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Aloha particlee <hould *hen be woll- ~onfined un-
til hermal cnedpies when they enter the pesonant
plateas requie. A fast code for competation of
drift ochavy o reactors is described.  Sample
calentatime e preseated for resonant particles
A s goaet odl set for the Tandem Mirror
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Seme of the alpha particles will scattp,
inta the loss cone as they drag down i aneTgy.
Howover, this fraction should he small einec the
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tx B and finite-b effects are included, Some
typical results are presented in rhe lagt
gection.

Alpha-Particle Resonances

The condition. fer resonance are

AUl =k g2 k= 1,3,5,..,.., m
where AV s the amoumt of szimuthal drift hetween
reilrctions. The conditicen k = 0 in Rq, (1) cor-
responds to non~resonant hanana orhits.2 1f the
ernter ool tenpth 1. is much preater than the
leagrh SF Ihe rransition section, the dominant
rite ior 'A% » 0 je die te T ox Boand gend B
i othe eenteal orll, We find &7

T €=in'g dB
A ‘_‘"“ ar 7 e (2)
T arder ta proceed further, we must adopt a

plasma mudel. e nssume uniform clectron and ion
temperatures and ctilize the lonp-thin approxima~
tion relating vacwum fields, Hy, to Lrue fields.
1t bas been arpued by Ryutov and Stupakov? that
the rapid radial mizxing of electrons in the plugs
will ensure wnifarm T.. The temperature of the
fuel ions would be sxpected to vary with radius,
although initial computations for TMX show little
variation, Tor the dersity nrofile

n = n”f(xn), X r/rp (N
we fiml

I T, constant (4)
Al

? N

jif Rv (- Sn” (5)

where By i< the plasma B at v = D, For rhe
function. f, wo take g mode! suitable for a
reactoer

5 oxplex’) (6)
vieYding
2.89 x 107 001 o
py = - £

T 3 T
E “cos B T B\‘(l - Bof)

R
Esin"p B, f
T ___L o)
e
7 0 -an)

with T, and € in eV , ¥ the alpha-particle mass
in units of proton mass, and other quantities in
the SI.

To show tie explicit form of the resonant
curves for alpha particles, we can consider a
particular device, the Tandem Mirrer Next Step
(T™N8), currently under study. i spresentative
paremeters for this machine are given in Table 1.

Table 1. Representative Yarameters for TMNS

By = 05 3, = 357

L = m o % em

¢ ’ 1 -
T). 40 keV Ny = 14 x 107 em
T = W kev

B o= 4,57 R = §.64

m

Near the axis the resonant curves arc confined
to smnll values of Vp while at moderate radii
resonances extend nearly to the loss cone, A
aample of the resonant curves is shown in Fig. |
for ¢t = 40 cm.  Thus, neas the reactor axis,
here the alpha-particle production rate ia
highest, it is unlikely that alpha=particles
vill he lost radially before reaching *hermal
energies.  Whether or nat the thermalized alplin
particles will accunulate to densities sufficient
ta "paison" the reaction can be answernd defini-
tively onty by dilfusion computationa which
include hoth fuel and alpha ions.
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Fig. 1. Resopance curve foa THNS ot 1 = N4 ~.

Modifir-*ion nf Jos1 core at 1pw Y ¥
due t- « gctrostatic rotential not
shown.,» > numarically computed
resonance width with £ x 8 = prad 620
in transition sc\ctionT e—  numerie~
ally computed resonance width with all
drift terms on.
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The large number of resonances at moderate
radii (Fig. 1) seem tr indicate that radial
losses could be substantial, However, the radial
deflection on many of these resonances can be
eliminated hv a modest axisymmetric mirror before
the quadrupole field rise.™ The boundary for a
mirror ratio of 1.25 is shown in Fig. 1, Essen-
tially, all resonances with k > | are removed,
i.e., have §r = 0 , The mirror ratio correaponds
to a lower va m mirror ratio when the anially
unilorm plasma pressure is taken into account.
Wn find

Ry = r [0k (1 - 1RD)]Y (8)
and

Ry = 113 for R = 1,75 at dy = 0.5,
It should be emphasized that the results of
this section are strongly depeadent on Lo+
Larger values of Lo will cauee all resspant
curves to shift to higher value: of V,y thus
noving moro resonances inta the region where
auadrupole effects are impartant. The transition
betueen -dominated and F x B dominated reson-
ances depends only on T, Jp and the assumed
prof’le and will remiin [ixed in phase space.

Diffusion

Rvutov and Stupakoy? supgest that high
energy nlpha partieies would he in the gtochastic
rogime where the diffusion coefficient is inde-
pendent of cotlision frequency

1
D~ ()22 cos 0, )
The candition for stochastic diffusion is
ory o dad
== = | > 0
RN ()
We can evaluate this expression

at a resonance,
from Eq, (7),

-4k
5.8 x 10 " M, xz

<
q——————
¢ ) 2 —

A
1% =
co8 lp“v Vi

9
(sin'ﬂﬂof
—_—— (11}

2%¢g
with g =1 = Jf.

In order to evaluate the criterion of Ineq.
(10), we obtained values for (§r/r) using a code
vhich computes guiding-center motion in & fila-
ment representation uf *he TMNS coils. Such
calculations ignore the effect of finite § on
field=line curvature in the transition sectioen

where the rodial displacement takes place, but
should give reasonable estimaten of the magnitude
of the displacement, The deflection §r for

r = 40 cm is plotted vs (y/C at ¢ = 3,52 MeV in
Fig, 2 for a particular magnet design for TMNS
(MAF/030). We note a maximum |gr/r] of about
0,140 occurring near the less cone. The negative
dr occurs because of the direction of the curva-
ture vector at the end of the machine; rather
surprising is the change in mign of §r (and alse
nf the direction of azimuthal drift) near ¢y/c «
0.4. This feature arises because the particular
combination of axisymmetric and guadrupole fields
for this desipgn causes the cutvature to change
=ign part way through the transition section.
This particular magnetic field design algo
allows the quadrupaie field to penctrate tvo far
into the central cell, as reflected hy the finite
drfr for ("ﬂ ~ N. Caleulations at other radii
display the some behavicr as Fig. 2; values for
lower energy may be found from the sealing
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From the curve in Fig., ? and Eq. (11), we
compute values {or E as listed in Table 2. We
seo that stocharstic diffusion shou'd not b» a
problem for TMNS, providing a siep in the axi-
svmmetric field is introduced to elininate the
higher-k resomances. The criterion ot Ineq. {10)
is sensitive to Lo; raising L, tn 100 m, a
tvpical value for a reactor could bring
stochastic behavior for k = 7 and ¢ = 1.5 eV,

The above scaling retation also applies to
the resonant plateau regime. In Lhe resonant



fanhte 11. Values of  for various resonances

at 3.5 MeV
k 10 em 20 cm 40 cm A0 em
1 0.2 0.2 0.1 0,04
1 0.8 0.7 0.3 0.2
5 2.0 1.2 0.6 0.3
7 - 1.6 0.8 0.4

hanana repome, the scaling i8 more faverable for
alpha-particle confinement,

N~ rltdrfr)2 732 (12)

The Iatter is valid under the approximate
conditians

T2 x IO-12 " I} (m

vy ——e— 13
I Mr/r|112 (J/Z

Inserting apprapriate numbers, w» see that
the alpha particles will be in the resonant
hananp regime until they thermalize when they
will pass into the resonant platcau regime (fuel
ions are also in this rogimeg. Thus, cven if
only a very slight axisymmetric mirror ia em-
plaved and several reconances remsin, the alpha
partirles arc expected ta survive quite well ta
thermal enevgies,” Total alpha particle emergy
denosition fraction nf 60-80% appesrs possible.

Fquations of Motion

The puiding center equations of mation are
given hy

d!]
R~ (14)
dr m
and
ExB ,BxB nV
IS - B
9= R L ERLERY JGEY

vhere & is the magnetic moment and % = E/B. The
axial electric field is neglected because the
axial potential is gmall compared Lo the alpha
particle emergy. The parallel speed can be
computed using conservation of energy and ne-
glecting small terme. The parallel velocity is
then obtained by chang.ng the sign of Vy at each
mnﬂﬁm.TMmhm,m.UUismmnﬁhy
B

IR (Sl zed (16)

To solve Cqs. (15) and (16), we use 2 fourth
order predictor-corrector technique.’»S Tt was

previously observed! that particles can become
stuck at the turning point of a Tokamak banana
orbit in thia algorithm. We obeerved similar
problems in the tandem mirror. A barely trapped
particle, i.e., one with pitch angle near the
loss cone, could forget to turn and continue out
of the machine. On other occasions, the particle
would oscillate axially near the turning peint as
if it were caught in a ficld ripple and drife
radially out of the machine. We circumvented
this problem hy anticipating slightly the turning
paint by monitoring rhe quantity

7
it gy

vhere Vyor is the initial rota) speed and 4 is

a small quantity =103, 1f v*2 pecomes negative,
in the predictor or carrector step, the step i«
atopped, the sign of Vy is changed and the pre-
dictor step restarted 1n the new direction. This
turning criterion should be used only once per
bounce but the particle may find irself beyond
the mirror noint and several time steps may he
necassary hefore vﬁ hecomes pogitive.

tn order to make the drift equation tractable
with finite pressure and perpendicular electric
finlds, we make the same assumptions as in the
previous sections, v.0., Fgso (3), (6) and (4)
with Fq. (5) medificd to

n

R r
0 0 !
n=nv{l-.¢0(h—) ‘('r)] (n

v
and
B M r
v 0 L0
~ —— — Uff e
Th 7 THV ‘ i mo f(rl) (1R)
y

where rp is the field-line radius in the central
cell yhere the vacuan field is By and PO in the
center 'ine pressure there.

For the va.wm l1eld we uso the long=thin
appraximat ion which zivo;q

By = - (AP - D) (19a)
By = =(y/UC" + 2D (19n)
B, = f(z) 19¢)

where f(z) and 7(z) specily the asial depenldence
of the axisymmetric and quadrupole fields on =z,
The two functions are found as cubic spline fits
to the actual magnetic fiell with the aid of the
additional infor-ation that the ellipticity of
the flux tube crass section is exp [5f2)]. The
magnetic f1'x obeys the relation

g = ;[x??-Mr) + vge”(Z)Jf(z) = nf(O)r; (20)

A last assumption involves the curvature
terms. It is assumed that at any lacation the
field direction is unchanged by finite pressure.
This is equivalent to neglecting changes of the

B



survature in the transition sectien. With the
relatien T x By @ 0, the curvature term in Eq.
(15) is reduced to

AA
Bx (8. 08B Y‘ﬁ\,.
The final expression for the drift velocity is
T t, 4
Sl Aol 0
[Zle ] (rp) Q x ol

% 2T |3g

%
- ~2g\|A
L €~ Zed - uh (12§ BxvB (21}
Yy m \1-8 v
e B
where

B (B8 il epfr )

00y D' p
Results

The code described in the previous section
has heer used to compute drifc surfaces for alpha
particles at several different energies, pitch
ang s and radii in the TMNS field, As an
example we show results for ¢ = 3,52 MeV, k = 1

rcomance {6 = ¥.1%), rq = 40 em in Figs. 3
and 4. For this case fg = 0.50 and both grad

SOV
fa ' -]

1 (mi
{h) T T ]
1~ -
E ol ~ -
»
A _
1 | 1
-1 0 1
x{ml

B and E x B drifts are included in the cenrral
cell as well as the transition sectiona, Figure
1 shovs x-2, y-z, y-x and r-z projections of the
trajectory. The gtar shape in the y=x plot
reflects the two "fana" in the transitiom
sections rotated by 90° [rom one end to the
other. The hollow portions at the ends of the
x=z snd y=-z plots ghow that the angular deflec-
tion is approximately 90° per bounce. This
observation is reinforced in Fig. 4 which shows
the intersection of the drift surfaces with the
midplane {z=0) of the center cell. The + and -
symbols correspond to guccessive croesings of the
midplane and are rotated by 90°. The banana
shapes reminiscent of Tokamak orbits are evident.
For this case A&R/r = 0,19 and AR/p ® L.3 vhere
AR iz the maximum banana width and p ig the
alpha-particle Larnor radius.

Aa a check on the simple model of Section 1T,
ve have carried aut equivalent calcwlations to
loeate the k=1 reaonance for F x B 2 grad B » 0
in rhe transition section. The resonance occurs
over a finite width in B8 as shown in Fig. 1 for
€ =1y 3,52 HeV. Ve note good agreement with the
simple theory of Section Tl. Inclusion of grad B
and F x B drift in the transition section shifts
the resonance to lower values of f# and also in-
creases the width A9 of the resonance region ns
also indicated in Fig. 1.
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s

Fig. 3. Trajectory of alpha-particle guiding center in TMNS field for € = 3,52 MeV.

a: xvszjbt yvezjer yvsx;d:

T vs 2.
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cectisn of drift suvface with THNS
w show'ng bananas. + and - cor-
san to ions traveling in opposite
di ectinns.

Cwogum oty [AR|/P, where P is the maximum
separation of inner and outer drift surfaces, is
plottec for the k=l, resanance va pitch angle 8
in Fig. Sa (€= 3.52 4eV) and Fig. 5b (E = 1 MeV)
for E « B and grad 3 drifts turned on in the
tranfition section. The lower enerpy resonance
is both narrvower in 49 and wider in |AR|. 1t
will be interesting ro see if this trend con-
tinues to lower energy.

Surprising at first glance is the occurrence
of AR = 0 near the middle of the resonance
region, This behavior can de explained by
observing some of the midplane drift surfaces
corresponding to Fig. “a. 1In Fig. ba, showing
[va] vs |x;] for B = 33.3% ue see what
appears to be a banana. Actually it is not a
banana but rather two widely separated drift
surfaces. Particles are deflected from one to
the other on each reflection. As 6 is ircreased
to 33.99, a bulge starts cto form on the outer
drift surface {Fig. 6b) and with further increase
in @ the bulge closes and becomes & banana, Near
6 = 34°, the banana becomes of vanishing AR
and then expands again to the banana of Pig. 5a.
An increase to 8 = 36,99, the two drift sur-
faces reappear (Fig. 6¢) and becomes of negligible
separation with further increases in @ until the
vicinity of the k = 3 resonance.

T T T T T
1%/ R L B p
2 }-cone —
3
1 4
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0 | PR SN U N VO S T
32 34 36 38 40 42
t)
T T H T
2
(4
11}
1
\
\\1
|
0 . — .
50 52 54

il

Fig. 5. Resonance width !AR'/D O S
radius) vs pitch angle for k - |
resonancs. a: € = 3,50 MoV
bt E =1 MeV.

Concluding Remarks

The above results show that while confinement
of . substantial portion aof alpha particle cnergy
is probable, providing the magnetic ficld is cor-
rectly designed, it is desirable to actually com-
pute loss rates as these ions thermalize. Such
studies are currently underway.
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Fig. 6. Intersection of drift surfaces with midplane for k = 1, € = 3.52 HeV.
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