiplier 
which may be applied when c^ cannot be calculated in a conservative way 
or when Eq.(4.55) may not be conservative, 
from 0.1 to 1.0.

The value of f SFR may vary

Next, there is a growth factor multiplier (fqrj)» which may be ap­
plied so that a time step cannot grow faster than a certain rate. The 
value of fGRF may vary from 1.0 to 1.2 (no growth to 20% growth). The 
need for a 20% growth factor limitation on a time step is justified as 
follows: Consider the problem in which a change of material phase is 
possible. Furthermore, allow for the situation that during the early 
response periods, the time step is controlled by the higher sound speed 
phase (i.e., lower time step) but that at some later time during the 
simulation, all of the material is "flashed" to the lower sound

4.40a
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speed phase. Assume that this change of sound speed results in a 
change of the maximum stable time step of at least a factor of 2. 
Furthermore, one cycle after the global change of phase has occurred, 
one of the zones returns to its higher sound speed state. If the time 
step had been allowed to rise rapidly to its much larger value for the 
one cycle when all the zones switched phase to the lower sound speed 
material, it is possible that the instantaneously larger time step 
could result either in an instablity when the time step drops again to 
the lower value, or in inaccurate results because of some numerically 
induced high amplitude wave that resulted in the one cycle in which the 
time step was large. This scenario is shown schematically in Figure 
4.5.

And finally, there are minimum and maximum values of time step. 
When the stable time step goes below the minimum value, the problem is 
terminated. When the stable time step has a value above the maximum 
value, the time step is adjusted to the maximum value exactly.

Thus, stable time steps for the next cycle (Atn+3/2 and Atn+1) are 

calculated as follows,

. n+3'2 £ r • •At = f [ minimumSFR L (4.56)

subject to the condition that

At . £ Atmin
n+3/2 s: fmT, Atn+^ £ At 

GRF imax (4.57)

Then, by interpolation

Atn+i (4.58)2
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4.4.3 Stable Thermal Time Steps. When a particular problem is 
dominated by heat conduction phenomena rather than by mechanical pheno­
mena, the problem time step stability criterion may be controlled by 
thermal diffusion rather than by mechanical sound speed. Therefore, 
when heat conduction is present, it is necessary to calculate the mini­
mum stable heat conduction time step as follows.

Atn = minimum value of At1? for all ii-%

where

(4.59)

of zone i-% at time n.

As in the case of the mechanical stability criterion, the smallest 
maximum stable thermal time step in the grid is saved in order to be used 
for the next cycle of calculations. When thermal and mechanical mechanisms 
are both present, the smallest of the two stable time steps is chosen to be 
the time step for both mechanisms in the next cycle.

•kPer reference unit volume.
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4.5 USE OF THE DEVELOPED EQUATIONS FOR EFFICIENT SOLUTION OF NON-TRANSIENT CASES

4.5.1 The Problem. Although the explicit finite-difference equations 
developed in Sections 4.2 and 4.3 can be used to analyze transient, steady- 
state, static, and quasi-static time-dependent thermomechanical systems, 
these numerical equations are most efficient for simulating transient be­
havior because time steps are computed from the minimum of the Courant sta­
bility criterion and the diffusion limit. The Courant condition gives the 
largest possible stable time step for a finite representation of a continuum 
consistent with the laws of physics for most initial value (transient) prob­
lems involving stress. The diffusion limit does the same for transient ther­
mal problems. For mechanical boundary value (non-transient) problems, the 
Courant condition may needlessly restrict the time step. Two important ex­
ceptions to these guidelines are as follows: (1) linear elastic, small- 
strain, transient mechanical problems can sometimes be more efficiently 
solved implicitly in the frequency domain than explicitly in the time do­
main, and (2) nonlinear, non-transient problems often require that time be 
an independent explicit variable with the resulting equations being solved 
explicitly so that path-dependent thermodynamics are properly computed. 
Thermal boundary value problems are still efficiently solved using the dif­
fusion limit time step criterion.

In other words, when time-dependent, nonlinear partial differential 
equations must be solved, it is usually most efficient to solve the explicit- 
in-time, physical equations using an explicit numerical scheme. When the 
equations exhibit weak time dependence but strong nonlinear effects (e.g., 
large deformation), the physical equations, though not explicitly time-de­
pendent, are still probably most efficiently solved by explicit-in-time 
equations using a modified explicit numerical method. For the latter case, 
it is possible to separate the modifications to explicit methods for weakly 
time-dependent problems into three useful categories: (1) density scaling, 
(2) velocity damping, and (3) modulus scaling.

Density scaling is consistent with the situation where inertia effects 
are unimportant, where compressibility may be important, and where the time
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scale of the problem is determined by some other consideration, for example, 
heat transfer. Density scaling allows one to compute the intermediate state 
points of the process. Velocity damping (dynamic relaxation) may be used 
when inertia is somewhat important, compressibility may also be important, 
and the time scale is somewhat arbitrary. Velocity damping concerns itself 
only with the end states of a process. Intermediate states are not guaranteed 
to be accurate because the process (thermodynamic path dependence) is always 
assumed to be critically damped. Modulus scaling is at the other end of the 
spectrum from density scaling. When modulus scaling is most applicable, iner­
tia effects are quite important, but compressibility is unimportant. The 
problem time scale is determined by an external constraint.

For example, most static problems can be categorized as "problems in 
which inertial influences are not important". Thus, density scaling can be 
used to increase the calculational time step in order to improve solution ef­
ficiency. Quasi-static problems, by definition, have a "sluggish" response, 
lending themselves to "dynamic relaxation" critical damping as a means of 
achieving an efficient solution. Steady-state processes are usually associ­
ated with incompressible flow or rigid body motion assumptions, in which case 
modulus scaling appears to be the most appropriate choice to improve computa­
tional efficiency.

4.5.2 Density Scaling. When a problem is static or nearly static, the 
density (or mass) does not play an important role in the stress equilibrium 
process. Inertial effects disappear and the momentum equation becomes

EFX a 0 (4.60a)

or

(4.60b)

where Fx are forces and are stresses. The zero on the right-hand side 
of the equal sign indicates that the inertial force is negligible. So, for
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Eq.(4.60b), we can write

p k — 0 . (4.61)

The reason Eq.(4.61) applies is that x is small. Therefore, p can be any 
value (in units consistent with x) so long as Eq.(4.61) is still satisfied.

Referring to Eq.(4.55) , it can be shown that the dominant term in the
2 2denominator for static and quasi-static problems is c^. Since c^ is a di­

rect function of the bulk and shear moduli and an inverse function of the 
reference density, it can be seen that in order to increase the time step 
for a particular zone, it is necessary to lower the sound speed, c^, which 
means either lowering the moduli or raising the density (or both). For 
static problems, Eq.(4.61) indicates that the density may be increased until 
the product, px, produces an anomalous inertial effect.

Employing density scaling to achieve a larger time step for static 
problems requires only a change of input. The momentum equation and the 
Courant stability condition are unchanged.

4.5.3 Dynamic Relaxation. Another approach to economical static solu­
tions is achieved by adding a viscous damping term to the momentum equation 
which acts to critically damp the fundamental response mode. This method 
reduces the number of time steps (iterations) required to achieve stress 
equilibrium, instead of increasing the magnitude of individual time steps. 
Quasi-static solutions can also be found using this approach. This approach 
is useful only when the integrated value of time is of no consequence, i.e., 
it doesn't matter what the "real time" is. Density scaling, on the other 
hand, preserves time as a meaningful variable.

The equations of motion are modified as follows.

(4.62a)

where Tj is a dimensionless damping coefficient, x is the acceleration resulting
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from the externally applied forces, F , x is the velocity that results from 
integrating x with critical damping applied, and t is the longest fundamental 
period of the system when the boundary conditions are present. In terms of 
stress, Eq.(4.62a) becomes

boXX
bx (4.62b)

where Tl/ is T|/ . T| (or T|/ ) is chosen to critically damp the lowest funda­
mental frequency of the grid. For linear elastic problems, it is a rela­
tively simple matter to determine the damping (or relaxation) factor from a 
modal analysis or a dynamic excitation without damping. Even for mildly non­
linear systems, the latter technique can be used. For strongly nonlinear 
systems, an appropriate relaxation factor is far more difficult to compute 
and often requires considerable judgment.

The calculational form of the dynamic relaxation equation analogous to 
Eq.(4.7) comes from solving Eq.(4.62b) for acceleration (including gravita­
tion) ,

..nx
ba \r xx 1
bx J

1. 31
" Pn T

• n , x + g.x (4.63)

Integrating Eq.(4.63) with respect to time and making the following substi­
tutions ,

31 s 3
pn

.nx
.n+% + .n-%x

yields

.n+% .n-%x - x n
bcr n
xx

bx + g.x Atn
n3 At

2mx [.n+% .n-%"lx + x J (4.64)

4.45

Rev. 1
30 SEP 80



Solving Eq.(4.64) for new velocity and defining the relaxation factor, iu, 
to be

results in

(4.65)

where

4.5.4 Modulus Scaling. There are several forms of modulus scaling:
(1) sound speed scaling for incompressible cases, and (2) elastic constants 
scaling for rigid body motion. The approach to computational efficiency is 
similar to density scaling in that the time step improvement comes from re­
ducing the sound speed.

The physical assumption associated with incompressibility implies that 
the mechanical sound speed is indeterminant. Often it is said the sound 
speed is infinite (or, similarly, that the Mach number is zero, M = 0). How­
ever, as a practical matter, a better condition might be that incompres­
sibility for real materials exists when M ^ 0.3. For many cases, this 
means that the sound speed can be reduced (scaled) below its actual value 
provided that M ^ 0.3.

An example of sound speed scaling is described as follows: Suppose an 
air bubble is expanding in water at approximately 15 ft/sec and it is neces­
sary to compute the resulting pressure in the water. The sound speed of 
water is about 5000 ft/sec, which for this problem means that the Mach number
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is about 3X10 . The flow is incompressible. Therefore, the sound speed
is not important and can be artificially dropped up to two orders of magni­
tude without exceeding the Mach number criterion for incompressibility. To 
be conservative, let's drop the sound speed only one order of magnitude to 
500 ft/sec. This improves the time step by a factor of 10. To drop the 
sound speed means that the bulk modulus is effectively reduced by a factor 
of 100 (i.e., the compressibility is increased by 100). Since the flow at 
15 ft/sec is incompressible, the change of modulus will be applied to infini­
tesimal strains and the pressures will be only slightly affected .
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SECTION 5
TWO-DIMENSIONAL LAGRANGIAN FINITE-DIFFERENCE EQUATIONS*

5.1 INTRODUCTION

The Lagrange explicit finite-difference equations which represent the 
physical equations of a two-dimensional continuum are solved using two 
overlapping meshes—a displacement mesh and a stress mesh. The displace­
ment mesh is made up of grid (mesh) points which define geometric quanti­
ties such as shapes, interfaces, and boundaries. Conservation of momentum 
is used in the displacement mesh to solve for the vector variables, accel­
eration (x,y), velocity (x,y), and position (x,y), at specific points in 
space. The stress mesh is made up of zones in which scalars and tensors 
are calculated as averages over zone volumes and surface areas using conser­
vation of internal energy and constitutive equations to solve for scalar and 
tensor variables such as stress, ayy> etc., internal energy, u, pressure,
p, etc.

Both meshes describe the same region of space and are related through 
identical satisfaction of conservation of mass; that is, density, p, in both 
meshes describes the existence of material in the same way. Thus, the re­
lationship between meshes is that the grid points of the displacement mesh 
uniquely define the zones of the stress mesh.

5.2 DISPLACEMENT MESH

5.2.1 Calculational Sequence. The two-dimensional Lagrange continuum 
mechanics equations are solved in three steps. First, the momentum equations 
are solved to determine mechanical motion from stress, internal energy, and 
density distributions. Next, conservation of mass is used to calculate new 
density distribution, and finally, the constitutive relations and conserva­
tion of internal energy are solved simultaneously to calculate a new stress 
and internal energy distribution. This procedure is shown schematically in 
Figure 5.1.

Section 5 is identical to Section 4 wherever possible.

5.1
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Initial Conditions
.5 y. . Dn n(T

n-k .n-% 5 i-%,j-%
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Explicit x- y. :1,3 1,3
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Atn

Atn+%
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Solution for 
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Time Step
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r tln+1 _ „/n+1 n+1

^n+1
Pi-i.

n+i ^ s, ,

/n+i n+i
■% ' Pi Ui-^ i 3-*\ i“-5,3-'S Pi-%,3-%

« i/ n+i n+i
% sl^Pi-%, j-%’ Pi-%,j-%
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Ui-%,j-%/

Conservation 
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n+i Initial Conditions 
for Next Time Step (cycle)

Atn+i
Time Step
for Next Cycle from
Courant Stability Criterion

Figure 5.1. Two-dimensional calculational cycle.
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5.2.2 Momentum Equations. The general momentum equations for two 
independent space variables (for translational and axial symmetries) are

x
, /6ct 5cr \ /a -a '
II xx , xy \ - 1 / xx zz;l—+ 6T^/) + f

y = 1-ZL
Y 0 Vby

bcr
bx
JSL + f X + Sy »

(5.1)

where f = 0 for translational symmetry and f=l for axial symmetry; and gx and gy 
are gravity acceleration components. The finite-difference form of these equa­
tions can be derived in such a way that it is possible to use the same numerical 
equation for boundary points as well as for interior points. Consider the non­
boundary point (i,j) and its immediate neighbors, as shown below.

i-1, j+1•---------

i-%,j+i>

^i-1,j-1

The grid point neighbors of grid point (i,j) are point (i-l,j) on the left, 
point (i+l,j) on the right, point (i,j-l) on the bottom, and point (i,j+l) on 
the top. The volume defined by grid points (i,j), (i-l,j), (i-l,j-l), and 
(i,j-l) is called zone (i-%,j-%). This zone is the bottom left zone with 
respect to grid point (i,j). Similar descriptions can be made for the bottom 
right zone (i+%,j-%), the top right zone (i+%,j+%)> and the top left zone
(i-%5j+%)• * 30

The axial equations assume that x and y are the radial and axial 
coordinates, respectively. SeeEqs. (2.18a) and (2.19a).
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To derive properly centered finite-difference forms of the momentum 
equations, Eqs.(5.1) are rewritten as follows.

..n x. . 1 / xx ^ xy i'5ct ba
^n + 5y + f

i /a - a \ 1 / xx zz
n). . x + (1" f)Sx 5

1»J
(5.2a)

..n
yiJ

, /bff ba \u_i_ _ZZ + —iEZ n \{,y 5x )
1,1 ’J

i A \n1 I xy 1+ f + 8 >pnAx/ij y
i,i ,2

where superscripts denote the time centering, while subscripts denote 
space centering; or

• •n x. . i,l
V. ba be
P°. . \5x
i,l

by + f
Vn . /a - \n 
1,1 f XX zz\

'1,1 3°. .1,1
+ (1 - f)gx ,

'1,1
(5.2b)

..n
yi,i

V? . /ba 6a '(_ZZ +—2SZ„o l by bx

n

i,l '1,1

Vn . /a \n

1,1 ,J

where V. .is the relative volume, defined asi,l

vn .
i,l

1,1

where p°. . is a reference density usually taken to be the density at zero
i,l

stress. Equations (5.2a) and (5.2b) represent a time- and space-centered 
partial differential equation which can be reduced to

Rev. 2
15 NOV 77

5.4



(5.3)

..n x. .
V. . /ba ba \ _iil I _2E£ + _JEZ

..n
yiJ

P°. .

vn .

P°. -

bx by

ba ba )
_Z1 +_2£Z
by bx J

+ f C .+ (1“f)Sx’

+ f ^ + ’

,nwhere f3 is a hoop stress contribution to the radial motion, x, about
u Xi’i
the axis of symmetry, y.

x.
V. . /a - a \ 1,1/ xx zz \ (5.3a)

i,3

and P is the shear stress contribution to the axial motion, y, due to
yi,j *

radial divergence, x.

i,J

V7 . /a )[_*Z
P°. . \1,3 x

(5.3b)
'i,3

Using the definition of first-order spatial average of zone quantities,

( }i i S I R )?+J- i+j- + ( )i J- 1+^ + ( >" J- i J- + ( < J » (5-4)
i,3 4 L i+'£,J+'l i--l,J+;2 i-^,3 ^ i+ "5,3 ^J

it is possible to derive formulas for hoop stress, 0 , and shear stress, 
0^, contributions in axial symmetry.

These comments apply only to axial symmetry since f=0 for transla­
tional symmetry.
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Using Eqs.(3.13), Eqs.(5.3) can be rewritten as

..n x. . 1
2

vn .
o Anp. .A. .

crxx i+^, j+%
n
yi,j+x - y 1+1 »j

_n / n n+ a i - y*
%, j+% v1-1^

+ crxxi.%}j_% vyi’j-i " yi-i>j

+ axx,i+%, j-% i+i, j Ji,j-i,

n / n n
’ 0xyi»%,j*% r1’^1 " Xi+1’J

n / n n- cr { x. . - x. .xy. 1 .1 \ i-i,J i,J+i

an xn . -xn .

- CTxy. , . ,i+%,j-%
n nx. . - x. .i+i, J i,J-i

+ f pj + (1 - f)g ; 
Xi, j X (5.5a)
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•n i
.np° A"

i»j ijJ ■-

- ayy,-+j, V 1»J+1 - xi+i,j

. n n
G lx. . - x.
yyi-%,j+% ' l~1*3 1)3 1

n / n ncr ( x. . - x.yy, j, ^ j. V i,J-i 1-1 »J1-^2 5 J i> '

n / n n“ cr I x. . - x. .
yy,+ x. , i. \ i+i >j i,j-iJ- 'S 5 j “ ? '

+ CT
xyi+%,j+% yi}j+1 - yi+l,j

r11 (y?
xyi-%,j+% v l-+ ct | y. . - y. ..

n n+ cr I y* • - y-xy- j, . j, V^i.j-i ^1-1,j 1 V

.n+ CT“ Ixy,.i . 1 \yi+i,3

+ fp" +sy;
i» j

(5.5b)

vn .
where o . n np. .A a. .i,J
defined by

na. . is the mass per unit length at grid point (i,j) 1 5 J

n If11 .n .n .n 1or. . s y O'. , . i + or. i . i + o'. , . i + O'. , .1.i,j 4 L i+%>j+%

The factor of 2 multiplying j in Eqs.(5.5) is necessary to make the momentum 
mass (O'”) consistent with the volume enclosed by the surface integral used to
calculate the gradient of stress.
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Thus,
Vi • n n

---—, B and B are defined as follows,
.0 An ’ Hx. . y. .

O a np . .A. .

vn
i+^j+^ +

V” x . ,

Pi+%, j+%Ai+%, j+% Pi-%, j+%Ai-%, j+%

+
V11 x 
1-%^-% Vi+ %»j- %

0 A11Pj j. 4 u",* 3^ P • i • i,A. , . ,i+%,J-% i+%,J-%
(5.6a)

x.
2rr
4 V XX zz/. ! !' /l+%,J+%

A .-•j-1-' i+i
m

n

i+%, j+%

+ (a - o' )n
Ani-%, j+%

^,j+^ i-%, j+%

+ (ct - CT )n\ xx zz/^

An , ,

m- i.i-i%,j-% i-^,j-^

+ (o - CT N”
V xx zz/. , . x' / i+ A;. i - i

i4-%, j-% 
i+%,j-% m i+%, j-%

(5.6b)

(3 2tt
y. . “ 4 
i,J

+ CT

+ CT

+ CT

n (
^Ai+%, i+%

xyi+%,j+%lymi+%, j+%

•n 1
^-%,i+%

xy i-%, j+%1^mi-%,j+%

rn jAn ^ !f i-%,J-%
xyi-%,j-%’1 m. x . x y 1-%,J--S

n
fci'i-i

Xyi+%,j-% \mi+%, j-% (5 .6c)
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where A is the area of the quadrilateral zone and m is the mass of the zone. 
The equation for area is derived by dividing the zone into two triangles, 
calculating the area of each triangle, and summing the areas of the two 
triangles to get the quadrilateral area. For example, consider zone 
(i-%,j-%), which is defined by the four grid points (i,j), (i-i,j), (i,j-i)5 
and (i-i,j-i). The zone area is determined by dividing the zone into two 
triangles, as follows.

(i-%,j-%)

+ Xi-i,j(3ri.j-i-yi,j)] 5

A® " 2 [Xi,j-i(yi-i,j"yi-i,j-i) + Xi-i,j(yi-i,j-i _yi,j-i)

ci-i,j-i(yi,j-i -yi-i,j)] ;+ x.

and

A. i . i ~ A /-^ . (5.6d)

The equation for mass depends on the equation for true volume, T, and the 
equation for true volume depends on the symmetry condition. In translational
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symmetry the true volume formula is

^ = 1 X A .

In axial symmetry the true volume is 

V = 2rr x A ,

where x is the radius to the centroid of the area A. Mass is derived from

so that m in Eqs.(5.6b) and (5.6c) is

m = p 2tt x A .

In practice, the formula for mass in axial symmetry becomes

(5.6e)

Numerical evaluation of Eqs.(5.5) yields grid point acceleration of 
grid point (i,j) at time n. To determine the velocity and position of grid 
point (i,j) requires time-centered integrations analogous to Eqs.(4.7) 
and (4.8), pictorially described by Figures 4.2 and 4.3. The two-dimen­
sional versions of these equations are for velocity

(5.7)
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and for position.

n+i n , *w-% A^n+%x. . = x. . + x. .At i,J i,J

n+1 n , • n+ % . n+ %y. . = y. . + y. : At i>J i,J

(5.8)

n n+ %The time step values. At and At , used in Eqs.(5.7) and (5.8) are deter­
mined from the stability requirement that a sound signal can only propagate 
the smallest zone dimension of the entire mesh or less in one time step. 
Mathematically, this condition, called the Courant stability criterion, is 
written as follows:

a n . .At = minimum value of A 11At- 1 • 1 for all i > 1, j > l.

n+% . .= minimum value of A n+%At- 1 1 l-%,J-% for all i > 1, j > 1,

where

Atn+%
i-k.Uis

A£ At.n+ %

n
Ci-%,j-%

At i-%jj-%
i-%»j-% + At i-%»j-% (5.9a),

(5.9b)

i . i is the smallest length across zone (i-%,j-%) at time n, and 1-;5> j-"?
c9 i . i is the sound speed of zone (i-%,j-%) at time n. Values at time 
n come from initial conditions or from a previous cycle.

Equations (5.7) and (5.8) use the definition for a first-order temporal 
difference analogous to Eqs.(4.10a) and (4.10b),

n
M ). .

n+ %
( ). .

n-%
( ). . (5.10a)
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and

.n+% _ , vn+ii( - () - (>? (5.10b)

Equations (5.5), (5.7), and (5.8) are perfectly centered in space and 
time. However, a time-centering error can occur in Eqs.(5.7) for the ini­
tial step because ? and y!? ? may not be known at time n-%. In this case,

it is customary to let x’?” ? and y^ ? take on the value of x^ . and y? ., 
respectively, and to use an initial time step. At0, that is 0.1 of the ini­
tial stable value. After the initial time step, Eqs.(5.7) are properly 
centered.*

5.2.3 Momentum Boundary Conditions. Momentum boundary conditions are 
of two types -- those that use a stress or force, and those that use an ac­
celeration, a velocity, or a displacement. The former, known as "stress- 
type boundaries," affect Eqs.(5.5), while the latter, known as "velocity- 
type boundaries," affect Eqs.(5.7) and (5.8). In addition to the two types 
of boundary conditions, there are two ways in which boundary values are ob­
tained, i.e., by prescription or by interaction. By prescription means 
that boundary values are provided as time histories for an entire event; 
by interaction means that an algorithm for calculating values is provided.

Equations (5.5), which were derived for non-boundary points, are well 
suited for stress-type boundary conditions. Left boundary conditions af­
fect the i-% values in Eqs.(5.5), right boundary conditions affect the i+% 
values, bottom boundary conditions affect the j-% values, and top boundary 
conditions affect the j+% values. There are eight possible outside boundary

Equations (5.7) may be written in "dynamic relaxation" form so that 
static and quasi-static calculations are computed more efficiently. 
A discussion of dynamic relaxation appears in Section 5.5.
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orientations in two-dimensional geometry. They are:

(1) bottom left corner
(2) bottom
(3) bottom right corner
(4) left
(5) right
(6) top left corner
(7) top
(8) top right corner

An example of a left boundary condition is a free left boundary. 
Mathematically, the free left boundary condition applied to Eqs.(5.5) is 
given by

nx.

xx_. , ,

n

= a
i-%,j-%

xx. = CT

i» j 5 yi-i,j =yi,j’

n n n= CT = CT
yy, > i ^ zz. , . , xy.i-%,J-% i

,n

li Q 3 II Q 3

yy, j. zz- i. xy.i-%,J+% !■

= 0 ,
i-%,j-%

i-%, j+%
= 0 , (5.11)

n
i-'S, J-? = 0,

pi-%, j+% = 0 .
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Substituting Eqs.(5.11) into Eqs.(5.5) yields

.nc. .x. 1
2 -ialo . np. .A. . XX .i+%, j+%

(y™ ■ - y^1

, n / n n \
CTxx. ! . ivi+i,j ^i,j-i/

i+%,J-% ,J ,J

- CT

Xyi+%,j+%
(x" • - •) 
V 1,J+1 1+1, j/

xyi+%,j-%
/ n n \I x. . - x. . )4 iA i+1,J ijJ-1/ + f P

i,J

■ •n
yiJ 2 ° np. . A. . i,J i,J

yyi+%jj+%
/ n n \

4+ A 1,J+1 1+1, J/

yyi+%,j-%
Rl,j •

+ o'11 (y\ . - y?xyi+%,j+%V 1+1’j/

+ a11 (y} . - y? . )
Xyi+%,j-%^ 1+1*J + £pl

yi,j
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J (5.12b)
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where are
V.
JjJ.
An

3n 
x. and p

yi,j

±LL

O A11P A

Vn V
0 A ^ ft0_^i+%,j+% i+%, j+% "i+%, j-% i+%,j-%_

(5.12c)

x. .
2tt
2 CT - O' XX zz

CT - O XX zz

n A. , . , i+%,.1+%
i+%,j+% mi+%, j+%

n a" , . ,
i+%,J-%

i+%, j-% V%,j-%
(5.12d)

2rr
2

n 'Ai+%,.i+%'

^yi+%»j+% \mi+%,j+%y
+ CT

m..i • ii+%,J-%y
.(5.12e)

The formulas for acceleration of any "stress" boundary are derived in a 
similar manner. The general formulas are Eqs.(5.5) using the appropriate 
boundary stress in place of the zone stress and using i,j coordinate 
values for x and y whenever a point is not on the boundary. Equations (5.6) 
become
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vn .

0 Anp. .A. .
J.
N Ji+%,j+% o *n

pi+%,j+% i+%,j+%

+ E, ,
vn , ,

i-%, j+% Qo An
P i-%, j+% i-%, j+%

+ E. ! . n — i-%,J-% o
vn , ,

> n
Pi-%,j-% i-%»j-^

+ E.'i+%,j-% o

vn

Pi+%,j-% ^i+%,j-%_

where N is the sum of the existence factors,

N = E., i .i+E. v.i+E. i.i + E. i . ! ,l+%,J + % l-%,j+% l-;2,j-% l+^jj-^

and the existence factors, E, are equal to zero if the zone does not 
and equal to one if it does exist.

,n 2tt
x. . ~ N E..i cri+%,J+% \ xx

+ Ei-%,j+% Vxx

+ E. , . i ,i-%,J-% \ xx

+ E. x .i lCTl+%,J-% \ XX

azz

azz

CTZZ

CT
ZZ

n A1? x . i

i+%» j+% mi+%> j+%

n A? i . i
i-h»i+h

i-%, j+% ■in # ^ t

n An -
i-%,J-%

i-%,j-% mi-%,j-%

n Ai+%,j-%

i+%, j-% mi+%,j-%.

(5.13)

(5.14)

exist

(5.15)
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m.

+ E (5.16)

Velocity-type boundary conditions eliminate the need for Eqs.(5.5). These 
conditions affect Eqs.(5.7) and/or (5.8) directly.

The simplest way to provide boundary values is by prescription. That 
is, stress (or velocity) is given at the beginning of a problem for all 
time at a boundary grid point. The value is a function of time only, since 
the location of the grid point is always known. If the boundary value is 
tied to a coordinate which is different from the boundary grid point, then 
an interaction calculation is required. For example, outside boundaries 
can interact with geometric constraints (wall segments) or they can inter­
act with each other by coming together to close a void. In general, when 
a boundary grid point engages a constraint or another boundary grid point, 
a velocity condition is required. When a boundary grid point disengages, 
a stress-type boundary calculation is required, e.g., it can become free.

Equations of interaction between a grid point and a constraint, or be­
tween two grid points, are governed by the principle of conservation of mo­
mentum during the moment of initial contact and during intimate contact. 
During the time when the points move independently and at the moment of 
separation, the grid points are separate stress-type boundaries.
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An example of an interactive boundary condition occurs when a boundary 
grid point interacts with another grid segment. In this case, the inter­
action algorithm is as follows:

1. The grid point is calculated as a free boundary point in 
order to get the free acceleration vector of the grid point; 
e.g., Eqs.(5.12).

2. A test is made to see if the grid point has "broken away" 
from the grid segment,

(5.17)d > d . implies break away,

where d^ is perpendicular distance from the boundary grid point 
to the grid segment. is a prescribed minimum perpendicular
"capture" distance. If Eq.(5.17) is satisfied, then the free 
acceleration vector is correct and the new velocity and position 
of the grid point may be calculated from it using Eqs.(5.7) and 
(5.8).

3. If the grid point has not broken away, then the acceleration 
vector is resolved into components along the grid segment and 
perpendicular to the grid segment. The component parallel to 
the grid segment is

(5.18a)

where wx and wy are the direction components of the grid seg­
ment. The perpendicular acceleration component is set to zero 
and the total acceleration of the grid point becomes equal to 
the acceleration parallel to the grid segment. The components 
of this acceleration are

..n n n ..n n n aw , y = a „ w (5.18b)tl x
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4. New velocity and position of the grid point are calculated 
using the acceleration along the grid segment, i.e., Eqs.
(5.7) and (5.8).

5. The position of the grid point is now adjusted to be the 
intersection of the grid segment with a perpendicular line 
constructed through the new position of the boundary grid 
point. The intersection formula is

xint = [xi“ + *=(;)+ y* - yj ' +

(5.19 a)
yint = m(xint “ x0 + yi

where x. ^,y. ^ are the coordinates of intersection and m is rnt mt
the slope of the line segment defined by the end points 
(x^y-L) and (x3,y2).

6. The acceleration and velocity of the grid point are adjusted 
to be consistent with the intersection coordinates;

x• n+ % 
int

•n+ % 
yint

• •nxint

..n
yint

(xint

(yint

(x1 k
\xint

(yn h
\/int

X”) / Atm%

y”) / ;

i"^) / At"

y"'%) / At" .

(5.19b)

(5.19c)

A more detailed discussion of grid interaction logic may be found in Ap­
pendix BIA (Boundary Interaction Algorithms). Wall interaction logic is 
also described in Appendix BIA.
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5.2.4 Mass Equation. The general continuity or conservation of mass 
equation for two-dimensional symmetries is

V _ Sx by £ xV bx Oy + x (5.20)

where V, x, y, and f are previously defined. The left side of Eq.(5.20) is 
called the volumetric strain rate, while the right side contains direction­
al (or component) values of strain rate. The first two terms on the right 
are the two-dimensional principal strain rates.

A finite-difference analog must be derived separately but consistent­
ly for each term in Eq.(5.20). First, consider the volumetric strain rate, 
written in the following differential form,

AvT} n+%

Vi £ i ^
(5.21)

n+where Av. i . i is the change in relative volume of zone (i-%,j-%) at time i-, J -1>
n+% and Atn+^ is the time increment. Applying Eq. (5.10b) to the definition 

of relative volume, the change of relative volume is

Avn\2 . , s Vn+i . , r-%,j-% i-%,j-% vn (5.22a)

AVn+% - -O
i-^g, j- + P-i • iV i-%,j-%

nP,
(5.22b)

Since the mesh is Lagrangian, Eq. (5.22b) may be written in terms of true 
volume, V, as follows.

%
P°

mi-%,j-%
l i i-j-

1“ "2 > j 'z 1 *2
(5.23)
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Equation (5.23) is a formula for change of relative volume in terms of 
change of true volume. The change of true volume is related directly to 
coordinates and symmetry. Using the mesh notation shown on Page 5.3, the 
formulas for change of true volume for the two natural two-dimensional 
symmetries are derived as follows:

(1) Zones is translational symmetry are arbitrary quadrilateral 
area slabs of specified constant thickness. The Lagrange 
coordinates are in the plane of the quadrilateral area.
The true volume of a zone is

V = (slab thickness) (quadrilateral area).

t.i 3- i _ J- (1) X A i-%, j -% (5.24a)

Equation (5.24a) assumes a unit thickness; however, any 
constant may be used since it will affect all equations 
in the same way and will, in effect, cancel out. The area, 
A, was defined in Eq.(5.6d).

(2) Zones in axial symmetry are toroids of quadrilateral cross- 
sectional area. The Lagrange coordinates are in the plane 
of the quadrilateral cross section. The true volume at time 
n comes from the sum of the two triangular cross-sectional 
toroids which make up the quadrilateral cross-sectional 
toroid,

ri-%,j-%
2tt
3 (x. . +x. .+x. -)A_ +(x. . +x. .+x.^ i.J-! 1,J ^’^0 V

(5.24b)

Equation (5.24b) is identical to Eq.(5.6e) except for the 
factor of density.
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The new relative volume is computed from the new zone volume.

n+i _ „ n+i Pi-i;,.i-%
i-%,j-% i-%,j-% m. , . , (5.25)

and the new density comes from new relative volume.

n*1 ,
Hi-%,j-% „n+iv 1 • 1

(5.26)

From the definition of a first-order temporal average,

( )
-t + < )n

2 (5.27)

.n+%the formula for V. . . i in Eq.(5.21) is3-—^ , J —*2

1 Vn+" . 1 + V1? 1 . ,
n+% _ i-%,j-% i-%,J-%
i-%,j-% " 2 (5.28)

where V? ! . ! is known and V^+l, . x can be calculated from Eq.(5.25) or 1“ ^2 > J ” ^ 1— y 3“ ^2
by inverting Eq. (5.22a) as follows.

V,n+i
1-%,J

= Vi-%,j-%+ AV n+^
i-%,j-% (5.29)

New compression is

%
vn+1
i-%,j-% (5.30)
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and change in compression, defined by

AcrJ.- cn*; ., - w., ., ,cn (5.31)

is

AGn+% (5.32)

The next step in calculating the terms of Eq.(5.20) is the computation 
of the two-dimensional principal strain rates. From Eqs.(3.13),

• vn+%bx
,5x7.i-%,j-% 2A.n+%i-%,j-%

- xn+% .) (yn+h - yn+% . )
V i,j-i i-i,j/ V i,j

/ .n+% -n+% \ / n+% n+% \
\i» j " Xi-i »j-i/ Vi, j-i " yi-iJ/ ; (5.33a)

'Sif4
, n+TT

2A. r . i V-'ijj-i i,j i-i,j-i/

/.n+% _ -n+% \ / n+% _ xn+% \ 
V^i,J yi-1>j“i/ V i,J-1 i“i,J/ ;(5.33b)

where

x

 An+1 + An
2

n+i , n X + X
2

n+i , n
- I__ +JL.

(5.34)
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The shear strain rate is given by

2A. I . ,
/.n+% _ -n+% \ / n+% _ n+% \
yi j j-1 Vi»j yi-i,j-i/

_ \ (yn+k . % )

/.n+% .n+% \ / n+% n+% \
-lx.. -X. . ) ( X. . - X. . IV 1,3-1 1-1,3/ V 1,J 1-1,J-1/

/.n+% _ .n+% \ / n+% _ n+% \
\ i,j i-i,j-i/\ i, j“i i-i»j'' (5.35)

The final step in calculating the terms of Eq.(5.20) is the computa­
tion of the other principal strain rate which depends on the symmetry. In 
translational plane strain symmetry, the dependent strain rate is exactly

Xzero by definition (f = 0). Thus, f— may be written asx

6z
6z = 0 , (5.36)

where z is the coordinate perpendicular to the x and y plane.

In translational plane stress, the dependent strain rate is a constant 
consistent with the plane stress condition

azz = 0 (5.37)

In axial symmetry, the tangential strain rate 
lated using Eq.(5.20) as follows,

may be ealcu-

x _ V bx b£ 
x ~ v " bx “ by ’ (5.38)

where x is the radial coordinate, y is the axial coordinate, f = l, and z is 
the tangential or angular coordinate.
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Strain rates can also be defined using triangular areas. For example, 
see four triangles surrounding grid point P shown in Figure 3.2. The 
triangle formulas are derived using the methodology shown in Eqs.(3.39a) 
for the triangle PLBP. For the bottom left triangle with respect to grid 
point (i,j), the strain rate formulas come directly from Eqs.(3.39d),
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'& + &) 
,bx by /

• vn+%

PLBP
_i__ Ln+% fvn+% - vn+% )

L i’j“i i>j2APLBP

n+% ,*n+% .n+% .+ y, ! (y, 1.. - y*? 0

. n+% ,*n+% -n+%+ y, ^ (y_. : - y.- :y. ‘ . (y. 1-1>J i>J
• 11^^ v• yi.j-i5

- Kni (in*%. - )
i,j-i v i-i,J i,J

n+% /.n+% .n+% . t. . (x. t - x. 2 .ji,3 i,3"i i-i,3

- *n^ . (ini - ini )1
i-i,3 1,3 i»3-i J

Similar formulas can be written for the other three triangles surrounding 
grid point P in Figure 3.2.
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5.3 STRESS MESH

5.3.1 Artificial Viscosity. Although the finite-difference momentum 
equations, Eqs. (5.5), are general, they cannot economically handle high 
frequency mechanical phenomena (such as shocks) because the spatial reso­
lution of a mesh would have to be several times smaller than the thickness 
of the shock for Eqs. (5.5) to be applicable. To calculate the transmission 
of a shock for a distance of a few centimeters would require tens of mil­
lions of zones or a shock-following microzoner and a very small time step 
if the shock thickness were on the order of angstroms. Clearly, this ap­
proach is not economically feasible.

An economical approach with considerable merit was devised by John von 
Neumann (Reference 5.1). He proposed that the presence of a shock within a 
zone (where the zone is millions of times larger than the thickness of the 
shock front) could be detected by the rate of change of volumetric strain 
and that the stress rise could be simulated by artificially spreading it 
over several zones. The crux of the idea is to add an artificial viscous 
stress, q^, dependent on the square of the volumetric strain rate, to the 
mean stress (pressure). The artificial viscous stress (sometimes called 
the quadratic artificial viscosity) is given by

qQ
(5.39)

where is a dimensionless constant dependent on differential stress 
across the shock front and the number of zones over which the stress is 
to be artificially spread. A value of 2.0 for C spreads a shock front 
over three zones and is good for differential stresses up to 1 Mbar.

Another consequence of applying the momentum equation to a discre­
tized mesh is computational noise, i.e., stable zone-to-zone oscillations 
of low amplitude. In general, noise’ does not invalidate a solution and

The value of Cq for collapsing porous materials (as well as foams and 
frangible material) should be 4.0 or 6.0, depending on the degree of 
porosity and the level of loading. Even then, the formulation for 
quadratic artificial viscosity may not accurately describe the Rayleigh 
line process for porous matrix collapse.
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does not have to be eliminated if its effects can be clearly determined. 
However, it is possible to reduce, and in some cases completely eliminate, 
noise by applying a viscous damping stress, q ,Jj

qL
CL » M ^
L \ P0

M (5.40)

where C is a dimensionless constant dependent on the amount of damping J-i
required to eliminate the noise oscillations. A typical value of C isJ-i
0.8. Equation (5.40) is a simple dashpot (viscous stress is proportional 
to velocity) and q is called a linear artificial viscosity.i-i

Equations (5.39) and (5.40) may be written in finite-difference form 
as follows,

(5.41a)
and

n+%
1L. = -c: n+%

L. P .
J "L, £ X, 1- "o »i •“ 'p

^,
n I ,n+%V. , . , 11-.^;. 1 -•% l

pi-%,j-%

(5.41b)

The sum of Eqs.(5.39) and (5.40) is called the total scalar artifi­
cial viscosity, q, and its value is added to the hydrostatic (thermo­
dynamic) pressure in both the energy and momentum equations. The total 
scalar artificial viscosity is defined to be positive for compression 
(i.e., negative values of b^/b-^).
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Finally, one other numerical problem that arises in discrete calcula­
tions can also be handled through the use of artificial viscosity. This is 
the problem of constant-volume mesh motions that result from numerically 
generated excitations. In a two-dimensional quadrilateral mesh, the four 
grid points that describe the stress mesh can oscillate in an "hour- 
glassing" mode in which the volume of the zone remains unchanged and in 
which zone distortion can grow anomolously after many calculational cycles. 
This particular type of mesh motion is unopposed by the continuum physics 
in the zones. Since it is a numerical problem, some sort of artifice is 
needed to counteract the oscillation.

A simple tensor artificial viscosity proposed by Wilkins (Reference 
5.2) is one approach that can be used effectively to damp the hourglass 
degree of freedom. Other approaches include a velocity subtraction method 
developed by Hancock (Reference 5.3).

The artificial viscosity concept is based on the fact that the hour­
glass mode exists only for quadrilateral zones and does not exist for tri­
angular zones. Therefore, a grid-point dashpot is derived, based on the 
strain rates (velocity field) for the point being calculated and each of 
its two closest neighbor pairs (i.e., four triangles). See Figure 3.2.
The finite-difference formulas for the strain rates in each of the four 
triangles surrounding an interior grid point are derived similarly to the 
bottom-left triangle strain-rate formulas shown in Eqs.(5.38a).
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The tensor viscosity (mesh dashpot) for each triangle is then formulated as 
follows:

(5.42)

Scy - S- P-/A fxy

where

exx bx ’ yy by * xy bx by ’

and Qj, is a dimensionless constant dependent on the amount of damping re­
quired to eliminate the mesh oscillations. A typical value of is 1.0.
The difference equations for Eqs.(5.42) depend on the chosen triangle; for 
example, triangle PLBP, shown in Figure 3.2, could be derived from 
Eqs•(5.38a).

5.3.2 Internal Energy Equation. The conservation of internal energy 
equation may be written in the following form,

u = -(p+q)V+Z + h + U'" . (5.43)

u, p, q, and V have been previously defined. Z is the distortional energy
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rate which, for two independent space variables, is I
Z V (s e + s \ xx xx yy e

yy
+ s zz e + s e zz xy xy (5.44)

sxx> Syy» szz, and sxy are stress deviator components and exx, eyy, ezz, 
and exy are strain rate components. The strain rate components have al­
ready been defined as follows.

• _ 5x
xx bx [see Eq. (5.33a)]; I

e
yy

[see Eq.(5.33b)];

i =xy 6x by [see Eq.(5 .35)] ;

I

Translational (plane strain)

e =0 [see Eq.(5.36)] ;zz

Translational (plane stress)

e ^0 [see Eq.(5.37)] ;zz

Axial

. ve = _ _ e - e zz V xx yy [see Eq.(5.38)].

• /// h is the heat flow and U is the source or sink energy rate.

Substituting Eq.(5.44) into Eq.(5.43) yields an equation with seven un­
knowns, since V can be determined from Eq.(5.29). To solve for the internal 
energy rate, u, requires equations for p, s^, Syy> szz> Sxy’ an<*

I

I
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5.3.3 Constitutive Equations. The equations that relate p, s .
s , s , s , and h to u and V are known as constitutive equations and yy’ zz’ xy’ ^
may be categorized as follows.

Equation of State

p = p(u, V) ; (5.45a)

Strength Description

Sxx =: S(U’V)’ Syy = s(u’v)» szz = s(u>v)> sxy = s(u»v) 5 (5.45b) 

Heat Flow Model

h = h(u,V) . (5.45c)

Given the functions p(u,V), s(u,V), and h(u,V), and knowing that Eq.(5.29) 
has been solved to give V, then Eqs. (5.43), (5.45a), (5.45b), and (5.45c) 
can be solved simultaneously (using the same explicit time step used to 
solve the momentum equation) by iteration or, in some cases, by substitu­
tion. A two-step iteration procedure is described in Section 5.3.4.

Typically, the equation of state, p(u,V), requires material constants 
(e.g., bulk modulus) that describe compressibility for the mechanical con­
tribution to pressure and a specific heat ratio or a Griineisen coefficient 
for the thermal contribution to pressure. The strength description requires 
a shear modulus, yield stress, flow rule, and yield criterion. The heat 
flux model needs thermal conductivity. In all cases, these or equivalent 
material constants may be functions of other thermodynamic variables.

The equation of state is usually simple or complex, depending on the 
number of phases and components that must be described. A single phase, 
one-component material is by far the simplest equation of state. A linear 
elastic solid or an "ideal" gas are examples of simple equations of state.

5.28



Strength descriptions are more or less complex, depending on strain- 
rate dependence during loading, relaxation to or from a failed state, re­
load characteristics after failure, ductility, brittleness, the existence 
of microfractures, etc. The simplest strength description is small strain 
elastic, where no failure is allowed to occur. Elastic-plastic models 
having a yield criterion based on the second stress invariant are also 
fairly simple. Plasticity can be handled using an appropriate flow rule.
Strain hardening, fracture, dilatational effects, etc., increase the com­
plexity of a strength model.

The heat flux model can be viewed in two separate categories — conduc­
tion modeling and radiation modeling. An adequate model describing conduc­
tion is Fourier's Law,

h." = -k V T . (5.46)

Radiation, on the other hand, is more complex and no simple equation such 
as Eq.(5.46) can be used in a physically correct and economical manner.

Once Eq.(5.43) has been solved in conjunction with appropriate consti­
tutive equations, Eqs.(5.45a), (5.45b), and (5.45c), all remaining thermo­
dynamic state variables can be computed. In particular, stress can be cal­
culated from

axx s + q - (p + q) > xx xx

CT
yy

s
yy

+ q.yy
(p + q) ,

azz s - (p+q) ,
(5.47)

CTxy s + xy

where q = qQ+qL, and q^, 
hourglassing instability. 
(Figure 5.1) is complete, 
step for the next cycle.

q , q are tensor viscosities to inhibit mesh yy xy
Once stress is computed, the computational cycle 
All that remains is to determine a stable time

5.29

Rev. 1
30 SEP 80



5.3.4 Simultaneous Solution of Constitutive Equations and Conserva- 
vation of Energy by a Two-Step Iteration. The procedure used to calculate 
new values of internal energy density, pressure, deviatoric stress compo­
nents, and heat flow was discussed in Section 5.3.3. For the standard 
models in STEALTH, a two-step iteration is used to solve simultaneously 
the coupled constitutive equations and the internal energy conservation 
equation for u, p, s, and h.

The logic, which is located in subroutine ZONMDL, is as follows.

1. Calculate the approximate change in distortional energy density,

+ syy. i , i, yy, l , j.
n + snzz

en+^

2. Calculate the heat transfer energy density, , into zone
(i-%>j-%) at time n+% ,

+ h.i
+ i”* + i**) at1** 

1 J-l J '

where p° is the reference density and m is the mass; Atn 2 is the time 
step for the entire mesh; h^ is the heat flow into zone (i-%,j-%)
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through the left face, lu is the heat flow through the right face,
h. is the heat flow through the bottom face, and h. is the heat J-i J
flow through the top face. The heat flow is calculated from Fourier's
heat conduction law.

li = -k(T) VJT • S

where k is the conductivity, is the area through which heat flows, 
and the gradient V affects the conduction formula in the following way
for interior points:
Translational symmetry
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n
= . -JL

j 2

Axial symmetry

n+% _h.1-1
2n , n - -x- k.3 i-i

(y^ . yn+^ . )
4-1, j-i V i-1 »j

. /xn+% . . xn+% )] /

Vby/i-ij-i V i-i »J i-i.J-i/J V

("yn^ . yn+^ \

xn^ + I x"i
1-1, J-l 2 1-1,

(0 . (C?,: - <?,>,)] (•
1-1 »J

1 n+% , n+%— x. . + x.,2 i-i, j-i i-i, J

•n+%hi 2tt , n -zr- k.3 i
/bT\n / n+% n+%\(bx) i Vi. j-i " yi> j /

^j1 (x<?i . x’?,‘)

\by A , V i> J—i i.J /i»3

(xn^+ixn+^ ) 
V 1,J 2 1,J-1/

bT \ /n+%
^y4,j-i

/n+% n+%\ /lxn+% + xn+% \
\i, j-i i, j / \ 2 i, j i. j-i /
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h”*4
J-l

2tt , n
~n~ k.3 J-i Ux/ , \ i-i j j-i yi,j-i/

i,J-i

- (gl., - <5-01 (
i.j-1

% , 1 n+ %X. r + -T- X. 2 .
x,j-i 2 i-i, j-

+ /y11^ - yn+^ 0
\bx / _ \Ji-ijj-i i5j-i/

1-1^J"1

/|T\ri / 'll /
V^y n V 1-1 ’J-1 i»J-i/ \

i-i , J -X ml

- Xn+^ + x11^
2 i, j—i i-i,

h"%
J .)i-i ,J/

(*n+k , 1 
i-i»j 2 x.n+%\ ij j /

(- xn+^ 2 i-i.
+ xI*k)

1,J /

where for all symmetries

n+%x
n+1 x + x

2
n+%

y
n+iZ

2 9
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the conductivities are

kn
1-1 n

k/, 3

n
+(t1 w. . 1 \K/ ^ . 1■L'’ fe 9 J“ 2 :L," 2 » J" '2

kn =
i

i+%, i-%
+ An

k/.i+%,j-% k/.i-%,j-%

A11 I A11A. i .a + A. v .i

Af +(i”
i-1^ ,j-1^

kn =
An 4- A11r a+1, T "• L 4 L

+(-f

and a typical temperature gradient, e.g., at grid point (i,j), is 
given by its components as follows.

1 / n n

•rnA
a -H 
< - yw,j

+ n
i+%, j_% " yi,j-

n / n n+ Ti+%, j+% (yi,j+i - yi+i,j

^n / n n+ i-%, j+%
(yi-i,i yi>j+i
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where

-±\ Ti-%,j-% / nx. .
V 1,J-1

n- x.i-1 ,1

+ T. i . i / n
V i+i,J

n- x. .i,J-i

+ Tn
i+%} j+%

(x”,m n- x.i+i ,J

+ Tn
i-%, j+%

(Vi.j n- x. .i,J+i'

An . = i f An a. An a. An + An ^2 \ i"%j j+% j’^% /

Temperature and heat flow boundary conditions use the same equations 
for a boundary point or zone as are used for an interior. When a temper­
ature history is prescribed, it is used in the interior gradient calcula­
tion as if a phantom zone existed with the temperature equal to boundary 
temperature. The conductivity and area of the phantom zone are zero and 
the integration for partial derivatives is taken along the boundary surface 
where no zone exists.

Heat flow boundary conditions are activated by assuming that the bound­
ary is adiabatic for the temperature gradient calculation, then by adding 
or subtracting the boundary heat through appropriate boundary faces. The 
adiabatic boundary, temperature gradient calculation is performed in two 
steps:
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• The temperature gradient calculation is made assuming 
that the phantom zones have the same temperature as 
their nearest interior neighbor.

• Then the dot product of the temperature gradient and 
the line segment perpendicular to the direction of 
no heat flow is calculated in order to eliminate tem­
perature gradients perpendicular to the line segment.
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3. to be deposited in zoneCalculate source energy density, IK 
at time n.

3- t _3-*

un = u. 1 5

where U. , . x(tn) is a time-dependent function of energy deposi-, J
tion for zone (i-%,j-%) evaluated at time tn.

4. Add approximate reversible work (old pressure multiplied by new change 
of relative volume), approximate distortional energy density, heat 
transfer energy density, and source energy density in zone (i-%,j-%) 
to internal energy density (u1? , . , ^ in zone (i-%,j-%) to get the
approximate internal energy density (ti. , . i ) in zone (i-%,j-%),

u• n+i
i-%, u- 1 • LJ-% (Pi-hj -% J- A J, I 1 T!>J T!/

+ AZn+%i-%,j-%
. n+% , ttH+ Ah. r . l + U . -%,j-%

5. -n+%Calculate an approximate pressure, p . ^ , in zone (i-%,j-%) fori 2, J 2 'M3+1
time n+% by first calculating the approximate n+i pressure, p. n . ,, 
from internal energy density in zone (i-%,j-%).

~n+i _ /~n+i wn+:L ^
Pj j. , u 3^ ,_t \u i l i i, * ’'■s J- i J- / »

where V^+i . ! is the relative volume already calculated in zone
(i-%,j-%) for time n+i [Eq.(5.29)], p. i . , is the pressure

~n+iequation of state, and P ^ ^ ^ ^ is the approximate pressure for zone
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at time n+i. Then adjust this pressure, , to
satisfy explosive or spall criteria. (These criteria are mutually

-n+iexclusive.) Calculate the approximate spall pressure, p 
in zone (i-%,j-%),

min.i“%>j-%

~n+i /~n+i TTri+1 ~n+i \P- =P. V.i.,,m:Lni-%Jj-% mini-%,j-% ' 1-%,j-% i-%,J-%/

where Pm^n is a material function for zone (i-%,j-%). If
j-%

~n+i , ~n+i ^ ~n+i . .. .p. i . i ^ p . , adjust p. i . i to its spalled value,
i-"2 j J ” min. v • t,»j-%

Then calculate p?+£ . i from 
1-%>j"%

~n+iP. . n + P.--n+% _ Fi-%.1-% Fj-%.j-%
i-%,j-% ~ 2

Calculate shear modulus, . , , for zone (i-%,j-%) at time n+%f 2, j 2 ^
by first calculating the shear modulus, G. , . i , for zone (i-%,j-%)i--%, j-%
at time n+i,

n+i _ /~n+i ~n+i n+i \
i-%,j-% _ Gi-%,j-% \ i-%,j-% ’ ^i-%,j-% ’ Vi-%,j-%/ *

where G. , . l is the material function for zone (i-%,j-%), and!•-%, j-% 
then using



n+i n+i n+i
7. Calculate elastic stress deviators, s

in zone (i-%,j-%) at time n+i as follows.
xx. yy. , . xy. i. . ,*i-%,J-% i-%,J-% i-%,J-%

n+i
xx, = s

i-%,j-%
XX . + 2.0 G

i-%,j-%

n+%
i-%,j-%

•n+%
xxi-%,j-%

yn+%
1 lAt^^3 v-j.,1

i-%,j-%

+ 6n+ % 
xx

i-%,j-%

n+i

yyi-%,j-%
= s +2.0 0""^ . .

"i-i,j-i \ "i-i, j-i

•1^%
l i-%, j-% \ A^n+%
3 ,

i-%,J-%/
At

+ 6n+%
yy, ^ ,3,i-^j J-'S

n+i
= s + G.n+% •n+% n+% . cn+%

xyi-i,j-i xyi-i,j-i
At 2 + 6

Xyi-%,j-%

where sn
“i-i.j-i ^1-%^-%

deviators in zone (i-%,j-%) from time n, e

, and s“ are the xx-, yy-, and xy-stressxy . i, . j, i-^, J-"?
n+% ^n+%e" ^ , and e

^,j-^ "i-^j-S
n+%
xy, i, , j, i J ^“i-i.J-i yyi-% -1'

are the previously calculated xx-, yy-, and xy-strain rates in zone (i-%,j-%)

at time n [Eq.(5.33)], 6»i 6m* , and 6”^
“i-i.j-i "i-i.j-i xyi-i-i-i

, and 6 1 z are the xx-,xy. i . a ^ i-%,J-%
yy-, and xy-stress rotation corrections in zone (i-%,j-%) at time n+%.
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5n 
xx.

3 xx - s
i-%,.i-%

i-%,j-%

yyi'h‘A'h) HH-I.j-J-

xy. ^ ^1 ^ 5 J *2

sinH-L-%) ’

-n

1^5, J ^
= - 6n

XX- L • Li-%,J-%

5n
i^, J ?

n n- s
xxi-J- i-J- yy-t.j. 4 j.j ^>J ^ 1 ^iJ ^ -KL-%)

+ sn
3xyn. i. , l 1-^,J

hKL-i) • 1-°] •

where

O'..n+% 
i-%,j-%

* n+%At 2

4A.
i-%,j-%

/.n+% _ .n+% W n+% n+% \
V^i,j-i Ji"i ,j / V^i,j Ji-i ,j“i'

_ / -n+% _ -n+% \ / n+% _ n+% \
Vyi,j ^i-i J-i/ V j“i i-i5J/

+ (<xn^ - xn+% .Vx0^ - xn+% . )
V i,j-i i-i,j / V i,j i-i ,j-i/

- /*n+% - xn+% /xn+^ - xn+% ^
\ i,j i-i,j-i/ \ i,j-i i-i , j / _

and At 2 is the stable centered time step for this cycle; and from symmetry
n+i

the zz-elastic stress deviator, s , iszz. , . ,
l-%,J-%
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Translational symmetry

n+i
zz = s

i-%,j-%
n
’zz. i . i i-%,J-%

2 n+%
- 3

•n+ %
Atn+%:

v..n+%i-%,j-%

Axial symmetry

n+i
zz = s

i-%,j-% zz i-%,j-%
n+% / *n+%+ 2.0 G7 £ . i \e 2
i-%,J-% zz

vn+%
i-%,j-%

i-%,j-% V.n+%
At

i-%,j-%.

8. Calculate the elastic yield stress squared, (Y. , . , ) , for zone

(i-%,j-%) at time n+i from the second stress deviator invariant,

/ 11+1 \2l’ (Yi-%,j-%) ’

Ye
n+i
i-%,j-%

3
2

/ en+1 f f en+1 Y ^ {

2 j J 2 2 9 J 2 2 y J 2 ^

+ 3 s
n+i

xy. , . , i-^, j-"s

9. Calculate the allowable yield stress, Y^^ . , for zone (i-%,j-%) at
i-?,j-^

time n+i,

n+i _ /~n+i ~n+i vn+1 ^
i-%,j-% j—% \ui-%,j-% 9 ^i-%,j-% 9 i-%,j-%/ 9

where Y. , . , is a material function for zone (i-%,j-%)i-^, j-'S
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10 Compare the allowable yield stress, 
en+1stress, Y. i ,

n+1Y. n . n, with the elastic yield

, n+i
if Yn+j, . ! > Y6 x t 

x-k.A-k material is linear elastic;

n+i.j, „n+i „erf Y. i . i ^ Y. i . *2 material has exceeded allowable yield stress

11. If the material is linear elastic, the elastic stress deviators already 
calculated are correct.

n+in+i es = s ,XX. ! . 1 XX. i.i

n+in+i _ e
yy, 3, - syy,-_;t i ^

1 2 , J 2 1 “2 ?

n+i
3ZZ

n+i
= s

l-%,j-% zz.i-%jj-%

^ n+in+i _ e
Vt.j. ~ i i-

^ > j "2 1 12 J j ^
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12

13.

When the material has exceeded its allowable yield stress, adjust the 
stress deviators according to the Prandtl-Reuss flow rule,

n+i
xx,i-%,j-%

Y^i . A n+i
n+i I xx. i . , e / l-%,j-%Y.i-%,j-%'

n+i
7n+iif # 1 • I .

\ e
n+i

yyi-%,j-% n+i
i-%,j-%'

n+i
szz.i-%,j-%

A 1 Ai"^,J-^ |se 
n+i I zz. i . , ’y6 / i-%,J-%

‘ i-%,j-%/

,n+1
VjJ, 4.J, i-'S, J-'S

Yn+x
IjJzl \se

. n+i 
i-%,j-%,.Y6

n+i

Xyi-%,j-%

n+%Calculate the change in distortional energy density, j-%* in zone
(i-%,j-%) at time n+%,

.n+% n+% A^n+% ( n+J'AZV 7 . , = V. A , At i-%,J-% i-%, J-% xx.
•n+% 
"xx.i-%,j-% i-%,j-%

+ s

+ s

n+% •n+%
YYi % i %1-^5 J-^ yyi-%,j-%

n+% en+%
'xy._^ , j, i-^,J-^ Xyi-%,j-%

+ sn+% •n+%
zz.• v • 1 ZZ• L •-i;. i-%
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where

n+i + s
n+%

3XX. x . n
XX .XX, -i ,1 ,n ,1

n+i + s
^n+%
’yy, j. ,_j.

yy, j, , j. yy,_^

n+i
3n+% ZZ

+ s zz

n+x + s
n+%

’xy -i-i
xy. ^ , i, xy. j, . j.

14 Calculate the internal energy density, 
time n+i,

un+ii-%, j -V in zone (i-%,j-%) at

n+i _ , n /^n+% 4. nn+% ^ Avn+^Ui-%,j-% i-%,j-% " \Pi-%,j-% qi-%,j-%/ i-%,■%,j-%

1-^,3-% t-^,3-%

n+15. Calculate the pressure, p. x . x, in zone (i-%,j-%) at time n+i ,i-'g,3-'2

n+i _ / n+i n+i \
Pi-%,j-% Pi-%,j-% \i-%,j-%* i-%,j-%/
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16

17

Calculate the spall pressure. irr 1 . 1 « 1 \ p . , m zone at time n+i,min ,1 .

n+i3 .mm. ■ mmi-%,j-%
/ n+:( U . !\ 1-^

n+i
fe,j-

7n+^. . j, 
i-%,J-%

,n+i
■%, j

i-%) ’

where p . is a material function for zone (i-%,j-%). Ifmm« -i (-ii-%,j-%
n+1 n+1 n+1P.- i, , j. ^ , adjust p.,.i to its spalled value,i-^,j-^S mm. v . i i-?,i-?,

n+i. Calculate the total stress, a , an+i n+i n+i
xx

in zone (i-%,j-%) at time n+i ,
i-%,j-% yyi-%,j-% ZZi-%,j-% Xyi-%,j-%

n+i7XX .i-%,j-%
n+1 / n+1= s - (P • 1xx. x . ! V i-%i-%,J-% v %,j-%

4. ^ •
qi-%,j-%/

n+i n+ict = s
yyt , j. i^, j^ i-^, j

/ n+i , n+% \ .

n+i n+i
ZZ .1 ZZ.i .i

/ n+i , n+% \
\Pi-%,j-% qi-%,j-%/ 5

n+1 _ n+1
aXyi-%,i-% = Sxyi-%,i-%
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2
in zone18. Calculate the longitudinal sound speed squared, 

(i-%,j-%) at time n+i ,

n+i = c.
i—%, j—% ±-^2,2~ ^2

/ n+i n+i n+1 \1UJ L ^ j,, Pn- J. i 3^5 Vn_3- i ^X. i_3, \ i-'S) 1-^,1-^ 1-^) J-? /

where c. is a material function for zone (i-%,j-%).
'*' • 1 .ln--%, J-%

19. Calculate the temperature, T?+i . ,, in zone (i-%,j-%) at time n+i,
1” "2 , J -;2

n+i / n+i n+i ,Tn+1 \Ti_%,j_% “ Ti-%,j-% i-%,j-%’ Pi-%,j-%’ Vi-^,j-%/’

where T. , is a material function for zone (i-%,j-%)i-%,J-%

20. Calculate the conductivity, . ,, in zone (i-%,j-%) at time n+i,t J' i J-5 l-^,J-^

.n+i _ . / n+i n+i n+i \k. i, . i - k ^ ^ (u. j. j,, p. j. j,, V. j, . j, j,i-'S,j“"S i-'S,J-'S \ i-'S,J-^ i-'S,J-'S i-?,J-^/

where k. , . , is a material function for zone (i-%,j-%)i-%,j-%

21 Calculate the specific heat capacity, 
time n+i,

cn+1
i-%,j-% ’ in zone (i-%,j-%) at

cn+1
i-%,j-%

/ n+i n+i n+i \C. v . i lu. j, . j,, P- j, 4~}-> Vi#_J- ) ’i-^, J--S \ i-s, J-s i-^5 J-'S i-^, J-s /

where C. x x is a material function for zone (i-%,j-%) .i-'S, J-'S
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5.4 EXPLICIT TIME STEP

5.4.1 Overview. The explicit calculational scheme has two identi­
fying characteristics:

(1) New values are computed from old values; e.g., values at 
n+i are computed from values at n.

(2) Data for computations come only from nearest neighbors; 
i.e., information can propagate only across one zone in 
one calculational time step.

These characteristics are the essential elements of the explicit numerical 
method and are embodied in the criteria required to calculate stable time 
steps.

5.4.2 Stable Mechanical Time Steps. The physical criterion required 
for the calculation of a stable time step was described in Section 5.2.2 
and is summarized in Eqs. (5.9a) and (5.9b). If artificial viscosity were 
not present, the most conservative (largest) value of mechanical sound 
speed would be the isentropic longitudinal sound speed. The general form 
of the isentropic longitudinal sound speed is

(5.48)

where the subscript & denotes the longitudinal direction, cr^ is calculated
from Eq.(5.47), and p is the actual density. Equation (5.48) can also be
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written in component form.

2,2, 2 c + c + c , s p q ’

6s \
^>P /rsen 6p /.isen

+ ',/.bp. rsen

where "isen" means isentropic.

(5.49a)

(5.49b)

c is the deviatoric contribution to sound speed and can be calculated s
conservatively from the formula.

c2S (5.50)

where G is the shear modulus and p° is the reference density. c| is 4/3 
times the elastic shear velocity squared.

Cp is the pressure (or mean stress) contribution to sound speed and 
is calculated from the equation of state. When the equation of state is 
of the form

p = A + Bu , (5.51)

where A = A(T]), B = B(T]), and T| = ^ , then from the isentropic condition 

that du = -pdV, the thermodynamic (hydrostatic) sound speed is

2 = A' + B'u + BpV3
.0 * (5.52)

where A' = — , B7 = rpjj- . When the equation of state 
of Eq.(5.51) then a more specialized approach must be

is not in the form 
taken.

5.47
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is the artificial viscosity contribution to sound speed and is 
composed of two components, linear and quadratic. The formula is

isen
(5.53)

Using Eqs.(5.41) and (5.42), c^ becomes (References 5.2 and 5.1, respectively).

c2 = 4C?
q l

I p| v
+ (A-ef (#■ (5.54)

Combining Eqs.(5.50), (5.52), and (5.54) yields the formula for the
1 is*maximum stable time step of zone (i-^J-'s).

In determining a time step for the next cycle, only n+1 data exist in 
order to predict the n+3/2 time step. This dilemma is not critical 
provided that one understands the pathological cases which can arise 
from a poorly estimated time step.

There are two pathological cases that must be considered when cal­
culating the new n+3/2 time step. These cases can be seen from a plot 
of time step versus time. See Figure 5.2. If the time step is in­
creasing with time (Case 1), predictions of the n+3/2 time step based 
on n+1 data will be conservative whether constant extrapolation (i.e., 
setting At = t ) or linear extrapolation is used. On the
other hand, if the time step is decreasing with time (Case 2), the

In Eq.(5.55), subscripts i-%,j-% are denoted by (••) •
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under prediction of At, 
therefore conservative

Case 1

Case 2

therefore potential instability

Time (t)

Figure 5.2 Example of need for f .SFR

liquid

vapor

= At at vapor conditions 
= At restricted to 20% growth

Time (t)

Figure 5.3. Example of need for for,„.GRj
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constant extrapolation procedure will predict a time step that is apt 
to be too high to maintain stability. The linear extrapolation is much 
better but can also be inaccurate if the rate of time step decay is 
large. In problems in which the time step is expected to experience 
rapid drops in time, it is advisable to use a safety factor multiplier 
of 2/3. This will add another level of conservatism to the calculation 
of the n+3/2 time step.

Thus, when the n+1 time step is greater than the n+1/2 time step 
(Case 1), set the n+3/2 time step equal to the n+1 value and recompute 
the n+1 time step to be the average of this n+3/2 value and the n+1/2 
time step. This will also be conservative. If, on the other hand, the 
n+1 time step is less than than the n+1/2 time step, calculate an n+3/2 
time step based on a linear extrapolation of the n+1/2 and n+1 values. 
This procedure should lead to a relatively safe value for most calcula­
tions. When the n+1 time step equals the n+1/2 value, either approach 
will work.

There are other time-step constraints which insure the stability 
of a calculation. First, there is a safety factor multiplier (fgpjj)* 
which may be applied when Cp cannot be calculated in a conservative way 
or when Eq.(5.55) may not be conservative. The value of may vary
from 0.1 to 1.0.

Next, there is a growth factor multiplier which may be
applied so that a time step cannot grow faster than a certain rate.
The value of fg^p may vary from 1.0 to 1.2 (no growth to 20% growth). 
The need for a 20% growth factor limitation on a time step is justified 
as follows: Consider the problem in which a change of material phase 
is possible. Furthermore, allow for the situation that during the 
early response periods, the time step is controlled by the higher sound 
speed phase (i.e., lower time step) but that at some later time during 
the simulation, all of the material is "flashed" to the lower sound
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speed phase. Assume that this change of sound speed results in a 
change of the maximum stable time step of at least a factor of 2. 
Furthermore, one cycle after the global change of phase has occurred, 
one of the zones returns to its higher sound speed state. If the time 
step had been allowed to rise rapidly to its much larger value for the 
one cycle when all the zones switched phase to the lower sound speed 
material, it is possible that the instantaneously larger time step 
could result either in an instablity when the time step drops again to 
the lower value, or in inaccurate results because of some numerically 
induced high amplitude wave that resulted in the one cycle in which the 
time step was large. This scenario is shown schematically in Figure 
5.3.

And finally, there are minimum and maximum values of time step.
When the stable time step goes below the minimum value, the problem is 
terminated. When the stable time step has a value above the maximum 
value, the time step is adjusted to the maximum value exactly.

Thus, stable time steps for the next cycle (At^1+3,s and Atn+:L) are 
calculated as follows,

Atn 32 = ^minimum for all zones of Eq.(5.55)J , (5.56)

subject to the condition that

it . s it"3'2 s £__ * itmin GRF max

Then, by interpolation.

Atn+i Atn+3/2 + Atn+%

(5.57)

(5.58)
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5.4.3 Stable Thermal Time Steps. When a particular problem is 
dominated by heat conduction phenomena rather than by mechanical phe­
nomena, the problem time step stability criterion may be controlled by 
thermal diffusion rather than by mechanical sound speed. Therefore, 
when heat conduction is present, it is necessary to calculate the mini­
mum stable heat conduction time step as follows,

Atn = minimum value of At? 1 . 1 for all i > 1, j > 1,

where

At? 2 ,
(aji*1 \

2(kn , . ,/C? ) * (5.59)

»n nMV , . i is the smallest length across zone (i-%,j-%) at time n, k. x x
1--2, n

is the conductivity of zone (i-%,j-%) at time n, and Cw . , is thei-%,j-%specific heat capacity* of zone (i-%,j-%) at time n.

As in the case of the mechanical stability criterion, the smallest
maximum stable thermal time step in the grid is saved in order to be used
for the next cycle of calculations. When thermal and mechanical mecha­
nisms are both present, the smallest of the two stable time steps is chosen
to be the time step for both mechanisms in the next cycle.

Per reference unit volume.

Rev. 2
30 SEP 80

5.50



5.5 USE OF THE DEVELOPED EQUATIONS FOR EFFICIENT SOLUTION OF NON-TRANSIENT CASES

5.5.1 The Problem. Although the explicit finite-difference equations 
developed in Sections 5.2 and 5.3 can be used to analyze transient, steady- 
state, static, and quasi-static time-dependent thermomechanical systems, 
these numerical equations are most efficient for simulating transient be­
havior because time steps are computed from the minimum of the Courant sta­
bility criterion and the diffusion limit. The Courant condition gives the 
largest possible stable time step for a finite representation of a continuum 
consistent with the laws of physics for most initial value (transient) prob­
lems involving stress. The diffusion limit does the same for transient ther­
mal problems. For mechanical boundary value (non-transient) problems, the 
Courant condition may needlessly restrict the time step. Two important ex­
ceptions to these guidelines are as follows: (1) linear elastic, small- 
strain, transient mechanical problems can sometimes be more efficiently 
solved implicitly in the frequency domain than explicitly in the time do­
main, and (2) nonlinear, non-transient problems often require that time be 
an independent explicit variable with the resulting equations being solved 
explicitly so that path-dependent thermodynamics are properly computed. 
Thermal boundary value problems are still efficiently solved using the dif­
fusion limit time step criterion.

In other words, when time-dependent, nonlinear partial differential 
equations must be solved, it is usually most efficient to solve the explicit- 
in-time, physical equations using an explicit numerical scheme. When the 
equations exhibit weak time dependence but strong nonlinear effects (e.g., 
large deformation), the physical equations, though not explicitly time-de­
pendent, are still probably most efficiently solved by explicit-in-time 
equations using a modified explicit numerical method. For the latter case, 
it is possible to separate the modifications to explicit methods for weakly 
time-dependent problems into three useful categories: (1) density scaling,
(2) velocity damping, and (3) modulus scaling.
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Density scaling is consistent with the situation where inertia effects 
are unimportant, where compressibility may be important, and where the time 
scale of the problem is determined by some other consideration, for example, 
heat transfer. Density scaling allows one to compute the intermediate state 
points of the process. Velocity damping (dynamic relaxation) may be used 
when inertia is somewhat important, compressibility may also be important, 
and the time scale is somewhat arbitrary. Velocity damping concerns itself 
only with the end states of a process. Intermediate states are not guaran­
teed to be accurate because the process (thermodynamic path dependence) is 
always assumed to be critically damped. Modulus scaling is at the other end 
of the spectrum from density scaling. When modulus scaling is most appli­
cable, inertia effects are quite important, but compressibility is unimpor­
tant. The problem time scale is determined by an external constraint.

For example, most static problems can be categorized as "problems in 
which inertial influences are not important". Thus, density scaling can be 
used to increase the calculational time step in order to improve solution 
efficiency. Quasi-static problems, by definition, have a "sluggish" response, 
lending themselves to "dynamic relaxation" critical damping as a means of 
achieving an efficient solution. Steady-state processes are usually associ­
ated with incompressible flow or rigid body motion assumptions, in which case, 
modulus scaling appears to be the most appropriate choice to improve computa­
tional efficiency.

5.5.2 Density Scaling. When a problem is static or nearly static, the 
density (or mass) does not play an important role in the stress equilibrium 
process. Inertial effects disappear and the momentum equation becomes

IFX 0 , £Fy 2= 0 (5.60a)

or

(5.60b)

where Fx and Fy are forces and crxx, o'yyj an^ ^xy are stresses. The zero on
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the right-hand side of the equal sign indicates that the inertial force is 
negligible. So, for Eq.(5.60b), we can write I

px— 0, py— 0. (5.61)

The reason Eq.(5.61) applies is that x and y are small. Therefore, p can be 
any value (in units consistent with x and y) so long as Eq.(5.61) is still 
satisfied.

Referring to Eq.(5.55), it can be shown that the dominant term in the 
denominator for static and quasi-static problems is c^ . Since c^ is a di­
rect function of the bulk and shear moduli and an inverse function of the 
reference density, it can be seen that in order to increase the time step 
for a particular zone, it is necessary to lower the sound speed, c^, which 
means either lowering the moduli or raising the density (or both). For 
static problems, Eq.(5.61) indicates that the density may be increased until 
the products, px and py, produce an anomalous inertial effect.

Employing density scaling to achieve a larger time step for static 
problems requires only a change of input. The momentum equation and the 
Courant stability condition are unchanged.

5.5.3 Dynamic Relaxation. Another approach to economical static solu­
tions is achieved by adding a viscous damping term to the momentum equation 
which acts to critically damp the fundamental response mode. This method 
reduces the number of time steps (iterations) required to achieve stress 
equilibrium, instead of increasing the magnitude of individual time steps. 
Quasi-static solutions can also be found using this approach. This approach 
is useful only when the integrated value of time is of no consequence, i.e., 
it doesn't matter what the "real time" is. Density scaling, on the other 
hand, preserves time as a meaningful variable.
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The equations of motion are modified as follows.

2F.x (5.62a)

where T] is a dimensionless damping coefficient, x and y are the components
of acceleration resulting from the externally applied forces, Fx and F ,
x and y are the components of velocity that result from integrating x and 
y, respectively, with critical damping applied, and T is the longest funda­
mental period of the system when the boundary conditions are present. In 
terms of stress, Eqs.(5.62a) become

(5.62b)

where T)7 is Tl/'fr'. T] (or Tj7) is chosen to critically damp the lowest funda­
mental frequency of the grid. For linear elastic problems, it is a rela­
tively simple matter to determine the damping (or relaxation) factor from a 
modal analysis or a dynamic excitation without damping. Even for mildly non­
linear systems, the latter technique can be used. For strongly nonlinear 
systems, an appropriate relaxation factor is far more difficult to compute 
and often requires considerable judgment.

The calculational form of the dynamic relaxation equation analogous to 
Eq.(5.7) comes from solving Eq. (5.62b) for acceleration (including gravitation) ,

(5.63)
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Integrating Eq.(5.63) with respect to time and making the following substi­
tutions ,

s i
n ” m P

.nx
• n+%'Si • n x +x -h .n

y ±1n-%
2

yields

Solving Eq.(5.64) for new velocity and defining the relaxation factor, w, 
to be

uu = JL
2mT ’

results in

• n+% x
,n-% r_A_

|_1 + tuAtn

f-h r—2—
|_l + a>Atn

(5.65)
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where

..nx
i /be ber \n 1 f xx xy \
n \bx + by / + gx ,

..n
y

, /ba ba vn
_L ( xy + yy
n \bx byP

+ g,.

5.5.4 Modulus Scaling. There are several forms of modulus scaling:
(1) sound speed scaling for incompressible cases, and (2) elastic constants 
scaling for rigid body motion. The approach to computational efficiency is 
similar to density scaling in that the time step improvement comes from re­
ducing the sound speed.

The physical assumption associated with incompressibility implies that 
the mechanical sound speed is indeterminant. Often it is said the sound speed 
is infinite (or, similarly, that the Mach number is zero, M = 0) . However, as 
a practical matter, a better condition might be that incompressibility for 
real materials exists when M < 0.3. For many cases, this means that the sound 
speed can be reduced (scaled) below its actual value provided that M ^ 0.3.

An example of sound speed scaling is described as follows: Suppose an 
air bubble is expanding in water at approximately 15 ft/sec and it is neces­
sary to compute the resulting pressure in the water. The sound speed of 
water is about 5000 ft/sec, which for this problem means that the Mach number 
is about 3X10-3. The flow is incompressible. Therefore, the sound speed is 
not important and can be artificially dropped up to two orders of magnitude 
without exceeding the Mach number criterion for incompressibility. To be 
conservative, let's drop the sound speed only one order of magnitude to 
500 ft/sec. This improves the time step by a factor of 10. To drop the 
sound speed means that the bulk modulus is effectively reduced by a factor 
of 100 (i.e., the compressibility is increased by 100). Since the flow at 
15 ft/sec is incompressible, the change of modulus will be applied to infini­
tesimal strains and the pressures will be only slightly affected.
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SECTION 6

THREE-DIMENSIONAL LAGRANGIAN FINITE-DIFFERENCE EQUATIONS*

6.1 INTRODUCTION

The Lagrange explicit finite-difference equations which represent the 
physical equations of a three-dimensional continuum are solved using two 
overlapping meshes -- a displacement mesh and a stress mesh. The displace­
ment mesh is made up of grid (mesh) points which define geometric quanti­
ties such as shapes, interfaces, and boundaries. Conservation of momentum 
is used in the displacement mesh to solve for the vector variables, accel­
eration (x,y,z), velocity (x,y,z), and position (x,y,z), at specific points 
in space. The stress mesh is made up of zones in which scalars and tensors 
are calculated as averages over zone volumes and surface areas, using con­
servation of internal energy and constitutive equations to solve for scalar
and tensor variables such as stress, etc., internal energy, u,xx yy
pressure, p, etc.

Both meshes describe the same region of space and are related through 
identical satisfaction of conservation of mass; that is, density, p, in both 
meshes describes the existence of material in the same way. Thus, the rela­
tionship between meshes is that the grid points of the displacement mesh 
uniquely define the zones of the stress mesh.

6.2 DISPLACEMENT MESH

6.2.1 Calculational Sequence. The three-dimensional Lagrange continu­
um mechanics equations are solved in three steps. First, the momentum equa­
tions are solved to determine mechanical motion from stress, internal energy, 
and density distributions. Next, conservation of mass is used to calculate 
new density distribution, and finally, the constitutive relations and con­
servation of internal energy are solved simultaneously to calculate a new 
stress and internal energy distribution. This procedure is shown schemat­
ically in Figure 6.1.

Section 6 is identical to Sections 4 and 5 wherever possible.

6.1
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Figure 6.1. Three-dimensional calculational cycle.
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6.2.2 Momentum Equations. The general momentum equations for three 
independent space variables are

x

y

z

ba bo boXX , -j- zx
bx 1 bz J

bo bo bo
yy + .. .y-E

bx 1 &y bz

bo bo bo
v ZX + yz + zz

p V bx by bz

(6.1)

The finite difference form of these equations can be derived in such a way 
that it is possible to use the same numerical equation for boundary points 
as well as for interior points. Consider the non-boundary point (i, j, k) 
and its immediate neighbors, as shown on Page 6.4. The grid point neighbors 
of grid point (i,j,k) are point (i-l,j,k) on the left, point (i+l,j,k) on 
the right, point (i,j-l,k) on the bottom, point (i,j+l,k) on the top, point 
(i,j,k-l) aft, and point (i,j,k+l) in front. The volume defined by grid 
points (i,j,k), (i-l,j,k), (i-l,j-l,k) and (i,j-l,k) in plane k and grid 
points (i,j,k-l), (i-1,j,k-l), (i-1,j-1,k-l), and (i,j-l,k-l) in plane k-1 
is called zone (i-%,j-%,k-%). This zone is the aft bottom left zone with 
respect to grid point (i,j,k). Similar descriptions can be made for the 
aft bottom right zone (i+%,j-%,k-%), the aft top right zone (i+%,j+%,k-%), 
and the aft top left zone (i-%,j+%,k-%). The four front zones are the front 
bottom left zone (i-%,j-%,k+%), the front bottom right zone (i+%,j-%,k+%), 
the front top right zone (i+%,j+%,k+%), and the front top left zone
(i-%>j+%>k+%)•

6.3
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To derive properly centered finite-difference forms of the momentum 
equations, Eqs.(6.1) are rewritten as follows.

•n ba ba ba xx xy zxi
n

i,j,k n Ibx by bz 'i5j ^

.•n
y, ^

, /ba ba ba ,1 I _xy +.el + yz]
, n

n \bx by bz / ’
pi,j,kX

(6.2)

..nz. .
, /ba ba ba 1 / zx , yz , zz--- 1- T—^-- H

n

i,j,k n \bx by bz JL . . 
Pi,j,kX

where superscripts denote the time centering, while subscripts denote space 
centering; or substituting mA" for p.

V"*! . . /ba ba ba ' 
= x,j,k / xx + xy + ..zx

n

. bx by bz J. . * ’m - - - \ /i, j ,ki3j5h

.n
•n

Yij j jh
. . /ba ba ba_sz + yy + yz

n

m bx by bz
(6.3)

i3

rn ba . ba. ba
n

n = __es . yz zz
m bx by bz

1 j j

The finite-difference equations for the gradients of stress are shown on the 
next nine pages. The form of these equations was derived in Section 3, Eqs. 
(3.17).
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/zn . zn 'j fy? _ y11 )
yi,j-i,k i+i ,j,k/ \ i,j,k-i i+i,j,k/

i+%> j+%,k-%

i-%.j+%sk-%

n Uzn
yi+i , j ,k/ \Zi, j+i ,k

nz.i+i

( n n ^ ( n n‘ ^zi,j,k-i Zi+i ,j,k/ \ yi,j+i,k yi+i

7n
\i> j+i >k

yi-i ,j,k) ( zi, j ,k-i nz.i-i

(zi,j+i,k " zi-i, j.k) (yi, j,k-i " ^-i.j.k)

(vl n W n _n J
\i > j“i >k " yi-i , j,k/\Zi, j,k+i ' Zi-i,j,k/

(6.4d)

XL
i,j-i>k

«n Vyn
i-i.j»k;\ i> j ,k+i

n
- yi.

n
yi,j-i ,k yi,j,k+i) ( Zi+i , j,k n- z.i

n n ^ / n n
Zi,j-i,k ' Zij j >k+i/ V yi+1 > j>k ' yi

n n \ ( n n
yi+i , j,k yi,j,k+i) V Zi»j+i,k - z.i,

n
Zi+i , j,k

zn ^ f n
zi,j,k+iy \yi,j+i ,k

n
' yi:

n n \ / n n
yi>j >k+i yi-i ,j,k)

\ijj+i5k - z.i-

n n \ ( n n
i>j >k+i Zi-i »j »k/ \yi, j+i ,k " yi- /rr,j,k
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ban
Z5

bz. . , i>J5k
1
2 yz

+ an
yz.

+ an

+ crn
yz.

+ an
yZi-%,j-%,k+%

+ a nyz
i+k,j-k,k+%

+ a nyz i+%> j+%,k+%

+ a
yz i-%> j+%,k+%

i+%>

vz i+%>

(Xi,j,k-i “ Xi-i,j,k) (yi,j-i,k “ yi-i,j,k) 

/ n n \ / n _ xn \
Vyi>j>k_1 " yi-i»j>kA i>j-1 >k " i-i.j.V

/n n ^^n n ^(xi,j-i,k " Xi+i , j »k/ \yi, j ,k-i "

/ n n x11 )
^yi, j-i ,k yi+i>j,k/\ i,j,k-i i+i,j,k/

(^Xi,j,k-i Xi+i , j ,k) (yi , j+i ,k yi+i,j,k^

/ n n ^ An xn )
y i, j ,k-i yi+i , j ,k/ \ i,j+i,k” i+i,j,k'_

(Xi,j+i,k Xi-1,j,k/ [ yi,j,k-i

j j+i
- yn ^ An

i-i,j.k/ \ i,j,k-i

Xi-i , j,k) (yi, j,k+i

‘ yi-i ,j,k)(XiJj,k+i

/ n n \ ( n
\Xi> j-1 »k Xi >j >k+i/ \ yi+i, j,k

_ n \ / n" (yi> j-i »k yi,3,^+1/ V Xi+1 ,j,^

/ n n \ / n
\ i+i , j5k " Xi>jJlc+ij \ yi, j+x,k

- fy* . .
V i+1»j»k

- y? . , ) ( x? .
i-.J.k+V \ i,J+i,k

- yn )yi-i > j

(6.4f)

/ n _ n \^n n \
\i> j >k+i Xi-i , j,k/Vyi»j+1 >k yi-i,j,k/

/ n n \ / n n \
\i, j ,k+i y i-i , j sk / Vi , j+i ,k " Xi-i ,j,k/ /yn .,
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tonjz
byi,j,k i-%,

+ CTn

+ an

+ CTn

+ CTnTyz

+ ctn
yz. a . v , ,

+ anYZ i+%, j+%>k+%

+ CT nyz.i-%. j+%,k+%

yZi+%>

yZi+%, j+%,k-%

yZi-%»j+%,k“%

n n2. . , • z .i-i

’ n nx. . . x.ijJ.k-i i-i

n nz. . z .i.J-i>k i+i

’ n nx. • ! •• x.i,J-i»k i+i

n n
Zi j j >k-i z. i+i

. nX X, i,j,k-i i+i

n n— z.i,J+i ,k i-i

n n— x.i,J+i ,k i-i

n n2. . zi,l-i ,k i-i

(6.4h)
- x.n )

i-i , j

/v? . v - xn . ^ -z- •,)

/ zn - zn ^ f xn - xn )
^ i,j-i,k i> j >k+i/ \ i+i , j^k ijjk+i7

(*" • v - xn • v )(2" ' v - ■ V )
y i,j-i,k i>J jk+i/ \ 1+1,J,k i,j,k+i/

/n n \ / n n 1fz • Z lIX —X /^ i+i,j,k i »j jk+i) \ i,j+i,k i,j,k+i/

/Xn - xn \( zn - zn )^ i+i,j,k i,j,k+i/\ i,j+i,k i,j,k+i'_

/n _n \fn n \\ Zi > j 5k+i Zi-i , j ,ky \ i, j+i ,k “ Xi-i,j,k/

/ x^ _ xn \/n n \
\ i > j jk+i i-i,j,k/\ i , j+i ,k Zi-i,j,k/

6.13
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bcr zz
bz i 3 j zzi-%3j-%3^-%

+ a zz

+ anT
ZZ

+ O zz

+ o_nzz

+ CTnrzz.

+ CTnzz

+ CTnzz

i+%3 j-%3k-%

i+%>j+%3^c"%

Ji-%3j+%>k-%

i-%3 j-%3^+%

i+%, j-%>k+%

i+%3 j+%>k+%

i-%3 j+%3^+%

(^.3-3 .*

(7?.3->.*

(’i.J.ki

/ n
\i 3 j+l 3^<

(^i,j+i,k

(Xi, 3-! ,1,

("i.J-.K

("iJ-.K

Oi.J-Lk

/ 11
v i+i>j>

(vn .
V i+i 3J3 

(xi,3,k* 

(yi,3,k*

- x

n ^
i-i 3 J 3^ J

n )
i-i3j,k/

- x“ • • i
1-1 ,J,V V ^J-1 »1

yi-i ,jjk) (Xi,j-i ,1

xi+i , j ,k) j ,k-i yi+i,j,k}

n \ ^ n x11 ^
^i+i,j,k/ \ i,j,k-i i+i,j,k/

- xn ^ (y11 - y11 )
i+i.jsk/V i, j+i 5k i+i,j,k/

x" . )
1+1.Jsk'

i .k

yi+i ,j,k) (Xi,j+i ,1

- x" . , W . . - yn . , )
i_i »J 3k/ \ i,j,k-i 1-1,j,k/

- y11 ^ (V - xn )
i-i ,j,ky \ i,j,k-i i-i,j,k/_

n W n n )
Xi-i , j ,k/ \yi , j ,k+i yi-i3jsk'

n \( n n )yi-i , j ,k/\i, j ,k+i Xi-i,j,ky

)

n W n - n )yi,j,k+i/\ Xi+i,j,k “ Xi,j,k+i/

n Wn n )
" Xi,j,k+ij ^ yi,j+i ,k yi,j,k+i/

- y" . . ^ ( x1^ . v “ x — v )
i,J,k+iy \ 13J+isk isJ 3k+i/_

n \/n n \
” Xi-i , j,k,J Vyi, j+i ,k yi“i s j ,k /

n \/ h n \
" y i-i , j,k/\Xi, j+i 3k " Xi-i 3 j ,k /

(6.4i)

Xi s j »k+i) ( yi+i 3 j 3 k
i, j.k+i'
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Multiplying Eqs.(6.4) by yields terms of the form1 > J

n
au

bo11yn xx
i,j,k 5x ,

1 J J > ^

from Eq. (6.4a) ,

n̂2
ban

= r. .i.j.k by .1 > J J ^
from Eq.(6.4b) ,

n
3

bcjnyn zx
i,j,k bz ,

J- 5 J JK
from Eq.(6.4c) ,

n831 = rn
ban
JDL

i,j,k bx , 1 9 J
from Eq.(6.4d) ,

bann
a22 = r. . by ,1 > J 5 ^

from Eq.(6.4e) ,

na23
ban

= If.1’3’k bzl,j.K from Eq. (6.4f) ,

n
a3l

ba11
= rirn zx

i,j,k bx ,
1 9 J 9 ^

from Eq.(6.4g) 5

n
n133

ba
- V”1’3>k 6yi,j,t from Eq.(6.4h) ,

n «,n
33

ba
= T

n
zz

i,j,k bz ,
1 9 J 9

from Eq.(6.4i) ,
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and Eqs.(6.3) become

.. nx. • i - 01 1 / n . n . n
i) j

(%i + %s + aj3)

..n
yi,j,k 2 m1 1 / n

i j j 5k
/ n(a2l , n i n \+ a22 + a33) ’ (6.5)

•n 1 1 / n , n , n \ya3i a32 + a33) •Ji,j,k 2m.., V 31 32 ^ 33i,J,k

The mass of the momentum cell, m. . , , is defined asi»J >k

m. . .1,15k 8 ^mi-% j j“%,k_% mi+%, j-%,k-% ini+%, j+%,k-% ^i“%,j+%,k-%

mi“%5j“%5k+% mi+%,j-%,k+% mi+%, j+%,k+% mi-%, j+%,k+% )

(6.6)

Numerical evaluation of Eqs.(6.5) yields grid point acceleration of grid 
point (i,j,k) at time n. To determine the velocity and position of grid point 
(i,j,k) requires time-centered integrations analogous to Eqs.(4.7) and (4.8), 
pictorially described by Figures 4.2 and 4.3. The three-dimensional versions 
of these equations are for velocity.

• n+% .n-% ..n . nx. . , = x. . , + x. . , At , 1,15k 1,1,k 1,1,k

• n+% .n-% .••n . nyi,j,k " yi,j,k + yi,j,k ’ (6.7)

.n+% .n-% ..n , nz. :,=z. T1+z. .,At , i,l,k 1,1,k 1,1,k

The factor of 2 multiplying m^ j ^ is necessary so that the amount of 
mass is consistent with the volume used in the surface integral formula 
for the gradient of stress.
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and for position.

n+i
x. . ,i,J>k

n .n+%x. . , + x. ...i,J,k At
n+%

n+i n , .n+% Atn+%
y, . v = y, a v + y, , r. AtI-9J9K’

(6.8)

n+i n .n+% .n+%z. .. =z. + z. At1j J »k i,J,k i,J,k

ti n+The time step values. At and At 2, used in Eqs.(6.7) and (6.8) are deter­
mined from the stability requirement that a sound signal can only propagate 
the smallest zone dimension of the entire mesh or less in one time step. 
Mathematically, this condition, called the Courant stability criterion, is 
written as follows:

Atn = minimum value of At? , . , , , for all i> 1, j> 1, k> 1,
J J-;2 5

Atn+^ = minimum value of At? v . v , 1. for all i> 1, j > 1, k> 1,

. n

where

Atn+%i-%>j-%>k-% n ’
Ci"%>j-%jk-%

Atni“%,j-%,k-%
Ati-%,j-%,k-% + Atn"%

(6.9a)

(6.9b)

Aj^? 1, . v ,, 1. is smallest length across zone (i-%,j-%,k-%) at time n,
1“T8 > J_;2 >k-%

and c1} , . , , . is the sound speed of zone (i-%,j-%,k-%) at time n. Values 
at time n come from initial conditions or from a previous cycle.
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Equations (6.7) and (6.8) use the definition for a first-order temporal 
difference analogous to Eqs.(4.10a) and (4.10b),

n
A( ^.j.k

n+%
^ ^i, j ,k ^ \, j ,k ’

and

. n+%4( >i,j,k n+i n
( '’iJ.k

(6.10a)

(6.10b)

Equations (6.5), (6.7), and (6.8) are perfectly centered in space and 
time. However, a time-centering error can occur in Eqs.(6.7) for the ini­
tial step because and z” may not be known at time n-%.
In this case, it is customary to let xl?” ? and u take on the
value of x^1 . y\ . . , and , respectively, and to use an initial time
step, At0, that is 0.1 of the initial stable value. After the initial time

“$Cstep, Eqs.(6.7) are properly centered.

6.2.3 Momentum Boundary Conditions. Momentum boundary conditions are 
of two types -- those that use a stress or force, and those that use an accel­
eration, a velocity, or a displacement. The former, known as "stress-type 
boundaries," affect Eqs. (6.5), while the latter, knows as "velocity-tj^pe 
boundaries," affect Eqs.(6.7) and (6.8). In addition to the two types of 
boundary conditions, there are two ways in which boundary values are ob­
tained, i.e., by prescription or by interaction. By prescription means that 
boundary values are provided as time histories for an entire event; by inter­
action means that an algorithm for calculating values is provided.

Equations (6.7) may be written in "dynamic relaxation" form so that 
static and quasi-static calculations are computed more efficiently. 
A discussion of dynamic relaxation appears in Section 6.5.
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Equations (6.5), which were derived for non-boundary points, are well 
suited for stress-type boundary conditions. Left boundary conditions af­
fect the i-% values in Eqs.(6.5), right boundary conditions affect the i+% 
values, bottom boundary conditions affect the j-% values, top boundary con­
ditions affect the j+% values, aft boundary conditions affect the k-% values, 
and front boundary conditions affect the k+% values. There are twenty-six 
possible outside boundary orientations in three-dimensional geometry. They 
are:

(1) aft bottom left corner
(2) aft bottom edge
(3) aft bottom right corner
(4) aft left edge
(5) aft face
(6) aft right edge
(7) aft top left corner
(8) aft top edge
(9) aft top right corner

(10) center bottom left edge
(11) center bottom face
(12) center bottom right edge
(13) center left face
(14) center right face
(15) center top left edge
(16) center top face
(17) center top right edge
(18) front bottom left corner
(19) front bottom edge
(20) front bottom right corner
(21) front left edge
(22) front face
(23) front right edge
(24) front top left corner
(25) front top edge
(26) front top right corner
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An example of a left boundary condition is a free left face boundary. 
Mathematically, the free left boundary condition applied to Eqs.(6.5) is 
given by

n nx. . , = x. . . , 1-1,i,J,k
n n
yi-i,j,k yi,j,k’

n nz* , i — z. . .. )1-1,j ,k i,J,k

n
7XX = an n= (7

i-%,j-%,k-% yyi-%,j-% »k-% ZZi-%,j-%,k-%
= 0 ,

n n nCT = CT = CT
Xyi-%,j-%,k-% yZi-%,j-%,k-% ZXi-%,j-%,k-% = 0 ,

n n nCT = CT = CT
xxi-%, j+%sk-% yyi-%, j+%,k-% ZZf-%, j+% ,k-%

= 0 , (6.11)

n n n _CT =■ CT = CT = 0 ,
Xyi-%,j+%,k-% yZi-%,j+%,k-% ZXi-%,j+%,k-%

n n nCT = CT = CT
XXi-%,j-%,k+% yyi-%,j-%,k+% ZZi-%,j-%,k+%

= 0 ,

n n nCT = CT = CT
Xyi-%,j-%,k+% yZi-%,j-%,k+% ZXi-%,j-%,k+%

= 0 ,

n n nCT = CT = CT
XXi-%, j+%,k+% yyi-%, j+%,k+% ZZi-%, j+%,k+%

= 0 ,

ct11 _ n = a11 =0
Xyi-%, j+%,k+% yZi-%, j+%,k+% ZXi-%, j+%,k+%

mi-%,j-%,k-% mi-%,j+%,k-% mi“%,j“%,k+% ^i-%,j+%,k+%
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Substituting Eqs.(6.11) into Eqs.(6.5) for the momentum mass yields

mi,j,k N(mi+%,mi+%,j+%,k-% mi+%,j-%jk+% ini+%,j+%,k+%) ’ ^ ^

where N is the sum of the existence factors.

^ ^i"%,j“%,k”% ^i+%,j-%,k-%

^i-%>j-%jly'% ^i+%3j-%>k+%

^i+%jj+%jk-% + ^i-%,j+%,k-%

+ Ei+% j j+%jk+% + Ei-%,j+%,k+% ’
(6.13)

and the existence factors, E, are equal to zero if the zone does not exist 
and equal to one if it does exist. Substituting Eqs.(6.11) into Eqs.(6.5) 
for the terms a. . yields
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ro
ll
-* 7n

XXi+% j

/ yn . _ y11 \ fz11 _ Zn \
\ ■'-’j'-'-jk i+1>j5k//\ i+i,j,ky

/zn . - zn _ \ fy^ _ yn \
\ i,J-i,k 1+i)J,k/\ i, j ,k-i yi+i,j,k/

+ CTnxxi+%5 j+%»k-3

+ CTxxi+%, j-%,

+ ct;XXi+%, j+%,k+%

n
Yi,j »k-i n ^ (znyi+x,j,k/ \Zi, j+x ,k

n- z . . . x+i , J ,k

n ( n n
Zi, j,k-i znZi+x , j,k/ \yi,j+x,k yi+i , j ,k

n
yi,j-i ,k - yn )( zn

i , j >k+i/ \ i+1,j ,k
n- z i, j ,k+ x

' n n \ ( n n
vZi>j-i ,k Zi,j,k+1/ V yi+i , j,k yi, j >k+x

n n \ / n
yi+x , j ,k “ yi,j,k+x) \ Zi,j+x,k

zn
i, j , k+ x

' n
,Zi+1 , j,k - z11 \ ( yn

i,j,k+x/\ i, j+1 ,k
- y11

i,j,k+x

)

4 2
1 j
2| Xy i+%, j-%,k-% (Ij-iA - Zi+x , j,k) (xi,j5k-x

- ("i.J-.,! - Xi+x , j,k) (Zi, j ,k-i - n )Z i+ x , j , k /

+ CT0-
Xy- l -ill, 1+%^+%^-%

/ n
\i, j ,k-x

zn ^ U*Zi+x , j ,k/ \ i, j+i ,k
n )- x. Ii+x , J ,k/

/ n n ^ (n n ^
\i > j ,k-x ‘ Xi+x , j ,k/ \Zi,j+x,k " i+i,j,k'_

+ CT^
y i+%, j-%, k+%

(Zi,j-i,k “ Zi,j,k+x) (Xi+x , j,k - ^ 
Xi,j,k+i'

n+ CT
Xy i+%, j+%,k+%

/n n -zn )
\Xi,j-x,k " Xi,j,k+i/ \ Zi+i,j,k " i,j.k+i/

/n -n ^^xn -xn )
yZi+x,j,k “ Zi,j,k+i/\ i, j+x ,k " i,j,k+i/

” (Xi+i ,j,k ” xi,j,k+x) ( Zi, j+1 ,k " zi, j.k+x^]

(6.14a)

(6.14b)
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*13 1 I 112 CTZX.

+ a zxi+%>

+ CT.nzx i+%,

+ CT_nzx i+%, j+%,k+%

/n n n \\ i , j“i ,k Xi+i ,j,k/ v i,j,k-i “yi+i,j,k//

/ n n \ / n xn \
(yi,j“i,k yi+i,j,k/\ i+i,j,k/

(xn . - xn . \ (yn . k “ y” • u)
y i,j,k-i i+i,J,k/\ i,j+i,k 1+1,j,k/

/n n x11 )\ i , j ,k-i yi+i , j ,k/\i, j+i ,k i+i,j,k'_

/ n n '\/n n )
\ i,j-1 ,k " Xi,j,k+i/\ yi+i ,j,k " yi,j,k+i'

- (y1 - £ )( xn - xn )
\ i,j-i,k i,j,k+i/ \ i+i,j,k i,j,k+i/

(xi+i,j,k Xi, j,k+i) ( yi, j+i ,k yi,j,k+i)

/ n n n )\ i+1 , j »k “ yi,j,k+iy \ i,j+i ,k Xi,j,k+i>/ (6.14c)
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*21 njxy.i+%, j-%,k-%

n+ CT
Xyi+%> j+%5k-%

+ CT nxy .

+ CT n

i+%> j"%>k+% L

Xyi+%» j+%,k+% L

/yn . y11 \(zn . zn )
i+i,j,k/\ i, j ,k-i i+i,j,ky

- fzn . v - zU • v) (y? • v " ^ ’ V)
l i,j-i,k i+i,j,k/\ x,j,k-i 1+1,j,k/

r^n n \ {n -n )Kyi,j,k-i “ yi+i ,j,k/ \i, j+i ,k Zi+x,j,k/

(^zi,j,k-i zi+i , j ,k^ (yi, j+i ,k yi+i,j,k^

/yn _ yn W zn - Zn )
\ i,j-i,k i,j,k+iy \ i+i , j ,k i.jjk+i'

\i , j-i ,k " Zi, j ,k+i/ \ yi+i, j ,k “ yi,j,k+i/

( n n \( n -zn )\yi+i , j ,k " yi, j ,k+i j \ Zi, j+i ,k i, j ,k+i/

_ / zn - zn ^ f y11 - y11 )
^ i+i , j ,k i, j ,k+iy \ i,j+i,k i.jjk+i''

1 I n
a22 ~2 1 ayyi+%} j-%^-% L

+ CTn

+ CTn

(zi,j-i,k _ zi+i , j,k) (xi,j,k-i ' xi+i,j,k) 

(xi,j-i,k Xi+i ,j,k) (zi,j,k-i zi+i,j,k)

yyi+%» j+%sk-%

yy. ! . , . ,

+ CTn
yyi+%} j+%,k+%2 L

i,j,k-i i+i,j,W V i,j+i,k +'■ . i+i ,j,k

n n \ / n n
xi,j,k-i ' Xi+i ,j,k/V z. . ,i,J+i - z.i+i . j .k

n
ijJ"1

- zn . , ) (
i,j5k+i/ V

nx. .1+ 1 , J »K
n- x. . 
i.J ,k+i

n n \ / n n
Xi,j-i ,k Xi,j,k+i/ \ z. . .i+i ,J >k - z. . 

i.J ,k+i

n n \ / n nz. . ,1+1 . J " Zi,j,k+i)i x. . i,J+i ,k - x. . 
i»J ,k+i

n
xi+i ,j,k

n
Zi,j+i

n- z. . i.J ,k+i'

)

(6.15a)

(6.15b)
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l23
n

r
yz,-i+%>

Xi+i , j ,k^ , j ,k-i ^i+i,j,k}

- (n.j-x.lc - yn )
i+i , j »k/

(x? . ,

anyz. a . , , ,
- xn . (y^1 . t

1+1,3,kJ \ X,J+1,k

- - v1 )

i+i > j >k/
(*" • V
\ 1,J+1 ,k

oPz
y i+%,j-%,k+%

“ X i j j ,k+i) ( yi+i , j,k

•(5i.3-i.k - / ) 
i»j jk+i/ V i+i j J >k

na
yzi+h, 5+

( xi+i ,j,k
_

- *n ,, ) 
i.J >k+i/

( yi, j+i ,k

(yi+1 »j>k n \ f x11yi» j >k+iy \Xi»j+i >k

,)

yn )i,j,k+i/

(6.15c)
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&31 “ 2 J °^x

+ CTnr zx

+ azx

+ CT.nTZX

1 n
&32 2 * CTyzi+ ^

n+ CT

+ CTn

i+%, j+%>k+%

yZi+^»

n+ CT
yZi+^> j+%>k+%

/ y11 - y11 ^ f Z11 - zn ^
^ i,j-i,k i+i,j,k/\ i, j ,k-i i+i,j,k/

- (zn - zn ^ fyn - yn )
i,j-i,k i+i,j,k/\ i,j,k-i i+i,j,k/

/n n Wn zn )
\ i j j >k-i yi+i , j ,k/ \Zi, j+i ,k i+ijjjk/

(^zi,j,k-i Zi+i , j ,k) (yi, j+i ,k yi+i,j,k^

/yn -y11 U 2n - zn )
y ijj“i >k ijj.k+iyV i+i,j,k ij.k+x7

" (zi>j-i,k " zi, j ,k+i) ( yi+i , j ,k " yi,j,k+1)

/n n \/n n )\ yi+1> j > k " yi,j,k+1j \ Zi,j+i ,k Zi,j,k+i/

/ zn . zn \ f yn . yn )
^ i+i > j ,k i,j,k+i; V i,j+i,k ijjk+i7

/ n n \/n _n ^
\ i.j-i.k'" Zi+i , j»^/\Xi»j>k-1 Xi+i »j »k/

/n n \ / n _n \
y i,j-i,k Xi+i , j ,k / \zi, j ,k-i zi+i,j,k/

/ n n \ / n _ n j
\i»j»k-i " Zi+i,j»k/V i,j+i»k" i+i,j,k/

/ n n -zn )
" Xi+1 > j»k/V i> j+1 >k " i+1 »j >k ,

/ n n \/ vn _ xn )^Zi,j-i ,k “ i,j,k+V \ i+1 > j >k i. j >k+i '

( n n V zn -zn )y i,j-i,k ~ Xi,j,k+i/\ i+i,j,k i j j >k+i'

/ n _ n N ^ xn - xn . )
yZi+i,j,k" i,j,k+iy\ i, j+i >k iJjk+i''

/n n \^n -n )
\ xi+i , j ,k " Xi > j >k+i/ \ Zi > j+1 »k ’

(6.16a)

(6.16b)
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-A ( n^3 2 | cr zzi+%>

+ CT ZZ. , 1i+%,

+ o'.zz

+ CTnr zz
i+%, j+%,k+%

/n n n ^\ i , j"i ,k Xi+i , j,k j \yi, j,k-i "yi+i,j,k//

(yi,j-i,k yi+i , j ,k/ xi, j ,k-i i+i,j,k/

(xn - xn . \ (yn ' . ~ yn ■ . )
y i, J ,k-i i+i , J ,k/ \ i, J+i ,k i+i,j,k/

/ n n Wn xn )
yi , j ,k-i yi+i , j ,k/Xi, j+i ,k i+i,j,k'_

(Xi,j-i»k Xi,j,k+i) ( yi+i ,j,k yi,j,k+i^

( n Z1 ^ f xn xn )
X yi ,j'i,k i,j,k+i/X i+1,j,k i,j,k+i/

(Xi+i,j,k Xi, j,k+i) ( yi, j+i ,k yi,j,k+i)

_ / n _n n )\yi+i , j »k ’ yi,j,k+iy \Xi,j+i »k " Xi, j.k+i/ (6.16c)
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Velocity-type boundary conditions eliminate the need for Eqs.(6.5). These 
conditions affect Eqs.(6.7) and/or (6.8) directly.

The simplest way to provide boundary values is by prescription. That 
is, stress (or velocity) is given at the beginning of a problem for all 
time at a boundary grid point. The value is a function of time only, since 
the location of the grid point is always known. If the boundary value is 
tied to a coordinate which is different from the boundary grid point, then 
an interaction calculation is required. For example, outside boundaries 
can interact with geometric constraints (wall segments) or they can inter­
act with each other by coming together to close a void. In general, when 
a boundary grid point engages a constraint or another boundary grid point, 
a velocity condition is required. When a boundary grid point disengages, 
a stress-type boundary calculation is required, e.g., it can become free.

Equations of interaction between a grid point and a constraint, or be­
tween two grid points, are governed by the principle of conservation of mo­
mentum during the moment of initial contact and during intimate contact. 
During the time when the points move independently and at the moment of 
separation, the grid points are separate stress-type boundaries.
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6.2.4 Mass Equation. The general continuity or conservation of mass 
equation is

V 5x 6y 5z
V 5x by bz ’ (6.20)

where V, x, y, and z are previously defined. The left side of Eq.(6,20) is 
called the volumetric strain rate, while the right side contains directional 
(or component) values of strain rate.

A finite-difference analog must be derived separately but consistently 
for each term in Eq.(6.20). First, consider the volumetric strain rate of 
zone (i-%,j-%,k-%), written in the following differential form,

(in

i-%,j-%,k-%

Avr-%,j-%,k-%/^n+%

i-%,j-%>k-%
(6.21)

n+where AV. ? . , , , is the change in relative volume of zone (i-%,j-%,k-%) 
at time n+% and At ^ is the time increment. Applying Eq.(6.10b) to the 
definition of relative volume, the change of relative volume is

AV1*^ a Vn+1Vi-%,j-%,k-% Vi-%,j-%,k-% vn
i-%,j-%,k-% (6.22a)

AVn+%i-%,j-%,k-% Pi-%,j-%,k-%
1

n+i
Pi-%,j-%,k-%

1
n
Pi-%,j-%,k-%

(6.22b)

Since the mesh is Lagrangian, Eq.(6.22b) may be written in terms of true 
volume, y, as follows.

Avn+% Pi.-.L.i-.^-i» (^l '

i--%,J-%,k-% mo V i-%,J-%, - r11k-% i-%,j-%,k-%
i-%,j-%,k-%

(6.23)
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Equation (6.23) is a formula for change of relative volume in terms of 
change of true volume. The change of true volume is related directly to 
the coordinates of the zone. Using the mesh notation shown on Page 6.4, the 
formula for change of true volume is derived as follows:

Zones in a three-dimensional mesh are defined by eight mesh points 
which are allowed to move independently, according to conservation 
of mass and momentum. These eight mesh points define a hexagon in 
index space and a duodecahedron in physical space. The duodecahedron 
is not uniquely defined in that the "fold" in each index space face 
is arbitrary* Therefore, in order to be properly centered, the volume 
formula is taken to be the average of the parallelepiped volumes de­
fined at each vertex. A parallelepiped volume is given by

vertex A • (B x C) (6.24a)

A.i A.J Hi

B. B. B.i J k
C. C . cii J k

A.i (B. C.J k - Ci)

+ A.(B, C. J Me i B. C. ) i k'

+ VBicj - Vi>»

(6.24b)

(6.24c)

where A, B, and C are vectors pointing from the vertex. Considering 
zone (i-%,j-%,k-%) on Page 6.4, which is defined by the eight grid 
points (i,j,k), (i,j-i,k), (i,j-i,k-i), (i,j,k-i), (i-i,j,k),
(i-i,j-i,k), (i-i,j-i,k-i), and (i-i ,j,k-i), the volume is

*
See Figure 6.2.
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Figure 6.2. Typical duodecahedron zone.
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^+1
i-%,j-%,k-%

(x. . , - x. . . )i,j ,k i, J-i ,k'

+ ^yi,j,k yi,j-i,k^

+ (z,- ^

r “V )i,j-i,k-i J i, j-i ,k (z. . .i-i,j-i ,k

i>j-i>k-i ijj-ijk' ^yi-i,j-i ,k

ijJ-ijk-i i,j-i ,k (x. .i-i,j-i ,k

. , - x. . , )i^J-ijh-i ijj-ijk' (z. . .i-i ,j-i ,k

— X }ijj-i 5k-i i,j-i fk' (vi-i , j-i ,k

p “V ^i,j-i,k-i ,k' (x. . ,i-i ,j-i ,k

i-i , j-i ,k-i yi,j-i,k-i )(z. . ,
i>J-i

i-i , j-i ,k-i Zi,j-i,k-i )(yi,j-l,k

z. . . )J-i ,k-i

+ (y. . , - y. . , ) (z. . . -z.. , )(x. . . -x.. , )i,J,k-x i,J-i ,k-i L i-i,j-i,k-i i,J-i ,k-i i,j-i ,k

-(x. . , -x.. . )(z. . ,i-i ,j~i ,k-i i,j-i ,k-i i,j-i ,k

+ (z. . , - z. . , ) (x. . , - x. . , )(y. . „ .i, J ,k-i i, j-i ,k-i' |_v i-i ,j-i ,k-i i, j-i ,k-i'VJi,j-i ,k

- (y- • i _ y. • i ) (x- • i^i-i ,j-i ,k-i ,k-iy v i,j-i,k

(This equation is continued on the following page.)

- zi, j-i ,k-i^] 

yi, j-i ,k-i ^ 

Xi, j-i ,k-i
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- Z. . , )1-1 , J-I ,k-i
+ ^Xi-i Xi-i ,3-1 ,k-i ^ ^yi-i , j-i ,k yi-i ,j-i ,k-i ^ ^Zi, j-i ,k-i

^Zi-i ,j-i ,k Zi-i ,j-i ,k-i^yi,j-i ,k-i yi-i ,j-i ,k-i

+ ^yi-i ,j,k-i " yi-i ,j-i jk-i ^ [^Zi-i ,j-i ,k " zi-i ,j-i ,k-i^Xi,j-i ,k-i " x- -i • i )i-1 »J-i jk-i

- (X- , 4_, V - X4. ) (Z4

+ (z. . , - Z. . -1-1 ,j,k-i 1-1 ,J-1 ,k-i

i-i ,3-i >k i-i ,3-1 ,k-i v i, j-i ,k-i 

) (x. . , - x. . . )(y. . i|_vi-i5j-i,k i-i ,j-i ,k^L/wi,j-i ,k-i 

^yi-i ,j-i ,k " yi-i , j-i ,k-i^Xi, j-i ,k-i

Zi-i ,3-1 >k-i

y )i-i , j-i jk-i7

Xi-i , j-i ,k-i ^ 1

+ (x. . . - x. . . )i-i , J 5k i-i ,j-i jk7

- (z

+ (z. . ,i-i , j ,k - z.

i > j-i 5k - y.1-1 »J-1 ,k > (zi-i J-1 >k-i zi-i , j-i ,k^

i3 j-i 5k ” z.1-1 ,3-1 ,k) > (yi-i ,3_1 ,k-i ‘ yi-i jj"1 ,k>

ijj-i ,k - z.i-l ,J-l <xi-i ,j-i ,k-i “ Xi-i , j-i ,k)

ij j”i »k - x.i-i ,J-i ,k) (zi-i , j-i ,k-i - z. . , )i-i ,3-1 ,k

rd1
•r-)

•H - X.i-i ,3-i ,k) (yi-i ,3-1 ,k-i yi-i ,j-i ,k^

i>j-i >k - y.1-1 ,3-1 (xi-i ,j-i ,k-i - x. . ,)i-i ,3“i ,k .

(This equation is continued on the following page.)
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+ (Xi>j-i >k

,k

+ "Zij j-i ,k

+ (xi» j-i ,k-i

+ (yi,j-i ,k-i

+ (z. . ,i,j-i ,k-i

yi,:i,k>

Z . 1

X. ...J jk-i

yi, j,k-i'

:i, j ,k-i ^

L<yi-i,j.k yi,j,k^ ^Zi,j,k-i Zi,j,k^

- (z. . ,1-1,j ,k Zi,j,k') ^yi> j jk-i Zi»j»k)]

[^Zi-i 5 j ,k Zi,j,k^ ^Xi,j,k-i Xi,j,k^

" (Xi-i5j,k “ x. . , ) (z. j 1,ljJ>X
zi,j,kO

t^Xi“i>j »k - x ) (y1 j J > “ yi,j,k>

" (yi-i,j ,k ■ yi.j.k5 (xi,j,k-i - x. . , )1 
i^k'J

[(yi,j.k ■ y. . i ) (z-■'ijj,k-i/ i-i ,j,k-i - z. . i ) >k-i

" (Zi,j,k - z. . , ) (y. . ,i, j ,k-i i-i , j ,k-i " yi,j,k-i^

- z. . . )(x. • .J jk-i i-i , j ,k-i - x. )

" (Xi>j,k - x. . . )(z. . ,5k-i/v i-x,j,k-i zi,j,k-i^

[ (Xi>j>k - x. . . )(y. -1i,j,k-i i-i jjjk-i yi> j »k-i^

“ (yi,j,k ^i , j ,k-i ^ ^xi-i , j ,k-i " x- • k )J >k-i

(This equation is continued on the following page.)
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+ (xi-i ,j-i ,k-i ' [(yi,j,k-i ' yi-i,j,k-i)(zi-i ,j,k " zi-i,j,k-i)

+ ^yi-i , j-i ,k-i yi-i,j,k-i^

+ (z. . , - z. . , )

- (z. . .i,j,k-i

[(zi,j,k-i

- (x. . ,i,j,k-i

[(xi,j,k-i

zi-i ,j,k-i^yi-i ,j,k " yi-i,j,k-i^]

- z )(x. X .i-i ,j,k-i' v i-i,j,k i-ij j »k-i

-x. .. ) (z. . i - z. .. )|i_i>3jk-i 1-1jj 5k i-ij J jk-i J

- x.i-i , j,k-i^yi-i , j,k “ yi-i,j,k-i^

+ (x. . , - x.i-i,j-i,k :

+ ^Zi-i j j-i >k “ Zi-i,j5k) [(Xi-i,j,k-i

^yij j >k-i yi-ij j »k-i )(xi-i ,j,k xi-i , j ,k-i

(yi-iJ,k-i yi-isj >k^ ^zi,j,k zi-i,j ,k^

^Zi-i , j ,k-i Zi-i ,3,y) ■

^zi-i,j,k-i Zi-i , j ,k^ (xi,j,k - x. . , )i-1 »J jk7

(xi-i , j ,k-i - x. . , )i-i >J jk7 (Zi,j>k Zi-i , j5k^]

s j ^-i - x. . , )i-i jJjk7 (yi,j.k yi-i>j 5k^

^yi-i , j ,k-i yi-i , j ,k^
Xi-i , j ,k^]

(6.24d)
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The new relative volume is computed from the new zone volume.

o
Vn+1 =‘2rn+1

and the new density comes from new relative volume.

o

vn+i
i-%,

From the definition of a first-order temporal average,

, ..n+i.-.n( . u—±±±_'

the formula for V. ? . , , v in Eq.(6.21) is1_;5, J,K_:5

(6.25)

(6.26)

(6.27)

Vn+%i-%,j-%,k-%
vn+1 + vn
i-%,j-%,k-% i-%,j-%,h-%

2 (6.28)

where V? , . , . v is known and V? ^ . , can be calculated from Eq.(6.25)
r-^, ,k-;5 , J-% ,k-%

or by inverting Eq.(6.22a) as follows,

n+i = vn 4- Avn+ ^i-%,J-%,k-% i-%,j-%,k-% Vi-%,j-%,k-% (6.29)

New compression is

cmi
i-%,j-%,k-%

v° - vn+1
i-%,j-%,k-% i-%,j-%,k-% ’ (6.30)
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and change in compression, defined by

AC.,n+% cn+1 - cn (6.31)

is

AC. £.111
1 ^ 5 J ^ ^

(6.32)

The next step in calculating the terms of Eq.(6.20) is the computation 
of the velocity gradients (xx-, yy-, and zz-strain rates). From Eqs .(3.45),

( . i
bx/. x -iii. o^/,n+^

1“'2 > J 2T V - V ^ 11 ^ > J ^ 5 K ^

3n+% + bn+%
XX. . , XX. . .1-1,j,k i,J,k

+ bm- : + bXX. . , XX. . ,1,j-1 ,k 1-1 ,J-1 ,k
+ bXX. . ,1-1 , J ,k-i

n+% n+%+ b“ 2 + b“ ’ 2 + b 2XX. . , XX. . . XX. . . ni, j ,k-i 1,J-1 ,k-i 1-1 ,J-1 ,k-ij
;(6.33)

IW-;
\ A i j. r._j. 2ynf^

J- *2 > J 'l > ^ .i.Vi 11“^ j J-3?,

n+% + bn+%
^i-i,j,k yyi,j,k

+ b

+ b

n+% + bn+% + bn+%
lyyi,j-i,k yy, , , . %1 1>J 1 yyi

n+% + bn+% + bn+%
’yyiJ,k-i Wi, j-i ,k-i yyi

i-i , j ,k-i

i-i , j-i ,k-i_
;(6.34)
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. \.n+%
(m::. .n+%2?^. £ . v , v

n+% n+%b 2 + bzz. . , zz. . ,1-1,I,j,k

+ bn+% + bn+% + bzz. . . zz. . , zz. . .i-i,J-i,k i“i>J>k-i

+ bn+%zz + b
i,j,k-i

mi + b:
zz. . . zz1,J-1,k-i i-i , j-i ,k-i_

; (6.35)

where

rn+% 7rn+1 + 
2 >

and bn+^ 
xx

bn+%
yy

n+%and b“z2 are defined on the next 24 pages. The factor of 
in the denominators of Eqs.(6.33), (6.34), and (6.35) compensates for the 
that the surface integration terms, b, actually cover the surface area of 
zone twice.

2

fact
the
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X
n+%
xx

i-i >
- ( xn+^
3 \ i"1 > j ,1

, .n+% + x. 2ij >k
, -n+% \+ x. 2 . )i-i ,j-i ,k/

il(yT*h- * - yn+% •, W znf% -zn+% )2 LV ijjjk i-i,j,k/ \ i-i ,j-i ,k i-i,j,k/

-( n+% 
Zi»j - , W y1^ -i-i V i-i,j-i,k ai-i,j,k/J

+ T ( • u + *n+% . . + in+h ) x
3 \ i-i , j ,k i-i,j,k-i i-i , j-i ,k /

^ yn+^ - vn+^ ^ ( zn+% - zn+^ ^
2 L\ yi-i > j,k-i yi-i,j,k / V i-i,j-i,k i-i,j,k/

-(™h . , - zn+% . t ) ( yn+% - yn+h )~\
\ i-i,j,k-i i-i,j,k / \ ^i-i.j-i.k ^i-iJ.k/J

- -I ( in+% . i +in+% . , +x^ )
3 ' i"i >j>k i-i > j jk-i i>jjk /

1 [( n+%
2 L \ yi-i , j,k-i

/ n+%
V Zi-i , j ,k-i

n+% \ / zn+%
yi-i,j,k / \ i, j ,k

zn+% \ / n+%
zi-i,j,k ) \ yi,j,k

n+%
z. . .i-i,J,k

m % yi-i J.k

)
)]

n+% n+i n 
I+J1

n+ % z
n+i n 2 + z

2
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un+% _ _ I / x1^ ^ 
V , “ 3 \ Xi,j,l

i > j jk
+ x>.n+ \i»j,k“i

+ in^ , ) X
i,J-i>k /

1 f/ n+% n+% \ / n+% n+% \2Lvyij,k-i lzi,3-i,k -"ij.kJ

-( jH+%

1 / .n+%3 (

-( ,n+ %
'i-i J.k

jn+% \ / yn+% _
i,j,k / \ i,j-i ,k i,j ,k /J

, .n+%+ x. 2 . , i-i,j ,k
+ xm^ )

i,j-i,k /

If/ n+% _ yn+% ^ - zn+% )

. 2n+% \ y^^ . y^^ "jl
i,j,k / \ yi,j-i,k yi» j >k / J

i ( + xn+% + xn+^ ^ X
3 \ i,j,k i-i,j,k xi,j,k-i /

1[( Yn+h - yn+% ) ( zn+% - zn+^ , )

-( n+%
Ji_1 >j,k

n+% \ / n+% n+% ]\UiJ.k-i -yi,j3kiJ’

i n+i nn+% _ v + y
y = *----2—

n+i n z -I- z
2
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n+%
xx = +

i-1 , j.k-i
i fint% . „ , +in*% . , )x
3 ^ i-i,j,k-i x , j ,k-i 1-1 , j-i ,k-i /

Iff yn+% - yn+% ) ( zn+% - zn+% ^2|A i>j>k-i yi-i,j,k-x; V i-i,j-i,k-i zi-iJj,k-i;

'( ;n+%
J i > j »k-i - z n+% ) ( n+% _ n+%

i-i > j >k-i / \ i-i,j-i,k-i 3 i-i , j ,k-i/J

W if* +im% ., . , )*
3 V i-i j j-i ,k-i /

^r/ n+% n+% \ / n+% n+% \
2 Hyi-i,j,k "yi-i,j,k-i; zi-i,j-i,k-i "zi-i,j,k-i/

•( m %
i-is J >k

n+% \ / n+ % n+% \ ~J
Z”i-i > j jk-i/ \ yi-i,j-i,k-i “ yi-i .j.k-i/J

+ i f xn+% . n + xn+% . , + )x
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V i,j-i,k-i i,j,k-i / \ i,j,k i.j.k-i/J

3 ^ i>J jk-i
•n+% . an+ %+ z . 2 + z . 2i-i,j,k-i i,J,k )

1. f / n+ % n+% \ / n+ % _ n+ % \
2 L(Xi-i,j,k-i ‘^.j.k-iy V yiJ>k ’yi»j*k-J

■Vyi-i,j,k-i -yu.k-ij ( xi,j5k -xi5j,k-JJ

- - f zn+% + zn+% + zn+% ^ X
3 \ i> j >k-i i-i > j >k-i i.j-i.k-W

- xn+^ ^ - yn+% ^
2 LV i-i>j>k-i i>jjk-i / \ yi>j-i jk-i i,j,k-i/

, - y"*% , W v - v )1 ■V'i-i,j,k-i ijj>k-i / V i,j-i,k-i i j J >k-i / J

, n+i nn+% x + xx

n+% _ n+i , ny + y . 
2
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n+%
zz i-i , j-i ,k-i

+ 31 / .n+^ .n+% .n+% \ yr I z, . , + z. . , + z. : , J x3 ^ i-i,j,k-i i,j-i,k-i /

7 rfx"^ • t - >‘n4% • v )(v, - ynti . t )2 LV 1-i.J.k-i 1-1 ,J-1 ,k-i/\ I,j-I,k-1 i-x,j-i,k-i'

_/ n+% . Vxn+^ - xn+^ VI\yi-i,j,k-i ^ i-i , j-i ,k-i/\ i, j-i ,k-i i-i , j-i .k-i'J

/ n+%
l ,1

“ Z.. .I '1-1 .J-1>k i,j-i ,k-i

- xr4. „ )(
i-i ,j-i ,k-i/ \

yn+%
i,j-i ,k-i

- yn+% 
i-i ,

-yn+% )(
Ji-i , j-i ,k-i’ \

n+ \
Xi,j-i,k-i

n+ %- x. 2 
i-i ,

+ 5"^ • v +
i-i , j-i ,k

. n+%
Z i-i ,j>k-i

- xn+^ )(
i-i ,j-i ,k-i/ V

n+%
yi-i , j,k-i

. yn+^
i-i >

- ym% • v )(
yi-i,j-i jk-i/ \

n+%
xi-i , j ,k-i

n+%- x. , i-i >

n+% _ n+i , n x + x

, n+1 , nn+% = 7 + 7 .
y - 2 ’
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The velocity gradients that contribute to rotation are also calculated 
from Eq.(3.17).

. -,n+%

i-J- k-3- + b
^i-i.J.k ^ij.k

+ b

+ b

n+% + bn^ + bn+%
lyxi, j-i ,k ^i-ij-i 5k ^i

n+% + bn+% + bn+%
lyxi, j ,k-i ^i, j-i ,k-i ^i

i-i,j,k-i

2u'nJ
n+% n+%b 2 + b
Xyi-x,j5k ^ij^

+ b + bn+% + bXyi,j-i,k Xyi-i,j-i,k Xyi-i,j,k-i

+ bn+% + bn+% + bn+ %
xy. . , xy. . , xy. . ,i, j ,k-i •7i,j-i,k-i , j-i ,k-ij

'5z\n+%________1
M-%,i-%,k-% ,

J i“% > j“% jk-%
bn+% + bn+%
Zyi-i,j,k zyi,j,k

+ bn+% + bn+% + bn+%zy. . , zy. . n zy. . ,:L,j-i,k i-i , j-i ,k i-i,j,k-i

n+% n+%+ b 2 + b 2 + bzy. . , zy. . i
n+ %
zy. . .i-i , j-i ,k-i

(6.36a)

(6.36b)

(6.37a)
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i-J- k-J- 2?'*n+^^ 4 J, • Li, L
1-^ j J -;2 jK-^

n+% n+ %b 2 + byz. . , yz . ,

+ bn+% 4* bn+% + bn4%
yz. . , yz. . , yz. . ,

J ^ i-i j j jk-i

+ bn*% + b”4 + b"%
yz. . , yz. . , yz. ...i,j,k-i J i, j-i >k-i ^ i-i ,j-i ,k-i_,

; (6.37b)

'bx\n+%
i-%,j-%,k-% 27^1+ l . v i i,

l-;2 J J-;S jK-^

n+% + bn+ %
xz. . , xz. . , 1-1,j,k I,j,k

n+% + bni-%+ bm% + v
xz. . , xz. . , xz. . ,i,j-i,k i-i,j-i,k i-i j J jk-i

n+% n+%+ b 2 + bxz. . , xz + bn+% xz.i,j-i,k-i i-i,j-i,k-i_
; (6.38a)

bxA ,n+ %i-%,j-%,k-% TIT. i . i , ii-%,j-%,k-%

n+%
zx + bm % 

zx.i-i,j,k i,j,k

n+% n+% n+%+ b 2 + b 2 + bzx. . , zx. . , zx. . .1,J-1 ,k i-i jJ-i ,k 1-I,j,k-1

+ bn+%zx. . ,i>J >k-i
+ bn+%zx. . ,i,j-i ,k-i

+ bn+%zxi-1 > j"1 .k-i
; (6.38b)

where bn+^, bn+^, b1^^, b1^^, bm^, and b1*^ are defined on the next 48 pages, 
yx xy zy yz xz zx

The factor of 2 in the denominators of Eqs.(6.36), (6.37), and (6.38) compen­
sates for the fact that the surface integration terms, b, actually cover the 
surface area of the zone twice.
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bn+%yx. . i.J5k

- H .n+%
. yi,j>k + . n+ %y *

1 j j »k-i
.n+% \

+ y • • i )1.J-1>k /
X

i[(

v ^ i > j >k-i - yn+%
yi > j >k /

( ^ V n+%
” Z . .4i,J ,k

-1
f zn+%

-
•r* )

ijJ »k /
_ y^^ 

i > j >k

+ 5 ( .n+%
yi,j,k + . n+ %

yi-i,j,k
.n+% \

+ yi,j-i,k J X

K(
- yn+% )
yij j >k /

( 2"- V n+ %
- z. : .i > J >k

-i
-
2n^. ) 

i.Jjk / V yi, j-i ,k
m %

-yi,j,k

- H .n+% 
yi, j»k + .n+ %

yi-i ,j,k + y"+^ v )
i»J jk-i /

X

K( yn+% -
yW • V ) ( z—,, _ „n+% 

i»j >k

-(< n+% 
k Zi-i ,j,k - z"^ u)

i5J»k /
( yn+%\ yiJ.k-i

n+%
-yi,j,k

)
)]

)
)]

)

i , n= i____+ y,y " 2 ’

, n+i nn+% _ z + zz = ---- o----  ;
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yx.
1 / . n+% . n+% •n+% ^1 ^

■l,k“ "1 2
(yi,j-i ,k + yiJ,k +y. . , J1,J-1 ,k-i )1 X

i r / n+% n+% \ ( n+% ^ n+%2 [l(Yi>j jk “yi.j-i.k ) ( Zi,j-i,k-i - z *
i>j-i jk

n+% \ / n+% ,rn+ %“I( Zi>j >k ' 5k ) I y 4 v i,j-i,k-i

+ i +ym% . , .n+% N
+ y, • . ,1 x

H(ym% • t ■ y— ^ l J
2 L\ 1-1 »J-i »k 7i,j-i,k/ \ i>j-i jk-i i.J-i.k/

l _ zn+% \ ( y^h _ n+% \1

\ i-i,j-i,k i.j-i.k/ v i»j-i»k-i i,j-i,k/J

i./.n+% . .n+% , .n+% \x3 ^i.j-i.k yi-i,j-i,k yi,j,k /

1 T/ n+% n+% \ / zn+% _ zn+% \
2 L\ V i.j.k i,j-i,ky

-( n+%z. . ,i-i ,j-i ,k - zn+% W ym% - yn+% , W i.j-i.k ; v i.j.lt i j j“i >k / J

n+i
I >

n+%z
n+i , nz + z

2
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n+%
yxi-i ,j-i ,k

= . 1 ( + + \ x

J^r/n+% n+% \ ( _7n+% ^
2 |_\ yi“i > j >k "yi-i,j-i,kM iJ-i.k i-i,j-i,ky

•( n+%z . . ,i-i ,J ,k - z
n+% \ / n+% _ n+% \1

i-i,j-i,k/ \ ^ i , j-i ,k i-i,j-i,k/J

I /^n+% +^n+% +yn+^ ) X
3 V/i-iJ-i.k i-i,j-i,k-i i.j-i.k /

1 r/ n+% n+% \ / zn+% _ zn+% \
2 L\yi-i J-i ,k-i ’yi-i,j-i,k/ V i.j-i.k i-i.j-i.k/

-/zn+% - zn+^ \ f yn+% - yn+% )1
i-i , j-i jk-i i-i,j-i,k/ \ i.j-i.k i“i »j“i »k / J

1 ( f+h + -n+% + yn+^ . , ) *

3 \ yi-i , j-i ,k yi-i,j-i,k-i i-i .J.k /

1 f f n+% _ n+% \ / n+% _ n+% \
2 L\ ^‘j-1 *k“1 yi-isj-i,lJ V i-i.j.k i-i,j-i,k/

/n+% n+% \ / n+ % _ n+ % \ "J
" ( zi-i , j-i ,k-i " Zi-i ,j-i,k ) Vyi-i,j,k ‘ yi-i , j-i ,k / J

i n+1 . nn+% _ y + yy = 2---

i n+1 L nn+% _ z + zz — ——————— 3

Rev. 0
15 NOV 77

6.68



n+%v" = +
i-i j j ,k-i

1 / .n+% .n+% .n+% \ Y
3 \ ^i-i,j,k-i yi,j,k-i yi-i,j-i,k-i /

£ [7 yn+^ - yn+% ) ( zn+^ - zn+^ \2 LV/iJ.k-1 * i-i,j,k-i/ V i-i,j-i,k-i zi-i,j,k-i/

-( ,n+%
" i > j >k-i

- zn+% ) ( Yn+h - yn+%
i-i ,j,k-i ) \ i-i,j-i,k-i ^ i-i , j,k-i/J

. I ( + yn+% ^ X
3 V yi-i,j,k yi-i , j-i ,k-i /

l.r/n+% n+% \/n+% n+% \
2 [_\ 7 i_1 > j »k "yi-ij.k-iy ^ zi-i,j-i,k-i 'zi-i,j,k-i/

•( m %z .
i-ij j jk

n+% \ / n+% n+% \"1
" zi-i ,jjk-i,/ \ yi-i,j-i,k-i " yi-i ,j,k-i/J

. 1 / .n+% , .n+% .n+% \ x+ 3 (yi-i,j,k-i yi-i,j,k yi,j,k-i )

1 r / n+ % n+% \ / n+ % n+% \
2 |_\ y i_i »j >k "yi-i,j,k-iy \ zi,j,k-i “zi-iJj)k-i/

-( , n+%
'i-i>j >k

- z n+% \ / n+ % n+% \ "1
i-i > j >k-i / \ yi,j,k-i yi-i,j,k-x/J 5

i n+1 , nn+% _ y + y

zn+%
n+i , nz + z

2
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n+k 
3yx- •

-(

•(

.n+% , .n+% . -n+% \ vy 2
i»j»k-i

+ y. : ,,k-i + yiJ,k ) x

n+% ,rn+ % \ / n+% n+%
,k-i

" yi > j jk-i ) V i.j.k - z. . .

n+% ^n+% \ / n+ % ,7n+%z. : ,i,j-i ,k-i i,j,k-i / yi > j >k-i

. n+% . n+% , .n+%
yi, j>k-i + y i-i , j,k-i + y i,j ,k J X

n+% n+% \ / n+% n+%
yi-i ,j,k-i V i.j.k i.j.k-i

n+% n+% \ / n+% n+%
zi-i ,j,k-i ' Zi »j >k-x J \ yiJ,k ‘ yi j j ,k-i

3 (v yi,j,k-i + yi-i ,j,k-i + yi,j-i ,k-i /

it'V i-1
- yn+% "l
yi,j,k-i / f zn+%\ i,j-i,k-i

n+%
' Zi,j,k-i

“ 1
/ n+%
l Zi-i ,j,k-i

_ n+% \
Zi>j jk-x /

/ n+%
\ yi,j-i,k-i

m- %
yi,j,k-i

. n+x , nvn+% = I____±JL-
y 2

i n+1 , nn+% z + z
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, n+% = , 1 V. . 3
i-i jJ-i >k-x

n+% + • n+%
i-i,j-i,k-i yi-i,j,k-i

• n+%+ y . . i
3 x,J-i,k-i

n+% _ n+% N)(^ , . zn+^
i-i,j,k-i y i-i , j-i ,k-i,1 \ i,j-i,k-i i-i ,

n+% n+% ){ n+35 n+%
i-i,j,k-i zi-i , j-i ,k-i,/Ui,j-i,k-i

l/.n+% _.-n+% ,.n+%Tly. . , + y. . , + y. f , lx3 \ 3 i-i,J-i,k-i 3 x-i , j-i ,k ^i> J-i >k-i /

l.r/n+% n+% \/n+% -zn+^ ^

/ n+% _n+% \/n+% _n+% X]

\Zi-i,j-i,k zi-i , j-i ,k-i/V yi , j-i ,k-i y i-i , j-i ,k-i / J

+ 1 { .n+% . .n+% , -n+%
3 \ yi-i , j-i ,k-i yi-i,j-i,k yi-i,j,k-i /

1 r/ n+% _ n+% ')/' n+% _ n+% \
2 L\ yi-i , j-1 ,k yi-i,j-i,k-i \ i-i,j,k-i i-i , j-i ,k-i /

/n+% n+% n+% _ n+% ) |
"\Zi-i,j-i,k Zi-i j j-i >k-i/\ yi-i , j ,k-i y i-i , j-i ,k-i / J

, n+i nn+% _ y + yy = --- 2—

n+% zn+1 + z11z ^ H ----2---- ;
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+ Xn+k
xy

i-1 >j>k
= + 1 f xn+% 4 ,, 3 V

, •n+% + x. :
i> j >k

, . n+ % \
i-i , j-i ,k/

1 r/ if* n+^ \ / n+% n+% \
2 L \ Xi > j jk Xi-i j j >k / \ zi-i,j-i,k "zi-i,j,k/

-( n+;
'i»j5k

- W - xm% 'll
zi-i,j,k / \ xi-i,j-i,k i-i,j,k/J

1 . v +in^ .. A x
3 \ i-i , j >k i-i,j,k-i i-i, j-i ,k/

- xn+% ^ ( zn+% - zn+^ )
2 |_\ i-i , j,k-i i-i,j,k / \ i-i,j-i,k i-i,j,k/

_/ n+% - zn+^ \ - xn+%
\ i-i,j,k-i i-i , j ,k / \ i-i , j-i ,k i-i,j,k/J

+ - ( Kn+k

3 \ i-i , j ,1
.n+% + xi-i , j ,k-i

+ imh!n+% \
ij>k /

Iff xn+% _ xn+% ) f zn+% _ zn+^ # )
2 L \ i-i,j,k-i i-i,j,k / \ i,j,k i-i,j,k'

, 'l ( x1*1? ,
V 1-I,j,k-1 i-i j J >k / \ i > J . J].i-i , j ,k / J

n+%x
n+i + x

zn+%
n+i , n z+ z

2
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= +
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.n+% x. . . + .n+% x. . ,1 ,J ,K-1
+*r- k)

i.J-i .k /
X

5^+%
i>j.k-i

- xn+% ^ i,j,k ) ( Z— V
\ i.j-i.k

- 2d.k)

n+% 
zi, j - n+% \

zi,j,k )
/ n+%
\ Xi> j-i ,k

" <j.k)]

.n+% x. f . i.J.k + i-i J,k +ir,!-i,k) X

n+ %
Xi-i»j»k - x1*^ )Xi}j,k / (zrj-i,k - *r,u)
m %

Zi-i, - .r* k)i > J »k / ( X1^\ i, j-i .k
- "d.k)]

.n+%X. . n i.J.k + .n+%
Xi-i,j,k + xn+% ^i >j.k-i / X

n+%
i-i,j,k

- xn+% )
i.j.k / ( • VV i, J >k-i - Ji.j.k/

zn+% 
i-i,j ,k

- V ) i.j.k / ( ^ V\ i,j,k-i -k)]' i.j.k /-«

n+%x
n+ix n+ x

2 9

zn+%
n+i , n z+ z
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bn+%
xy. . ,i>j-i

+ - 23 V ij-i,

7 U „2 [v i>j»k

• n+%
+ x- • ii5J

+ x

n+-

-( n+%z. : ,

- X.

- z.

_ _1 / .n+%
3 VXi>J-i>k

2 L\ i-1 >j-1 »1

-tzTk . ,

4. i / -n+%
3

, -n+%+ x. . ,i-i,j-i ,k

- z,n+%

+im% . .
i-i,j-i ,k

- n xn+^ - xn+^ ^ ^ zm^2 W i-1 J-1 ,k i > j-i sk j V i,j,

- (Zn+h . , - zn+% , W xm%\ i-i ,j-i ,k i,j-i ,k ) V i-»J>

1 x
i»J-i >k-i t

n+ % n<- %
'i,j-i,k-i z. r . 1>J-1 »k

.n+% n+ % x 2"i > j“i jk-i i,j-i >k

.n+% ) X
ki,j-i ,k-i >

n+ %j *• n+%z f ,i> j-i »k-i i.J-i jk

n+% xn+ %
i,j-i ,k-i i,j-i >k

n+% ) x
i.j>k j

.n+% zn+%
'i, j,k i,j-i ,k

,n+% xii+%
j 5k ijj-i >k

n+% _ n+ix n+ x

zn+%
n+i , n z+ z
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xy.i-i ,j-i ,k

= +- f xm^ + xn+^ +xn+3z' ^3 \ i-i,j-i,k i-i ,j,k ijj-1 >k /

- r/xn^ - xn+^ ^ (zn+% _ zn+^ 'j
2 i-i J-i .ky V i-i,j-i,k/

•( .n+%
’i-i J »k - z n+^ ^ (xn+^ - x1^^ )1

i-i J-i >k / \ i,j-i,k i-i J-i >k / J
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Strain rates can also be defined using tetrahedron volumes. For 
example, eight tetrahedrons surround an interior grid point. The tetra­
hedron strain-rate formulas are derived using the methodology shown in 
Eqs.(3.47) for the front-top-left tetrahedron. In addition to the 
x-component terms shown in Eqs.(3.48) for Eq.(3.47a), there are similar 
y-component and z-component relationships for Eqs.(3.47b) and (3.47c), 
respectively. Analogous sets of formulas can be written for the other 
seven tetrahedrons surrounding an interior grid point.
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6.3 STRESS MESH

6.3.1 Artificial Viscosity. Although the finite-difference momentum 
equations, Eqs.(6.5), are general, they cannot economically handle high 
frequency mechanical phenomena (such as shocks) because the spatial reso­
lution of a mesh would have to be several times smaller than the thickness 
of the shock for Eqs.(6.5) to be applicable. To calculate the transmission 
of a shock for a distance of a few centimeters would require tens of mil­
lions of zones or a shock-following microzoner and a very small time step 
if the shock thickness were on the order of angstroms. Clearly, this ap­
proach is not economically feasible.

An economical approach with considerable merit was devised by John von 
Neumann (Reference 6.1). He proposed that the presence of a shock within a 
zone (where the zone is millions of times larger than the thickness of the 
shock front) could be detected by the rate of change of volumetric strain 
and that the stress rise could be simulated by artificially spreading it 
over several zones. The crux of the idea is to add an artificial viscous 
stress, q^, dependent on the square of the volumetric strain rate, to the 
mean stress (pressure). The artificial viscous stress (sometimes called 
the quadratic artificial viscosity) is given by

Oq- (!lj ■ <6'

where is a dimensionless constant dependent on differential stress 
across the shock front and the number of zones over which the stress is 
to be artificially spread. A value of 2.0 for spreads a shock front 
over three zones and is good for differential stresses up to 1 Mbar.*

Another consequence of applying the momentum equation to a discre­
tized mesh is computational noise, i.e., stable zone-to-zone oscillations 
of low amplitude. In general, noise does not invalidate a solution and

The value of Cq for collapsing porous materials (as well as foams and 
frangible material) should be 4.0 or 6.0, depending on the degree of 
porosity and the level of loading. Even then, the formulation for 
quadratic artificial viscosity may not accurately describe the Rayleigh 
line process for porous matrix collapse.
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does not have to be eliminated if its effects can be clearly determined. 
However, it is possible to reduce, and in some cases completely eliminate, 
noise by applying a viscous damping stress, q ,ij

- CT p AXIj
M
u

(6.40)

where C is a dimensionless constant dependent on the amount of damping Li
required to eliminate the noise oscillations. A typical value of C isLi
0.8. Equation (6.40) is a simple dashpot (viscous stress is proportional
to velocity) and q is called a linear artificial viscosity.Li

Equations (6.39) and (6.40) may be written in finite-difference form 
as follows,

(6.41a)

and

L.i-%,j-%,k-

-C n+%
T P -j _ J-
i-%,j-%,k-% 2:

AJ?n+%
j-%,k-% i"%5j-%3k-%

i-%>j-%?k-%*
vn+%

Pi-%>j-%>k-%

/5i\n+2 (6.41b)
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The sum of Eqs.(6.39) and (6.40) is called the total scalar artifi­
cial viscosity, q, and its value is added to the hydrostatic (thermo­
dynamic) pressure in both the energy and momentum equations. The total 
scalar artificial viscosity is defined to be positive for compression 
(i.e., negative values of £>-£/64).

Finally, one other numerical problem that arises in discrete cal­
culations can also be handled through the use of artificial viscosity. 
This is the problem of constant-volume mesh motions that result from 
numerically generated excitations. In a three-dimensional cubical mesh, 
the eight grid points that describe the stress mesh can oscillate in an 
"hourglassing" mode in which the volume of the zone remains unchanged and 
in which zone distortion can grow anomolously after many calculational 
cycles. This particular type of mesh motion is unopposed by the con­
tinuum physics in the zones. Since it is a numerical problem, some sort 
of artifice is needed to counteract the oscillation.

A simple tensor artificial viscosity proposed by Wilkins (Reference 
6.2) is one approach that can be used effectively to damp the hourglass 
degree of freedom. Other approaches include a velocity subtraction me­
thod developed by Hancock (Reference 6.3).

The artificial viscosity concept is based on the fact that the hour­
glass mode exists only for cubical zones and does not exist for tetra­
hedron zones. Therefore, a grid-point dashpot is derived, based on the 
strain rates (velocity field) for the point being calculated and each of 
its three closest neighbor groups (i.e., eight tetrahedrons). The 
finite-difference formulas for the strain rates in each of the eight 
tetrahedrons surrounding an interior grid point are derived similarly to 
the front-top-left tetrahedron strain-rate formulas shown in Eqs.(3.47),
(3.48), and (3.49).
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The tensor viscosity (mesh dashpot) for each tetrahedron is then 
formulated as follows:

V - CT » (rTI7'' I) ■

V - ^ c (ri) (v -1) •

1/3 ' * (6.42)
V = CT P \ T) exy »

/ \1/3
q = C_ P ( r ) e

/ \l/3
Scz = exz

where

exz
Ifbz.dx) , 
2 \bx bz /

and is a dimensionless constant dependent on the amount of damping re­
quired to eliminate the mesh oscillations. A typical value of C,j, is 1.0. 
The difference equations for Eqs.(6.42) depend on the chosen tetrahedron; 
for example, the front-top-left tetrahedron is derived from Eqs.(3.47),
(3.48), and (3.49).
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6.3.2 Internal Energy Equation. The conservation of internal energy 
equation may be written in the following form.

u = -(p + q)V + Z + h + U'" . (6.43)

u> p,q, and V have been previously defined. Z is the distortional energy rate,

Z=v(s e +s e +s e +s e +s e +s e ). (6.44)\ xx xx yy yy zz zz xy xy yz yz zx zx /

s , s , s , s , s , and s are stress deviator components and e , xx yy zz xy yz zx r xx
e , e , e , e , and e are strain rate components. The strain rate yy zz xy y z zx
components have already been defined as follows,

e - fr*
XX - bx

e s ^
yy £>y

= MSZZ 6z

[see Eq.(6.33)] ;

[see Eq.(6.34)] ;

[see Eq.(6.35)] ;

6
xy bx by [see Eq.(6.36)] ;

= I? Esee Eq*(6.37)] ;
'yz by bz

• _ bx bz
zx _ bz bx [see Eq.(6.38)]

h is the heat flow and U is the source or sink energy rate.
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Substituting Eq.(6.44) into Eq.(6.43) yields an equation with nine un­
knowns, since V can be determined from Eq.(6.29). To solve for the internal
energy rate, u, requires equations for p,s ,s ,s ,s ,s ,s , and 

oj i i r xx yy zz xy yz zx
h.

6.3.3 Constitutive Equations. The equations that relate p, s , s ,. xx yy
s , s , s , s , and h to u and V are known as constitutive equations and zz xy yz zx
may be categorized as follows,

Equation of State

P = p(u,V) ; (6.45a)

Strength Description

■ s(u’v) • Syy = S(U>V), szz = s(u,V),

i = s(u,V), xy v j /> syz = s(u,V), S2X = s(u,V);

Heat Flow Model

h = h(u,V) .

(6.45b)

(6.45c)

Given the functions p(u,V), s(u,V), and h(u,V), and knowing that Eq.(6.29) 
has been solved to give V, then Eqs.(6.43), (6.45a), (6.45b), and (6.45c) 
can be solved simultaneously (using the same explicit time step used to 
solve the momentum equation) by iteration, or in some cases, by substitu­
tion. A two-step iteration procedure is described in Section 6.3.4.

Typically, the equation of state, p(u,V), requires material constants 
(e.g., bulk modulus) that describe compressibility for the mechanical con­
tribution to pressure and a specific heat ratio or a Griineisen coefficient 
for the thermal contribution to pressure. The strength description requires 
a shear modulus, yield stress, flow rule, and yield criterion. The heat
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flux model needs thermal conductivity. In all cases, these or equivalent 
material constants may be functions of other thermodynamic variables.

The equation of state is usually simple or complex, depending on the 
number of phases and components that must be described. A single-phase, 
one-component material is, by far, the simplest equation of state. A lin­
ear elastic solid or an "ideal" gas are examples of simple equations of 
state.

Strength descriptions are more or less complex, depending on strain- 
rate dependence during loading, relaxation to or from a failed state, re­
load characteristics after failure, ductility, brittleness, the existence 
of microfractures, etc. The simplest strength description is small strain 
elastic, where no failure is allowed to occur. Elastic-plastic models 
having a yield criterion based on the second stress invariant are also 
fairly simple. Plasticity can be handled using an appropriate flow rule. 
Strain hardening, fracture, dilatational effects, etc., increase the com­
plexity of a strength model.

The heat flux model can be viewed in two separate categories -- conduc­
tion modeling and radiation modeling. An adequate model describing conduc­
tion is Fourier's Law,

h" = -kVT . (6.46)

Radiation, on the other hand, is more complex and no simple equation such 
as Eq.(6.46) can be used in a physically correct and economical manner.

Once Eq.(6.43) has been solved in conjunction with appropriate consti­
tutive equations, Eqs.(6.45a), (6.45b), and (6.45c), all remaining thermo- 
dynamic state variables can be computed. In particular, stress can be cal­
culated from

6.117
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a = s + q - (p + a) » xx xx xx ’

a = s + q -(p + q),
yy yy yy

a = s + q - (p + q) , zz zz zz

a = s + q , xy xy ^xy

ct = s + q , yz yz yz

ct = s + q , zx zx zx ’

(6.47)

where q = qp + q^ and qxx> ^yy’ ^zz’ Scy’ ^yz5 ^zx are tensor viscosities to 
inhibit mesh hourglassing instability. Once stress is computed, the compu­
tational cycle (Figure 6.1) is complete. All that remains is to determine 
a stable time step for the next cycle.
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6.3.4 Simultaneous Solution of Constitutive Equations and Conservation 
of Energy by a Two-Step Iteration. The procedure used to calculate new 
values of internal energy density, pressure, deviatoric stress components, 
and heat flow was discussed in Section 6.3.3. For the standard models in 
STEALTH, a two-step iteration is used to solve simultaneously the coupled 
constitutive equations and the internal energy conservation equation for 
u, p, s, and h.

The logic, which is located in subroutine ZONMDL, is as follows.

1. Calculate the approximate change in distortional energy density, 
AZ,- £ -i 3- J-5 in ZOne (i_%> >

AZ, l = V.

+ s

+ s

+ s

+ s

+ s

« n+% j 1 ■■ i At 2 fn •n+ % e 2
\ XXi-%,j-%,k-% XX.i

n •n+% e 2
^i-%, j-% ,k-%

n .n+%
Z Z . i ‘ii i i-%,j-%

n • n+% e 2
X^i-%,j-%,k-% Xy,' _L lr_U

n • n+% e
^Zi"%» ^Zi“%3j"%3k_%

n en+% N).
ZX- 1 -Li 1 ZXi"% 3 j“% 3k"% //
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into zone2. Calculate the heat transfer energy density, Ah 
(i-%,at time n+%,

n+%
i-%.j-% ,k-%!

», n+ % Ah. ,
o

= i-%.j-%,^-%

where p° is the reference density and m is the mass; Atn ^ is the time step 

for the entire mesh; h^ is the heat flow into zone (i-%,j-%,k-%) through 
the left face, h^ is the heat flow through the right face, h. x is the heat
flow through the bottom face, h. is the .heat flow through the top face, h,J .
is the heat flow through the aft face, and h^ is the heat flow through the 
front face. The heat flow is calculated from Fourier's heat conduction law,

h = -k(T) V T • S ,

where k is the conductivity, JS is the area through which heat flows, and the 
gradient, V, affects the conduction formula in the following way for interior 
points,
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(This equation is continued on the following page.)
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n+% n+% \/ n+% n+ %
ri-i , j-i ,k-i yi,j-i ,k-i AXi,j,k-i i,j-i ,k-i
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n
h.n*%. r?\

2
(m'i

bx I.i-i , j-i ,k
+ (P\

n ,n
bx /. . ,x-i j J jk

+ ^bT
, bx /. . ,ijJ>k

n+%
yi-i,j-i ,k

n+%
- yi-i,j,k

n+%
Zi-i 3j5k

' n+%
Zi-i,j-i ,k

n+%- z.i-i j J >k.
n+%
yi-i , j,k

+ | ,bx J.i-i >j5k
+ (m

n
bx /. .i,J 5k

+
i»j-i

n+ %r
i-i >j >k

n+%- V̂i,j,k
n+% 
Zi>j>k

n+%
i-i ,j >k

n+%
Zi,j ,k )&.k n+%

" yi,j,k

,bx /. . .i,J5k
+ m)'

\bx/. . ,'i,j-i ,k

. n
+ 'bT

, bx /. . •,' 1-1,j-i ,k J

1 /n+% n+% \/ n+% n+%
2 [(yi,j,k "Vi j j-i >k AZi-i »j-i >k i 5j-i »k

/n+% n+% n+%
\ijj jk - z. .i>J-i >k

) \ i-i >j-i >k “Vi»j-i >k

+ I (SIi»j-i + (^
n

bx /. . ,
1-1 jJ-i

+ (m
n

bx/. . , i-i,3,k

n+%
i,j-i »k

n+%
yi-i j j“i >k

n+%- z .i-i ,

n+%
'i»j-i >k

n+%- z. . ,i-i ,j-i ,k
n+%

- y •-*1-1,

(This equation is continued on the following page.)
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( bTVby A
n

+
i-i,j-i ,k i-i ,j,k

n+%

+ (l7)
n

(zT* .
V 1-1 ,j-i,

fz"*4 .
V 1-1 >j-i >

- z i-i , j,k

n+%
k xi-i , j ,k )Kh

i> j

- xn+%i-i , j,k

n+%z. . ,1-1

+ 3 by/. ...i-i > J >k
+ (^<n ’ bT

,by/.i 5 j >k
+ ^y/- • v I

i,J-i>k J

1
2

(zmk . .
\ 1-1 >J

n+%
Zi.j.k

n+%
" x- • ii. J .k

(xn+h n+%» "V Vzn+* n+%— ‘5’V i-i ,j,k i > j jk J\ i, j-i ,k i. j .k

+ 1
<%!..

i.j-i , +(C A.j-i,k J

1
2
'(™k- V
V i>J>k

n+%
i.J-i .k

)(Vi,M .k n+%Xi,j-i ,k

- Un+h
\ i»j»k

n+%
" Xi,j-i ,k l\ i-i ,j-i,k

n+%- z. :i.J-i .k

+ 3
/5T\n

. y'i,j-i ,k i-i. j
X

, j »k

1
2

n+%
Zi-i.j"i ,k

n+%
i-i , J-i ,k

/xn+% n+% ^/'zn+% n+%*• z AV i. j-i ,k i-i ,j-i ,k A i-i . J >k i-i,j-i .k

(This equation is continued on the following page.)
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+ 5 (SJ! . k +(S)n1-1,J-i 1-1,j ,k
+ (m

n
bz/. . , i5j»^

n+%
‘i-i,j-i>k

n+%- x . . ,i-i j J 5k
n+%- y ^
i-i >j,k

)

n+%
'l-i,j-i ,k

n+%"Vi-i j j >k
)«lk n+%

“ Xi-i , j ,k
)1

(bT\nbzA . ,

n+%(xn+%
\ ijJ»

- (yn+%

+ I
mn. k

ijj_i

^Z4-i,j,k +(St. k

i, j ,k
+ X

i----
1

/xn+%VXi-i »j»k in- %" Xi,j,k n+%
yi5j5k

)

/n+% n+ % \/ n+% "A \(yi-i,j,k ■ yi,j,k A i,j-i,k x. : .i > J >k ;

+ (5T\n
bz/. .

i»J-i
+ (St

xn+%

i-i,j-i,k J 

n+%
i,j-i »k

n+%V i,j-i >k

Vy11^ _ yn+%
A i-^j"1^ i j j-i j

Vxn*% .
) \ i-i,j-i ,

n+%
k Xi,j-i,k

,lk +(8):,.,
i-i,j-i ,k 'i-i,j ,k

1 (xn+%2 \_\ i, j-i >k
n+ %
Xi-i , j-i ,k

Vyn+%
/ \yi-i >j 5k

n+%
yi-i , j-i ,k

- (y"*%
Yi,j-i ,k

n+%- y i-i , j-i ,k
)(xn+%
/ V i-1 , j,k

n+ %- x. 2 .i-i , j-i ,k
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where for all index points,

rw- % x
n+ix + xn n+%

y
n+i

I + n
2

n+% n+i , n z + z
2

the conductivities are

kn
1-1

rn + r.nj-%,k-%i-%,j-%,
'¥)n +(-)n

‘ ^'i-3/2 , j-%,k-% i-%j j-%3k-%

k. =
<^n ^.n

i-%,j-%>k-%
\n + /r \n
i+ j-%>k-% ^ j“%jk—%

kn
J-i (If +(lf

^■''i-%, j-3/2 ,k-% j j-% jk-%

kn =
yn + y11

+®r■i+^ lc_J- VK/n_> ■i-J- V_J- l-'g, J+^ ,K-'f 1 "SaJ -SjK- ^2

n
1fn + ^■n
i-%» j-% >k-3/2 i-%,j-%,k-% .

'tf +(-T
^ i-J' i-J- Tc-3/2 i-J- i-J- k-J-

-L '2 3 J "23^ /c5 J- 3 J 3 K

rn
j* =

+ ynl ^ J L i L 1, L^1 ^
w - (£)"
K/i-%, j-%,k+% V /i-%,j-%,k-%

and a typical temperature gradient, e.g., at grid point (i,j,k) is given by 
its components as follows,
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O'
I O
' n

i, j ,k
n

+ T

+ Tn
i+h,j+%,y--h

„n

_n+ T

+ Tn
i+%, j-%»k+%

+ T,n
i+%J+%>k+%

+ „n
i-%> j+%»k+%

i+%> j-^jk-%

i-h>3+k>k-%

(yn - yn \ ( zn - zn \

(zi,j,k-i zi-i , j ,k) ( yi, j-i ,k yi-i,j,k)

V yn - y11 W zn - zn )^ i,j-i,k i+i j j >k/ \ i, j ,k-i i+i,j,k/

/ n zn ^ n n ^
( i,j-i,k i+i , j ,k / V^i , j ,k-i ^i+ijjjk/

/n n \/n _n )
yyi, j ,k-i yi+i ,j,k/ \Zi,j+i ,k Zi+i,j,k/

(zi,j,k-i Zi+i , j ,k) ( yi, j+i ,k yi+i,j,k^_

(yi , j+i »k yi-i , j ,k) ( zi, j ,k-i zi-i,j,k')

(? - zn Uyn - yn ^
\ i j j+i >k i“i j j >k/ \ i, j ,k-i i-ij.k/

/ n n W n n J
\i j j“i >k yi-i , j,k/\Zi,j,k+i " Zi-i,j,k/

nz- • i “i.J-i
n
yij j >k+1

n
- yi.

n
yi>j-1

n
i+i , j ,k

n- z. i

n n \ / n n2 . -i “J-1 zi, j,k+i/ \ yi+1 , j.,k • yi

n n \ / n n
yi+i , j ,k yiJ,k+1)(, Zi>j+1 ,k - z.i

n n \ ( n n
Zi+i , j ,k Zijj jk+iy \ yi,j+i ,k - yi

n n n
Y1>j jk+i yi-i ,j,kj( z. . ,i,J+i>k - z.I-

n n n
1 > j > k+ x Zi-i ,j,k jvyi, j+i>k - yi.

i> j >k+i )

/rn .
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N3
 1
1—1

k

+ Tn

+ Tn

+ Tn

+ T,n

_n+ T

n+ T

+ T,n

/n n n \\i> j >k-i “ Zi-i , j ,k/ \ i, j-i ,k "Xi-i,j,kj

- /xn - xn \ f zn - zn )V i-i,j,k/\ i,j-i,k i-i j j >k/

i+%>

i+%> j+%>k-% l_

i-%>

i-%>

i+h,3-h,k+h

i+%j j+%,k+%

/ n(Zi, j-i

V ijjA-1 

(Zi, j+i jk

fxn .
V ijJ+i^k

/ n
\i)j-i^ 

(Xi, j-i ,k 

(Zi, j-i ,k 

(Xi, j-i ,1s

/ zn
V i+i , j ,1s 

(Xi+i , j ,

i-%, j+%,k+%

- (xn .
k+i

- X

- z

- X

- z

- x

- z

)i+1 , j .k'

n ^ 

c ■ • 1 J1-1 >J ,k /

i 5k

n
Zijj >k+i

^ i ^ (xI1 - xn ^
i+i>3>k/\ i,j,k-i i+i,j,k/

n ) (z* - ^ )
i+ijjjk/ \ i,j ,k-i i+i , j ,k/

n ^ ^xn - xn )
i+i , j,k/ \ i , j+1 ,k “ xi+i ,j,k/

11 )(zn i+i > j 5k/ \ i, j+i ,

” • k) fx” • i,
i-i >J >k/ \ ij J,k-

n Hzn - zn )
i-1 >j5ky V i j j ,k-i i-1 , j,k/_

n Uxn - xn )
i-i j j )k/ \ i j j ,k+i i-i,j,k/

n Vz11 - zn )
i-i > j jk/ \ i,j,k+i i-i.j.k',

n • k ) (x" • 
i5j,k+iy\ i+i,j,

11 )( ^ - ̂  )
i>j jk+i/ \ i+ij j}k i> j,k+i/

n \( x1 - xn )
i> j >k+i/ \ i,j+i >k i,j,k+i/

n U - Zn )
iJ.k+i/V i, j+1 ,k i,j,k+i'_

n \ n - n ^
i-i jj>k/\Xi,j+i ,k Xi-i j j ,k /

n V n n \i-i ,jjk/\Zi,j+i ,k " Zi-i,j,k/

i > j >k+i
)

/rn .
i, J ,k
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(£)n. k
1>J A

1.
2

„n
i-%5

+ Tn

+ tn

+ Tn

+ T
i-%,

+ Tn
i+%,

+ x

i+%j

i+%>

i"% > j+% jk-%

/xn _ xn \ / yn _ yn \
^ i,j,k-i i-i,j,k/V i.j-i.k i-i,j,k;

/n n \ / n xn \
Vyi,j,k-i ‘ yi-i , j,kj VXi,j-i ,k “ i-i , j >k/

(Xi,j-i,k " Xi+i , j,k) (yi,j,k-i “ yi+i,j,k)

/ n n \ / n xn \
yYi »j-i ,k Yi+i , j,k/ \ i,j,k-i i+i,j,k/

/n n \ / n n j
^Xi,j,k-i Xi+i , j ,k/ \yi , j+i ,k yi+i,j,k/

/ n n ^ /"x11\i j j >k_i yi+i,j5k/\ i,j+i,k

v " xU • v Vyn • v ' yn • V)
^ i,j+i,k i_ i > J > k / \ i,j,k-i i-i,j,k/

fZ1 . v - yn • u) (xn • u ' xn • u)
V i.j+i.k i-i,j,ky\ i»J >k-i i-i,j,k/

/n n Wn n )
\i , j-i »k " Xi-i , j,k/ \yi, j,k+i yi-i,j,k/

n ^
Xi+i , j A''

i+%, j+^,^+%

i mn + T
j+%>k+%

nyi,j-ijk
n' yi-i . tVxn , .

> J jk / \ i, j ,k+1
n- X.i-i > j >k

n n \ / n n
Xi,j-i ,k - x. .1 ? J ,k+iy \ yi+i , j jk " yi,j ,k+i

n n \ / n n
,yi5j-i " yi,j ,k+i/ V Xi+i , j ,k - x. .1 3 J ,k+i

n n W n n
Xi+i > j - x. .i>J ,k+ij \ yi , j+i ,k ■ yi,j ,k+i

yn1+1 > J >k - yn .
1>J v )(x0 • ,k+iy v i,j+i »k

n- X i > J ,k+i

n n \ / n nx.i>J >k+i - x .1-1 > j Vi, j+i >k “ yi-i »j »k

n n Wxii n7ij j,k+i - yi-i , j ,k / \ i , j+1 jk - x .i-i »j >k

)
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Temperature and heat flow boundary conditions use the same equations 
for a boundary point or zone as are used for an interior. When a tempera­
ture history is prescribed, it is used in the interior gradient calculation 
as if a phantom zone existed with the temperature equal to boundary temper­
ature. The conductivity and volume of the phantom zone are zero and the in­
tegration for partial derivatives is taken along the boundary surface where 
no zone exists.

Heat flow boundary conditions are activated by assuming that the bound­
ary is adiabatic for the temperature gradient calculation, then by adding or 
subtracting the boundary heat through appropriate boundary faces. The adia­
batic boundary, temperature gradient calculation is performed in two steps:

• The temperature gradient calculation is made assuming 
that the phantom zones have the same temperature as 
their nearest interior neighbor.

• Then the dot product of the temperature gradient and 
the line segment perpendicular to the direction of no 
heat flow is calculated in order to eliminate temper­
ature gradients perpendicular to the line segment.
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3. nCalculate source energy density, U. , . , . , , to be deposited in zone5 J-;2 > k-%
(t-%5at time n,

i-J- V-3- * ^ i-3' ^ ’1;2JJ ^^ 1 1!>J ^

where U. , . , , , (t ) is a time-dependent function of energy deposi-
tion for zone (i-%,evaluated at time t .

5.

Add approximate reversible work (old pressure multiplied by new change
of relative volume), approximate distortional energy density, heat
transfer energy density, and source energy density in zone (i-%,j-%,k-%)
to internal energy density (u? x in zone (i-%,j-%,k-%) to get

i-'S.J-SjK-S _rv_i
the approximate internal energy density (u . , . v , v) i’
(i-%,>

m zone

~n+i
Ui~%j

n
Ui"%j

/ n , n+% ^Avn+^
\pi-%,j-%,k-% ^i-%,

~n+% ., n+% . IT n+ ^ Zi-3' i-3' k-J- + ^i-% i-3' k-3' + ^ i-3' i-3' k-3' ’

Calculate an approximate pressure, p. ^ . v , i.j in zone (i-%,j-%,k-%)
for time n+% by first calculating the approximate n+i pressure,

L • i i f from internal energy density in zone (i-%,j-%,k-%),
, J-'S ,k-%

~n+i P,-i-%,
/~n+i vn+1 \

Pi-%,j-%,k-% \Ui-%,j-%,k-%’ i-%,j-%,k-%/ ’

n+iwhere V. , . , , , is the relative volume already calculated in zone, J-%, k-%
(i“%,j-%5^“%) f°r time n+i [Eq.(6.29)], p. , . , , v is the pressure

/%-<n+1 i 2, J 2, 2
equation of state, and p. . . , u i® t^ie aPPr°ximate pressure for1-% j J -;2 jk-%
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zone (i-%,j-%,k-%) at time n+i. Then adjust this pressure, p^+v • v , v,
i-%,j-% jk-^

to satisfy explosive or spall criteria. (These criteria are mutually
-n+iexclusive.) Calculate the approximate spall pressure, p 

in zone (i-%,j-%,k-%),
mmi-%,j"%,k-%

~n+i
Pmin j. . j, Pmin j, ^

/~n+i un+1 »'n+i ]
\i-%jj-%>k-%’ i-%,j-%,k-%’ i-%,j-%,k-% / ’

where p .rmm. i . i , t, i-%,j-%,k-%
is a material function for zone (i-%,j-%,k-%).

~n+1 ~ n+1 , ~n+1“ ^ Pmi„. ‘djUSC Pi-%,j-%,k-% t0 ltS Spalled
±-“'2 5 J"*^ >
n+%value. Then calculate , from:i--% j j-% »k-%

-n+i n~n+% = Pi~%»j-%>k-% + Pi-%,j-%,k-%
Pi“%,j-%,k-% 2

n+%Calculate shear modulus, G. ? • i. i v.> f°r zone (i-%,j-%,k-%) at timei-%>J-%5k“% n+1
n+% by first calculating the shear modulus, G. , • v , v, for zonei-%, J-3>, k-%
(i“%>j-%»k-%) at time n+i,

Gn+1
i-%>j-%>k-%

/~n+i ~n+x vn+1 \
i-%, j-%,k-% \Ui-%, j-%,k-%5 Pi-%, j-%,k-%5 i-%,j-%,k-%y 5

where G. , . , , i is the material function for zone (i-%,j-%,k-%), and1-%,j“% 
then using

G.i-%,j-%,k-%

Gn+1 + rn
„ i-%,j-%,k-%
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n+i n+x
7. Calculate elastic stress deviators, s

n+i n+i n+i n+i
’zz , j 3 andyi-%3j"%jk-% 7 m zone

(i at time n+i as follows,

n+ie ns = sxx. i -I,, xx. , . x. i i + 6n+%xx

+ 2.0 Gn+^ • a, v i ■ n+% V.
XX.

I At»%.
i-%5 3 vn+%

v_- 1. j U1,_L12 ) J ^ ) K '2

n+i n= s + 6n+^
yy• t, • 1 1, 1 yy,* l • ^ i_ 1. yy.,* v ■? v tr ^j 1“*12 ? J 5 "2 3 J ^ 3 K

+ 2.0 g"1'^ . , . j. .n+% V._ i At
3 „n+%yyi-%)j-%,k-% Vi-%)j-% jk-%

n+%

n+i
zz.

nszz. + 6n+% zz.i-%, j“%,k-% i-%) j-%)k'"% i-%) j-%)k"%

n+% / • n+ %+2.0G. 1.1, liei-%,j-%,k-% \ zzi-%)j-%)k-% V.
1 i-%)j-%)k-% ] A n+% .
3 „n+ % 1 V

i-%)j“%)k-%
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n+i
= sn + 6n+%

Xyi-%,j-%,k-% Xyi-%,j-%,k-% Xyi-%>j-%,k-%

n+ % .n+% . ^n+ %+ G. v . i , i e 2 At 2i-%>j"%jk-% xy. i.n.i

n+i n rn+ %— s +6
yZi-%>j-%>k-% yZi-%,j"% >k-% yZi-%,j-%,k-%

+ , i”*4 Atn4% ;
i“%»J-%>k-% yz. i . , , i

n+i n= s + 6n+%
ZXi-% 5 j-% jk-% ZXi-%,j-%,k-% ZXi-%,j-%,k-%

i“%iJ~%jk—% zx. i . i i i

, n n n nwhere s , s„v , > ®xv >i"%ij“% jk-% yyi-%,j-%,k-% i“% j j-% >k-% yi-%,j-%sk-%
n , n ,s„_ , and s„v are the xx-, yy-, zz-, xy-, yz-, and zx-i_i- v_i- zxi-3- i-3- lf-3- > jj > j ) j >•L ^>J ^ l ^ 3 J ^ 3 k;2

stress deviators in zone (i-%,j-%,k-%) from time n; •n+%
j-%.k-%

•n+% ^n+% .n+% ^n+% ^n+%
^1-%,j-%,k-% ZZi-%,j-%,k-% Xyi-%,j-%5k-% yZi-%,j-%,k-%, ZXi-%,j-%,k-%

are the previously calculated xx-, yy-, zz-, xy-, yz-, and zx-strain rates in

cn+%zone (i-%,j-%,k-%) at time n [Eq.(6.33)]; 6“ ^ 3
1"%jj”%jk-% yyi-%,j-%sk-%

cn+% cn+% , n+%611" '2 , 6“ 2 , e1
ZZ1~% > j“% jk-% Xyi-%,j-%,k-% yZi-%,j-% jk-%

and 6n+ ^
zx. are the

i-%>j-%>k-%
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xx-, yy-, zz-, xy-, yz-, and zx-stress rotation corrections in zone 
(i~%jj“%jk-%) at time m-%.

,nt-% n+ % n6 2 = -2[a ‘ s
V Xyi-%,Xyi-%,

- O'n+% nv 2 s
ZXi-%>j-%>k-% ZXi-%>

,n+^
yy.- l v_i-1-^,jj K-^

„ . n+ % n= +2(0' 2 s
Xyi-%,j-%,k-% Xyi-%,

..n+% n- o ‘ s
Yzi-l- -i-+ V-J- yz, -i-+ Tf-+

• n+%
ZZi-%5j-%>k-%

= -6n+% - 6n+%
XX-,* X, 1 X, '1, l* yj-i \> «?1-^ , J 1 'S 5 J ^ 5 K ^

sn+%
xy, = on+% n - sn

i-%>j-%>k-% Xyi.-%,j-%5k-% V XXi-%,j-%,k-% ^1-%,

+ on+% n
zxi-%,j-%,k-% yZi_%,j_%,k-%

- on+% n
yZi“%5ZXi-%5

,n+% = on+% n - sn
yZi-%,yZi“%5 j-%>k"% V yyi-%J-%5k“% ZZi-%,j-%>k-%

+ on+%xy
n

= zx.i-%>j"%>k-% i-%sj“%j^:“%

ozx.
n
xy,i-%,j-%,k—% ^i-%,j“%,k-%
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cii+% n+%o ^ = O' 2
ZX- L • 1. 1 1 ZX

n
zz. - sn xx.

+ a*n+% sn
-i-i- V-J' X^1-5-3- V-J-1 ^ ? J ^ 1 ^ 5 J ^ 3 K ;2

..n+%a n
xyi-%,j-%,k-% yZi-%,j-%,k-%

where

an+%
xy. l j l i_? J9 K-

= ir(Mr% -(^r%
i. 2 \&x 'i-%, j-%,k-% ''^^<'i-%5 j-%jk-%

, n+% At 2

n+% r• n+%
O'
yzi-%5j-%5k-%

($1)
VbyA-%,j-%,

i
i~%>j-%>k-%Jk-% \5z/ At

n+%

n+%azxi-%>j-%>k-%

r x• \n+%
(S).r* .($r

i"%jj-%>k-% ^ y'i-%5j-%,k-%J

n+ ^
and At 2 is the stable time step for this cycle. The velocity gradients 
have already been defined by Eqs.(6.36), (6.37), and (6.38).
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8. ( e1^1 \Calculate the elastic yield stress squared, j, ^ j, ^ j, j 5 for
zone (i-%,j-%,k-%) at time n+x from the second stress deviator in­
variant,

n+i
i"%jj“%>k-%J

3
2

2n+x n+x n+x
xx. + s_i“%>j“%jk-%/ \ yyi-%,j-%,k-%y + s

ZZi-%5 3-%^-%,

+ 3
fs'”*1 V + (s“1 t
Xyi“%»j-%jk-%/ \ yZi-%,j-%,k-%/

n+x

2n+x
+ szx.f■%>j”% jk-%/

9. Calculate the allowable yield stress, Y. , . , . I , for zonex--%, ,k-^
(i—%,j—%,k—%) at time n+x,

Yn+x _ /~n+x ~n+x T7n+1 \
i-%J-%,k-% i-%,j-%,k-% \Ui-%,j-%,k-%’ Pi-%,j-%,k-%’ i-%,j-%,k-% / ’

where Y. , . , 1 , is a material function for zone (i-%,j-%,k-%).

10. Compare the allowable yield stress, Y.n+x
stress, Y.,n+x

i-%,j-%,k-%’ with the elastic yield

i-%,j-%,k-%’

if
n+x

Yn > Y6
i“%,j“%,k-% i-%,j-%,k-%’ material is linear elastic;

if
n+xn 6Y. v^Y. 1... ,, material has exceeded allowable^-“*2 3 J “ *2 5 -L"'^3j",^3 *^‘"'2

yield stress.
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11. If the material is linear elastic, the elastic stress deviators already 
calculated are correct.

n+is =
XXi-%,

n+ies ,
XXi-%,j-%,k-%

n+is =
^^i-%,j-%,k-%

n+ies >k_j.

n+is =
ZZi"%jj"% »k-%

n+ige
ZZi-%5j-%>k-%

n+is =
^t -i- -i-i- lr-3-

n+ies ,xy. i. . v , i3 J3 K-^

n+is =
^Zi-%5j"%jk-%

n+ies 3yzi-3- t-j- v-j-

n+i
ZXf-% > j-% jk-%

n+ige
ZXi_% 3 j~% sk-%

12. When the material has exceeded its allowable yield stress, adjust the 
stress deviators according to the Prandtl-Reuss flow rule,

sn+1
XXi-%3j-%3k-%

(Y±-h}l-h^-h \ s6”"1
\ en+1 i XXi-%,j-%,k-% ’

j“%3k-% /

n+is =
, j -% 5^“%

(hzL±±^\Sen+1
Len+1 J ^1-%,j-%,k-% ’
\ i-%3j-%,k-% /
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mi3 ZZ .

■ Yn+1

emi 
'Yi-%>

n+i
zz i-%,

n+i
x^i-%5j"%,k-%

fn+1
i-%,j-%,k-%
n+i

Yek 1 - J- ■i-3' Ir-J- J- ^ 3 J '2 3^ *2.

n+i

x^-i-3' 1-3- 3-3 1^ , J "S jK- "2

n+i
n+i

% 5 j —% jlc—% \ 6
i-%,j-%,k-%
n+i
i-%,j-%,k-%'

n+i

^zi-% jj—%5lc—%

mi
ZXi-%,j-%,k-%

^n+i 
i-%,j-%,k-%
n+i
i-%,j-%,k-%-

n+i
zx.i-%,j-%,k-%

,n+%13. Calculate the change in distortional energy density, Az. v . , , v, inl-;2,
zone (i-%,j-%,k-%) at time n+%,

_n+% n+% a. n+% ( n+%
AZ. v • i. , , = V?T? . , . j Ati-%,j-%,k-% i-%,J-%,k-%

■n+%s e
, XXi-%,j“%»k-% XXi-%,j-%,k-%

n+% • n+% n+% • n+%+ s ‘ e ‘ + s'
^1-%,j-%,k-% yyi-%,j-%,k-% ZZi-%,j-%,k-% ZZi-%,j-%,k-%

+ sn+% en+^ + sn+% en+%
Xyi-%,j-%,k-% Xyi-%,j-%,k-% yZi-%,j-%,k-% yZi-%,j-%,k-%

+ sn+% en+^
ZXi-%,j-%,k-% ZXi-%,j-%,k-%■
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where

14.

3n+% 
3 xx.

n+%

n+%
3ZZ.

n+%

sn+x
XXi-%,j-%,k-%

+ n
SxXi-%,j-%,k-%

2 >
%,j-%,k-%

n+x ns + s

11

rJP1
•H -i-j- v-j.1 12,J ^— 2 >

%,j-%,k-%

n+x ns + s
ZZi-%,j-%,k-% ZZi-%,j-%,k-%

%,j-%,k-% 2 y

n+x ns + s
Xyi-%,j-%,k-%

xy. i 4 L V L5 j3

n+x + sn
,n+% = yZi-%,j-%3k-% yZi-%,j-%,k-%

n+%
zx.

%,j-%5k-% 2

n+x , ns + s
ZXi-%,j-%,k-% ZX * v • i i i

%,j-%,k-% 2

n+iCalculate the internal energy density, u. , . , , v in zone (i-%,j-%,k-%)r-T!, j--^,
at time n+x,

n+x _ n /~n+% n+% \ *..n+%
Ui-%,j-%,k-% Ui-%,j-%,k-% l,P i-%,j-%,k-% qi-%,j-%,k-%/ i-%,j-%,k-%

. n+% .. n+% r.n
i-%,j-%,k-% i-%,j-%,k-% i-%,j-%,k-%
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n+i15. Calculate the pressure, p. 2 . i , i> in zone (i-%,j-%,k-%) at time n+i,

n+i
p,.i"%>j-%>k-%

= / 11+1 TTn+1 N
^i"%jj-%jk-% \ Ui-%,j-%,k-%’ i-%,j-%,k-% /

n+i16. Calculate the spall pressure, p“’.x , in zone (i-%,j-%,k-%) at
mini-%,j-%,k-%time n+i , 2>j 2> 2

n+iD .■ mmi-% j j-% jk-%
/ n+i n+i n+1

^min. I.,. i \ Ui-%>j-%jk-% ’ i-%,j-%,k-%’ i-%,j-%,k-
1-^ 5 j -;2 jk-^

where p .mmi-% > j-% jk-%
is a material function for zone (i-%,j-%,k-%). If

n+i n+i“ ''min. , . , , adJust to 1CS Spalled Value'
1“^ 5 3

17. Calculate the total stress, an+i n+i
5 W > O' 5xx. , . i t 1 yy.i.iii zz« l • l 1 1

in zone (i-%,j-%,k-%) at

n+i

n+i n+i
a , a , axy. 1 .i, i yz. i .I, 1 zx. , .i, ,1"%, j“% ,k-% i--^, J-%,k-% 1-%, J-% jk-i

n+i

time n+i ,

n+i
xx = sn+ixx.i-%,j-%,k-% i-%,j-%,k-%

/ n+i n+% \
\ i-%,j-%,k-% ^i-%,j-%,k-%/ ’

n+i
7 yy.-i-%,j-%,k-% 'r'/i-%, j-%,k-%

n+i
3yy,

/ n+i n+% \
yi-%,j-%,k-% ^ ^i-%, j“% ,k-% / ’

n+ir zz = s_n+izz.
/ n+i n+% \
ypi-%,j-%,k-% ^i-%,j-%,k-%J ’
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n+i = sn+x

n+i n+icr = s
yz-i-3- ■i-3' ir-3' Yzi-l' i-3' V-3'

n+i n+io = s
ZXi-%3j“%3k-% ZXi-%,j-%3k-%

18. Calculate the longitudinal sound speed squared, 

(i-%3j-%3k-%) at time n+i,

cn+i
i-% 3 j-% sk-

&

%-
in zone

n+i
— cj>

i-%,j-%,k-% i-%,j-%,k-%
/ n+i n+i n+i
\Ui—%,j-%,k—% * Pi-%,j-%,k-%’ i-%,j-%,k-%

where c
i-%,j-%,k-%

is a material function for zone (i-%,j-%,k-%).

19. Calculate the temperature, j j, ^ j,» zone (i-%,j“%,k-%) at time n+i ,

n+i _ / n+i n+i n+i \
i“%,j-%,k-% i-%,j-%,k-% \i-%,j-%,k-%’ ^i—%,j-%,k-%’ i-%,j—%,k-%/

where T. , ■ 1 is a material function for zone (i-%, j-%,k-%) .
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20. Calculate the conductivity, k. , . ! , i, in zone (i-%,j-%,k-%) at time n+i,5 j--! 5k-^

.n+i
i-% jj-%>k-%

n+i / n+i
i-% > j"% >k-% Vi-% j j-% jk-% ’

n+1 n+1
Pn-_l. -i_J- V-J-’ -i-J. lc_L1 ^sj T>jk ^ ^ > J -SjK ^

where k. , . , , . is a material function for zone1-;5 j j”? >k-^ (i-% j j-% »k-%).

21. Calculate the specific heat capacity, Cn+xi“%>j“%jk-% in zone (i-%,j-%,k-%) at

time n+i

n+1
i-%,j-%,k- = Ci-%, j- % ,k-

/ n+i(Ui- n+i
%, j-%,k-% Pi-

,n+1
%, j- %,k-%’ ^i-%,j"%,k-%

where C. , . , , is a material function for zone (i-%, j-%,k-%) .1-^,
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6.4 EXPLICIT TIME STEP

6.4.1 Overview. The explicit calculational scheme has two identifying 
characteristics:

(1) New values are computed from old values; e.g., values at 
n+1 are computed from values at n.

(2) Data for computations come only from nearest neighbors; 
i.e., information can propagate only across one zone in 
one calculational time step.

These characteristics are the essential elements of the explicit numerical 
method and are embodied in the criteria required to calculate stable time 
steps.

6.4.2 Stable Mechanical Time Steps. The physical criterion required 
for the calculation of a stable time step was described in Section 6.2.2 
and is summarized in Eqs.(6.9a) and (6.9b). If artificial viscosity were 
not present, the most conservative (largest) value of mechanical sound speed 
would be the isentropic longitudinal sound speed. The general form of the 
isentropic longitudinal sound speed is

(6.48)

where the subscript l denotes the longitudinal direction, cr^ is calculated
from Eq.(6.47), and p is the actual density. Equation (6.48) can also be 
written in component form,

(6.49a)

(6.49b)

where "isen" means isentropic.
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cg is the deviatoric contribution to sound speed and can be calculated 
conservatively from the formula.

c2
S (6.50)

where G is the shear modulus and p° is the reference density. cs is the 
elastic shear velocity.

Cp is the pressure (or mean stress) contribution to sound speed and is 
calculated from the equation of state. When the equation of state is of the 
form

p = A + Bu , (6.51)

where A = A(T1), B = B(T]), and T| s —, then from the isentropic condition that 
du = -pdV, the thermodynamic (hydrostatic) sound speed is

= A' + B'u + BpV2 (6.52)

where A' = := • When the equation of state is not in the form of
Eq.(6.51), then a more specialized approach must be taken.

c^ is the artificial viscosity contribution to sound speed and is com­
posed of two components, linear and quadratic. The formula is

c2 =
q &P isen

*&1 (6.53)
isen
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Combining Eqs.(6.50), (6.52), and (6.54) yields the formula for the
maximum stable time step of zone (i-%,j-%,k-%)

3

(6.55)2

In determining a time step for the next cycle, only n+1 data exist in 
order to predict the n+3/2 time step. This dilemma is not critical 
provided that one understands the pathological cases which can arise 
from a poorly estimated time step.

There are two pathological cases that must be considered when cal­
culating the new n+3/2 time step. These cases can be seen from a plot 
of time step versus time. See Figure 6.3. If the time step is in­
creasing with time (Case 1), predictions of the n+3/2 time step based 
on n+1 data will be conservative whether constant extrapolation (i.e., 
setting Atn+3'3 = Atn+1) or linear extrapolation is used. On the 
other hand, if the time step is decreasing with time (Case 2), the 
constant extrapolation procedure will predict a time step that is apt 
to be too high to maintain stability. The linear extrapolation is much 
better but can also be inaccurate if the rate of time step decay is 
large. In problems in which the time step is expected to experience 
rapid drops in time, it is advisable to use a safety factor multiplier 
of 2/3. This will add another level of conservatism to the calculation 
of the n+3/2 time step.

In Eq.(6.55), subscripts i-%,j-%,k-% are denoted by (••) .
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under prediction of At, 
therefore conservative

Case 1

Case 2

over prediction of At, 
therefore potential instability

Time (t)

Figure 6.3. Example of need for fgFR-

liquid

vapor

C' = At at vapor conditions 
C = At restricted to 20% growth

Time (t)

Figure 6.4. Example of need for f
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Thus, when the n+1 time step is greater than the n+1/2 time step 
(Case 1), set the n+3/2 time step equal to the n+1 value and recompute 
the n+1 time step to be the average of this n+3/2 value and the n+1/2 
time step. This will also be conservative. If, on the other hand, the 
n+1 time step is less than than the n+1/2 time step, calculate an n+3/2 
time step based on a linear extrapolation of the n+1/2 and n+1 values. 
This procedure should lead to a relatively safe value for most calcula­
tions. When the n+1 time step equals the n+1/2 value, either approach 
will work.

There are other time-step constraints which insure the stability
of a calculation. First, there is a safety factor multiplier (fgpR)»
which may be applied when Cp cannot be calculated in a conservative way
or when Eq.(6.55) may not be conservative. The value of f0™ may varybr K
from 0.1 to 1.0.

Next, there is a growth factor multiplier (f ), which may be 
applied so that a time step cannot grow faster than a certain rate.
The value of f^gp ®ay vary from 1.0 to 1.2 (no growth to 20% growth). 
The need for a 20% growth factor limitation on a time step is justified 
as follows: Consider the problem in which a change of material phase 
is possible. Furthermore, allow for the situation that during the 
early response periods, the time step is controlled by the higher sound 
speed phase (i.e., lower time step) but that at some later time during 
the simulation, all of the material is "flashed" to the lower sound 
speed phase. Assume that this change of sound speed results in a 
change of the maximum stable time step of at least a factor of 2. 
Furthermore, one cycle after the global change of phase has occurred, 
one of the zones returns to its higher sound speed state. If the time 
step had been allowed to rise rapidly to its much larger value for the 
one cycle when all the zones switched phase to the lower sound speed 
material, it is possible that the instantaneously larger time step 
could result either in an instablity when the time step drops again to 
the lower value, or in inaccurate results because of some numerically 
induced high amplitude wave that resulted in the one cycle in which the 
time step was large. This scenario is shown schematically in Figure 
6. 4.
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And finally, there are minimum and maximum values of time step.
When the stable time step goes below the minimum value, the problem is 
terminated. When the stable time step has a value above the maximum 
value, the time step is adjusted to the maximum value exactly.

Thus, stable time steps for the next cycle (Atn+3/2 and Atmi) are 
calculated as follows,

Atn 32 = f ["minimum for all zones of Eq. (6.55)1 , (6.56)
SFR J

subject to the condition that

St . s st”3,a s f s Atmm GRF max

Then, by interpolation,

Aj_n+3'2 , Ajn+% .n+i At + At ^At = --------s------

(6.57)

(6.58)

6.4.3 Stable Thermal Time Steps. When a particular problem is domi­
nated by heat conduction phenomena rather than by mechanical phenomena, the 
problem time step stability criterion may be controlled by thermal diffusion 
rather than by mechanical sound speed. Therefore, when heat conduction is 
present, it is necessary to calculate the minimum stable heat conduction 
time step as follows,

Atn = minimum value of At? a . v v for all i> 1, j > 1, k> 1,
l-'f , , K-iJ
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where

. n
2(ki-% i-j. k-%/cv ) *

(6.

A^11 v . v , t is the smallest length across zone (i-%,j-%,k-%) at time n;
J-% jk_;5

k1? v • i. i l i-s the conductivity of zone (i-%, j-%,k-%) at time n; and
-n
"V.i-%.

is the specific heat capacity of zone (i-%,j-%,k-%) at time n.

As in the case of the mechanical stability criterion, the smallest 
maximum stable thermal time step in the grid is saved in order to be used 
for the next cycle of calculations. When thermal and mechanical mechanisms 
are both present, the smallest of the two stable time steps is chosen to be 
the time step for both mechanisms in the next cycle.

Per reference unit volume.

59)
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6.5 USE OF THE DEVELOPED EQUATIONS FOR EFFICIENT SOLUTION OF NON-TRANSIENT
CASES

6.5 1 The Problem. Although the explicit finite-difference equations 
developed in Sections 6.2 and 6.3 can be used to analyze transient, steady- 
state, static, and quasi-static time-dependent thermomechanical systems, 
these numerical equations are most efficient for simulating transient 
behavior because time steps are computed from the minimum of the Courant 
stability criterion and the diffusion limit. The Courant condition gives 
the largest possible stable time step for a finite representation of a 
continuum consistent with the laws of physics for most initial value 
(transient) problems involving stress. The diffusion limit does the same 
for transient thermal problems. For mechanical boundary value 
(non-transient) problems, the Courant condition may needlessly restrict the 
time step. Two important exceptions to these guidelines are as follows:
(1) linear elastic, small-strain, transient mechanical problems can 
sometimes be more efficiently solved implicitly in the frequency domain than 
explcitly in the time domain, and (2) nonlinear, non-transient problems 
often require that time be an independent explicit variable with the 
resulting equations being solved explicitly so that path-dependent 
thermodynamics are properly computed. Thermal boundary value problems are 
still efficiently solved using the diffusion limit time step criterion.

In other words, when time-dependent, nonlinear partial differential 
equations must be solved, it is usually most efficient to solve the 
explicit-in-time, physical equations using an explicit numerical scheme.
When the equations exhibit weak time dependence but strong nonlinear effects 
(e.g., large deformation), the physical equations, though not explicitly 
time-dependent, are still probably most efficiently solved by explicit-in­
time equations using a modified explicit numerical method. For the latter 
case, it is possible to separate the modifications to explicit methods for 
weakly time-dependent problems into three useful categories: (1) density
scaling, (2) velocity damping, and (3) modulus scaling.
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Density scaling is consistent with the situation where inertia effects 
are unimportant, where compressibility may be important, and where the time 
scale of the problem is determined by some other consideration (for example, 
heat transfer). Density scaling allows one to compute the intermediate 
state points of the process. Velocity damping (dynamic relaxation) may be 
used when inertia is somewhat important, compressibility may also be 
important, and the time scale is somewhat arbitrary. Velocity damping 
concerns itself only with the end states of a process. Intermediate states 
are not guaranteed to be accurate because the process (thermodynamic path 
dependence) is always assumed to be critically damped. Modulus scaling is 
at the other end of the spectrum from density scaling. When modulus scaling 
is most applicable, inertia effects are quite important, but compressibility 
is unimportant. The problem time scale is determined by an external 
constraint.

For example, most static problems can be categorized as "problems in 
which inertial influences are not important". Thus, density scaling can be 
used to increase the calculational time step in order to improve solution 
efficiency. Quasi-static problems, by definition, have a "sluggish" 
response, lending themselves to "dynamic relaxation" critical damping as a 
means of achieving an efficient solution. Steady-state processes are 
usually associated with incompressible flow or rigid body motion 
assumptions, in which case, modulus scaling appears to be the most 
appropriate choice to improve computational efficiency.

6.5.2 Density Scaling. When a problem is static or nearly static, the 
density (or mass) does not play an important role in the stress equilibrium 
process. Inertial effects disappear and the momentum equation becomes

Srx- ZF. 0 , (6.60a)
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or

ba ba baXX -1_ JSZ + xz
bx by bz

ba ba ba
-f yy + T-XZ

bx by bz

ba ba ba
bx + yz + T-5* 

bz

(6.60b)

where Fx, Fy, and Fz are forces and ctxx , CTyy, ctzz , axy, CTyz, and axz are 
stresses. The zero on the right-hand side of the equal sign indicates that 
the inertial force is negligible. So, for Eq.(6.60b), we can write

pi — 0, Py— 0, p z — 0 . (6.61)

The reason Eq.(6.61) applies is that x, y, and z are small. Therefore, p 
can be any value (in units consistent with x, y, and z) so long as Eq.(6.61) 
is still satisfied.

Referring to Eq.(6.55), it can be shown that the dominant term in the 
denominator for static and quasi-static problems is c^. Since c^ is a 
direct function of the bulk and shear moduli and an inverse function of the 
reference density, it can be seen that in order to increase the time step 
for a particular zone, it is necessary to lower the sound speed, c^, which 
means either lowering the moduli or raising the density (or both). For 
static problems, Eq.(6.61) indicates that the density may be increased until 
the products, Px, py, and pz produce an anomalous inertial effect.

Employing density scaling to achieve a larger time step for static 
problems requires only a change of input. The momentum equation and the 
Courant stability condition are unchanged.
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6.5.3 Dynamic Relaxation. Another approach to economical static 
solutions is achieved by adding a viscous damping term to the momentum 
equation which acts to critically damp the fundamental response mode. This 
method reduces the number of time steps (iterations) required to achieve 
stress equilibrium, instead of increasing the magnitude of individual time 
steps. Quasi-static solutions can also be found using this approach. This 
approach is useful only when the integrated value of time is of no 
consequence, i.e., it doesn't matter what the "real time" is. Density 
scaling, on the other hand, preserves time as a meaningful variable.

The equations of motion are modified as follows,

i:Fx = m(x + J , rFy = m(y + J y) , = m^z + ^ . (6.62a)

where T1 is a dimensionless damping coefficient, x, y, and z are the 
components of acceleration resulting from the externally applied forces, F , 
Fy, and Fz, x, y, and z are the components of velocity that result from 
integrating x, y, and z, respectively, with critical damping applied, and r 
is the longest fundamental period of the system when the boundary conditions 
are present. In terms of stress, Eqs.(6.62a) become

bo ba ba
^ + xy + xz

bx by bz

ba ba ba
—5X + . yy + —bx by bz

ba ba baxz .y2. zz
bx 1 by bz

■e 71 ' is 71/r. T| (or

+ T y) (6.62b)

= P

fundamental frequency of the grid. For linear elastic problems, it is a
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relatively simple matter to determine the damping (or relaxation) factor 
from a modal analysis or a dynamic excitation without damping. Even for 
mildly nonlinear systems, the latter technique can be used. For strongly 
nonlinear systems, an appropriate relaxation factor is far more difficult to 
compute and often requires considerable judgment.

The calculational form of the dynamic relaxation equation analogous to 
Eq.(6.7) comes from solving Eq(6.62b) for acceleration (including 
gravitation),

••nx
n /ba ba ba \J-( xg + . - xy. + . - 2£g )
pH y bx by bz y _n

Tl'.n ^
T* + s*

• •ny
ba ba ba \n

. ?& + JX + —11) bx by bz J
1
n

..nz
ba ba ba \n
__11 + yz .bx by bz J

1 V .n 
— —- z + g _n r

(6.63)

Integrating Eq.(6.63) with respect to time and making the following 
substit utions,

V s T1
pn m

• nx
• n+ x % + x

2
• ny

•n+% , .n-%y ^ty
2

•nz
• n+% , .n-% i ^ + z

2
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yields

Solving Eq.(6.64) for new velocity and defining the relaxation factor, uu, to 
be

w JL2mT ’

results in

• n+% x

zn+%

xn-%

•n-%z

[

[

[

2
1 +U)Atn

2
l+u>Atn

2
1 +w Atn

(6.65)
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where

..nx

y
• •n

..nz z

6.5.4 Modulus Scaling. There are several forms of modulus scaling:
(1) sound speed scaling for incompressible cases, and (2) elastic constants 
scaling for rigid body motion. The approach to computational efficiency is 
similar to density scaling in that the time step improvement comes from 
reducing the sound speed.

The physical assumption associated with incompressibility implies that 
the mechanical sound speed is indeterminant. Often it is said the sound 
speed is infinite (or, similarly, that the Mach number is zero, M = 0). 
However, as a practical matter, a better condition might be that 
incompressibility for real materials exists when M ^ 0.3. For many cases, 
this means that the sound speed can be reduced (scaled) below its actual 
value provided that M ^ 0.3.

An example of sound speed scaling is described as follows: Suppose an 
air bubble is expanding in water at approximtely 15 ft/sec and it is 
necessary to compute the resulting pressure in the water. The sound speed 
of water is about 5000 ft/sec, which, for this problem, means that the Mach 
number is about 3 X 10”3. The flow is incompressible. Therefore, the sound 
speed is not important and can be artificially dropped up to two orders of 
magnitude without exceeding the Mach number criterion for incompressibility.
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To be conservative, let's drop the sound speed only one order of magnitude 
to 500 ft/sec. This improves the time step by a factor of 10. To drop the 
sound speed means that the bulk modulus is effectively reduced by a factor 
of 100 (i.e., the compressibility is increased by 100). Since the flow at 
15 ft/sec is incompressible, the change of modulus will be applied to 
infinitesimal strains and the pressures will be only slightly affected.
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