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POLYFAIL: A PROGRAM FOR IDENTIFICATION OF
MULTIPLE FUEL FAILURES WITH GAS TAGGING

by

Kenny C. Gross

ABSTRACT

This report describes the development of the computer
code POLYFAIL for  identification of  fuel  failures  in  fast
reactors or light-water reactors that' use gas tagging.

POLYFAIL implements a sophisticated numerical algorithm known
as the method of barycentric coordinates. The code can treat
problems involving up to four simultaneous tag releases in a
tagging system characterized by three independent tag ratios.
The sensitivity of the multiple-failure-resolution technique
has  been  optimized  by  incorporation of a newly  developed
ratio weighting scheme. Several example problems  are pro-
vided  to demonstrate  operation of the code under, single-

leaker and various postulated multiple-leaker situations.

I.  INTRODUCTION                            t·

One of the early difficulties encountered with the gas-tagging tech-
niquel-4 for identifying failed fuel assemblies* (assemblies containing one or
more defective elements) involved the resolution of multiple, simultaneous
failures. The term "simultaneous," as used here, refers to any failure that
occurs while more than a negligible quantity of. tag gas remains in the coolant
system from one or more previous leakers.

Section II of this report recalls the problems associated with multiple
tag releases by means of a small example and at the same time introduces the
basic concepts of early vector techniques developed to treat these problems.

Limitations in the vector-analysis approach are described which severely re-
strict its usefulness in treating simultaneous-release problems.

In Sec. III a new solution procedure that makes use of some powerful and
efficient techniques from finite-element mathematics is presented and shown to
overcome the limitations of the early approaches.  The new solution procedure

*The term "assembly'l instead of "subassembly" will be used throughout this report to refer to a bundle of
fuel  elements.
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is known as the method of barycentric coordinates.5  Specifically, the POLYFAIL -
code implements a three-dimensional realization of the barycentric-coordinates
method, also known as the tetrahedral simplex technique.  The code can treat           -
problems involving up to four simultaneous tag releases in a tagging system
characterized by three independent tag ratios.

Included in a final section of this report is a discussion of several
example problems in which the general utility of the POLYFAIL code will become

apparent.

II. PROBLEMS ASSOCIATED WITH MULTIPLE TAG RELEASE S

In this section we review briefly the problems involved in attempting to
identify the source of a new tag-gas release in the presence of one or more
background tags. These background tags are understood to include the natural
background "tag," consisting of naturally occurring tag isotopes that are· pres-
ent as contaminants in the reactor cover gas; the tramp "tag," consisting of
tag isotopes produced by the fissioning of tramp uranium; and assembly tags
released from previous leakers and not yet purged from the system.

A.   Representation of Assembly Tag Nodes in Ratio Space

Suppose that a tag release has occurred and the composition of the re-
leased tag isotopes has been determined by mass spectrometry.  What is now
needed is a systematic procedure for making a quantitative comparison of the
composition of the measured tag with the compositions of all assembly tags in
the reactor to produce an objective ranking 6f the relative likelihood of the
various possible modes of failure.  The possible modes of failure that would be

considered in the analysis would include single-leaker failures, wherein all
the measured tag came from one defective assembly, and multiple-leaker fail-
ures, wherein various possible combinations of two or more assemblies might
have released all or part of their tags simultaneously.

To make this problem analytically tractable, we begin by plotting the
isotopic ratios of each tag in a Cartesian-coordinate system.  The dimension-
ality of this Cartesian space is determined by the number of distinct ratios
that can be formed from the constituent noble-gas isotopes. For example, a
system of xenon tags created by blending together varying amounts of the three
isotopes 124Xe, 126Xe, and 129Xe could be located conveniently in a two-

dimensional Cartesian plane by plotting Rl = 126Xe/124Xe against R2 = 129Xe/
124Xe.  Each distinct assembly tag would map into a point, or node, in the

ratio plane, thereby permitting us to exploit well-known principles from analy-
tic geometry (or equivalently from linear algebra) to determine the most likely
suspect(s) in the:event of a.tag release.



-

9

-        In Sec. II.B below, we introduce some intuitive ideas associated with the
motion in ratio space of the node that represents a mixture of gases escaping
from two or more elements simultaneously. In Sec. II.C, we put our intuitive
ideas ona firm mathematical foundation and develop the ratio kinetics equa-
tions that will permit us to examine quantitatively the dynamic behavior of
mixed-node trajectories in N-dimensional ratio space.

B.  Geometry of Multiple Tag Releases

We introduce here some geometric concepts needed to describe the position
of the measured tag node relative to the configuration of one or more leaker

nodes giving rise to that measured node.  These concepts play a crucial role in
the development of the ratio kinetics equations in a subsequent section.

R2. Illustrations will be helpful in
visualizing the descriptions that follow.

06 Thus, Fig. 1 illustrates an example system
I 0

of six tag nodes whose characteristic tag
05 ratios are plotted on a two-dimensional Rl-0

2                               R2 ratio plane. Suppose that a tag release
from one assembly has occurred and the
location of the measured tag node as deter-

Mi-X mined by mass-spectrometer analysis falls
°4          at point Ml in the figure.' 0

3

Ideally, the position of node Ml
should coincide with the tag node associ-

0                         R,"   ated with the leaking assembly.  In a prac-
tical gas-tagging system, however, a number
of effects may create small displacementsFig. 1. Example System of Six Tag Nodes

in Rl-R  Coordinate Plane in the positions of both'the measured node
and the assembly nodes. These effects

include the unavoidable experimental uncertainties associated with resolution of

the mass-spectrometer detection equipment used to 4uantitate the isotopic
ratios, uncertainties associated with the blending of the gases when the tags
are first created, and, depending on the gases used, uncertainties in the noble-
gas isotopic ratios that arise from neutronics effects.6-8

If we are to specify a general procedure for identifying a single leaker,
we must allow for the various node displacements just described. In a Cartesian
ratio plane this can be accomplished conveniently by treating each assembly tag
as a suspect and computing the vector distance from the measured node to all the

suspect nodes.  The suspect assemblies could then be ranked quantitatively in
order of their increasing displacements from the measured node.  For the elemen-
tary example shown  in  Fig.   1, this procedure would  lead  us  to  conc lude  that
assembly 4 is the one most likely to be the source of measured tag Ml.
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If a second tag release were to occur while gas from the first release

remained in the system, the position of the mixed-tag node (defined as the node
representing the mixture of gases from the two leakers) would lie on a line
connecting the two tag nodes in the ratio plane.  If the tag system comprises

tag ratios Rl and R2 with the same isotope in the denominator of each ratio,
then the mixed-tag node will always fall on a straight line connecting the two
assembly nodes.  If, on the other hand, the tag system comprises ratios charac-

terized by more than one denominator isotope (e.g., Rl = 126Xe/124Xe, R2 =
82Kr/80Kr), certain precautions must be taken, as outlined by McCormick in

Ref. 2, to ensure that the position of the mixed-tag node falls on a straight
line.  It will be assumed throughout the present work that these precautions
have been taken.  (Otherwise, identification of double, triple, and higher-
order failures would not be analytically tractable.)

R2
  With these considerations in mind,

let us assume that a second assembly in
10 06 our example develops a leak and releases a

portion of its tag while gas from assem-
05 bly 4 (the first leaker) remains in the2 0           M2-X

system.  Position M2 in Fig. 2 depicts a
possible location of the mixed-tag node

for this case.·

Mil..--X
04o                            To identify the second leaker, we

3

could take advantage once again of the
geometry of the ratio plane and form N-1
vectors from node 4 (the first leaker) to.0                          4 each remaining suspect node, where N is
the total number of tags in the system.

Fig. 2. Example System of Six Tag A vector is then drawn from node 4 to
Nodes, Showing Location of node M2' and elementary vector manipula-
Second Measured Sample M2 tions are used to compute the perpendicular

distance, Hi, from node M2 to each suspect
vector (see Fig. 3).  The suspect producing the smallest value of Hi is the one

considered most likely to contain the second leaker. For the system of nodes
in Fig. 2, this procedure would indicate that assembly 1 contains the second
leaker.

Si

 *- SUSPECT TAG NODE i

Fig. 3
M 2 4-Hi_ --    --

VU XVSDefinition of Distance Parameter Hi for Deter- Hi = -2-o-
mination of Most Likely Second Leaker                                    vs.                   Vst

 12

4\
-FIRST LEAKER (11,1
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The procedure for identifying a third tag in the presence of two previ-
ously released tags has as its basis the experimentally verifiable principle
that a node representing a mixture of three tags is confined to a triangle

whose sides connect the three tag nodes.  Thus, if a third gas sample, M3' were
analyzed and found not to fall on the line connecting nodes 4 and 1, the analy-
sis would be extended to search for a third leaker. In this case, N-2 trian-
gles would be formed using line segment 4-1 as the base and the remaining
suspects (i.e., nodes 2, 3, 5, and 6 in our example) as vertices (see Fig. 4).
Vector techniques would again be used to determine which of the four suspect

triangles contains M3.  The triangles containing point M3 would be considered
feasible modes of failure, and parameters would be computed to determine the

relative amounts of gas escaped from each leaker. Suspect triangles not con-
taining M3 would be eliminated from further consideration.

R 2
a The situation depicted in Fig. 4

illustrates one of the limitations of a

   c---16 two-dimensional tag system: More than

\-- - 1
one triangle may contain the measured

2  0                      M 2-X. X-,A--7 5 node (i.e., triangles 146 and 145 both

\\1 contain M3).  Under these circumstances\ \ 1

and without additional information, there

\ \1 would be nothing more our tag analyses

M 1-24l 4
could tell us. Thus, for our example, we

o                       would know that assemblies 2 and 3 are
3

not leaking, that assemblies 4 and 1
contain the first two leakers, and that
there is a third defect which is equallyr0                           14    likely to have occurred in assembly 5 or
6.

Fig. 4.  Positions of Measured Tag Nodes after
Occurrence of a Third Tag Release Early efforts to alleviate this

problem of degenerate identification led
to three-ratio designs in which the system of tags was plotted in a three-
dimensional Cartesian space. In a three-dimensional system, the same vector
techniques described above are used to identify a new leaker in €he presence of

two, one, or no previously identified leakers.  The degenerate-identification
problem is still a possibility, but the likelihood of this situation arising is
diminished because, for a given system of tags, the number of nodes that happen
to be coplanar with the first two leakers and the point M3 is reduced consider-
ably.  Locating the system of tags on curved surfaces2,9 can further reduce the
likelihood of this problem.

In three dimensions, one can, in principle, extend the identification
techniques to locate a fourth leaker, once the previous three have been identi-
fied.  In this case, use is made of the fact that the node representing a mix-
ture of four tags is confined to a tetrahedron whose vertices are the four tag
nodes.
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C.  Calculation of Mixed-node Trajectories

Up to this point the discussion has been strictly qualitative.. Now that
we have gained a physical understanding of the somewhat a6stract concepts asso-

ciated with the "motion" in ratio space of the node representing a mixture of
tag gases, we will derive the equations required to compute the actual trajec-

tories for that node.

Consider a three-ratio, two-gas, synergistic tag design such as that· de-
vised for the Fast Flux Test Facility.10  We will label· the two gases A and B

and let the three coordinate ratios be identified with five isotopes:  x, y, z,

a, and b.  Assume that x, y, and z are isotopes of gas A, and a and b are iso-
topes of gas B.  Suppose that a three-dimensional ratio space is defined in

such a way that the three coordinate axes represent the respective ratios x to
y, z to y, and a to b. These assumptions are necessary to render the theory as
simple as possible while retaining considerable generality.  Now, if Rl, R2,
and R3 represent the three coordinates of a particular tag node, then at any
time t for any leaking element from the assembly corresponding to that node,
the following equations must hold:

x(t)/y(t) = Rl, .  (1)

z(t)/y(t) = R2, (2)

and

a(t)/b(t) = R3. (3)

Furthermore, if we let A(t) represent the total quantity of gas A remaining in

the coolant system at time t, then we must have

x(t) + y(t) + z(t) = A(t). (4)

A final constraint is imposed by the requirement that the volumes of the
two gases used as the denominators in the three tag ratios be the same, i.e.,

that.

Y = b, (5)

when the tags are charged to the fuel elements. This constraint is necessary
to ensure that the tag ratios will lie along a straight line connecting the two
tag nodes when two assemblies fail simultaneously.  The constraint is satisfied

in practice by varying the filling pressures of gases A and B when the two
gases are initially blended.2

)
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Equations 1-5 can be rearranged and expressed more concisely with matrix
notation in the fonn

1          -Rl          0          0
0 

X(t)        0

0  -R210
0  y(t)        0

0 0 0 1 -R3 z(t)        0                               (6)

1    1    1   0    0  
a(t) A(t)

0100-1/ b(t)        0

For demonstration purposes we will postulate that A(t) is governed by an
Arrhenius equation characterized by two rate coefficients Ae and A both ofr,

which have dimensions of inverse time. 11  The first of these coefficients, A e'
is the escape-rate coefficient for the tag gas from the fuel element to the

coolant system.  The second coefficient, Ar, is the removal·coefficient for
noble gases of the species used to create the tags. In a pressurized water
reactor, Ar is determined by the operating characteristics of the on-line gas
stripper.12  In a fast reactor, Ar is determined by the removal efficiency and
turnover time for the cover-gas cleanup system.

In accordance with the foregoing assumptions, A(t) is computed from

X

A(t) =A  .A Ao[ exp(-Aet) - exp(-Art)]. (7)
r e

For N simultaneously leaking elements, Eq. 6 is solved N times.  The total
volume of each individual isotope is then obtained by.summation.  Once those
volumes are known, the coordinates of the node representing the mixture of tag

gas coming from the N elements can be computed with the equations

N'

I   xj (t  -  Tj)
a(t) = j 1 .                                                              (8)

I   yj (t  -  Tj)
j=1

N

I      z j (t   -   T j )
j=1

8(t)    N                                                                (9)

I   yj    -  Tj)
j=1
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and

N

jEl  aj (t  -  Tj)
7(t) =  N             '                                               (10)

I   b j (t  -  Tj)
j=1

where Tj is the time of occurrence of the defect in element j relative to the
time of occurrence  of the first defect.

The locus of points traced out by the three components functions a(t),

B(t),   and y(t) completely determines the trajectory  of the mixed-t ag  node.

D.   Numerical Examples

A knowledge of the dynamics of tag-mixing phenomena is basic to an under-
standing of the techniques developed in later sections for deducing from a
sequence of measured tags the identities of the leakers. Therefore, we present
here two numerical examples that amplify and illuminate the central ideas set

forth, in Sec. C above.

TABLE I. Coordinates of Mixed-tag Node for The first example represents a double
Simulated Two-leaker Example failure in ·which the coordinates of the

Computed Ratio
nodes representing the two leaking assem-

Time after
Coordinates blies are (1, 1, 1) and (2, 2, 2).  TheFirst Defect,

min       Rl    R2 R3 escape-rate coefficients for the two defec-
5 1.00 1.00 1.00

tive elements are specified arbitrarily to
10 1.00 1.00 1.00 be 9.66 x 10-4 8-1 and 3.0 x 10-4 s-1. Th e

15 1.05 1.05 1.05 onset of the defect in the second element
20 1.14 1.14 1.14
25 1.19 1.19, 1.19 is assumed to occur 13 min after the onset
30 1.24 1.24 1.24 of the first defect. Table I lists the re-
35 1.28 1.28 1.28
40 1.33 1.33 1.33 sults of applications of Eqs. 6 and 7.  Exam-
45 1.36 1.36 1.36 ination of the results reveals that the
50 1.40 1.40 1.40 mixed-node trajectory does indeed follow a
55 1.44 1.44 1.44

60 1.46 1.46 1.46
straight line from the tag node for leaker 1

65 1.52 1.52 1.52 to the tag node for leaker 2.
70 1.56 1.56 1.56
75 1.60 1.60 1.60
80 1.63 1.63 1.63 The second Example deals with a two-
85 1.67 1.67 1.67 dimensional case of triple failure. The tag
90 1.70 1.70 1.70

95 1.74 1.74 1.74
nodes corresponding to the three leaking

100 1.76 1.76 1.76 assemblies have been chosen for sake of con-
venience to lie in the R3 = 0 plane. In the
order of occurrence of their respective

assembly failures, the coordinates of the three tag nodes are (1.0, 1.0, 0),           -

(3.0, 1.0, 0), and (2.0, 2.0, 0). The escape-rate coefficient for the leak in
assembly 1 is arbitrarily specified to be 5.0 x 10-3 s-1.  Assembly 2 is
assumed to develop a leak 8.0 min after the onset of the occurrence of the



15

defect in assembly 1.  The escape-rate coefficient for this leak is specified
to be 8.33 x 10-4 s-1.  Finally, assembly 3 is assumed to develop a leak
25.0 min after the onset of the first defect, and the escape-rate coefficient
for this leak is specified to be 3.25 x 10-4 s-1.

Table II lists the computed results for this case. Figure 5 shows a plot
of the computed trajectory.  As one would expect, the mixed-node trajectory
begins at the tag node corresponding to leaker 1 and moves initially toward
leaker 2.  Then, after leaker 3 begins releasing its gas (at t = 25 min), the
,trajectory leaves the line connecting 1 and 2 and moves out into the triangle
toward leaker 3.  As the gas in leaker 1 is gradually removed from the system,
the trajectory is observed to merge with the line connecting nodes 2 and 3.
Finally, as the gas from the second leaker is removed from the system, the
trajectory approaches its terminal point at node 3.

TABLE II.  Coordinates of Mixed-tag
Node for Simulated Three- R 2 i

leaker Example

3
Computed Ratio

2.00
Time after

First Defect, Coordinates

min            Rl         R2
1.75

10 1.159 1.000
20 1.668 1.000
30 1.954 1.107 1.50

40 2.143 1.262
50 2.215 1.375
60 2.242 1.473 1.25

70 2.242 1.557
80 2.227 1.630
90 2.204 1.696             1                                 21.00                  0

100 2.177 1.753
110 2.150 1.802
120 2.123 1.843

0.75  '   |   1        I       i       i130 2.100 1.877
1.0        1.5 2.0 2.5 3.0     R 1140 2.080 1.905

150 2.063 1.927
160 2.049 1.944
170 2.038 1.957 Fig.  5.    Trajectory of Mixed-tag  Node  for
180 2.029 1.968 Simulated Three-leaker Example

The situation described in the second heuristic example is, of course, an

idealization insofar as it corresponds to what we would "see" if we were able
to measure the released tag isotopes instantaneously and with 100% accuracy.
The actual situation as we are able to perceive it in practice may differ

slightly for two reasons.

First, we do not know accurately the positions of the assembly tag nodes
because of the effects of composition uncertainty mentioned previously.
Second, even if we were able to obtain a measured sample and determine its

composition with near-zero uncertainty, this sample would still not define a
unique point on the node-trajectory curve--but rather it would represent an
integral of some section of that curve.  This is because we cannot take instan-
taneous grab samples from the coolant system, but must accumulate the measured
gas for some finite time.
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IM
III. IMPLEMENTATION OF THE BARYCENTRIC-COORDINATES TECHNIQUE

Section II addressed the problems of determining the mixed-node trajec-
tory in two- and three-dimensional ratio space, given the number of failed
elements and the coordinates of their respective tag nodes. With that discus-
sion as motivation, attention is now focused on the reverse problem, that
which the POLYFAIL code was developed to solve.  Specifically, the goal is to
deduce from two or more measured nodes on the mixed-node trajectory the unam-
biguous identities of the active leakers.

The analytical technique develope4 to treat this problem is called the

method of barycentric coordinates. Sections III.A and III.D below summarize
the two- and three-dimensional realization'of the barycentric-coordinates
technique, also known, respectively, as the triangular and tetrahedral simplex
methods.4  Readers interested in the'formal development of the general N-
dimensional barycentric-coordinates technique are referred to Ref. 5.

A.   Triangular Simplex Method

The triangular simplex method is most clearly introduced through an

elementary example. Thus, consider the three tag nodes plotted in Fig. 6.
These three tag nodes define a node triangle in which we desire to define a

barycentric-coordinates system. 13-15  The goal
J                             is to select three weighting functions c               5

Y 1, c 2'   '

3.'t:I"t
and c3 to describe the coordinates of any point
M that falls inside, outside,, or on the edge of

M- 0*
the triangle.

.(x.y) > 2

1 \=e« We will let the original Cartesian coordi-4 nates of M be (x,y) and require that these

(X"Yll coordinates be linearly related to the new
coordinates by the equations.

.

0                         X         x= clxl + c2x2 + c3x3 (11)

Fig.  6. Three-node Triangle   Used to and       '
Establish Transformation from
Global (Cartesian) Coordinates

y = clyl + c2y2 + c3 3 (12)
to Barycentric Coordinates

The  coordinates  c 1'  c 2'  and  c 3  may be interpreted as weighting functions
relating the coordinates of the three tag nodes to the coordinates of any
point in the plane.  The desirable property of each weighting function is that
the value of ci should be unity at node i and zero at the other two nodes.
This.condition is imposed by requiring that the weighting functions sum to
unity, that is,

C l + C 2 + C 3 =
1. (13)
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From Eq. 13·it is clear that only two of the barycentric coordinates can be
independent, just as in the original ratio system, where there are only two

independent coordinates.

Using matrix notation, we may cast Eqs. 11 and 12 in the form

/..,.

 .1  :.  .3, 23 -  .  ,                              (14)
where

C
1

8        c                                                          (15)32

C
3

Equation 14 exhibits at once both the power and the simplicity of the

barycentric-coordinates technique.  Because of the unique properties of the 23
vector, one can perform the trivial inversion of Eq. 14 to determine 63 and
obtain all the information that can be extracted from a given mass-spectrometer

reading regarding which of the three

y'                                          suspect assemblies is leaking and
which are not. Moreover, if more

, Cl <0 , than one suspect is leaking, the  3
\\C 2<0/,
\\ 1 vector will also provide the relative

'    3- i  = 0 amounts of tag gas (and hence also
3    4  0

fission gas) that have escaped from
each leaking assembly.

I 0.\
c 2<0 0 0  (1 <0 The properties of the components

04 62:g of 6  and the relation between the
C3>0                      3

global coordinate system (i.e., the
rcl= O

1 0 4 =.0 Cartesian ratio plane) and the local,

C2 <0      / t-c3,0 C3 0
2   4 <

0 barycentric-coordinates system are
9<0    / 4.0 \,C3 < 0 illustrated graphically in Fig. 7 for/                                    \/         9<0 a general triangular simplex.

-         As described in Sec. II, the
X

problem of determining which of three
-+

Fig. 7. Values Taken on by Components of C3 suspect assemblies is leaking and
in Various Regions of Simplex Plane which are not is equivalent to deter-

mining where the measured tag node
falls with respect to the triangle whose vertices are the. three suspect nodes:
This information can be obtained from the properties displayed in Fig. 7 by

simply testing the values of the three components of 63.
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For example, in the simplest case, in which only one of the three suspect -
assemblies is leaking, the component of C3 corresponding to that assembly will
be identically 1, while the remaining two components will be zero.  Thus, if we

determined that, say, c2 equals 1 with cl and c3 both zero, we would know that
assembly 2 had a defective fuel element and that it was the only assembly con-
taining a leaker.  Geometrically, this would mean that the measured tag node

coincides with node 2 in Fig. 7.

Now suppose that one of the c's is computed to be zero while the other two
c's have values between 0 and 1. In this case, the assemblies corresponding to
the two nonzero components are both leaking tag gas while the assembly corre-
sponding to the zero component is not.  Thus, if it were found that, say, c3 =

0, while 0 < cl < 1 and 0 < c 2 < 1, we would know that assemblies 1 and 2 both
contained leakers and assembly 3 could be eliminated as a suspect.  Geometri-
cally, this situation would arise if the measured tag node were to fall on the

line connecting nodes 1 and 2 in Fig. 7.

If all three assemblies are leaking simultaneously, then all three c's in
Eq. 15 will have values that are nonzero and nonnegative (i.e., by Eq. 13, this

is equivalent to saying that all three c's will have values between 0 and 1).
In this case it also means that the measured tag node falls inside the triangle
whose vertices are the three tag nodes.

+
Finally, if any component of (3 is found to have a negative value, then at       '

least one other assembly (other than, or possibly in addition to, the three

assemblies currently being considered as suspect) is leaking.  This case occurs
when the measured tag node falls outside the triangle whose sides connect the
three tag nodes.

+
Table III summarizes the various properties of the components of the C3

vector that enable one to determine which of three given suspect assemblies is
leaking and which are not.  The table shows the physical interpretations and

the corsesponding geometric interpretations for the various possible outcomes

of the C3 calculation.

+
TABLE III.  Geometric and Physical Properties of C3 Solution Vector

+

Outcome of C3
Determination Physical Interpretation Geometric Interpretation

Ci = 1 Assembly i leaking Measured node coincides with

Cj . 0 tag node i
ck = 0

Ci = 0 Assemblies j and k Measured node falls on line
and O<cj<1 leaking simultan ously connecting nodes j and k
and 0<c < 1

0 < Ci <.1 Assemblies i, j, and k
'

Measured node confined to
and O<cj<1 leaking simultaneously triangle whose sides connect
and O<ck<1 nodes i, j, and k

Ci < 0 Assemblies i and/or j and/or k   Measured node lies outside
o r c· <0 could be leaking, but at least triangle whose sides connect

or ck < 0 one other assembly must be nodes i, j, and k
leaking elsewhere in system
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B.   Systematic Procedure for Resolution of Simultaneous Failures

+
•               The stated properties of the components of the C3 vector have been incor-

porated into a systematic algorithm for finding which assemblies in a group of
tagged' assemblies are leaking and which are not. Figure 8 depicts a simpli fied
flowchart for the algorithm.  As the figure shows, the algorithm consists of
successively applying the tests from Table III to every possible combination of

assemblies taken three at a time.  We illustrate the procedure with an example
that considers a group of five assemblies whose tag nodes are in a plane as
shown in Fig. 9.  This example is trivial in theory, but it reveals the essen-
tial features of the general three-dimensional techniques to be discussed
later.

The coordinates of the five tag nodes for this example are as indicated in
the figure.  To simulate a multiple failure, the coordinates of nodes 1, 2, and

5 were input into Eqs. 6-10 along with some arbitrarily chosen leak-rate coef-
ficients.  The resulting mixed-node trajectory is illustrated with the dotted
curve connecting nodes 2 and 5 (cf. Fig. 5). This curve depicts a possible
mixed-node trajectory that could result from simultaneous releases from assem-
blies 2, 1, and 5.  Straight lines connecting the five tag nodes are shown to
aid in visualizing the boundaries of the various suspect triangles considered
below.

Two  points have been indicated by  x' s  on the node-trajectory curve. These
points, labeled Ml and M2' have been selected to represent two measured tag
nodes; that is to say that we are assuming that two gas samples have been sepa-
rated from the coolant system and that, when plotted on the X-Y ratio plane,
the isotopic compositions  for the first sample are those  for  Ml'  and  the  isoto-
pic compositions for the second.sample are those for point M2' in this simu-
lated mode of failure.

Before proceeding further, we should point out that, for this simple exam-

ple, we could probably just as well have selected Ml and M2 arbitrarily instead
of using the equations from Sec. II to simulate a failure and compute a trajec-
tory.  However, in a larger, three-dimensional system of tags, such an arbi-

trary selection of measured tag nodes might not correspond to any physically
real mode of failure, and the multiple-failure analysis technique could yield
degenerate results.

Beginning with Ml' the properties in Table III are applied to determine
which combination of three or leds assemblies could have failed to yield Ml.

-          Table IV shows the results of this simplified analysis.  The first column lists
each suspect triangle.  The vertices of these triangles are obtained by simply
writing down all distinct combinations of the five tag nodes taken three at a

-          time.
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Mixed-node Trajectory for Simulated

22 Triple Failure of Assemblies  2,  1,  and  5
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TABLE IV.  Barycentric-coordinates Technique Applied to Node Ml

Suspect Test on +
Triangle Elements of C3 Conclusions

123 0 < Cl < 1 123 possible mode of failure

0<C 2<1
0<C 3<1

124 0 < Cl < 1 124 possible mode of failure

0<C 2<1
0<C 3<1

125 0 < Cl < 1 125 possible mode of failure

0<C 2<1
0<C 3<1

134
c 3 <

0 Exclude 134 from consideration

135
c 3 <

0 Exclude 135 from consideration

145
C 3 <

0 Exclude 145 from consideration

234
C 2 <

0 Exclude 234 from consideration

235
C 2 <

0 Exclude 235 from consideration

245 C2 < 0 Exclude 245 from consideration

345
C 2 <

0 Exclude 345 from consideration
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In the first row of the table, a test is performed to determine if assem-

blies 1, 2, and 3 could have failed simultaneously to yield point Ml-1  Thus,+
the coordinates of nodes 1, 2, and 3 are substituted into Eq. 14, and (3 is           D
computed as de2cribed earlier. For triangle  123, it turns  out  that  all three
components of C3 lie between zero and one, as indicated in the second column of
the table.  The conclusion, shown in the third column, is that assemAlies 1, 2,
and 3 could have failed simultaneously to produce Ml and therefore cannot be
eliminated as suspects.

We next apply the same test to each of the other combinations of suspects
listed in the first column of the table. Observe that for each. of the last+
seven triangles considered, one of the elements of C3 turned out to be nega-
tive. As discussed earlier, this fact allows us to exclude each of those sets
of assemblies from further consideration.

After the list of possible suspect combinations has been exhausted for

point Ml' the entire procedure is repeated for the second measured node.  Ta-
ble V gives the results for node M2.  From this table it is seen that 123, 124,
and 125 are the feasible modes of failure for node M .

2

TABLE V.  Barycentric-coordinates Technique Applied to Node M2

Suspect Test on

Triangle Elements of
63

Conclusions

123
C 3 <

0 Exclude 123 from consideration

124 C3 < 0 Exclude 124 from consideration

125 0 < cl <
1 125 possible mode of failure

0<C 2<1
0<C 3<1

134
c 3 <

0 Exclude 134 from consideration

135 0 < Cl < 1 135 possible mode of failure

0<C2<1
0<C 3<1

145 0 < Cl < 1 145 possible mode of failure

0<C 2<1
0<5<1

234 C2 <
0 Exclude 234 from consideration

235 C2 < 0 Exclude 235 from consideration

245 C2 < 0 Exclude 245 from consideration

345 C2 < 0 Exclude 345 from consideration

The final step is to compare the sets of feasible suspects for the two
measured nodes to find a common mode of failure.  For this simple example, the
common mode of failure is seen to be 125.  Thus, the analysis has told us
correctly that assemblies 1, 2, and 5 are all leaking.   /
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Note carefully that even though this example illustrated the general
technique with a triple failure, the reader may satisfy himself that the same

: procedure would have identified a double failure had Ml and M2 fallen on a
line connecting two tag nodes, or a single failure if they had coincided with
a single tag node.  In the latter case, a c-value of 1 for the leaking assem-

bly would be obtained for both Ml and M2; in the former, a pair of complemen-

tary c-values (two values that sum to unity) would be obtained for both Ml and
M2.  It i.s this unique ability to identify first-, second-, or third-order
failures with a series of elementary matrix inversions that brings harmony and

order into what might otherwise be a hopeless chaos of experimental facts.

If Ml and M2 had been closer together on the mixed-node trajectory in
Fig. 9 (because of, say, collection of sample 2 very soon after the collection

of sample 1), elimination of all the possible modes of failure may have been
impossible.  When this degenerate-identification problem arises in practice,
the process may have to be repeated with a third and possibly a fourth mea-
sured node until a unique identification is obtained. Thus, for a reactor
with a two-dimensional tag system, or one with a three-dimensional system in

which many nodes lie on common planes, an automatic on-line mass spectrometer
with a cycling time shorter than the effective mean cleanup time for noble
gases in the primary system would be essential.

C.   Exploiting the Concepts of Distance in Ratio Space

The procedures described above give an idea of the barycentric-coordinates
technique as applied in its simplest form.  For the technique to be of maximum
practical utility, however, the theory associated with it can be developed
further.

Up to this point, we have described the use of analytical techniques to

determine whether a given node coincides with some given point or line.  In
practice, however, even though the analytical techniques remain valid, there
are several practical reasons why a point specified to fall on a given line
may actually lie a small distance from it.  The primary reason is the experi-
mental uncertainty introduced by measurement of the tag-gas comp'ositions.
Secondary reasons include uncertainties in the isotopic compositions caused by
neutron-burnout effects.

For these reasons, it is not sufficient that the multiple-failure analy-
sis technique tell us whether the measured node falls on the line or not on
the line; it must also be capable of determining how far from the line the
point lies.  This applies also to situations in which we wish to know whether
the point lies inside or outside a given triangle. In each of these instances,
the technique would be of little practical value unless it could determine

-         exactly how close the measured point is to the given configuration.

+
Fortunately, geometric properties associated with the components of C3

can be interpreted so that one may obtain this essential information by simply
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checking the values of each component.  Figure 10 shows how the values of the
barycentric coordinates are related to areas in the tag-node plane.4  In the
figure, we denote by 8123 the area of triangle 123. In the general case for a
triangle whose vertices are tag nodes i, j, and k, ci is equal to 8Mjk/Aijk
when node M lies inside triangle ijk, .and minus this value when M lies outside
the triangle.  Note that since triangles Mjk and ijk have a common base (i.e.,
line segment jk), Ici | is also equal to the ratio of the respective perpendic-
ular distances of nodes M and i to line segment jk.  Figures 11 and 12 illus-
trate this relationship for ci when M falls inside and outside, respectively,
of suspect triangle ijk.
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D.   Tetrahedral Simplex Method

In a three-dimensional ratio space, a measured tag node can be repre-
sented uniquely by a linear combination of four noncoplanar suspect nodes.
These four nodes define a tetrahedral configuration, or simplex, and the pro-
cedure developed to treat such three-dimensional problems is called the tetra-
hedral simplex technique. 4

The procedure already developed for two-dimensional problems can be ex-
tended immediately to three dimensions with little more than a charlge in nota-
tion in the governing equations.  To establish a transformation between the

global Cartesian coordinates and the local barycentric coordinates, we begin
by setting up the two equations

+ +4

R  =    I c.R. (16)
i=1

1 1

and

4
1=

I  ci. .                                                         (17)
i=1

+
A                        The vector R in Eq. 16 is the three-
Z

component vector fr*m the origin to
the

...

measured node, and Ri is the c6rresponding

vector from the origin to suspect tag
1

(Xpyl,Zi) node i.  Figure 13 shows a tetrahedral

node arrangement and defines the node
numbering scheme. In a Cartesian system
with coordinate axes X, Y, and Z, the

4
vectors in Eq. 16 may be cast in the form

(*4' Y4'Z4

/X\

2 .....0 4 =   Y                          (18). .     1.)C12'  Y 2  '  Z2)                                                                               3

(X3.Y3•Z 3)

and

X
1

-                              X                                                                   Y +
Ri =   Yi  (i = 1, 2, ..., 4). (19)

Fig. 13. Tetrahedral Node Arrangement in
Three-dimensional Ratio Space                Zi

If we substitute these vectors into Eqs. 16 and 17 and express the result

in matrix form, an expression is obtained that can be readily evaluated (cf.
Eq. 14):
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xi·   x2   x3   x4          x

Yl   V2    3   V4           +
C  =                                            (20)
4

zl   z2   z3   z4          z

1 1 1 1    1

where

,  . 11'ilj  .                                                                                                                                             (21)

As in the two-dimensional case, geometric properties associated with the
+
C4 vector permit us to identify certain suspects or combinations of suspects
as "feasible" modes of failure while eliminating others from further consider-

ation.  These propertiss are directly analogous to the properties enumerated
in Sec. III.A for the C3 vector.

+
For example, if only one assembly is leaking, the component of (4 Corre-

sponding to that assembly will be unity, and the remaining three components

will be zero. If two are leaking, the measured node will fall on the line
connecting the two corresponding tag nodes.  The c's corresponding to these
two nodes will have values between 0 and 1, and the remaining two c's will be

zero. If ,three assemblies are leaking simultaneously, the measured node falls

inside the triangle whose vertices are the three corresponding tag nodes.  The
three c's corresponding to these nodes will have values between 0 and 1, and

the fourth c will be zero. If all four assemblies are leaking, the measured

node falls inside the tetrahedron whose vertices are the four corresponding
tag nodes, and all four c's will have values between 0 and 1.  Finally, if the
measured node falls outside the suspect tetrahedron, one or more of the c's

will be negative. In this case it means that at least one assembly other

than, or possibly in addition to, the four suspects must be releasing tag gas

elsewhere in the system.

Of course, when experimental uncertainties are taken into account, the
computed values of the barycentric coordinates never actually equal 0 or 1
identically.  Nevertheless, the linear relationship between the various c's

and distances still holds in three-dimensional ratio space.  This means that
any confidence interval that can be attached to our knowledge of the location
of a measured node relative to the configuration of the suspect nodes can be
translated into an equivalent confidence interval for the values of the compo-

+
nents of C .

4
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IV. IMPORTANCE OF ACCURACY IN SPECIFICATION OF ASSEMBLY TAG COMPOSITIONS

When composition uncertainties result.in displacement of the measured

node M away from the configuration of nodes giving rise to M, the danger of
misidentification using the barycentric-coordinates technique is small.  This
danger is minimized by using the best estimates of the corrected tag composi-
tions (i.e., corrected for neutronics effects) for each assembly tag node.  If
the displacement between the corrected composition and the true composition of
gas released from each respective leaker is small, the corresponding discrepan-
cies in the c-values will also be small (since the magnitudes of the c-values
are proportional to the relative displacements, as shown in Sec. III.B).

A situation that is more likely to adversely affect the outcome of the tag
analysis may arise if the position of M is moved closer to a given node config-
uration by the effects of uncertainties. For example, suppose that, in a two-

dimensional tag system, assemblies i, j, and k

                              all fail simultaneously. We know from earlier
Y

K' K
discussions that the mixture of the three re-
leased tags will give rise to a daughter tag M

                 that should fall inside triangle ijk. Consider

what would happen, however, if our best esti-
mates  of  the  corrected  tag  positions  are

shifted from their true locations as shown in
Fig. 14, in which the estimated and true posi-
tions of the three tag nodes are signified by

primed and unprimed letters, respectively.  The        .,
barycentric-coordinates technique, and indeed 1

f   j any deterministic calculational scheme that
uses the coordinates of i', j', and k' as in-

put, would incorrectly tell us that assembly i
0                     /   is not leaking and that assemblies j and k are

the only two leakers in the system.

Fig. 14. Displacement of Corrected Node
Positions (primed letters) from This example illustrates the importance of

True Node Positions as a Result ensuring that uncertainties in assembly tag
of Composition Uncertainties compositions are kept as small as possible. In

addition to correcting the tag compositions for

neutronics effects, one can further diminish the possibility of misidentifica-
tion by combining the results of the tag analysis .with probability-of-failure
information for the individual assemblies, using an appropriate probabilistic

model. 16,17

V.  TREATMENT OF BACKGROUND TAG ISOTOPES

An additional benefit of implementation of the barycentric-coordinates
technique for multiple-failure analysis is that the procedure as specified
above requires no modifications to account for the presence of "background"
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noble-gas isotopes in the coolant system.  One simply includes the isotopic
ratios of any such gases in the file containing the assembly tag ratios.  In
this way, the background tags are treated as additional suspect nodes.

For example, in EBR-II's xenon-tagging system, 3 two background tags are
included with each set of tag nodes representing a core of assembly tags.
These background tags are designated XENAT and TRAMP. Tag XENAT represents the
experimentally determined composition of naturally occurring xenon that is
present as a contaminant in the reactor's argon cover gas, and TRAMP represents
the composition of stable fission-product xenon that is present from the fis-
sioning of tramp uranium in the core.  The isotopic ratios for these background
tags are determined by mass-spectrometric analysis of argon cover-gas samples
free of tag isotopes and by analysis of samples obtained during full-power

operation with no leakers in the core.

Since the background tags are treated as additional suspect nodes, one
does not need to know beforehand (or guess by trial and error) what proportion
of a measured sample is due to release of an assembly's tag and what proportion
is attributable to background isotopes. Thus, for instance, if the results of
a multiple-leaker analysis indicate that the most likely triple-failure combi-
nation is, say, 8-XENAT-45 in the respective percentages 25, 10, 65, interpre-

tation would be straightforward: 10% of the measured sample is attributable to -
natural-xenon background isotopes; 90% is attributable to tag isotopes released

from assemblies 8 and 45, with 28% [i.e., 25/(25 + 65)] coming from assembly 8
and 72% coming from assembly 45.

Examples illustrating the identification of released assembly tags in the

presence of background noble-gas isotopes are presented later in Sec. VIII.

VI. SUSPECT-RANKING ALGORITHMS

POLYFAIL determines all possible modes of failure, using the tetrahedral
simplex method outlined in Sec. III.  The code then transfers control to sub-
routine RANKER, which ranks the possible failure modes according to the value

of a distance parameter, H.  For one-leaker suspects, H is the Euclidian dis-
tance in three-dimensional ratio space from the measured tag node to the sus-
pect node.  Physically, H is simply the root-mean-square deviation between the
isotopic ratios for the measured and suspect tags and is determined by

F 3 11/2

H=
|.I  (Mi - Si)2    .                                              (22)Li=1

In this equation, Mi and Si are the component ratios for the measured and sus-

pect nodes, respectively.                                                              -

For the various possible two- and Lhlee-leaker modco of failure, the mis-
pect combinations are ranked using algorithms developed in the following sec-
tions.  It will be assumed throughout that the suspect tag compositions have

been corrected for isotopic production and depletion effects.
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A.  Two-leaker Combinations

Four ranking algorithms have been incorporated into subroutine RANKER for
sorting the two-leaker combinations.  Each algorithm ranks the suspect combina-
tions according to different sets of criteria as described in the following
paragraphs.  The selection of the most appropriate algorithm to use for a given
POLYFAIL run is left as an input option that is specified by the user at the
time of execution.

Suppose a measured tag M is obtained by mass-spectrometric analysis of a

sample of reactor cover gas that may contain a nonnegligible quantity of back-
ground tag gas B.  For example, gas B could comprise residual isotopes remain-
ing in the cover gas from one or more previously released tags, isotopes of
naturally occurring noble gas present as a contaminant in the cover gas, or
fission-produced isotopes present from fissioning of tramp fuel in the core.
The original algorithm devised to determine which assembly is most likely to be
the source of the most recent tag release consists of computing a distance
parameter Hi for each assembly tag, Si, where i ranges from 1 to the num-
ber NTAG of distinct tags in the system. 18  In a three-dimensional tag-ratio
spacei the axes of which represent the independent ratios of the mole fractions

-          of the chasacteristis tag isotopes, H is the perpendicular distance from node M
to vector VS, where VS connects background node B with suspect node Si (see

case a, Fig. 15)
.

C,  1                                                                       S                                                                                                                  1   b 1                     j'i  S i
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Fig. 15. ·Alternative Ranking Algorithms for Resolution of Double Element Failures
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Application of the foregoing algorithm implicitly assumes that the loca-
tions of tag nodes B and Si are known accurately, but allows for uncertainties
in  the  coordinates  of M that  arise  from experimental  errors  in mass-

spectrometric analysis.  Experience with such analysis of mixed-tag samples has
shown that situations may arise, especially during operation with higher-burnup
fuel, in which the uncertainties in the background composition or the suspect

compositions may be greater than the uncertainty in the measured tag M.  Three
such situations are addressed here.  The algorithms devised to treat these
situations are illustrated by cases b, c, and d in Fig. 15.

The situation that arises most frequently is one in which the uncertain-
ties in the composition of the background tag outweigh the uncertainties in
either Si or M.  This situation is a result of the relatively small concentra-
tions of background isotopes in the cover gas. In this case, the most appro-

priate definition of H is that depicted in case b of Fig. 15. This definition

provides a measure of the deviation of B from the straight line passing through

Si and M.

During operation with high-burnup fuel, a situation may arise in which one
has confidence in the compositions of both B and M, but the assembly tags have
relatively large uncertainties due to neutron burnout.  In this case, one would
rank the suspect tags using the definition of H depicted in case c of Fig. 15.
This definition of H measures the deviation of Si from the straight line pass-

ing through B and M.                                                     
               '

Finally, for situations in which one has equal confidence in the composi-
tions of Si, B, and M, the most appropriate definition of H is that depicted in
case d of Fig. 15, which assumes that the relative uncertainties in B, Si, and

M are equal.  In this case, H provides a measure of the root mean square of the
deviations of B, Si, and M from the best-fit line passing through the three
nodes.

Routines for all four' algorithms have been incorporated into subroutine
RANKER. When no information is available on the relative uncertainties of the
suspect, background, and measured tag compositions, or when those uncertainties
are estimated to be equivalent, the routine corresponding to case d is used by
default for ranking the most likely two-leaker analyses.

B. Three-leaker Combinations

When three assemblies are releasing tag gas simultaneously, we know from
considerations presented in Sec. II that the measured tag node should be in the        -
plane containing the three.tag nodes and, moreover, should be confined to the
triangle whose sides connect those three nodes.  In practice, however, because

of the various uncertainties described in Sec. III.B, the measured node will
seldom be found to be exactly in the triangle plane.  The perpendicular dis-
tance of the measured node to the suspect-triangle plane therefore provides a             I
suitable quantitative ranking indicator that can be used to rank the most

likely three-leaker suspects.
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+             +             +

We denote by Ri, Rj, Rk, and RM the vectors from the' origin to the, respec-
tive tag nodes  i,  j,  k,  and M. Tte distance parameter H is defined to» be the,+
magnitude of the vector H, where H is evaluated from

+ + + + + +
+    (M - J) • [(K - J) x (I - J)]H= + + +   +                                          (23)

|(K - J) x (I - J)|

In this expression, vertical bars signify the magnitude of the denominator
vector, and • and x signify the dot and cross products, 19 respectively.

C.   Four-leaker Combinations

In a three-dimensional ratio space, four-leaker modes of failure cannot be
ranked on the basis of any results from the tag analyses.  Either a suspect
tetrahedron encloses the measured tag node or it does not.  All suspect tetra-
hedra enclosing the measured tag node must be considered equally likely modes
of failure. POLYFAIL identifies all such tetrahedra in accordance with the
criteria established in Sec. III.D, flags them as feasible modes of failure,
and stores their associated assembly identi fication numbers  (ID' s) for subse-
quent retrieval and output.

VII. CALCULATIONAL STRATEGIES

We begin this section with a brief discussion of the theory associated
with the linear independence of ratio space.  It will be shown that limitations           

imposed by considerations of linear independence completely fix the maximum              
number of tagged assemblies that can be resolved with POLYFAIL. The remainder
of the section is devoted to the development of analytical methods that have

been incorporated into POLYFAIL to reduce complexity and computational effort.

A.   Limitations Imposed by Considerations of Linear Independence

In an N-dimensional tag space, any one combination of at most N+1 assem-
bly tags can, in principle, be· identified.  Thus, in a two-dimensional tag
space, there are at most a finite number of distinct combinations of three or
less assembly tags that could have failed to produce any given measured tag.

Moreover,  by use of a systematic mathematic,al procedure  (such as the
barycentric-coordinates technique), each of those combinations can be identi-
fied and listed.

However, a finite number of feasible fourth-order modes of failure could
not be identified in a two-dimensional tag space.  The reason, mathematically,

stems .from the fact that any four nodes that lie in a common plane are linearly
r

dependent, and therefore a general measured node cannot be expressed as a20

unique linear combination of those four nodes.
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This concept of linear dependence is a general one and extends to higher

and lower dimensional node arrangements  as well. For a one-dimensional ar-

rangement in which several nodes may lie on a common line, the maximum number
of nodes that could be tested for feasibility would be two. Triple-leaker
analyses would be impossible. (Historically, the earliest tag design put into
practice used one-dimensional node arrangements.)1

For a three-dimensional system of tags (i.e., those which POLYFAIL was

developed to address), the maximum number of nodes that can be tested as a
feasible mode of failure is four.  Thus, as we have seen in Sec. III, POLYFAIL
breaks up the system of tags into all possible distinct permutations of nodes

taken four at a time.  It then tests each of those sets of nodes for feasibil-
ity, using the techniques introduced in Sec. III.D. If, however, it encounters

a set of four nodes that are coplanar, the linear-independence criterion dic-
tates that those four nodes cannot be tested as a feasible four-leaker combina-
tion. In  fact,  if an attempt were made to apply the tetrahedral simplex
technique to a set of four coplanar nodes, Eq. 20 would be inconsistent, and

inversion of the matrix in that equation would produce overflow errors.

A simple test for linear independence that avoids this difficulty is de-

veloped in Sec. VII.B below.  Any combination of nodes that are determined to
be coplanar (or nearly coplanar)  are still tested in subsets for feasible
triple-, double-, or single-leaker modes of failure.

It is important to point out that the foregoing restrictions on the maxi-

mum number of simultaneous leakers that can be identified with the POLYFAIL

code are by no means unique to the barycentric-coordinates method of solution.
The theoretical limit on the number of simultaneous failures that can be re-
solved is completely fixed by the dimensionality of the assembly-node. arrange-

ment. As a practical matter, however, these restrictions are not severe,
because  for each three-dimensional tag system proposed to date,3,4, 21,22 the
probability is remote of having a simultaneous release of tags from four assem-

blies whose tags happen to be coplanar.

B.   Analytical Test for Coplanar Node Arrangements

To avoid the difficulties just described, a simple and extremely efficient
analytical test has been devised to identify any. sets of coplanar tag nodes
before their coordinates are passed to the tetrahedral simplex algorithm.  The
test makes use of the determinant form of the equation for the volume V of a
tetrahedron whose vertices are represented by the ordered triples (xi, Yi, zi),

1<i<4.  From Ref. 23 this equation is '

xl   x2   x3   x4

Vl   V2   V3    4
V = (1/6)                                                               (24)

zl   z2   z3   z4

1111
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(The use of vertical bars in the notation for a determinant and in the notation
for the magnitude of a vector, while perhaps unfortunate, is universal. Which
meaning is intended in any particular case should be clear from the context.)

For any four tag nodes that lie in a common plane, V will vanish.  Thus,
to ensure that. four suspect tag nodes are noncoplanar, we can require that

xl x2 x3   x4

 1   V2    3   Y4
> E, (25)

zl   22   z3   24

1111

where E is a nonnegative scalar constant chosen to be sufficiently large that

overflow errors will be avoided in solution of matrix Eq. 20.

The efficiency with which Eq. 25 can be implemented can be further en-
hanced by application of elementary column transformations. For example,24               if
we add (-1) times the elements of column 1 to the corresponding elements of·

-         columns 2, 3, and 4, we obtain the new but equal determinant equation                   I

xl   x2 - xl   x3 - xl   x4 - xl

Yl   Y2 - Vl  3 - Vl Y4 -  1
> E. (26)

zl   z2 - zl   z3 - zl   z4 - zl

1            0               0               0                                                                                          '

By application of Laplace's expansion25 in terms of the fourth roy, we

obtain the more simplified expression

X2 - X1   X3 - X1   X4 - X1

 2  -   Yl        V3  -   Yl         4  -   Vl     < -E (27)

Z 2 - Zl   Z 3 - Zl   Z4 - Zl

Note that the negative sign associated with the row-4, column-1 cofactor has
been absorbed in this last equation by multiplying through by (-1) and revers-
ing the sense of the inequality.

Experience gained by applying POLYFAIL to EBR-II's tag analyses has shown
that overflow errors can be avoided in single-precision calculations by speci-

- fying a value of E = 1.0 x.10-4.

C.   Matrix-inversion Calculations

The logical structure of the POLYFAIL code as outlined in Sec. III.C is

relatively simple.  Most of the computational. effort required by the code is
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devoted to the large number of repetitions of the matrix-inversion step in the
solution of Eq. 20. To maximize the efficiency of the code, some methods that
can be used to reduce complexity and computational effort in the matrix-

inversion process are developed here.

A solution to Eq. 20 could be obtained by direct application of Cramer's
rule.24  However, by taking advantage of the special form of the matrices in-
volved, we can make a relatively simple coordinate transformation that results

in an appreciable reduction in computational effort.  We begin by premultiply-
ing both sides of Eq. 20 by the inverse of the coefficient matrix.  The result
is

-1

 xl   x2   x3   x4     x

  Vl    2   V3    4      
(4=1 (28)

1 '' '2 Z3   Z4     Z

 1 1 111

An important characteristic of the global Cartesian-coordinate system is
its invariance with respect to linear translation. 26  We can take advantage of  :
this fundamental property by displacing the components of each tag node in the

system in such a way that the resulting (translated) coordinate system has as
its origin the measured tag M. If the new coordinates are signified by primes,

Eq. 28 becomes

/xl  x2  x3  x4 -1 0

64= 1
(29)

I y1  y2  y3  yi    o

\ zi    =2    zi    *4      0
\1 1 1 1 1

If we denote by |1 All the inverted matrix on the right (where double ver-
tical bars are used to distinguish the matrix from its. determinant) then we can
write

/0,
10164= "All'  11. (30)

CO)
\1/

Following the elementary rules of matrix multiplication, we obtain the ex-

tremely useful result

Cl 6 |'Al|l,4, c2 = 'IA'|2,4, c3 = 'IA'|3,4, C4 = 11Al|4,4
(31)
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+
In words, Eq. 31 states that the components of the solution vector C4 are

supplied directly by the elements occupying the fourth column of the inverted

coefficient matrix.

D.   Incorporation of Ratio-weighting Factors for Optimized Sensitivity

We develop here a ratio-weighting scheme that can be applied to normalize
the components of the assembly tag ratios in such a way that the overall sensi-
tivity of the tag-analysis procedure is optimized. Application of the ·ratio-
weighting scheme is desirable for the following reasons.

1.   The component tag ratios used to characterize the system of tags may

have values that fall in vastly different ranges of magnitude.  For example,
EBR-II' s tagging system is characterized  by the ratios  Rl = 126Xe/121+Xe,  R2 =
128Xe/124Xe, and R3 = 129Xe/124Xe. Values of these ratios typically fall in
the following ranges:  Rl = 0.3-0.9, R2 = 1-40, and R3 = 10-90. Clearly, an
attempt to sum together squares of numbers of such disparate orders of magni-
tude would be undesirable; the residuals of the largest ratios(i.e., R3) ,would
completely dominate those of Rl, and any information contained in the latter
would be lost.

2.   For some tag analyses, one of the tag ratios may be known to be less
reliable than the others, and we want to make sure our parameter estimates will
be less influenced by those than by the more accurate ones.

The solution to both of these problems is obtained by a variation of the
well-known method of weighted least squares.27,28  Briefly, the procedure is to

assign a nonnegative weight factor to the three principal isotopic ratios for
each tag in the system with a mode129 that takes the general functional form

+. +.

SAew = KS ld|'Wll, (32)

+.
where Sl is the vector from the origin to the suspect tag node i, K is an arbi-

trary normalization constant (assigned a value of 100 in POLYFAIL), and IIWII

is a special 3 x 3 diagonal matrix.  The elements of lIWII are given by

11 Wl'j,h= W /m for j=h,1<j<3,1<h<3, (33)

and                                                                                          1

1 'W| 1. h =0 for j t h, (34)
J,

In these expressions, mi, i = 1, 2, 3, are the original isotopic ratios of the
measured tag node, and wi, i = 1, 2, 3, are dimensionless ratio weighting
factors.
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The final step of the procedure is to assign the following values to the

measured tag ratios:
.

m. = Kw.. j = 1, 2, 3. (35)
J,new     1-

The weighting factors, which are input at time of execution, can be as-
signed values between 0 and 1, thereby enabling the user to selectively "tune"
the analysis according to the relative degree of uncertainty associated with
each of the three principal ratios.  Thus, if there is equal confidence in the
values of all three ratios, the weighting factors can be set equal to 1.  This
ensures that information from all three ratios will contribute equally in the

determination of the most likely mode of failure.  Alternatively, if one or
more of the ratios have a high degree of uncertainty, the corresponding weight-
ing factors can be specified to be less than 1, which will cause those ratios
to be selectively deemphasized in all subsequent POLYFAIL calculations.

E.   Preservation of Linearity

The various coordinate-transformation operations introduced in Secs. VII.C
and VII.D above enhance both the efficiency and the overall sensitivity of the
multiple-leaker-analysis procedures used in POLYFAIL.  Before the coordinate-
transformation operations can be implemented, however, one must ensure that·the
linearity of tag space is not compromised by application of those operations.
The leaker-analysis procedures rely, for example, on the principle that, when
two elements fail, the composition of the mixture lies on the line connecting
the two tags of the leakers. We must therefore be certain that this relation-
ship will continue to hold after the coordinate-transformation operations are
applied.  Likewise, we must ensure that, when three elements fail, the mixed-
tag node will lie in the triangle whose sides connect the three tag nodes.
These analytical properties are of fundamental importance insofar as they are

exploited in·the resolution of multiple failures.

Preservation of,linearity is guaranteed for the coordinate-translation
operations of Sec. VII.C by the property of spatial isotropy,30 also known as
the postulate of  free mobility.31 Preservation of linearity  for the
coordinate-weighting scheme has been established by a rigorous mathematical
proof. Details of the proof are' straightforward, but somewhat tedious, and
have been relegated to Appendix A.
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VIII. SAMPLE PROBLEMS

Four sample problems are provided to demonstrate operation of POLYFAIL.
The reference system of tag nodes used is that designed for the first two cores
of the FFTF.22  Included are 80 tags designed for the FFTF driver assemblies,
and 20 for the control assemblies.  Each of these 100 tags is characterized by

the three independent ratios of 78Kr/80Kr, 82Kr/80Kr, and 129 /129 2  For
simplicity, the tags have been assigned ordinal numbers from 1 to 100, which
will serve also as the assembly ID numbers in each example considered.  A final
tag having the composition 78[<r/80Kr = 0.1565, 82Kr/80Kr = 5.16, and 126Kr/
129Kr = 0.00346, and bearing tag ID 101, has been added to the reference system

to represent a typical "background" tag (see Sec.  V) . Appendix B provides a
complete listing and a plot of the reference system of tag nodes.

In all examples,  the tag ratios have· been normalized with weighting fac-
tors of (wl'w2'w3) = (1,1,1) (recall Sec. VII.D).  Also, in problems involving
two-leaker situations, the ranking algorithm corresponding to case a in Fig. 14

(see Sec. VI.A) has been selected.

A.   Example 1

As a first example, we consider the simplest case possible, that involving   l

a single tag release with no background contamination and negligible composi-
tion uncertainties. To simulate this idealized situation, we arbitrarily as-
sume that an element in assembly 60 has released its tag gas.  Accordingly, we
input the composition of tag 60 as the measured tag, or M = (0.5909, 3.290,
0.01835).  Table VI lists the five most likely (best) suspects as determined            :

by POLYFAIL. The column of computed H val-
TABLE VI. Best Five One-leaker ues contains the geometric distance of each

Combinations for Measured suspect node to the measured node M. (See

Node M in Example 1 Sec. VI for a discussion of the uses of H as

a suspect-ranking parameter.)  As expected,
Tag assembly 60 is the top suspect with a

Ranking ID            H
"perfect-fit" H-value of zero. For this

1            60           0.0   idealized situation, at least, positive
identification of the correct leaker would

2            59          20.3
be assured.

3            73          21.6

4            36 27.7 B.   Example 2

5            55          28.5 This example considers a one-leaker
problem similar to €he one just presented,

./

except that here we assume that the various experimental uncertainties outlined
· in Sec. II.B combine to effect a displacement of 5% in the location of the mea-

sured node M from its true location.  To simulate this situation, we shift each
of the component ratios for the measured tag used in Example 1 by 5% of their
nominal values.  The coordinates of this displaced tag are given by M = (0.6204,

3.455, 0.01927).
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Application of POLYFAIL to this problem produces the results summarized
in Tables VII and VIII for the most likely one- and two-leaker combinations,
respectively.  The effects of the simulated experimental uncertainties are re-         -
flected in the increase to 8.3 in the value of the distance parameter associ-
ated with assembly 60 in Table VII.  Nevertheless, assembly 60 is still the
best suspect, and the chances of misidentification under the circumstances

assumed in this example remain small.

TABLE VII. Best Five One-leaker TABLE VIII. Best Ten Two-leaker
Suspects for Example 2 Combinations for Example 2

Tag Ranking Tag ID's -           H

Ranking ID              H
1              1     83           52

1 60 8.3        2             15     88           62
3              1      85           63

2              73            25.0 , 4              1      87           65
3               59             25.0        5               8      74            67

6               7      50            68
4                36              28.5 7              1      52           68

5               55             34.6        8               1      44            70
9              11      82            71
10               1      51            72

C.   Example 3

In this example, we illustrate application of POLYFAIL to a simulated
multiple-failure case involving the simultaneous release of tags from assem-

blies 13 and 32. Recall from Sec. II
that, for a two-tag release, the
mixed-node trajectory lies along the

50 -p 32
line connecting the nodes of the two

assemblies in ratio space.  For this/
,&-M 2,0..-      example, we have selected two points

t       ...     .lit on the line connecting tag nodes 13

  A .'4k'-f »1' and 32.  We will let these points
/    ,''  MIXED-NODE TRAJECTORY

... i represent two possible measured nodes
FOR SIMULTANEOUS FAILURE

,  9...... ,/..,10.9 OF ASSEMBLIES  13 AND 32 that might be obtained following si-
13 Y// multaneous failure of assemblies 13

and 32. These measured nodes are
labeled Ml and M2. Figure 16 depicts.

Fig. 16. Relative Locations of Measured the relative locations of Ml and M2
Nodes Ml and M2 on Simulated along the simulated two-leaker tra-

Mixed-node Trajectory Used in jectory.  The coordinates of Ml and        »

Example 3 M2 are

Ml = (0.27595, 3.6680, 0.014385)                                                  -
\.

and

M2 = (0.26893, 3.3244, 0.016043).
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Tables IX-XI list the mbst likely single-, double-, and triple-leaker
combinations as determined by POLYFAIL for node Ml.  In addition to those re-

tsults, POLYFAIL identified N4 = 26 521 feasible four-leaker modes of failure.
This means that, if one were to consider the unlikely possibility of four tags
being in the system at the same time, he would have 26 521 equally likely 'com-
binations of assemblies that could have failed to produce measured node Ml.

TABLE IX. Best Five One- TABLE X. Best Ten Two-leaker TABLE XI. Best Ten Three-leaker
leaker Suspects for Combinations for Measured Combinations for Measured
Measured Node Ml Node Ml in Example 3 Node Ml in Example 3

in Example 3
Ranking Tag ID's H Ranking Tag ID's          H

Tag
Ranking ID        H          1          13   32       0.0       1         12   24 43 0.003

2           19 34 0.9       2         18   23   84      0.003
1         27        7.9        3          14   52       1.1       3         16   17   80      0.005

2         26       18.7        4            3 58 1.3        4          19   30 34 0.009

5          2 27 1.5       5         18   21   28      0.010
3         19       20.2

6           16   29       1.9        6           7   76   91      0.011
4          31       22.5        7           11   90       2.1        7          19   24   26      0.012

5          18       24.0        8            3 27 2.1        8          10   16   79      0.016

9          19   57       2.2       9         19   23   38      0.019
10           25   81       2.4       10          54   85   99      0.032

Tables XII-XIV summarize the POLYFAIL results for measured node M2. The

number of feasible four-leaker modes of failure for node M2 was determined to
be N4 = 18 033.

TABLE XII. Best Five One- TABLE XIII. Best Ten Two- TABLE XIV. Best Ten Three-leaker
leaker Suspects for leaker Suspects for Suspects for Measured Node M2                   .
Measured Node M2 Measured Node M2 in Example 3

in Example 3 in Example 3
Ranking Tag ID's          H

Tag Ranking Tag ID's        H
Ranking      Ib        H                                                 1          19   34 48 O.001                  1

1          13   32       0.0        2          8   50   64      0.001
1          31       16.5        2           12   47       0.8        3         14   44   71      0.002

2         27       17.0       3          28   41       0.9        4          4   56   61      0.003
4           4 69 1.2        5          10   20   79      0.003

3         28       20.8
5           19   64       1.4        .6           1    4 70 0.005

4          19       20.9        6           29   82       1.4        7          4   24   77      0.009

5         32       22.7       7          22 44 1.5
'

8         23   28   42      0.011
8           20   61        1.8         9           3   34 48 0.011

9          10   48       1.9       10         10   32   54      0.014
10           3 72 1.9

As a final step of the analysis, POLYFAIL compares the feasible modes of
failure for measured nodes Ml and M2 to identify any common modes of failure.
Table XV gives the results of this comparison. The first row of the table

lists the number of common one-leaker modes of failure, which is zero for this
example.  The second row of the table shows that the code identified one common
teo-leaker mode of failu're. The code then prints out that mode of failure,

-         giving its computed distance from both Ml and M2. In the final two rows of the

table, we find that the code identified no common three-leaker modes of failure
and 586 common four-leaker modes of failure.  (The option to print the identi-
ties of the four-leaker modes was not invoked for this example.)
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TABLE XV. Common Modes of Failure for Measured

Tags Ml and M2 in Example 3
..

Common One-leaker Modes of Failure       0

Common Two-leaker Modes of Failure       1

Two-leaker
Mode Distance from Ml Distance from M2

13-32 0.0 0.0

Common Three-leaker Modes of Failure =   0

Common Four-leaker Modes of Failure = 586

These results reveal that, if one could be reasonably confident that less

than f6ur tags were in the system, he could conclude that assemblies 13 and. 32
both contain leakers and that they are the only active leakers in the core.
If, on the other hand, there is even a remote possibility that four tags might

be   in the system simultaneously,   then it could  be conc luded   from this example
that unambiguous identification with only two measured samples would be

impossible.

D.   Example 4

In this example, we consider a somewhat more complicated situation involv-
ing a double simultaneous tag release in the presence of natural background
gas.  This example will also demonstrate how information from POLYFAIL can be
used to resolve a probleb of triple simultaneous failure. This is so because,
as discussed in Sec. V, the background tag is treated simply as an additional

suspect tag in POLYFAIL.

To simulate a double tag release in the presence of natural background
gas, we assumed that tags from assemblies 20 and 40 were both released during
a period of time that the ratio of background gas to tag gas in the cover gas

varied from 15 to 20%.  Three points were selected along the calculated mixed-
node trajectory to represent three possible measured tag nodes.  As in Exam-
ple 2, the components of each of the simulated measured tags were then shifted
(this time by 4%) to simulate the effects of experimental-error displacement.
Table XVI gives the resulting compositions of the measured nodes and the ratio
of natural background gas to tag gas assumed present in each.

TABLE XVI.  Compositions of Simulated Measured Tag
Nodes Used in Example 4

Measured Background/Tag,
Node 78Kr/80Kr 82Kr/80Kr 129Xe/126Xe Ratio

Ml 0.25425 3.9668 0.01666 15.5

M2 0.27772 3.9606 0.016329 17.·7

M3 0.29651 3.9620 0.01600 19.6
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Table XVII summarizes the results of the three- and four-leaker rankings
produced by POLYFAIL for the three measured nodes.  The distance parameter

+         shown in the second column is the value of H as computed by Eq. 23 for the'

postulated mode of failure 20-40-101.  (Recall that the characteristic tag
ratios for natural background gas are stored with tag ID 101.)

TABLE XVII.  Summary of Computed Results
from POLYFAIL for Example 4

Number of More Likely Number of Feasible
Measured Distance Three-leaker Four-leaker

Node Parameter Modes of Failure Modes of Failure

Ml 6.67, 481 28 261

M2 6.69 866 21 556

M3 6.70 619 25 179

The results given in the third. column of Table XVII reveal that,  for all
three of the simulated measured tags, the postulated mode of failure was actu-
ally ranked quite poorly.  For measured node Ml, for instance, the three-tag
combination 20-40-101 was ranked 482 in the list of the most likely three-

leaker modes of failure. These observations indicate that, if one were given

only one measured sample, Ml, M2, or M3, a positive identification of the cor-
rect mode of failure would be, highly unlikely.

Comparison of the feasible modes of failure for Ml, M2, and M3 reveals
that there are no common one- or two-leaker. modes of failure, the most likely

common three-leaker mode of failure is the combination 20-40-101, and there
were over 200 common four-leaker modes of failure.

We can conclude from theae results that if one could be reasonably certain

that only two assembly-tag releases had occurred (which may be evident from
fission-gas32 or delayed-neutron33 analyses), then three measured tag samples
would be sufficient to eliminate the degenerate one-, two-, and three-leaker

modes of failure and identify combination 20-40-101 as the most likely mode of
failure.  If, however, it were possible that four tags were in the system si-
multaneously, then identification of a unique mode of failure from only three
measured tag nodes would not be possible.

U



42

/3

APPENDIX A

01Proof of Geometric-invariance Property for Ratio-weighting Procedure
.

We establish here by rigorous mathematical proof that application of the

ratio-weighting scheme devised in Sec. III..D does not violate the inherent
linearity of tag-ratio space4  Specifically, we seek to establish that the
values of the components of C4 as computed by the tetrahedral simplex method
remain invariant with respect to the ratio-weighting procedure. The proof re-
quires the following definition and theorems from any standard text on matrix

algebra (see, e.g., Ref. 25).

Definition: Two matrices  ||A 11 and  ||B |1 are conformable in the order  IIA 11
IB 11 if and only if the number of columns in  ||A ll is equal to

the number of rows in 11Bll.

Theorem 1: For suitably conformable matrices, multiplication is associative,
i.e.,

11All(I|B|| lIC.11)= (11Al.1 11Bll)IICI|. (A.1)

Theorem 2: If IIA 11 and  11811 are nonsingular square matrices, then

(  I I A  1 1      1 I B  1 1  )-1   =     'I B  1 1-1  'I A 1 1-1. (A.2)

Theorem 3: The product of a nonsingular matrix  IIA 11 and its reciprocal in

either order is a unit matrix, i.e.,

11All 1|A||-1= .' I A 11 - 1 11 A.11
= 11Ill, (A.3)

where

1   0   ...   0

III 11 =    0    1     . . .    .0 (A.4)

0   0   ...   1

We begin with Eq. 20, which may be expressed concisely in the form

11 A  '164   = 11811, (A.5)

.j

where  IIA 11 is the 4 x 4 matrix of coefficients and  lIB 11 is a 4 x l column+
matrix.  The solution of.Eq. A.5 for (4 is

64   =     | 1 A  11 -1  11 B 11. (A.6)
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It is required to show that 'Eq. A.6 is invariant with respect to the
0'          ratio-wei·ghting procedure introduced in Sec. VII.D. That procedure involves·

premultiplying ·both  .11 A .11  and  ,11:B JI  by a .weigh·ting matrix  ||W 11, where

('1.1      .O       ZO        /01

1 4            01V *2 0

1.1.W Il .=  .i
(A.7)

, '0    0   ,.W.3  fO I
+0 0 0 ij

Thus, af,ter application of the Meighting procedure, Eq. A.6 would become

24   =    (  :11 W  Il      HA:11  3-1 f  JAW .11    .111 BI'l). (A.8)

By application of Theorem 2 to the expression in the first set of parentheses,
we    'have

64  0     1.1.A .1.1 - 1  11 W  11 - 1 (  1 I W 111      11 3  1 ]  )
. (A.9)

Since .mattrix mult.iplic:ation is associative (Theorem 1), we may rewrite Eq. A.9
          in the form

(4  =   ||A .11-1,(li'W 111 -1  'IW .11)11B '11. (A.10)

Applying Theorem 3 to the product in parentheses, we obtain

64   =       1 A  11 - 1  .1 | I  | |      | |B
| | . (A.11)

Hence, by definition of the unit matrix (see Eq. A.4), Eq. A.11 reduces to

£4   -     'I A  11 -1  11 B  11 , (A.12)

which is equivalent to Eq. A. 6, as asserted.

&
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APPENDIX B

0,
Isotopic Ratios for Reference System of Tag Nodes

"

Table B.1 lists the values of the isotopic ratios for the reference sys-
tem of tag nodes used to demonstrate operation of POLYFAIL in Sec. VIII.  The
three primary ratios Rl, R2, and R3 represent the respective ratios of 78Kr to

80Kr, 82Kr to 80Kr, and 129 e to 126Xe. The values shown were obtained from
Re f.    22.

Figures B.1-B.3 give three-dimensional plots of the reference system of
tag nodes.

TABLE B.1.  Tag Ratios for System of Tag Nodes Used in Example POLYFAIL Calculations

Tag ID        Rl           R2           R3         Tag ID        Rl          R2            R3

1 0.1798 3.733 0.01000          52 0.2523 2.297 0.01822

2 0.1826 3.657 0.01220          53 0.4659 3.152 0.00985

3 0.1815 3.719 0.01497           54 0.4738 3.089 0.01229

4 0.1822 3.640 0.01810          55 0.4704 3.128 0.01485

5 0.2279 4.351 0.00975          56 0.4808 3.057 0.01833
6 0.2277 4.607 0.01250          57 0.5807 3.313 0.00986
7 0.2262 4.636 0.01520          58 0.5857 3.304 0.01236

8 0.2242 4.612 0.01860          59 0.5788 3.333 0.01467

9 0.1788 4.671 0.01015          60 0.5909 3.290 0.01835

10 0.1813 4.555 0.01253          61 0.3894 2.680 0.01020

11 0.1781 4.636 0.01479          62 0.3958 2.628 0.01228

12 0.1816 4.538 0.01874          63 0.3895 2.671 0.01502

13 0.2935 4.527 0.01003          64 0.3997 2.614 0.01832                                               -'

14 0.2938 4.446 0.01221          65 0.3117 2.235 0.01008

15 0.2923 4.525 0.01487          66 0.3176 2.200 0.01228

16 0.2946 4.427 0.01848          67 0.3152 2.239 '0.01465

17 0.2228 3.567 0.00999          68 0.3224 2.190 0.01842

18 0.2248 3.564 0.01218 69 0.4906 2.519 0.01004

19 0.2218 3.640 0.01502          70 0.4888 2.511 0.01218
20 0.2248 3.533 0.01861          71 0.5008 2.493 0.01498

21 0.3696 4.262 0.00991          72 0.5018 2.471 0.01823

22 0.3691 4.223 0.01218          73 0.6130 2.675 0.00998

23 0.3661 4.255 0.01464          74 0.6054 2.674 0.01225

24 0.3687 4.191 0.01844          75 0.6186 2.649 0.01500

25 0.2960 3.634 0.00998          76 0.6291 2.615 0.01819

26 0.3045 3.523 0.01216          77 0.3930 2.125 0.01021

27 0.2973 3.639 0.01455          78 0.3924 2.115 0.01222

28 0.2995 3.558 0.01860          79 0.3950 2.142 0.01490

29 0.2475 2.952 0.00996          80 0.4053 2.092 0.01825

30 0.2511 2.858 0.01225          81 0.2239 3.600 0.02209

31 0.2493 2.928 0.01463          82 0.2971 3.648 0.02219

32 0.2584 2.809 0.01862          83 0.2492 2.929 0.02228

33 0.4563 3.908 0.00985          84 0.3697 3.390 0.02229

34 0.4614 3.881 0.01229          85 0.3120 2.807 0.02198

35 0.4592 3.885 0.01489          86 0.2006 2.880 0.02214

36 0.4572 3.814 0.01862          87 0.6855 2.137 0.01237

37 0.3682· 3.389 0.00983          88 0.2694 1.792 0.01221

38 0.3728 3.348 0.01209          89 0.7232 1.744 0.01240

39 0.3698 3.362 0.01461           90 0.5108 1.436 0.01224

40 0.3730 3.293 0.01853          91 0.3499 1.687 0.01208 ..,

41 0.2006 2.867 0.00989          92 0.4660 1.785 0.01239

42 0.2038 2.794 0.01219          93 0.4866 1.986 0.01514

43 0.2012 2.860 0.01485          94 0.2647 1.841 0.01493

44 0.2030 2.827 0.01860          95       0.4876   » 1.984 0.01023

45 0.3133 2.807 0.01006          96 0.2647 1.842 0.01005

46 0.3149 2.747 0.01214          97 0.6047 2.088 0.01020

47 0.3103 7.777 0.01461           98 0,7464 2.175 0.01007

48 0.3151 2.735 0.01825          99 0.3397 1.739 0.01005

49 0.2480 2.360 0.00981 100 0.7283 1.786 0.01006

50 0.25.30 2.313 0.01226 101 0.1565 5.160 0.00346

51 0,2479 2.359 0.01467
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