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CRACK IDENTIFICATION AND CHAMiCTERIZATION

IN MIJG WAVELENGTII ELASTIC WAVE SCATTERING

IN’I’ROIXJCTIO14

Cracks c.in cause siqn~ficant changes in the mechanical

behavior =i =.ltcrials, the most dramatic cha:qc being the possi-

bility -f i:zcturc. :hniics:ructlvc detcczion Gf cracks, especi-

b“~*:!”,.*... . .:. . ...;:”..” -“.\”.”.. ::. - .::-% .. :., .: ,:, :... :~r :L~r#
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apparent characteristic features of elastic wave scattering from

cracks, to interpret these results and to discuss experimental

procedures that may be useful for their detection and characteri-

zation.

More explicitly, we first identify scattering signat~res

which distinguish cracks of general .:j~.apefrom volume defects

{voids and inclusions). Then, we specialize our study to ellip-

tical cracks and propose scattering siqnat.ures whicli allow the

determination of the crack orientation, size and shape. Also

the applicability of measuring these signatLrcs in realistic

non-destructive testing situations is assessed.
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u: = aiei~o”~
ifl”.r

+ bie - - (1)

where a and 1? are the wavenumbers of the longitudinal and

transverse made with ai and b., the corresponding vector
1

polarization amplitudes, and Q“ = la and ~’ ~ 6a, the incident

wavevectors. The dif:crential cross-section is found 8 to be

given by

dP(u)
a(~+2~)lAi:2 + 2LjBi!2

—=
do 2a(A+2u) ja. +

1’
~Ulbi,2

(2)

vith ;{ and ~ the Lam6 para.mcturs of the medium hosting the

cavity, d.: a diffcrcncial element of solid anqle, anti Ai .and

The scattered ~r.+litudcs arc related to a quantity called

the f-vector 9

Ai = ;.:. f.(1)
lJl-

and

(3)

(4a)

(4b)

where summation over repcatcc! indices is ilaplicd (as throughout

the rest of the paper) , ~ is the unit vcct~r in the .;cattcrcti

(observcltion) direction, and ~ = J~ and ~ = s~. For a void

the the explicit form of the f-vector is



tie of our objectives is to apply Eq. (5) to the long WaVe

scattering from a crack. To indicate the natilrc of our approxi-

mation, we write

[
‘~(!5) ~ fi uie-i~.~ ;

-lk .r

‘kLe – - 1

to symbolize that in (5) there are two indepenJerL: ln:ccrations,

one with Ui exp!-ik*r) in the inteqrar.d and the cthc:- with— .-

‘k Eexp(-ik=r) ; Ehat is,—-

[

k2 2
fi[xi; yyl = — ...

I
dVxi + lkC “ 11 .:-~.. (-1

.
4UW*

:jki.r] ‘:<.. ●

R R J
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probiem, we note that for an incident wave of the form

~ueiko=r
‘l=i-––

the associated strain field is

o ik”.r
e*.e– –cij = 13

where

With e?. a
1]

as a static, unifom strain, the tensor c. .
1]

ted with the corresponding static problem) is defined.

is used in Eq. (4), the approximation

~Qs .

[

1fi u; ; :G i
i k ;J

can be shown
3,11,12

to produce the scattered amplitudes

.S

(9)

(lo)

(associa-

fQSWhen i

(11)

exactly

to the leading order in :,, (which is LJ4). Equation (10) is called

the quasi-static a~,proximation 11;
it gives the Rayleigh limit

to the scattering.

For ellipsoidal cavities, the ~a
ij

needed in Eqs. (8) and

[11) is given by Eshelby; furthermore, c~j is itself a uniform

(constant) strain. Fcr an ellipsoid, Eq. (5) becemcs

(12)

where V is the volume of the cavity. -U.
‘1]

1s related to e!’
1]

by

where I is the identity fourth rank tensor and the fourth rank

tensor S
7

is calculated by Eshclby.



To obtain results for an elliptical crack, we first consider

an ellipsoid with principal axes a>b>c~ and then take the

following limits:

limv = o
C+o

li~ vr..
C+() l]kl =

More explicitly, if

directions, we find

‘ijkk

a and b are along the x- and y-

~ma3 2V{1-V)K:

Y3311 = Y3322 = ~ mlc) (1-2V)

[

= ~a3tc1E(-:) ‘K1 12[F(K) -E(K)] ‘1

‘2323 T—-— 1-’J
K2(1-U)

[

VK12[F(K) 1
-1=2na3K

~1 E(,) +

-E(K)]

Y1313
K2(1’-V)

(13a)

(13b)

(13C)

(13d)

where v is Poisson’s ratio [\J=~/2(l+LJ)] and F(K) and E(K)

are complete elliptic integrals of tile first and second kind with

K = (1 _ #/aqv2 2
and

2
‘1 = 1- K ●

The corresponding express-

ions for a circular crack of radius a are

Y3311

Y3333

‘2323

For both elliptical and circular cracks ‘ijk~ = ‘jik~ = ‘ij~k”

Terms that cannot be obtained from (13) by these intcrchanqes of

16a3
‘3322 =

V(l-v)
3 1-2V (14a)

(l-v)
— ?3311v

(14b)

8a3 (l-v)
(14C)Y1313 = T —.

(2-v) -

indices are zero. We not-e that y. .
~]ki’

and hence the scattered
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fields, are proportiorlal to 4na3/3, the volume of the smallest

sphere that can encircle the crack independent

~3311/y1313 + ‘331~/y2~23 = 2(2 - u)/(1

of b. We note that

- 2V) (15)

and hence that only two of the y. .
$]k~ are independent.

RESULTS

In this section we address the problem of flaw characteri-

zation in two stages. First, several features are found that

distinguish cracks from volume defects, including one valid for

arbitrarily-shaped (not necessarily planar) cracks. Second, for

the special case of ~llipticaY. cracks, we discuss procedures

for determining crack orientation, size

bility of these procedures to realistic

situations is also assessed.

and shape. The applica-

non-destructive testing

crack Identification

In the quasi-static limit the f-vector for scattering from

a cavity has form 1

fi = VPU: + Q, .;
1] j (16)

where

P = - k2/4n (17a)

and

-ik3Q=—ij ; c
f

dr 2°
411pw2 ijk~ - k~(~)

R

(17b)

Alternately, Q. .
1]

can be obtained using the surface integral

formulation of the problem. With a crack regarded as the limit-

ing case of the volume V+(I,

‘i = ‘~j ‘j

With



Q:$ = ;:; Qij

But as seen from (17b) the tensor ‘ij’ and hence Q~j, depends

only on the incident field and not on the scattered direction f.

Thus, from (4a) the magnitude of the longitudinal field is

Ai;i = ‘i;i = Q:j;i;j

which is invariant under the replacement of ; b - ; .

Physically, for any incident direction this means the scattering

in any two diametrically opposite directions is identical (Fig. 2).

This general result is valid only for cracks since the first term

in (16) is nonzero for all cavities (and more generally for all

inclusions). Consequently, if the measured scattered fields are

equal at any two diametrically opposite points, the defect must

be a crack. A similar analysis can be made for the amplitu(ie of

the trans-~erse scattered fields with the identical conclusion.

Considering the special case of elliptical cracks, we can

fjnd other scattering signatures of cracks. Below we give for an

incident longitudinal plane wave the Rayleigh limit scattered

amplitudes and explicitly .iilustrate these signatures. In our

equations, Y
(o)

= YJjl18
y(l)

= y13~3 and Y(’) = Y2323; the

incident direction ~ is characterized by the angles Cu and

$0 : and the scattered direction ~, by 6 and + . All angles

are defined in a coordinate system fixed by the principal axes

of the crack and by _;, and the semi-major axis a and semi-

minor axis b are in the x- and y- directions while _; is

in the z-direction (Fig. 3).

For a longitudinal wave incident in an arbitrary direction,
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and

Q“=afiu,

the scattered lonq~tudinal (L) and transverse (’1’!displacement

fields are

A cl’ ~ l.,(o)
[
~ + (1-2’J)

‘i =
—.

‘ifi~
I

Cos
v *C 1

x[1+(1-2’)) 2
1 1

(1-2V) -~(1)Cos L +
v o 2V

Cos G Cos q.

(18a)

[
+ sin 2~o cus 2~ Y (1)Cos ‘:cos~o+Y \’) 1Isin C sin t o

[

I

- ;i sin 2~0 Cos [,y(l)sin \ COS co - Y(2) cos C sin ~ ~1)A A
where ~ and 4 are unit vectors in the c and 4 directions.—

By inspecting these equations, wc found 3 additional crack idcnti-”

ficrs: One, if both the inciclcnt and scattcr[zd directions arc

anywhere in t.hr crack plane (C = ~ = 90°) , then the m,lqnitudes

of the SCattC1-Cd fic’ids,dnd hcncc L!lQ cross-sections , drc

consta:lts :

A= lx2vy (0)/411(1-v) (19a

B=O (19b

‘1’hm, the pli;nr of the crack is a “plane of constdnt :;c:lttcrinq”.

Furthcrmo:-c, the existcncc of such a plane is a special property

of elliptical cracks dnd is u~cful not only to . :stirllJuLshthcso

from volume dcf~cts, l’utalso to dctcrminci the cr~ck plane orient,~-

tion, ~. (See below.)



. WO, for normal incidence and for incidcncc along ttac crack

edge (t, = O’ and 90”), the angular distrluut~on O: scattcrcd :.

Waves (and similarly for scattered T waves ) is xdcntlcal and

●lso independent of C@ and 4, that isc

(20a)



P

q=

2 r
I fill

m.Q~]”:-; .!
● (1 -2.)

.J(2)~ (Zlbj
. i

2
—.. . !:-*I
16:;mi i- , )[, (1’ -/:2)] (21C)
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FIGURE CAPTXOiJS

Fig. 1 A typical scattcrin(J qcometry. For purposes of illus-

.
tration the incident power is along the positive z-axis.

Fig. 2 The Co~JrdlIl~~C systcm dcflninq the incident angles CO

and GO and the scattcrcd angles ~ and r relative to the

crack oricntatlun.

Fig. 3 An ~nvariancc property of Raylciqh scattering from

cracks. For an inc.idcnt dircct,lon ~ the scattering in
A

the direction r is equal to Lhc scattering in the—

direction -;.—

Pig. 4 Curvcsof ,(0), Y(l) and-~(2) asa function of b/a. The

/0) # Y(l)=n~ ., (2) have units of volum with the unit

1
of length the same as a ~nd b. v = ~.

Fig. 5 A measure of the sens]tlvity of the scattering from an

1.
clliptic,ll crack to its shape, b/a. u = ~.
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