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NONLINEAR SYSTEM VI RRATION
-THE APPEARANCE OF CHAOS

by Norman F. Hunler. Jr., Los Alamos National

Auloblograpny.

3.S. !n Electrical Errglneerlng from Mississippi Stale
Jniversl[y m 1964. hl. S, in Elecl,lcal Engineering from me
Jniversl[y of New Mexico In 1966 Employed by Sandla
Nahonal Labaralorles In Ihe Vibration Teslmg Division from
~964 Ihrough 1975. M. A. in Secondary Science Educallon
‘rsm [he Universally 01 New Mexico In 1976. High school
~amematlcs teacher al St, Pius Hiqh Schlol from 1975
Itwouqn 197B. Employea by Los Alamos National Laboralo~
M ellher a Slaff Memoer or Section Leader m the Dyr,amlc
Tesllnq Secllon Irom 1979 Ihrougn 19SJ.

ntroauctlon

.Vhal we now consloer 10 be cnaohc mouons were noled by
‘omcare m 1892 where ne describes the mouon of a syslem
;overned trv dltfererrual equallcns as having a “senellwe
:eoenoence on mlual conamons’. ?Aore recenlly LorHn[z
:escrmeo chaouc oenawor m fluld dvnamlcs and oullineo
.vna! IS now nnown as the Loremz allraclor 1 Chaouc
~ehawor has been oDsewed m many helds mcludmg physics,
chemmwv, biology ano socIology. The hlslory ot dynamical
;yslems and chaohc benawor IS described m very readable
‘ormal by Glei@2 ana P.braham and Shav#,

Chaonc syslems commonly occur m Ihe context of vibra[ion
Iestinq because m the Ieslmg of real structures we Ollen
enccunler Syslema wuh Slgmficant nonlinearmes driven by
pertodic or random Iorcmg Iunclmns. Much of the classical
chaOS described In the Iileralure occurs when swongly
nonlinear sys[ems are excued by permdic forces, Chaos like
phenomena also occur m Ihe corrlexl of syslems driven by
random forces.

~his paper begins wllh an exammallon 01 the ddlerenllal
i~auallon for a slnqle aeqree 01 freedom force excuod oscillator
It’Id considers Ihe slale space behawor 01 linear, nonlinear,
lnd chaotic slnqle oeqree of Ireeclom systems. The
‘.indamenlal characlerlsllcs ot Classlca’ chaos are reviewed:
x?nsmwly 10 mlllal conamons, posmve Lyapunov exoanenls,
;amDlex Poincare maos, fraclal properties 01 mollon m the
;Iale sfxice, and broadening 01 the power spectrum of the
,yslem response. ,ll,Jslraled exaf’flplesofCflaOIICbehavior
nclude rnollon In 3 IWO well p~lentlal - the cnaos beam

:~scrlbed In Moon~ and a hiwdenlnta base excl!ed Duflinq

‘,vslem. Chaos -like menomenon wnlch occur wllh
“’ormerlodm Iorcmq are exammea m Ihe Conl’axt of the IWO
.VOII potqnllal and haraenmq CJulfinq syslems. The Papar
“Yncluaes wllh some suagewons tor dcleclma and modellinq
“:ommear or cnaohc benawor.

:1Sin~le Degree 01 Freeaam OscillalQr

;nsldor IIIP slnolc a?aree 01 Irt?edom Osclllalor shown In
qure ! 4 Dcrtoulc wlvlnn force I! XCIICS rnollon 01 Ihp

“’ISS P.f. TIIP allfcrefi!lal eaumlon Ocscrlblna IIIIS svslem IS
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Figure I
A Force Exclled Single Deqree of Freeaam

Oscillator

AS an example choose F;M- I.1O ,~)n-2%. W-2X and

;=2,25%. 7h6 slale variables descrlbinq me syslem are Iha
displacement of Ihe mass, Y, and Ihe veloclly of Ihe mass Y’.
This system IS slmulaled using variable sleDslze Rungs Kulla
algorllhm Implemented cm a Sun 4 Sparkslation. The
acceteranon response of the system 10 smusoldal Iorcmg is
shown in Figure 2. Sampled values of ine valocily and
displacement plolled in slala space are shown m Figure 3.
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Figure 2
Accelerahon Response of a Sinqle Deqree of

Freedom Usclllator Driven by Smusoldal
Forcmq,

~!m slate of Ihe svslom al any nme I IS rrpreserrted bv a tmml
n the rwo almonsmnal Y Y’ slale space and Ih@collechon 01 all
,jl the slates resullmq from a gwen smuslodal drwe lorm an
I!IIIDSOwhfjn In@ system IS m a steadv Stale Conclltlon. I11
~qure 3 the seguance of slalea evolve from zero velactty end
:~ra clls~lacemnnl 10 a hnal ellmllcal dvnarmc amaclor, ‘f
uq mcluclo Iho Wlase 01 Iha drwmq force as a vwable m our
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Figure 3
Slate Scrace Recfesenlallon of The Transient and Sk?aciv

Slate Resoonses of Ihe Sinale Oearee 01 F:eedom
Force Exclled Osclllalor.

:Iale sDace rerxesenlnllon Ihe elllDllCal colloctlon al slates.
n conluncllon wIItr ItIe drwmq Iorce, Ile on a torus or
douqrmut m Ihree dimensional space, This lorus IS a dynamic
~tlraclor 01 Ibis syslem far Ibis smusodal drwe as all of Ihe
‘raleclanes of system slates everuually he on the torus. Il. al
J gwerr crease of the drrwng force, Ihe value of the slate IS
plorred m Iwo almenwons the resull IS a pmt. For a Imear
syslem, Ihe slale of Ihe system rec+raledly relurns 10 the same
value wuh each cycle of Ihe drwmq force. This plot of the
stale al a gwen phase ot lhe cmvmq Iorca IS known as a
Poincare map. As Ihe Imear force exclled Syslem aPprOaCIIeS
sleacly stale behawor the Poincare macr approaches a snqle
poml as shown m Figure 4.
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10 percenl) IS made. ?hm perwrbanan IS generated by
taking lhe Slale values al a Ilme 10 during sleaay Slate

response and muluolymg eacn value by 1.10. F,ulure
perturbed and unpeilurbed responses are Ihen com~area. For
[his linear svslem the effect of the Derrurballan decays wllh
!Ima ana !I’Ie perturbed and uflperluraed responses quickly
aecome Indislmqulshable as shown In Fiqure 5, wtrere
accelerauon IS usea as a measure 01syslem response.

.,.1

1111
..2

l“l~i[~l
t Iv IIlll,llllllft I,.

Peflurbed Response .......... Unperturbed Response _-
Fiqure 5

Output Convergence From Adjacent SIales for a
Linear Force ExcIIed Syslem.

(10% Perlurbauonl.

For a linear system Ihe Irajeclonee ot nearby pomls m slalo
space converge. More formally, lhe Ly?punov exponenl
measures Iha rate of canverqence ar divergence of
trajeclcmes m stale space. Th@ definition 01 The Lyapunov
exponerv lakes Iha farm:

Here a~ IS Ihe mlllal dwlance between Ma nearbv slalas and d
s Ihe dml’dnce a Ilme I Ialer, \ IS Ihe Lvaponov exponent,
For Ihls hnoar syslem we hav9 a ncqalwe Lyapunov exponent
as Ihe Iralaclorles of adlac.lnl slates m Ihe stale space
canverqe. Far a cnaohc syslem Ihe Lyapanov exponent IS
paslllve and reoresenls an everaqe dwerqence of nearby
Xales wllh time, In creneral a syslem WIII have a specltum of
~yapunav t?xcOnenls which dolermlna how Ihe dimensions 01

lcrnqms, a,eas, and volumes m slate space change wllh lIm19.

A Sinqle Doqree of Freemm Nonhrrear System

For the hnear syslem described by Eauauon I the smusoldal
rqsponse exhausls Ihe passlbllilies for tho sleadv Slale
behavior of Ihe svslam 10 a rmusoldal drwe. In vlbrellan
‘~slmq wo seldam nave systems thts slmgle, and further, real
:ysloms Ofl@nrrnve same commnent of normnearllv In lholr
‘~rcca bonavlar, !“is ncmllnear Iorce comrmnent rnav hr?
minor or II mny r)r! a domlnanl factor lrl Ihn farces Involvna
n Ihn svslem, A moro roalmllc form for a drwen Osclltalor
I oblamen bv rnnchtylncj equahon 1 IrJ include a nonlmnar
‘r!rm

.,, . :(1) : ‘ f,) f ,IL’( ,, .;”]1 ‘)

r! pauatlon ‘1 :’10 rP510rlnrl force IS formod from a Ilnpar
Omnoncnl flnri n nonlm~ar comoononl, rho ma~lllludo 01 lho



nonhnear Ccrmtxmenl IS adlusled bv cnanging the magmlude of
the coefficient U, I-’or this CUOICnonlinearly the nonlinear
resiormg force IS symmemc with r@sPecl 10 GisPlacemenl.
and increases wllh increasing dmlacemem. EqualIons of Ibis
:ype are forms of Duffing’s ecruauon. where a n~n~inear
sllffneSS Ierm IS aoded 10 a single aeqree of freedom
oscillator. In [his case stiffness Increases WIItI increasing
response level so Ihe system 01 eauauon 3 IS referred to as a
haraenmq Duffing oscdlafor. To Slmuiale [his sysfem
equallon 3 is solved numerically using an adaptive Slepslze
17unga Kulla alqonlhm. In conlrasl 10 Ihe linear Syslem the
recDonse characlerlslics of fho system vary wllh the
rnagnllude of the drive. For low orwe levels Ih@ Syslem
beiIW?S m a near!y linear fashion. AI increased drive levels
:he ettects of l!Ie nonnnear lerm become mcreasmgly severe.

For u -100.0, F=200.0.(Lrn-2 r. u~4rI ,and ~=.1,5% a very

dlslorred periodic acceleralton response IS ObSeIVed as shown
,n Figure 6.
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Figure 6
Accelerallon Response 01 the SlrOnqly ExcIIecrHardening

System Driven by Sinusoidal Excllahcrn.
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Vl!soonsrr Powar Soeclrum Ior Ilm SIronmy E~cllcd
,J;lraenlnrj Syslem (Jrwf!ll ov smusoldal Exclfmrn,

This !esoonse IS aulle dislorled bul IS nonefhelass fyplcal ot
!he responses oDservea al somq frequencies when a real
Syslem IS SIrongly excited by a s .nusoldal drive. Figure 7
shows me Power Spacuum of [he :Ime response SnOW 1,1

Fiqure 6. Note [he fundamemal resoonse al Ihe drwing
!requency or 1.0 Hz and the presence of numerous discrele
harmonics. The Poincare ma~ for !hls nonlinear system at
dnvmq pnase zero Consmm of a ilscrele se! of three pomfs as
shown m Figure &
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Figure 8
Poincare Map for the SIrongly Exciled Duffing

OXillalor of Equation 3.

The sensllivily of this syslem to penurbalions is fesled by
making a 1% perrurbafion 10 the system slale 12,5 seconds
afler Ihe force IS applied la fhe system. Perlurbed end
unperturbed acceleration response ere shown in Figure 9.
Note fhat lhIs Sysfem nad no! fully achieved a steady slate
response prior 10 the perfurbalion.
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Flqlrre v
‘) UIDUIDwmm?ncl From Adiacenf Slafes for a

‘ifron~ly Nonmwrr force Excltod Sys[em
! I % P~!rlurballon),

~llis Dnrfurbalton of thn sfale of the stron@y nonllm,ar
“.VSIOMdots not dncfrv but n?sulls m a qlobal dlfforoncrr m IIIr!
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svs[em rcsDonse al all fulurr- rimes. In tacr [he svstem
SIabdlzes al a ddferenl steady slale resfIonse. This Irmlcales
:baf for some sels of initial conauions, Ihe svslem aescrmecl
Dy @rallon 3 is quite sensmve 10 Derlurballons of the
!nnial Condllions. The averaqe Lvupanov exDorranl for !hls
SysIem and Ibis excllallc;l IS not posllwe. nowever, as me
svslem IS no! exhibiting chaonc behavior. Al low drwe levels
:he nonlinear syslem does not exmbu the sensltwltv to mlual
conditions dluslraled in Figure 9, The response of the
‘elauvelv slm~ie sys[em of Eauanon 3 is In tacl mcrealblv
vch In oehavlor as drlue level ana drwe Ireauencv are
:arleci. Vearty linear behavior. jum~ resonances.
suoerllarmonlc resDonses. suDharmonlc rcsoonses. ana
cnao[lc benavlcr all occup.

+armonlc respanse qenerauon IS a common phenomena m
~lbrallon [eslmg and is often observed during Slnusolaal
sweeos. Using random excllallon, peaks in Ihe resDonse
5Peclruf’n are Somellmes observed wnlch ara relaled IO
harmonic genera[lon rather than alreclly 10 resonant
oetravlor.

‘he Devetopmenf OfChaol@ Behavior

‘!le Duffina C!scillalor descrlDed In Eauahon 3 can cAnlbif
:!’IZIOIICbcnawor. ExamDles 0! SUCnbetIFWIOrare deSCrLIea In
.Ibranam ana Shav#. MoonJ, ThomDson and SlewarIa. qna
Guckennelmer ana i-foln:es~. Examples of chaollc betiawar of
:hIS equauon are shown m compuler exfJerlmenlS m KOCak;.

% an Illus[ra[we examole of Thaos the eaualmn for a IWOwell
Oolenllal or trucklecl beam WIII uc UGX. Conslaer the base
exclled sysIem aescrhed by equallon 4.

,,,,, l.:(y, -.f ‘) -K(r-l’ ) -r-z(Y-”f ! =) (4)

.,, ,, ~ :npuc 12ase acceierac:zz.

n conlrasi 10 eaua[lon 3, the linear smffness Ierm m equation
J IS l’paa[lve and the cubic sllffness term IS pOSllwe. This
:roauces a Slluauon In which Ifle syslem osculates m either
;I Iwo polentlal wells. Transmon belwaen wells may not

xxur or mav be ellher erratic or Derladlc, dC!D0naln9 on the
wwe level. !n a practical sense equauon 4 rermsenfs the
,!ora!lon of a base exclled syslefTI wllh IWO Slable
,,qulilbrium poslllons.

;onslder excllallon of Ihls syslem wllh a smusaldal base

lccoleratlon Yq - - F $in ml al a frequencv close 10 Ihal
‘h~ractcrlstlc of oscillation m one po!enllal weI1. For low
IIDUI amDllludus F of base accalerallon the Svslem OSClllaleS
‘1 one o! Ihr? WI!IIS. As Ine peak base accelsvallon F ‘s
‘Icrcdsea, m osclllaflon level IS reachad al which Iraflsltlons

::u[ween WWIS occur m an errallc manner. ‘!le rclatwe
.]lsoiacement msmnse Y.Yn of Ihls svslem IS shown m Fiqure
‘; !nr I cirwn amolllude Sulficienl Ic eXClle lr3n SlllOnS
, i,lwr+pn Dclen!lal wr+ll S. A Polncare mm 01 Ihls rcsoonso
“ Iqcrro 31 J clrrwno phase 01 zero dr!orees IS snown In

Iur(j I ‘ ‘;nllke IIIC Il:loar svslcm where IIw Pomcaro rnno
.VAS ,1 slflglo poml and Ibo nonllnear syslem wlwrn Ihe
;~,.lll~~rn mnrz ~onslsled of Ihrr?e d&Cr@leDOlnlS. Ihe pOlnCare
-,nD for :1115C;lnOIICsvslem conststs of a comolcx Irrrclal hke
“uc:uro rIl Dolnts. The syslem rfmonse does not rcoeal

:,!rlorj,cnllv VIII a complex struclure IS ~xtllbllod m ltl~ stale
II IJ!!5 WIIrI bofh apqsaly populalfXd ;Irld tort! ldden rmllons

r;
F,, IfiIe sr]rl 01 slruclure occurs m sma:ler rrwlons of II1o

-3.5

.1

-:5:

Figure 10
Output of Ihe Two Well Pofen!lal Svslem

Excl!ed by a Sinusolaal Drwe,

l.b~ . .i!

C.z

,. ,
.. I

U-Jr “$;
..~.

.! LoC: :’{

Figure 11
Poincare Map for a Two Well Polermal

Chaollc Svslem.

Poincare maD, Firgure I Q shows an exoanslon of a selected
reglm of the Poincare map m Flaure I 1, Densaly populaled
and Iorbrdden reqlans occur on all length scales In Ihe
!racla: like structures shown In Fiqures I 1 ana 12. On the
averaqe, Ibis chaollc svslem exmblfs a strong sensllwlty lo
perlurballons cf Ihe syslem stale, Fiqure 13 shows Iho
unoerlur~ed and IJerlurbed resoonses brougt’11about by a 1 %
oerluroatlon 01 the svslem slat6.
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Figure 12
Exparwon of a R@ton m me Poincare Mao foI Ihe Two

‘Well Polermal Chaouc Syslem.

.

xl .n :3 m m m-a.;- &L5
‘~rlur~ed Resoonse .......... Unperwrbeci Resoonsfl —

Fiqufe 13
!Iu!ciut Divergence From Adiacenl Slates for a

TWO Well Polermal Chaohc system.
I ! % Penurbahom.

;lh~le Ihe mltial perlurDallon IS barelv Vlslble. !15 eifecl
ncreases wllh Ilme unld me svstem tollows a CJlobP.llv

Illferent response trom aboul 150 time samcrles onward.

‘mm a cjeomelncal stanaooml chaos IS causea bv a slrelchml
lnd Ioldlna ot traleclorles In Ihe onase sDace, d slruclurc

;Ilen referred 10 as a slranqe allraclor ‘n Ihe IIlerature

‘!lree almen~mna[ glcmres of skarlge attractors are snown m

I numtter 01 references”s 6

“hQ power specmrn ot me resoonse 01 Ihls cnaollc sv~lem IS
:! mlr?resl ana IS snown m Figure 14

: I

8-W+—
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Fgum 14
Power Speclrum of a Chaollc Svstem

Note !he broad range of freauencles exhlbilod in this
response. This broadening of the spectral response IS
Characlermlic of chao[ic systems. Periodic spikes m Ihe
res~nse are also preaen[.These periodic spikes do not
indicate Ihat chaos IS not present bul ralher imply that
res~nse IS more concenwated at cerlam frequencies, This
power Specirum may be Cnmpered to Ihe response spectrum
Of a nonlinear non.chaotic system shown m Figure 7.

TypiceI Characteristics of Chaos in Systems Driven by
Sinusmdal Excitation.

From the examples shown above some typical charactansfics
of chaos treva emerged. These characteristics include:

1. A sensillvily to changes m initial conditions. This means
Ihar, on Ihe average, a small perturbahon in initial
condmons causes a large cnanqa m ruture behavior. For
linear Syslems a smd:l penurbatmn m mmal conditions does
not eflect long term global behawor, In general, strongly

rwrmnear systems may exhibit a sensltwity 10 ini!lal
Condnions m some regmns of the slate space, The de!iniltve
measure of the ave?ege sensltwity 10 changes m the Initial
conditions IS Ihe Lyapunov ex~nent. This exfmnenf is positive
Ior Chaotic systems.

2, Fraclal slructure of the Poincare map. For a linear system
lhe Poincare map IS a smqla porn!. For nonlinear, nonchaohc
systems me Poinrwe map consists ot a dlscrele set of pants,
For Chaollc systems Ihe Poincare ma~ conslsls of an Intkri!e
set of pomls arranqti m a comsiex structure with both
allowed and fortmkten regmns,

?. Broadenmq of !he gower speclrum ot the response. The
Wrmnse of a Cnaouc svstem 10 a smusoldal drwe snows a
!Moad crower !ipeclrum, F,)r a Imear svstem Ihe power
WJeClrUMOf Ihe Sleady slate res~nse IS a slnqle line at Ihe
drrvwq Irt?auency, In qenerat nonchaollc nonllnear sYslems
5how wsoonsu al rnultlDle Subharmomcs or SUDerhartIIOfllCS
II the urwmq trmjuonry,



Norrhrrear Systems EXCIIeOby Ranmm Forcing Functions.

TtIe demonswahon of chaohc behawor IS clearly exhlbiled by
[he Iwo well potermal system oescnbed by equauon 4,
Sinusoidal excltauon orowdes a convemeru wav of r?xhlbilinq
a fraclal swucmre m the Poincare map and llhJsWaIes lhal a
chaollc sysIem driven by a sme wave can exhibit response
over a broaa band of freauencles. In a pracucal sense.
however. mosl s!rumural vlbraIlon Ieslmg IS mnducled WIIh
ranaom arlving forces or acceieranons. The nalural queshon
,s then: Whal elfecl do random CInvn’rgforces riave Sn the
resmnse Ot normnear syslems”?

Since Ihe sys[em excllallon IS ranoom noise Ihe COnVenllOnal
?oincare map cannel be ulllized tfIou@’I a lhree dimensional
plclure of the evolullon of syslem slates can be devekmerl A
system amen by a gwen bandw~lh, arm a gtven reahzallon 01
Gaussian ranaom nome WIII have a parmcular delarmlnlsllc
response. The sensltwllv of Ibis resoonse 10 perturbations 01
s[ale for~s a namral starmng poml for Invesnganont

Consider a hnear base excned Single deqree ot freedom Syslem
Jrwen DV band M’IIlled ratim nOISe. Using a Runge Kulfa
nte~rallon scneme a syslem wlih a resonant kequencv of
7.1137 Hz. and 4 5% dammng IS drwen by 3 base
lcceleraoon moul with a flat Power srJeclrum from 0.02 Hz.
:a 8 Hz. Aher me mDul nas been aDDlled10r abOUl 50 Seconas
!he svstem s[a[e IS oenurbed bv l% and Ihe PeIWrbed ana
JnDerfU~ed res~nses eXamlnea. A Plot of Ihe perlurbed and
unpermrbecf responses IS shown m Figure 15. Jusl as m Ihe
case of sinusoidal cmve Ihere IS no delectable difference
between Ihe perturbed and unperturbed responses for Ihls
Ilrrear systam.

15I , r I

+durhec! Response .......... Umrrlutied Response ,_
Figure 15

?utDuI convergence From Adlacenl Stales for a
L,rlud Svslem Driven DVBand

Limlled Random Noise,
11% Perlurballonl.

- I .$ Ilnultile iI drasllcallv norrllneal Svslem Ihr! base r?xcllcd
‘ ,VOWIIII Dolontlal svslem descrmwl bv eciuallon 4 IS Gxcllr:d
“!’J n:lnd hmllrxl ranaom noise. a’~d followlncl a s[abdlziillon
:)~rlod, II1O svsfem s!ale IS crerlurDed bv 1“!, and PorlUrtN?d
ind un~onurbed rr?soonses Obserwa as shown m t ‘guru 16
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Figure 16
OUIDUIDivergence From Adiacenl Sfales for a

T#o Well Polermal System Driven try Bana
Llmlled Ranaom Nose.

I1% Permroaoorr).

!1 is clear from Figura 16 that Ihe same dwergence Irom
closely adlacenl slales accurs wllh random excllallon as
occurred m Ihe cnachc syslam ariven by sme excllatlon. A
slmiler divergence of stales occurs m Ihe hardemng Dulling
system of equahan 3 when Ihe syslem IS excited by random
nome as shown m Figure 17.
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?eriurbed Response .. ....... lJnperlu~bed Response _
Fiql, re 17

OUIDUIDivergence From Adjacenl Slates for a
Hardenmq Dutfimq oscillator Driven by Band

Limited Random Noise.
(1% Perlurballon).

Similar dlverqence 01 responses caused by small
perlurballons In Ihe stale space occur Ihen, for slronqly
nonhnear svslems drwen by random noise and by SlnUSOldal

$!xcllahon, In facL Iudgmq fram Ihe few exa’ncdos winch WB
!lave run, syslems anven by random noise secm more
?ens!lwe 10 slate cmrlurbatlons than do Svslems dwen bv
:Inusalds assummq a qwen rms excltauon Iovel m eacn casdl
~/Jhlle tho fmpllcauon 01 the term “chaos” 10 some nonlinear
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svslems cmve+n bv random nom IS DernaDs Dremalure II IS
clear [hal slrongly nonlinear systems cmven oy random
Iolse WIII, on Ihe average, have posmve Lyapunov exponenls
and Iha[ a chaos -line Sensltlvily 10 Inlllal Condllions IS
presenl.

Chaos-LIke Behawor m Syslerns Driven BY Random
=xcilahon.

The aDove examples snow lhat chaos-like senslIivilias 10
Inmal conallions occur m slrongly normnear syslems anven
~y ranaom excitation. mcludinq a nardenmg Duffing SySlem
~rlven by random noise. Consaquenlly prcalctlon Of Ihe
response nme series 01 such Syslems may be Imoracucal as
small errors In sla!e eslimales WIII magmty Inlo dllferen[
Ilme history resoOnses m finite Ilme.

Modelling Nonlinear Syslems from Exoerlmemal Dala.

Given an experlmenlaily observed resDOnse from a sYslem
undargolnq a wbrallon lest lhe incml and resDonse lime
hlstones may be used 10 delerm:ne the degree 01 nonlinearly
presenl and, In some cases. 10 form an experimental system
model, For example. for a system driven bY sinusoidal
excl[a[lon, generation Of subharmonlcs or Supernarmomcs
s a clear mdlcallon 01 nonhnear behavtor. The presence 01
sIronq nonimearlnes In a syslem may well lead 10 cf’!aouc
benavlor. For systems drwen Dy random excuauon one
melhoa 01 delermmmq me degree of nOnllnCarW exnlbiled by
Ine svslem IS [he conswuctmn 01 a “model” of the syslem. lf
delallad basic deslcln InformalIon IS available a tlnite element
rnoael or a “lumDed IIIaSS” model of Ihe svslem may be
cc:lslrucled prior 10 Ieslmg, Proper analysm using these
mac!els WIII predlcl nonlinear or chaollc behawor, In some

cases, however. a madel musl be developed using
experlmen!al dala.

~ne form of experimental model may be Conslrucled by

assummg Ihal a gwen mass IS assaclaled wllh each
accelerometer locauona. The mass associated wnh each
accelerometer Iocallon and the etfective Sllffness between
Iocallons may conceptually ba COmPUted using the ‘Forca

Slate MaDpmg Technique-g’ 1011‘112. This Iechnque has been
applwd 10 numerous Smrle deqree 01 freedom systems and 10
several cases Of three d~ree of freedom sYslems. II mollon al
!he accelerometer locations IS lrulY rePresenlallve of the
,Iegrees of freedom Dresenl m Ihe SlrUClure. and Sul!ici9nl
measurement Iocauons are chosen, Ihe melhod aPPears
mpllcable 10 syslems wlln many deqrees 01 freedom.

A second form of experlmenlallv derived model for nonlinear

systems IS described by Farmer; 3, Casdaqlll 4,

crulcntleldl 5. and Billings i’. In this method an aPProxlmale
~eprasenlatlon 01 the slate space IS constructed from delayed
~alues 01 the svslem r@sPonse. To illustrate Ihls lVPe of ‘odel
,;onclcier Ihe unknown Cyslem ShOWnIn Fiqure 16.

~“’”
Fiqure 18

;nknown Svs:em Uelined by lnPUl ~ulDut
Behawor

Assummg [hat me mDut and resmnse of this system are
sampled at an approprlaie samDlmg rale a delay coommale
moael 01 [he syslem IS iormea as Snawn In equalmn 5.

+- r..:[C)=L (, (K-T1 ,~(t-2T), . . ..y(~T)T) ,

:(t), uiL-T), . ..i(k T)T) } ‘5)

Here [he u’s represem currem and delayed values of the
system Inpul and the y’s current and delayed values of :he
system oulDut. Equahon 5 implies that the current OUIDUI
Y(l) Is a funchon of PaSI outputs and Currenl and past inputs.
If the system IS linear me function f is a hnear combinalian
of the delayed inputs and outpu[s. For nonlinear syslems f
may be any of numerous [ypes of narrlinear funclions.
Application of delay coardina[e (or ARMA) models 10
nonhnear systems IS described in a papar by Hunter; 6. As an
example of Ihe apphcallon of such a model mnslder Ihat we
wish 10 predict future reswnses ot a base excned haraenmg
Dulfing syslem 10 a canal limited random noise excitation.
Application of a nonlinear model of the form described In
Equation 5 yields a predicted respunse 10 Ihe random nome
mDut. This madel reswnse is compared to the actual Syslern
resFonse m Figure 19,

-—

Measured Response Predicted Response -----
Fifire 19

Comparison of Actual and pradicted Responses for

a Base Excmd Hardening Duffinq Syslem Using a
Nonlinear Delay Coordinate Modal.

Nonlinear modellirq may also be accomplisl!ed m the
frequency domain using higher order lranSfer hJnCIIOnSbased
on Volh9rra or Weiner seriesl 716. 1‘. Bawcally Ihese
higher order Iransfer funcllons describe the energy transfer
from pairs or trtplels of frequencies 10 a gwan response
frequency.

Many forms of nonllnear models exist. The madel forms
dascrlbed III this sectlo!l have all shawn some success m
modelling nonlinear systems but il must be admitted that Ihe
conslrucuon ot experimental models for nonlinear vlbralion
:ystems IS m a very early slaqe of development.

Conclusion

The behavior of nonlinear dynamtc systems IS drastically and
quahlalwely dllferent from that of Ilnear systems, This IS
true Ior many of the syslemg typically encountered m
vlbralion tcs Imq, Further, models used for linear systems
oflsrn fail m Dremclmq even the general Iorm of fhe response
for nonllnear systems, Speclftcally:



:. Manv forms Of nonlinearly Iyplcally encormlerea m
,vlbralmn ,ests may lead to cnaouc resoonses These Include
syslems wnere ralllmg, buckling, or r)onhfiear Slllfness are
encoumerad.

2. Nonhnear syslems do nol necessarllv produce cnaollc
‘esoonses bul sucn responses orlen occur wnen Ihe
Ionllnearlly M strong. Driving syslems a! high Inou! levels
‘nay tens 10 emonaslze normnear oehawor ana lead to cnaollc
,esmnses.

3. C!asslcal chaollc responses occur wnen slnusmdal
excnallon IS used. poincare maDs and rower sDeclral denslrv
2101s prowoe means of delecnng Ihls Iype of chaollc
behavior.

.$, Chaos. hke behaviar o~urs m svslems drwen by random
noise. The responses of such syslems are very sensnwe 10
,nmal conrll[lons as are lhe responses of Cnao!lc syslems
mwen ny slnusolaal excllahon.

5. t.ielhods for Ihe experimental modellinq of nonhnear
svsIems exls[. Thess memods mcluae force staIe maDpmg,
!Ielav Coorama[e models, and hhqher order trr?auencv resoonse
‘uncnons, These moaels are all In ItIe early s[aqes of
ceveloomenl.
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