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1 Introduction 

The state occupied by an m degrees of freedom robot is determined by an 

articular joint position-vector q of Rm, but usually the specification of a task 

by its task-vector X takes place in the operational space Rn. Controlling the 

kinematics of a robot requires to find q as a function of X. In most of the 

cases, it is impossible to obtain this relationship analytically and globally. 

The problem is solved by linearization of the geometric model of the robot 

X = F(q) in the neighborhood of the point q, introducing the (n x m) 

J acobian matrix: 

(1) 

where ~X is the variation of task-vector, ~q is the corresponding small 

variation of the articular position. For a fixed q and for a specified ~X, the 



set of solutions for Yector !:iq is an affine space of dimension m - n , which 

we sh al l denote by £ . 

In the case of redu nd ant arms ( m > n ), the J acobian matri...x 1s not 

square and cannot be inYerted . One method for determi ning the !iq of least 

norm that satisfies equation(!) 1) leads to the computation of the ~foore­

Penrose pseudo- im·erse of J 2) , namely JT(JJT) - 1. 

Nevertheless , the numerical computation of the pseudo-im·erse is often 

Yery ill conditioned (small determinants, large differences between Yarious 

elements, e tc) 3) . Fur thermore, the Singular Value Decomposi tion technique 

is too slow for a real-time implementation and raises difficulti es in numeric 

computation 4 ). 

Some other algorithms avoid the computation of the Moore-Penrose 

pseudo-inverse and lead to well-behaved computations ( e.g. Gradient Pro­

j ection Method to a 7-d.o.f. arm 5), combinatorial approach 6l) . However, 

the solution obtained is not necessarily the least norm one. 

2 The Proposed Algorithm 

We suggest an algorithmwhich exploits the linear properties of the coordi­

nate transformation in the neighborhood of the point q expressed by the 

Jacobian matrix J and its s = c::i sub-matrices h ,]i, . . . ,Jk , · ·· ,J8 of di­

mension n x n. Specifically, a submatrice Jk is formed by blocking columns 

i1,i2, ... ,im-n in J . For each invertible Jk, we compute then-dimensional 

vector 6.qk such that: 



(2) 

\Yithout changing its name, we can rewrite this vector D..q1; as an m­

dimensional \·ector in the articular space , sett in g the (m - n) complemen­

tary components of positions i1, i2, ... , im-n to O in the corresponding m­

dimensional vector i'iq1; . 

\Ye then consider a maximal set of p independent vectors i'iq1; , k = 

1, . . . ,P and introduce E, the affine space of dimension dim(E) = p - 1 

spanned by this family of vectors: 

E = {fl.Q E Rm I D..Q(t1, . . . , ip) = t1fl.q1 + · · · + ipD..qp; t tk = 1}. (3) 
k=l 

E is a subspace of the affine space £ (of dimension m - n). \Ye show 

that, if p - 1 = m - n, the algorithm gives the least norm vector according 

to the parameterization (3) 

p 

tl.Q = I: tkfl.q,1:. (4) 
k=l 

where: 

G-1 
• ( )T e t = t1, ... ,tp = eTG-le (5) 

and where G is the Gramian p x p symmetric and invertible matrix s.uch as 

g(i,j) =< fl.qi, tl.q; > and e is the p-dimensional vector(l, 1, . .. , 1, If. 



In conclusion (m - n + I ) independent solutions of ( I ) suffice to compute 

the least norm !::.Q. :-foreO\·er , the ad \·antage of this algorithm O\'er the 

Pseudo-In\'erse Algorithm is that th e square submatrices can be tes ed for 

ill-conditioning or singularity. 

3 Siinulation and Conclusion 

3. 
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Figure 1: Arm and t he end effector positions obtained by simulation . 

We have app lied the algori t hm to the planar arm illustrated in the Fig.1, us­

ing the symbolic manipu lation environment Mathematica 7) on Macintosh II. 

More detail of the simulation can be found ins). We specify tlX = (tlx, D.y) 

the translational position of the rob ot tip at point XE. Since we have 4 de­

grees of freedom and the task space is 2-dimensional, we need (4-2+ 1) = 3 



solutions 6-qk . Fig .I illust rates the mot ion of the arm when the end-effector · 

follows a circular trajectory containing fifty elementary displacements 6-X . 

This scheme can be efficiently parallelized and contains well-behaved 

matrices for numerical processing with a computer. The future work that 

we envision is the generalization of the algorithm to other criteria. 
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