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PROPERTIES OF THE DKP EQUATION

by

Michael Mutin Nieto

Theoretical Division, LQSAhtmos National Laboratory

T-8, MS B285

University of California, Los Alamos, New Mexico 87545

Abstract

After recalling k development of relativistic quantum mechanics, I elucidat-
ing the properties of the Duffin-Kemmer-Petiaufirst-cider wave equation for spin-O
and -1 mesons. The DKP equation is fomdl y compared to the Dirac equation, and
physicallycomparedto t.hcKlein-Gotdonsecond-orderequation for mesons. I point
out where the DKP and KG equations predict W same results, and where their pre-
dictions are diffcmmt.I conclude with an example of whcm these differencesmight
interest people studyingquackmodelsof nuclei.



This discussion of the DKP equation is based upon work 1 wiIs involved in , in the

1970’s, with Ephraim Fishbach and C. Keith Scott, with some ve~ important help by

Henry Primikoff. Later, Richard Krajcik and I looked at the extension to Bhabha equa-

tions, which I’ll men!ion briefly. There was also a stirlin~ cast of supporting players’ who

joined us in some of our papers. Our first paper was a 1971 Phys. Rev. Letter.z The work

culminated m a review in the Springer Verlag Physics Lecture Notes, No. 94.3 You can
work your way through the literature, not only ours but everyone else’s, by consulting

Ref. 3 and our historical article in the American Journal of Physics.J This last article is

basically a tree and you can find out what everybody did by stting there and working

back.
Now, to understand the basis behind the DKP equation, let’s go back and think about

the relationship between energy and momentum in quantum mechanics. The first great

equation of qunntum mechanics that we learned, is the quantum analog to the

non-relativistic relationship between energy and momentum:

(1)

As you all know, Schrtkiinger, in his bnlIiant theory of 1926, decided to turn this inm

tin operator equation on what we now call a wave function:

())ia *,=_—-.
idt

i 2)

~’ is a probability attitude. Energy is replaced by an opmttnr, ( -~ $), on the Iv:we

func[ion. ihlomentum is replaced by the operator (#&), If you have such ;I sys[cm, then

the }Iami]mnian density is the quantity

(v”)” (--”---))1 d ~,
= units [energy/volume]

I (,U

It hus unils of’energy per unit volume. Well if ( - ~~) h:ls units of’energy, :11:11IIILS;IIl\IhJI

t;”I/qIxls units of ( l/volume) or ~ h:is units of

t’ = units [Icngth \ “~ :. unils
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O.K., we understirnd that @“@is a positive-definite probability density. That seems fine,

what’s the problem? Well, with the success of the SchrMingcr equation for the Rydberg

states, tie hope was that one could get the fine structure by adding relativity. The obvious

guess to generalize the Schr6dingcr equation was to look at the relativistic relationship

between energy momentum:

mid turn it into a quantum equation. This was tried:

(-+;)20=[.~(+-g)2+m+.

(5)

(6)

Actually the first pemon who tried it was Schrddinger, and there were a rlumber of people

who “discovered” the Klein-Gordon equation. s Eventually the names of Klein and Gor-

don stuck. When you add minima i electromagnetic substitution, tb: “atom” cm be solved

analytically and exactly. The energy Ievels of the Klein-Gordon atom am not equal [o the

energy levels of the hydrogen atom, We now know what the answer is, its spin. An inter-

esting thing from a historical standpoint is that the energy levels of the pi-mesic umm were

not experimentally verified until 1979. Ii’s just too hard to unwrap the strong- intcrac[ion

effects in a low orbit, To see the electromagnetic structure you’ve got to ctipture the pi-

mescm in it high orbit with large n and 1. That is hard.

If in Eq. (6), 1now use the standard help of ~ = c = 1, all 1 have is one unit, which

is mass = I/(length), Therefore, rhe units are:

(7)

An example is if you ttike the Klein-Gordon cquution in [he time indrpendcnt limit.

(o+,,’ )@=() (H)\

‘lIIc s[dution is [he Yukawa pmntitil

()
u?

L“= ‘—
r“

,1))



where jLis the mass in units of I/(length).

A little thing which was not noticed, because it wasn’t important then, is that [he Klein-

Gordon equation is a second-order w~ve equation. So, since the 1.agrangian densiry

L = (&7n2t#) ( 10)

is supposed to have units of (energy/volume), this means that ~ has units of inverse length

(L-l), not(L) -JIZ,

Other than this, the only problem was that there was a funny thing about the probability

density; it could go negative. This was “resolved” by Pauli and Weinkopf. They said thut

it was a charge density which was a fudge. You know and I know. (we were taught) that

the wave-function p is a probability density not a charge density. But, O.K.. they were

big guys and nobody was going to fight them.

Now, let’s look at what eventually turned out to be the revolution. If you look at the

relativistic energy equation (5), and take the square-root, you have

[

E=*[pv+rnv]’’2=* d+;:+.,.
1

(II)

As a series you get the rest mass, then the Schrbdinger non-relativistic kinetic energy.

Dirac wanted [o obtain this directly. He wanted a first-order energy equation by ruking

the square-root of Eq, (5) in an operator sense. He wanted to btmk the square root. Dirac

didn ‘t say it that way, but that’s essentially what he did. What Dirac fcmnd were four

matrices -yI, T2, T3, qi such that

(%PI +721z+7?P3 -%po =(mN = –Tn2, ( 12)

so that

m= *[-(q p)2]”2

‘I-hisg:~vea first-order wave equwion of the type

(f9~+m)tin =() (l-l)

As with [he Schtlkhnge requution, the wave function lIas units of (mtiss)’~: or (L) ‘‘2,

Of course. it is now well known that we have two large componertls, which represent

pmi~mlcswifh spin-up and spin-down. and two smtill components. which rcprescn[ ;lnti-

p:w;iulcs with spin-up tind spi~- down. Note [hat the number of ccmlponen[s in the cqu;ltitnl

ik2m [ 2 S’+ I ): two for particle und tin[i-purticle times the number [)! spin st:l[cs, IIirw

[hen used minimul clcctrom;lgnctic substi[uti(m in his rquuti(m. \Vh;II is ~’url{ms.h(]wc~~’r,

-1



is that he didn’t solve this quation exactly. He whnittcd that he was afraid to.b He was

so scared it wasn’t going to work that he did not solve the equation exactly. Dirac did a

series expansion which led to the Pauli equation. This was like doing a Foldy-Wou[huysen

transformation.

It was actually Gordon and Darwin, very shortly after Dirac’s fundamental paper ap-

peared, who solved the problem exactly and got the analytical results for the energy levels

of the hydrogen atom. Needless to say, it was big stuff.

Well, people understood the Dirac equation and so understocxl how to handle what

were the only massive particles known in those days, Fermions.

The Klein-Gordon equation was accepted for the “mesons” that were predicred from

Yukawa’s theory of the strong force. But, even so, in the 1930’s, Duffin, Kemmer, and

Petiau indcpcndcntly, developed, although there was communication between Duftin and

Kemmer, what 1will call the DKP equation. This is a first-order wave equation for mesons.

An interesting thing about Rtiau is that he was a follower of the school of DcBroglic. For

decades, up to his death, DcBroglic wanted to have a massive photon. The way he wanted

to do this was to combine two electrons to make a photon. As I come to below. with this

idea you already have a product of two Dirac spaces.

I am not going to describe how the DKP equation was developed historicidly. I’m

going to give you what is a logical progression. This is not the way you do physics; rather

it is the way you pmcnt it.

Instead of having Eq. (13), let’s consider

(P,6)3=(p.#)(p2)=-m’(p. fl). (15)

This is a generalization of Dirac operators except that you put one more (p.matrixj in the

defining conditions. The algebra is

tind with this algebm you get a relativistic first-order wave cquwion thut forrnully Imjks

exactly like the Dirac quation:

(ap+m)tr’=o

“hercrm’c, the wave function has units rJf (mass)’/2, What is cute is lhtil the tilgehru ( 161

it stitistied by the symmetric outer product of IWO gamma mutriccs:

I‘ p7fJ + #yyB,=<
.

Is Ibis telling you thut one is making u meson out of two qvtirks’.’
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In any event. Eq. (18) says that the #s have a 16 x 16 (reducible) representation.

Now, what u all rhose components for ? There is a 1 x 1 space, which is triviul! But

there is a 5 x 5 space which is spin-O and a 10 x 10 space which is spin-1. If you write

our the components of the spin-1 piece, you can show that they basically are the massive-

photon Maxwell equations, or the Proca equations. You can show that the components are

the electric field, the magnetic field. and the four-vector potential.’

The spin-O components can be shown to be a field and a four-derivative of [hat tield.

The field and the time derivative amount to paI Lkk and anti-particle, and are Rlated to the

Sakm-Ta.ketani and Feshback-Villars equation. The other three components are built-in

subsidiary conditions. There are subsidiary conditions because the @matrices can ulw;iys

be transformed into an angular-momentum opemtor, which has zero eigenvalues. The

subsidiary conditions correspond to the zero eigenvalues of that marnx. This is a pri)blem

you don’t have with the Dirac equation.

It turns out that the Dirac and the DKP equations are the two simplest special cuses

of the first-order wave equations for arbitrary spin which were developed by Bhabha.

Lubanski, and Madhadvarao.4 Generally 1call them the Bhabha equations, but all three

of those guys redly descme the cred;t for them. These equations have as their “mmices”

the representation of so(5), whose algebra is

Well, that’s nice about DKP, but what’s different about it than the Klein-Gordon equa-

tion and what’s the same? If it’s a free particle, it’s the same thing. In electrodynamics,

you have the same solution. For example, the pi-mesic atom has the same energy levels

in the two fonrmlism. Further, it is cute to look at the back of Akhiezer and Bereste[skii, U

because they do meson QED in the DKP formalism. Take Compton scattering. If you

use the Klein-Gordon formalism you have three Feynmann diagrams, because of the con-

tuct term, Contiwise, for DKP it’s just like Dirac, there we only the direci and crossed

[ems. But if you sit down and calculate it you get [he same analytic answer from either

KG or DKP, You can use whatever formalism you like. Actually, I enjoy using DKP. It

II;IStr~ce theorems, so you just go tumbling through it, I find ii less conlpliuu!ed, Even

[hlmgh you’re bundling mom components, you’re handling them formully, us m;lwices.
N’ell, CWIKG and DKP ever ~ different’? The ~ns~vcr is, “yes”’. why is [h~[ S()’?

(=[msider the cumenr densi[y for the Dir~c, KG and DKP equmions. As we huve m)[cd

Ivtore, [he fields in the cuments go as (rntiss)’l: for Dirac ii lKP, but iIs (m:lss) f(w KCI.

If I iim not conserving mv currenl, in some nuive sense, you would expect [hat when I go

tr[~m(me mtiss m mmther, the fields will extrupolu[e diffetrntly off the rn;Iss shell. tt~ ;I

m;ltwr (d’f;lch[,ywI ~.iin :~n:ily[ic~llyshow this [o he me.



The KG cunwtt for a non-consetwed vector interaction is

Now look at the DKP current,

IFw = i~B~~ GA. (21)

Using the wave equations and the /3 matrices you can write [his DKP cumnt in terms d

the property normalized KG fields. When you do that you find

( 22)

~otke h~l if ~A = ~B, Eqs. (20) and (~~) are the same. But if mA #n, the cumenfs are

differem.

As a matter of fact, that’s how me actuaUy got into the game.z We found [hat there
were cemin situations when KG and DK.Pwould yield different results for particle physics

processes where the masses of the two mesons involved were different: in particular. for

the non-consened vector-cment process K ~ ngv.

Let me point out something; it is an assumption, when you have symmetry breaking,
what units the symmetry breaking has. The wave functions are mken with physical m.:ss

values. The vertex function is taken as symmetric. Therefore, depending on what units

you give to the wave-function and hence the vertex function, you will end up with different

answers.

Well, that brings us to this confetwtce, where you will hear a number of discussions

on the use of the DKP equation in nuclear physics. Approximately tive years ago. the

DKP eqlmtion became of interest to certain groups, including Bunny’s here at Ohio SuiIe,

This was partially due to the renewed interest in the use of the Dirac equmion in nuclear

physics, I want to discuss one last topic to demonstrate that there we aretis of in[crest

to this audience, where one can ask questions about [he use of the Klein-Gordon vs. [he

DKP equations. This is something that just came up in conversations ~t Los {tl:inlt~s:1

little while ago.

To begin, let me remind you [hat, M [his workshop has demonstmted, m:lny pu)plc

are interested in discussing nuclear physics in [etms of qti~rks. There we muny groups!
Of course, 1 kn,.w best abou[ the group at Lm Alomos, Terry Goldmwt is in the (Wiuc

nexl 10 me und 1itm always wandering by to chusrise him for ~b;lstinghis [ime (N1qu:irks

in nuclei when he could he doing gruvit) with me. S() Ten-y and I lulk ~n ~w-t’ulIt)t ;Ib(NII

[his work v with ~Jcrry Stephenson, Kim $ldltm~n. Kevin Schmidt. ~nd I::ln \\ ’,IIIc..
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N’hat they do is rake the quark solution of a Dirac equation, where the potential. mther

than being bag-like, has more the shape of a saw-tooth bottom with linear-confinement at

the side, This models correlated nuclear positions, which actually are obtained variarion-

ally. The full state wave function is ~ (fl, #1), where IOjis the j th quark (or wuiquark),

and A signifies Pauli antisymmernzation. For baryon calculation they reproduce the N

and A with normal properties (very similar to bag models), and are O.K. for :he rest of

the oc[er. They obtain 4He with 18 MeV bending energy ‘without any pier.s) and predict
several dibaryons.

Well, a couple of weeks I happened to meander into Terry’s office and he said. “’Gee.

we are starting to get out some numbers on the spectra of mesons. ” So 1s “d. “Oh? what

do you guys do?” Temy replied, “We do our normal thing, except that this t ne there is an

anti-quark.” Now intrigued, 1asked, “How do you treat your spin?” He said, they consider

where ( ~1~ - J is an outer prcduct of wave functions. However, they did not keep track of

the full Dirac space inherent in H:) @ Hg).
Now you probably already know what 1meant when I said to Teny, “Let me point out

something to you. This is similar to, although not exactly the same as, the type of thing

you do in the DKP equation. ” By dimensional arguments lhat I’ve given you before. you

cm realize that one could well get different results for the meson spectra with !his son

of method lhan you would obtain using the Klein-Gordon eqwtti . Also, [here mighl be

some ccmections if the spinor spaces were handled exactly.

Terry itllowed as how he hadn’t considered that there might be a difference between
what they are doing and normal KG-mesons. I“m not saying thm their’s is the only quurk

model :hat d~s this, obviously it isn’t. 1’m saying that for anybody here who wants

m use quarks in nuclei and get mesons out of them, this is a first order top-of-the-line

question: are you dealing with a DKP-like meson or are you dealing with u Klein-Gordon-

likc meson? 11’snot going to make any difference if it’s just one meson: but if you’re

rc~;ly worried itbcwt the ,pectra of mesons, then the two !ypes of mesons are different.

So. everybody with a quark model for nuclei from which they w~nt m nlake mesons. if

thuy.rc interested. h~s some (:~estmns they cun start thinking tibout right now.

‘Iht. s basicully u]] 1 wunt to say except that I Ihink [hut this fmnulisrn (Jlfcrs some

IIl[cres[ing oppor~uni:ies in [his field that you guys like so much. I wish you ;III [he IWS1

,lnd pleusc keep mc infm-rmd. Th~nk you.
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