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Abstract

Analytic method U used to analyze the uaeking reiulu for the
AGS-BOOSTER lattice. We found the amplitude dependence of the
nine is very important in undemanding characteristic of the track-
ing result. With the perturbed nine, the effective second order
perturbation theory works very well. The method can be used to
analyze the optimized operational condition for the lattice. For the
Booiter. the analysis suggests that chromaticiry of - 2 to - 5 and a
minimum unperturbed tune split IAv°l >0.01. At the zero chroma-
licity point, the required unperturbed tune split is considerably
larger in order (o obtsin a similar performance.

Introduction

The beam size of the panicles is important to the performance
of the accelerators. For instance, when the beam size is increased,
the effect of the nonlmearities increases. These nonlinearities can
be described by nonlinear resonances in the Hamiltonian. We study
the effect of one of these resonances. A special kind of resonance is
the nonlinear coupling resonance caused by sextupoles due to eddy
current, saturation and the chromatic corrections. Because of these
nonlinear magnet elements, (he beam emitiance is not a constant of
motion. The emittanc- may grow without bound, if the important
resonance is a sum resonance. Likewise the sum of emittances of
horizontal and vertical planes remains constant, if the only impor-
tant resonance is a difference resonance.

The Hamiltonian of the system near to a resonance line can be
expressed as, *

H

where Ix and I y are the action variables or the emittances of the
beam and v x . Py are the conjugate angular variables. The resonance
line is described by mvx+nvy»p. When resonance strength b m i n of
Eq. 1 is zero, the + x . + y are cyclic variables and the actions
becomes constant of motion. The equation of motion of the parti-
cles becomes

- 3H/3I, a vj + o j , + e^L, +
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where the time derivative is the differential with respect to 6, the
rotation angle. From Eqs. 4 and 5. one obtains the condition.

1,-mr, (6)

Note here that the invariant of the Hamiltonian becomes Use linear
combination of action variables. For a sum resonance, where m and
n are positive, the action variables of each plane may become
unbounded while Eq. (6) remain satisfied. For a difference reso-
nance, the emittances of x and y plane are bounded while the
magnitudes oscillate around its mean value. We are interested
mainly in the difference resonance. To lake into account the contri-
bution of tune versus amplitude modulation, Eqs. (1) and (2) would
include the amplitude dependence. It is interesting to note that the
condition.
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' mv^+nVj a constant (7)

can be approximately satisfied. Eqs. (4) and (5) can be solved as.

(8)

(9)

Note here that the actions or the emittances of the system would
oscillate around the average values. The amplitude of the oscilla-
tion is proportional to bm J I / (mvx+nvy-p) . The smear defined by.

C)
(10)

is a measure of the amplitude of oscillations(i.e. the deviation of
the emittance from the constant of motion). Here i/3 in Eq. 10 is
used to define the rms. value for a Gaussian distribution. When the
smear is large, the panicle is strongly influenced by ire resonance.
It is noted that the smear can be large when the width of the
resonance bmjl is large or when the particle is very near to the
resonance line, i.e. mv x +nv y -p a 0. It is important to note that the
tunes of the machine
machine.

v - and v y depend on the emittance of

(1) The Coupling Resonance of the ACS Booster Due To Eddy Current

ACS Booster is a rapid cycling machine (10 Hz) when operat-
ing with protons. The fast acceleration rate creates a sizable eddy
current sexrupole contribution to the accelerator.4 In this section,
we shall apply the theory in Section 1 to the coupling resonance in
the booster. The important coupling resonance is 2 v x - 2 v y » 0
systematic resonance excited by the sextupoies. The tracking study
of Dell and Parzen9 shows that there exist a window in the chroma-
u'city space where the coupling is fairly small. When the machine is
corrected to • zero cbromaucity, the coupling becomes Urge. This
effect is important in choosing the operating point of the ™«<-hin»
In this section, we shall use this analytic theory :o study this effect.

The upper pan of Fig. 1 shows the amplitudes a ^ , a ™ and
Oyy of the booster lattice as a function of the chromaucity of the
m«rhin> The lower pan shows the nonlinear tune difference de-
fined as.

(11)

as a function of the chromaticity where e , and Cy are the vertical
and horizontal emiltance respectively. Let us define the enhance-
ment factor due to the tune difference for the 2 ( v x - v y ) » 0
resonance as.

1

Note here that the amplitude dependence of Eqs. (2) and (3
been included in Eq. (11). Figure 2 shows the enhancement factor
for the unperturbed tune Av° - v*-v° - 0.01. We observe that the
enhancement of the coupling resonance peaks at the chromaucity 5
due mainly to cancellation between the unperturbed tune and the ,
amplitude dependence tune shifts. Indeed the tracking result of y l
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Panes shows a peak in the mear at tte chroaaocity 3. Figure 2
alto shows tte tiaular tracking retail by using ite TEAPOT
program.* Tte peak of tte smear M tte chrosubciiy 5 it clearly
wea for tte vertical cmituncc Usieg Eq. (10), « t can deduce tte
effective coupling resonance itrenftb b^^ from ite tracking result.
Figure 3 compares ite results of an analytic calcalation obtained
from the second order perturbation theory with thai obtained from
ite tracking analysis. The agreesnent is good.

This procedure of integrating tbe amplitude dependent tune
into ite perturbation expansion it to some seme similar to the
superconvergeni perturbation expansion.1 At or near a resonance,
ibe effective Haroillonian of Eq. (1) can be used to describe the
motion of the panicles. It is natural to use the perturbed tune in the
calculation. When the residue of the coupling is small, the tune split
required to control the coupling resonance is small. When the
coupling strength is large, the tune split needed becomes large.

We have found dial the perturbation expansion of the nonlin-
ear theory should take the tune vs amplitude modulation into
account in the second order calculation to explain the bebavior of
the peak in the smear function at the chromaticiry 5 for the initial
emittances SO it mm-mrad for both planes. There exists a window in
the chromaticity degree of freedom where the smear is relatively
small. This is due to the cancellation of sextupote contributions to
the coupling resonances. To maintain a small effect to the coupling
resonances, i.e. smear of 13% or less, the tune should stay away
from the resonance line by 2i/J | b^.j | for all particle* in the
bunch.

Resonance Locking

When the particle is approaching a resonance, be tunes of the
panicle satisfies mvx+nvy-p s 0. In fact, the emittances of the
panicles would be modulated to change the tones ot the machine so
that the resonance can be avoided. In reality, the resonance may be
locked on for long time before Ite tune vs amplitude modulation
con be used for avoiding the resonance. This can be understood
from Eqs. (8) and (9), when mvx+nvy-p s 0 is satisfied, the
emittance would not change for a long period of time. Figure 4
shows a particle tracking example of the resonance locking mecha-
nism. We sei up a condition that when a given panicle reached the
emittances of e y « 100 icmnvmrad and t , * 0 , this panicle is near
to the coupling resonance line. Those particles approaching the
resonance line will take a long time to gel out of the resonance
condition [see Eqs. (8) and (9)j. Tte important resonance in this
example is the coupling resonance, thus tte emittance are bounded
oscillations. When a sum resonance is encountered, tte panicle can
lock on the resonance and grow without bound.

Let us assume that Eqs. (2) and (3) can be truncated at the
linear order and the coupling strength b M is independent of I, and
L,. We obtain, from Eqs. (2)(4)

At) - i (13)

?mnnt>

where <t>

-- i 2 + (m2au + frnnn +

. This equation can be integrated to

» constant
(12)

Since & » Av » mv1-Krvy-p would oscillate according to Eq. (12)
around tte stable or unstable fixed points of tte separatrix, the
panicle, once near to the resonance, cannot escape the resonance
condition. Tte action variables, L. and L can be solved analytically
bom Eqs. (6) and (12).

Panicle Distribution in the Nonlinear Field

Tte amplitude of a particle in tte beam of an accelerator is
usually described in terms of tte emiliance. For • linear machine,
tte emiitance is a constant of motion. Tte dutribmion. Gaussian in
the coordinate space can be described by.

where c, is ite emittance of ite beam.
la ite presence of the nonlinear field, tte bunch distribution

function is also a function of lime. If tte panicle satisfies tte
Hamiltonian motion, then ite distribution function satisfies tte
Vlasov equation. _

where t and • are conjugate variables of the Hamiltonian system. In
ite case of a single resonance shown in Eq. (1), ite solution of tte
Vlasov equation becomes.

At. •. (15)

provided that the tune is not modulated by the emittance growth.
The smear of the particle bunch can be obtained from the time or
phase average of the disturbed distribution functions.

Conclusion

We have used the analytic theory to understand the tracking
result. The exisiance of the operational window in the chromaticity
degree of freedom is useful in controlling tte coupling resonance.
Based on the analytic study, one can minimize the effect of reso-
nance by property choosing the tunes of tbe machine. We have
found that the effective second order perturbation method agrees
very well with the tracking calculation. Tte derived phenomenolog-
ical residue from the tracking calculation agrees well with the
analytic second order resonance strength.

For the ACS Booster, the best operational chromaticity, from
tte beam dynamic point of view, is around - 2 to -S. where tte tune
spread of the panicles in the bunch is small due to tte mutual
cancellation of sexrupoles. Similar cancellation leads to smaller
resonance width.
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Fig. 1 The coefficients of tune vs. amplitude is shown as a
function of chromaticity in the upper pan of the graph.
AvNL o f Eo.- 1 • i j shown for t , • fiy • 50 itmmmrad as
a function of the chromaticiry. Note here that if
Av°«-.O1. exist two resonances at chromaticities of
-10 and +15 respectively. If the unperturbed tune is
Av°»0.01, the resonance will be most important at the
chromaticiiy of 5.

Fig. 3 The reduced coupling lesonance strength b{2,-2) is
compared with the analytic calculation of Ref. 2.
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Fig. 2 The enhancement factor f is shown for Av*-vJ-v*^).0I.
The tracking result of the smear factor defined in Eq.
10 is also shown as a function of chromaticity. The
smear peaks at chromaticity equal to 5.

Fig. 4 The eminances of the particle is shown as a function of
the tracking turns. At the specific chosen condition, i.
e. e_ • 100 itmm-mrad and «, • 0, the particle would
experience the encounter toe coupling resonance
2vx-2vy » o. The particle womld be locked on the
resonance and stay in that condition for a long time.
Note that i (e,+,6) must be an invariant of toe motion
for the particle in the nonlinear field. Using Eqs.(l-S).
we can find the invariant for a particle near a single
resonance and study the corresponding distribution
function.


