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Abstract

Analytic method is used to analyze the tracking results for the
AGS-BOOSTER lattice. We found the amplitude dependence of the
tune is very important in undersuanding characteristic of the track-
ing result. With the perturbed tune, the effective second order
perturbation theory works very well, The method can be used to
analyze the optimized operational condition for the lattice. For the
Booster, the analysis suggests that chrommcuy of =2 t0 =5 and a
minimum unperturbed tune split lAv 1 >0.01. At the zero chroma-
ticity point, the required unperturbed tune split is considerably
larger in order to obtzin a similar performance.

Introduction

The beam size of the particles is important to the performance
of the accelerators. For instance, when the beam size is incressed,
the effect of the nonlinearities inc! These noalinearities can
be described by nonlinear resonances in the Hamiltonian. We study
the effect of one of these resonances. A special kind of resonance is
the nonlinear coupling resonance caused by sextupoles due to eddy
current, saturation and the chromatic corrections. Because of these
nonlinear magnet elements, the beam emitiance is not a constant of
motion. The emittanc:: may grow without bound, if the important
resonance is a sum resonance. Likewise the sum of emittinces of
horizontal and vertical planes remains constant, if the only impor-
tant resonance is a difference resonance.

The Hamiltonian of the system near to a resonance line can be
expressed as,

H = H(LL) + by,(L.Ly) cos{me,+0s,~pS+v)

where I, and I, are the action variables or the emittances of the
beam and ¢,, #y are the conjugate angular variables. The resonance
lige is described by mv, +nv,=p. When resonance streagth b, , of
Eq. 1 is zero, the 4., &, are cyclic variables and the actions
becomes constant of motion. The equation of motion of the parti-
cles becomes

m

vl-;,-aﬂlagivzd'oulli-a,,l,*--— @
V,-;,-Bl-llal,.av;+a,,l‘+u”l,+.- )
I = 3HAe, = m b,, si(me,+ne,-po+y) @

I = —3H/de, = 0 b, sin(me,+0e,-po+y) )

where the time derivative is the differential with respect 1o 9, the
rotation angle. From Eqs. 4 and 5, oae obtains the condition,

o L, - m [ = constant ()]
Note here that the invariant of the Hamiltonian becomes the linear
combination of action variables. For a sum resonance, where m and
n are positive, the action variables of each plane may become
unbounded while Eq. (6) remain satisfied. For a difference reso-
pance, the emittances of x and y plane are bounded while the
magnitudes oicillate around its mean value. We are interested
mainly in the difference resonance. To take into account the contri-
bution of tuae versus amplirude modulation, Eqs. (1) and (2) would
include the amplitude dependence. It is interesting to note that the
condition,
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me,+08,)/00 = mv,+av, 3 consunt )]

can be approximately satisfied, Eqs. (4) and (5) can be solved as,

m b,

L= B+ ey, BTy ®
0 by,

L=0+ _mv prp COK{m4, +08, —pr+Y) 9

Note here that the actions or the emiistances of the s§stem would
oscillate around the average values. The amplitude of the oscilla-
tion is proportional {0 bn, _n/(mvx-o-nvy-p). The smear defined by,

JERoE) 1| mba,
' 43(1:“"':") V3 ¢ | mv,+av,p

is a measure of the amplitude of oscillations(i.e. the deviation of
the emittance from the constant of motion). Here ﬁ in Eq. 10 is
used to define the rms. value for a Gaussian distribution. When the
smear is large, the particle is strongly influenced by the resonance.
It is noted that the smear can be large when the width of the
resopance by, n is large or when the particle is very near to the
refonance line, i.e. mv,+nv yP 3 0. It is important to note that the
runes of the machme A\ and vy depend on the emiitance of
machine.

The Coupling Resonance of the AGS Booster Due To Eddy Current

mb
=2 10

AGS Booster is 8 rapid cycling machine (10 Hz) when operat-
ing with protons. The fast acceleration rate creates a gizabie eddy
current sextupole contribution to the accelerator. In this section,
we shail apply the theory in Section 1 to the coupling resonance in
the booster. The important coupling resosance is 2v,-2v, = 0
systematic resonance excited by the sextupoles. The tracking study
of Dell and Parzen” shows that there exist & window in the chroma-
ticity space where the coupling is fairly small. When the machinpe is
corrected to a zero chromaticity, the coupling becomes large. This
effect is important in choosing the operating point of the machine.
In this section, we shall use this analytic theory :0 study this effect.

The upper part of Fig. 1 shows the amplitudes . . and
yy of the booster latrice as a function of the chromaticity of the
machine. The lower part shows the ponlinear tune difference de-
fined a3, Avyy

Avyq = @840, E -0 £ -a 0 (11)
as a function of the chromaticity where €, and ¢, are the vertical
and horizontal emittance respectively. Let us define the enhance-

ment factor due to the mne difference for the 2("1"’1) =0

Note here that the amplitude dependence of Eqs. (2) and

been included in Eq. (11). Figure 2 shows the en.hnncemem factor
for the unperturbed tune Av® = vi-vy = 0.01. We observe that the
enhancement of the coupling resonance peaks at the chromaticity §
due mainly to canceilation between the unperturbed tune and the
amplitude dependence tune shifts. Indeed the racking resuit of
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Parzen shows a peak in the smear at the chromaticity 3. Figure 2
dnﬁo:‘tm-s'mmrmmgmdlbynﬁgmm
program. The peak of ths smear st the chromaticity 5 is clearly
seen for the vertical emittance. Using Eq. (10), we can deduce the
effective coupling resosance suength b, _, from the racking result.
Fi;chc:puumemuluolnlnlylicnkumionobmud
from the second order perturbation theory™ with that obtained from
the tracking analysis. The agreement is good.

This procedure of integrating the amplitude dependent tuue
into the perturbetion expansion is 10 some semsec similar to the
supercoavergent perturbation expansioa.” At Or Bear & resonance,
the effective Hamilionian of Eq. (1) can be used to describe the
motion of the panticles. It is natural to use the perturbed rune in the
calculstion. When the residue of the coupling is smail, the tune split
required to control the coupling resonance is small. When the
coupling strength is large, the tune split needed becomes large.

We have found that the perturbation expansioa of the nonlin-
ear theory should take the tune vs amplitude modulation into
account in the second order caiculation to explaia the behavior of
the peak in the smear function at the chromaticity 5 for the initial
emittances 50 x* mm-mrad for both planes. There exists a window in
the chromaticity degree of freedom where the smear is relatively
small. This is due to the cancellation of sextupole contributions to
the coupling resonances. To maintain a smail effect to the coupling
resonances, i.e. smear of 15% or less, the tune should stay away
from the resonance line by 2‘5 lbl-ll for all pasticles in the
bunch.

Resonance Locking

When the particle is approaching a resonance, ‘he tunes of the
paniicle satisfies mv,+nv_~p = 0. Ia fact, the emittances of the
particles would be modulated to change the tunes of the machine so
that the resonance can be avoided. In reality, the resonance may be
locked on for long time before the tune vs amplitude modulation
can be used for avoiding the resonaance. This cam be understood
from Egs. (8) and (9), when mvx+nvy-p = 0 is satisfied, the
emittance would not change for a long period of time. Figure 4
shows a particle tracking example of the resonance locking mecha-
nism. We set up a condition that when a given particle reached the
emittances of €, = 100 xmm-mrad and e, = 0, this particle is near
to the coupling resonance line. Those particles approaching the
resonsace line will take a long time to get out of the resonance
condition [see Eqs. (8) and (9}]. The important resonance in this
example i3 the coupling resonance, thus the emittance are bounded
oscillations. When a sum resonance is encountered, the particle can
lock on the resopance and grow without bound.

Let us assume that Egs. (2) and (3) can be runcated at the
linear order and the coupling strength b, , is independent of L, and
I, . We obtain, from Egs. (2)-(4),

$ = (m’a,, + 2moa,, + e lb, 00
where o-mgm,-pow . This equation can be integrated to

%&2 + (m’a, + 2mna,, + ola Jb.cosd = constant az

Sinced m Av = mv,+av,—p would oscillate according to Eq. (12)
around the stable or unstable fixed points of the separatrix, the
particle, once petr to the resonance, cannot escape the resonance
condition. The action variables, [, and L, can be solved analytically
from Eqs. (6) and (12).

Particle Distribution in the Nonlinear Field

The amplitude of a particle in the beam of an accelerator is
usually described in terms of the emittance. For a linear machine,
the emittance is a constant of motion. The distribstion, Gaussian in
the coordinate space can be described by,

Ae) = 'l. ap(-e,) . (13)

where g, is the emittance of the beam.

In the presence of the goalinear fleld, the bunch distribution
fanction is also a2 function of time. If the particle salisfies the
Hamiltonian motion, then the distribution functicn satisfies the
Vlasov equation, _

9 ¢ & 3

—=f+O—f+d —f=0. (14)

AR ALY -4 .
where ¢ and ¢ are gonjugate variables of the Hamiltonian system. In
the case of a single resonance shown in Eq. (1), the solution of the
Vliasov equation beconmes,

fle. 4. v) = £,(Ele0.0)) . s

provided that the tune is not modulated by the emittance growth.
The smear of the particle bunch can be obtained from the time or
phase average of the disturbed distribution functions.

We have used the anzlytic theory to understand the tracking
result. The existance of the operational window in the chromaticity
degree of freedom is useful in controlling the coupling resonance.
Based on the analytic srudy, one can minimize the effect of reso-
nance by properly choosing the tunes of the machine. We have
found that the effective second order perturbation method agrees
very well with the tracking calculation. The derived phenomenolog-
ical residue from the tracking calculation agrees well with the
analytic second order resonance strength.

For the AGS Booster, the best operational chromaticity, from
the beam dynamic point of view, is around -2 to ~5, where the tune
spread of the particles in the bunch is small due (o the mutual
cancellation of sextupoles. Similar cancellation lesds to smaller
resonance width.
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Fig. 1 The coefficients of tune vs. amplirude is shown as a

function of chromaticity in the upper part of the graph.
Avyy of Eq. 11 is shown for &; = €, = 50 srummrad as
a function of ibe chromaticity. Note here that if
Av®==.01, exist two resonances a1 chromaticities of
<10 and +15 respectively. If the unperturbed tune is
Av®=0.01, the resonance will be most important at the
chromaticity of 5.
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Fig. 2 The enhancement factor f is shown for Av®=v}=v3=0.01.

The racking result of the smear factor defined in Eq.
10 is also shown as a function of chromaticity. The
smear peaks at chromaticity equal to 5.
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Fig. 3 The reduced coupling iesonance swength b(2,-2) is
compared with the analytic calculation of Ref. 2.
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Fig. 4 The emittances of the particle is shown as a function of

the tracking turns. At the specific chosen condition, i.
e. ¢, = 100 xmm-mrad and g, = O, the particie would
experience the encouater the coupling resonance
2v,‘-2vy = 0. The particle would be locked on the
resomance and stay in that coedition for & loag time.
Note that 2 (¢,4,0) must be an invariant of the motion
for the particle in the nonlinear field. Using Eqs.(1-5),
we can find the invariant for a particle near a single
resopance and study the corresponding distribution
functioa.



