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ABSTRACT
We discuss apuarcent characteristic --atuz-: Ray.eish
scattering of elastic waves from cracks. Irt.riret:ing these
features, we suggest a procedure that @ s+ oXpoerir-ental
situations may be uscful to distinguish sencrallvesnaged
cracks from volume defects and to determ:ine o7y elilipticaliy-

shaped cracks the oraientat:on, shape and s.iae.

*Author to whom all correspondence should
be sent.. Phone: (503) 667-0b727.
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CRACK IDENTIFICATION AND CHARACTERIZATION

IN LONG WAVELENGTH ELASTIC WAVE SCATTERING

INTRODUCTION
can cause significant changes in the mechanical

“auterilals, the most dramatic chaage being the possi-

bil:ty 7 fracturc. Londes:ructive detection of cracks, especi-
ally —Traz=s trriwizlal e fracture, often utilizes ultrasonic
tecihniDzef L Whaon an clastic wave propagat:s through the
MaAeeria. ani 18 sTatTerdsd oy the crack. From features of the
STitt. T . “no it oMt oand characterigation oY the crack is
Attemz e L. Jlearl,, on o These (mLSriant oxgceriments tae dominant
physoTal Lot ke wnderstoe i s othe scatterainag nof the
clas*. .. L. frate,  In this respect, a simule model
Froc. . alitilel v otirralar "softT crack

crbe i . St ie olErt Tt o sediul,

- -, : ©Li:v o rrT andenonuently consid-
eret - . . . . Ttk LIritinn: CAaso
wher o - . "L oaave an tonsieranly larcer
tnas o HEEE T I L L Raty .- LI 1iTLii, Lhc exact
HE ¢ o .. Croed g : P S TR

aT oL Ioas C Tt L niLvit, DAt oxtend dhe
ara.yris, R ST Y LoIatiota, 4T 31T oach o o1s to start with

e,
a vola—e imte oo I at. Tt the mTatte - for which
. G-12 .
SCWwCI . s L ap. ! o MIT 2t I R - A2 IXITATINN USed
. - - B, aom . a ® = - . - . - ® - . Fa ey e N - ar H Byns . ° 3
heto e L e A e THAAL=E% 10 Tes . rraved by atta,
Our purjaise 215 . 13.4d8%ra%e an the Contexs -t othis approXaimation



apparent characteristic features of elastic wave scattering from
cracks, to interpret these results and to discuss experimental
procedures that may be useful for their detection and characteri-
zation.

More explicitly, we first identify scattering signaturec

which distinguish cracks of general -:tv.ape from volume defects

{voids and inclusions). Then, we specialize our study to ellip-
tical cracks and propose scattcering signatures which allow the
determination of the crack orientation, size and shape. Also
the applicability of measuring these signatures in realistic

non-destructive testing situations is assessqad.

BASIC EQUATIO:S

The basic scattering picture is depicted in Fia. 1. An
arbitrarily snaped cavity with a surface . boun::in; 4 region
R is embedded in an infinite, homoucncous, —last:i:cally isotropic
mediur. The incident power is directed alun: the positive z-axis
and is monochromatic with an angular fregue s . The anit
vector i deiermines the direction of obscerviat:on ¢t the
scattered power relative to some sultably chosen dartesian
coordinatc systunm.

The scatteoring 2ficctiveness o Lhis catity 1s noasurad by
the differential cross-scction which is uvssentially the time
average of the fraction o!f incident jowel scatterod intoe 1 articu-
lar direction. For 1ncident power assocorated with a displacermnent

ficeld (omitiing exo(=1.t)]



« . ia’sr 8%-r
uj ae + bie (1)

where a and £ are the wavenumbers of the longitudinal and
transverse made with a, and bi' the corresponding vector
polarization amplitudes, and o’ = 238 and 8° = 88, the incident
wavevectors. The differential cross-section is found8 to be

given by

2 1 2
ap(u) a(k+2u)IAi- + Eu!Bi.

aluw) o - (2)
d 2 2
a G(A+2u)}ai. + :;lbi,

with 1 and . the Lamé parameters of the medium hosting the

cavity, d.: a differential element of solid anagale, and Ai and

Bi the vector amplitudes or the displacemsnt field associated

with the scattered (far-£field) power:

u® ~a ¢ +on S (3)

The scattered arplitudes arce related to a gquantity called
R
thc f-vector

and

B, (6,5 = B, 06502 (4b)

where summation over repeated indices is iwaplied (as throughout
the rest of the paper), i is the unit vectcr in the scattered

(observation) direction, and 1 = ar and = 2

. For a void

T

the the cexplicit form of the f-vector is



where C, = A§..6 + u(é,.

ijki i3%k2 iedyk * Skt

ik ;1

One of our objectives is to apply Eg. (5) to the long wave

scattering from a crack. To indicate the naturc of our approxi-

mation, we write

£, (k) = f) [uie’ii’£ ; ckie-it'i] (6)

to symbolize that in (5) there are two indeperlent 1ntecrations,
one with u, exp!{-ik°r) 1in the integrand and the cther with
cklexp(-li-gi ;  that is,

2

4 . = _k_._-— 2 H + : v Sy .‘ n
fi‘xi' Yk] = 5 |- fd\/xi 1}.Ci:”,_._.:| f vy . (1
R

41puw

A specific choice cof these fields will produse *he oxact Ikl

Our approximaticn 15 bascé on substitutin: =ncwn lolas for oy

and Ykt and as checices fcr these fields, wo Coconsiacr irst a
static proklem cf a cavity embedded 1n a men:ar tnat nad a unifcosr

2 . .
- -k 2 L=iker . ~ o ~iker
1('_‘_) -—3 |puw deu_‘ 2 + lkcijkirj fchk‘e - =
R

stress 7:3 as R -~ r . The result:in; ssrai: 7.13 can be wris .

e = e, + dVG(?) C. ) (8)
ij ij 1Jke"Kemn mn
R
where C:J is the straln ficld asrFocirated w:'h ';J 1n the detess
- ~(?) - ’ 13,14 .
free medivm, G 1s the static areen’s 1unction NSO
1jKe 1]

is a fictitious ficeld definea 1n the vcavaer, Tor ollipa o

~ 7
cavitics - was calcul.ated by sheilbs . 1T 1S5 oxacte!'y
1) )] : :

ficld used 1n approximate solution.  Returning now to the soat '

(5)



probiem, we note that for an incident wave of the form

.4 0
wZeik’ ez
1

L]
M o

(9)

the as.ociated strain field is

0 _ o ik er
where
° _ . o, 0 g, ¢
eij = 1(uikj + ukki)/2 . (10)
With e;j as a static, uniform strain, the tensor egj (associa-

ted with the corre-sponding static problem) is defined. When fgs

is used in Eq. (4), the approximation

Qs o . o |
£° = fi[éi =y (11)

3,11,12

can be shown to produce the scattered amplitudes exactly

to the leading order in . (which is uz). Equation (10) is called
the qguasi-static approximationll: i1t gives the Rayleigh limit
to the scattering.

For ellipsoidal cavities, the sgj needed in Egs. (8) and

(11) is given by Eshelby; furthermore, 533 is itself a uniform

(constant) strain. Fcr an ellipsoid, Eg. (5) beccmes

2
S -Vk 2 . ~ [s]
fg (k) = [JJ u. + ikC.., .r.c ‘] (12)
b U 4ﬂ0m2 1 1jJki” j kx
where V is the volume of the cavity. Cij is related to e;j
by
(o] - _ -1 0 - " 0
€13 = =81 Tligei e ® Tijke Sz

where 1 1is the identity fourth rank tensor and the fourth rank

tensor S 1is calculated by Eshclby.7



To obtain results for an elliptical crack, we first consider
an ellipsoid with principal axes a > b>c, and then take the
following limits:

limVv = 0
c+0

:ig VI ike

Yijke
More explicitly, if a and b are along the x~ and y-

directions, we find
3 2v{l-v) Ki

_ 4na
¥331) T Y3322 T 3 E(x) (1-2v) (13a)
R
Y3333 T 5 Yaz (13b)
2 -1
3 v, SR (k) ~E (k) ]
- 2ra’xjJE(<) _ 1
Y2323 T T3 1w 2 (1-v) 13c)
4 2 -1
3 vk, S [F (k) =E(x)]
_ 27nax , 1
KESE R e S P (13d)

where v 1is Poisson's ratio [v=A/2(A+u)] and F(x) and E{k)

are complete elliptic integrals of the first and second kind with

1/2 2 2

e}
kK = (1 - bz/a“) and Ky© = 1 - k. The correcsponding express-

ions for a circular crack of radius a are

3
_ _16ad  v(l-v)

Y3311 T Y3322 © 3 1=2v (14a)
. (l-v)

Y3333 T T v Y3311 (14b)

3

= _ 8a” (1l-v)

Y2323 5 Y1313 T T3 (r=v) C (14c)

Yijke = Yyike T Yijek©
Terms that cannot be obtained from (13) by these interchanges of

For both elliptical and circular cracks

indices are zero. We note that Yijkl' and hence the scattered



fields, are proportional to 4na3/3, the volume of the smallest

spherc that can encircle the crack independent of b. We note that

¥3311/Y1313 * Y3311/Y2523 2(2 = v)/(1 = 2v) (15)

and hence that only two of the Yijkl are independent.

RESULTS

In this section we address the problem of flaw characteri-
zation in two stages. First, several features are found that
distinguish cracks from volume defects, including one valid for
arbitrarily-shaped (not necessarily planar) cracks. Second, for
the special case of elliptical cracks, we discuss procedures
for determining crack orientation, size and shape. The applica-
bility of these procedures to realistic non-destructive testing
situations is also assessed.

Crack Identification

In the quasi-static limit the f-vector for scattering from

a cavity has form1
f. = veul + Q..r. (16)
i i ij° 3
where
P = - k2/4n (17a)
and
Q.. = -ik> o ar 9 (r) (17b)
ij 47 ow2 ijke Jr = Tki=
P R
Alternately, Q.. can be obtained using the surface integral

1)
formulation of the problem. With a crack regarded as the limit-

ing case of the volume V = 0,
= * o
fi oij rj
with



]
O = lim

But as seen from (17b) the tensor Qij' and hence Q;j' depencés
only on the incident field and not on the scattered direction f£.

Thus, from (4a) the magnitude of the longitudinal field is

L] ~ - .AA
Airi = firi = Qijrirj

which is invariant under the replacement of i b -

(Ha b

?hysically, for any incident direction this means the scattering
in any two dianetrically opposite directions is identical (Fig. 2).
This general result is valid only for cracks since the first term
in (16) is nonzero for all cavities (and more generally for all
inclusions). Consequently, if the measured scattered fields are
equal at any two diametrically opposite points, the defect must
be a crack. A similar analysis can be made for the amplitude of
the transverse scattered fields with the identical conclusion.
Considering the special case of elliptical cracks, we can
find other scattering signatures of cracks. Below we give for an
incident longitudinal plane wave the Rayleigh limit scattered
amplitudes and explicitly -iillustrate these signatures. In our

L (0 (1) (2) _

equations, = Y3371 Y = Y1313 and vy = Yp353F the

incident direction é is characterized by the angles Cu and

~

¢° ;7 and the scattered direction r, by 6 and ¢ . All angles
are defined in a coordinate system fixed by the principal axes
of the crack and by ﬁ , and the semi-major axis a and semi-
minor axis b are in the x- and y- directions while 5 is

in the z-direction (Fig. 3).

For a longitudinal wave incident in an arbitrary dircction,
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0° = cos ¢, Sin Ooi + £in ¢, sin eoi + cos co_“z_

and

)
* = g4 a? ,

a
the scattered longitudinal (i) and transverse (1" displacement

fields are

A, - ;i °:.I§v }Y(O) [1 + 1&%31[ cos? e] (18a)
x [1 + 11533L cos? LJ + il%%il [y(l)cos ¢ cos ¢,
+ y(z)sin 4 sin '%]sin 28 sin ZCQ:

B, = & (g:-{‘°) [1 o 1229 o552 fJ sin 2° (18b)

|
i

cos ¢ sin 43] )

and ¢ directions.

+ sin 2%, cus ZF[Y(I)cos " cos ¢, + v'%)sin ¢ sin L2 ]

-~

- ¢, sin 2t cos c'[‘Y(l)sin ¢ cos G, - v (2)

1

~ ~

where € and ¢ are unit vectors in the °

By inspecting these equations, we found 3 additional crack identi-

ficrs: One, if both the incident and scattered directions are

anywhere in the crack plane (€ = § 90°), then the magnitudes
of the scattered ficlds, and hence the cross-sectiongs, are
constants:

A = o vy ®ana-v (19a)

B = 0 (19b)
Thus, the plane of the crack is a "plane of constant scatterirg”.
Furthermore, the existence of such a plane is a special property
of clliptical cracks and is useful not only to . 'stinguish these

from volumc defects, but also to determine the crack plane orienta-

tion, i. (Sec below.)
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Two, for nnrmal incidence and for incidence along the crack

edge (C. = 0® and 90°), the angular distrioutior of scattered ..

waves (and similarly for scattered T waves )

also independent of ¢, and

A - 1 + :1-2\')
v

B = |sin 2¢|

Three, as secen fronm
dence is twofold symnmetry about
This feature is also absent in the scatterin:
[From (4) and (12) it can be

gives rise to an additionai cos

sin &€ dcpendence for

Thus. to lecadina order
higher symmetry zhan the sca
measurable, gualitat:ve ¢

distinguich an eli:rtical crac

determine the cracrk

Majintaln:n: cur

now discuss featuloen

gation consi:tn oY the

shapc.

Our firs: tass

pPlare. For cll:rt:cal
currently with the tasns of
defects. For cexamle.

cident with the crack

that is,

the scattcer.n:

demonstrated tnat
devendoencoe
waves. ;

scattere.

TOWeT

Py

plane o osnstane

it i1dentical and

(20a)

(20b)

M TRT S HTCIE Yol §

waves and a
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The more dufficult task 15 to determine the or:contat:on
witlarn th . paiane ¢f the crack ma;ur ex:o.  ¥nowin.: Lhe Crack
planec allow:n ul to spec:fy - and v, in (16). To compicte the
speciication ! the crachk orientatiuvn one muazt utilize the

t-depondonee 0t the scatteringg. #y inspectin:y (19 ope sees thas

the relative manitude 5§ the :=dependent torms 15 maximized when

€ = €, - 45, In that case, Tor a pulse-cchs experiment 7 o= Ty
the soartyreod D sonitedinal amplitade o, for oeXarL e,

AT = p o+ q cos’® : (21a)

2 D

T = - . oL - ] (21c)

Sincec p . i, the daxama of the hLack:cattered noower

y
(=]
2
z
s
—
X
o
b}

{at ¢ socate the directi1on of the mator axis.,

. 1) »
Howcever, the @ dependeuce o srojorcional to .( - -,(“), whaich

(Fi3g. d) may Lo oo small te measure for all b,oa raties,

Consciuent iy, the orrentaton of the Daor axis mey be nari o

.
»e
)
-
—
r—

determine experanentaiiy. ihy ve in the Raylerh 1:maie,
scatter:ing byoan olhictical crack 1o osimiiar Lo scattering by
circular crack.,

This discussion bears directly on the last task characterizio:
the crack, the determanation o! a and b/a.  In principle, knowled e

- (0) (1 (2)
' [} | e Y

of any twoe oi | ] 1s sutficient Lo uniguely

determane a and b oac However, Migs, 4 and 5 reveal that
(1) (2) . .
Y - and |, (peg), the ratie of the mirimum to maxiaum valuae

of (21a), depend very weakly on b/a;
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CONCLUS 105

In contrast to long wavclength scattering of acoustic or
quantun meclanical waves, which are isotropic with little informa-
tion about thoe scatterer, the scattering of elastic waves, in
additi=n ' an 150trLiiic component, possessces dipolar and quadra-
polar cvor:; -t with important information about the scatterer.!

We oxari:i- @ .- atcjular content for the scattering from cracks
and, a!*.! xmincn vthais content, i1dentificd fecatures that may be
useful o Crackx characterizatilon experiments.

With great senceral:ty, we found that for any angle of incidence
the kayle i ascattering trem any crack, 1n contrast to the scat-
tering fronovelune defects, s adentical in any two d° metrically
opporit. d:re-tians.  This feature identifies the defe t as a crack,
but d¢ce: ¢ cnararcteerirce Lhe crack as to its size, s.ape and
oricnt:t: .. Aundit: nal o sdentifving features, as well as a
character:r:in s rowe lare, were snecaficd for an elliptical crack.

In thae Cune, we found that 1t 1s 1n principle possible to charac-
terase U Jrack uaniguely,  In practice, because of certain shape
it Ve pParameter., woe believe the crack may appear circular,

and ; - oirly the best one can do is to measure the crack plane oricnta-

trorn a3 boeanis Tor the erack lengih a.
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FIGURE CAPTIOS

A typical scattering gecometry. For purposes of illus-

tration the incident power i1s along the positive z-axis.

The coordinate system defining the incident angles €
and ¢, and the scattered angles f and ; relative to the

crack oricntation.

An invariance property of Rayleigh scattering fronm
cracks. For an incident direction a the scattering in

the direction r is equal to the scattering in the

-

dircction -r.

Curves of {(0)' Y(l) and 7(2) as a function of b/a. The

Y(o). Y(l) 1(2) have units of volvme with the unit

of length the same as a and b. v = %.

ana

A mcasure of the sensitivity of the scattering from an

1

elliptical crack to its shape, b/a. v = i
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