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1. INTRODUCTION

In a synchrotron, the charged beam particle simultaneously car-
ries on various oscillations with their characteristic frequencies:
the revolution frequency, the betatron frequency, and, for a bunched
beam, the synchrotron frequency. Ideally these oscillations are inco-
herent; that is, the phases of the oscillations of different particles
are not correlated. However, partial correlation inevitably occurs
because of the inherent fluctuation of the beam (shot noise) or
external noise. Then the beam generates electromagnetic fields with
the characteric frequency or its harmonics, and the EM fields act back
on the beam.

When two systems oscillating with the same frequency interact,
the coupling induces a frequency shift; this ias called the coherent
frequency shift in the comtext of these lectures., If the interaction
is such that the two oscillations reinforce each other, coherent insta-
bility occurs. The coherent frequency shift corresponding to instabil-
ity is a complex number. We use the convention whereby the coherent-
frequency (characteristic frequency + coherent frequency shift) with
positive imaginary part corresponds to instability, and the negative
imaginary part to damping. The imaginary part of the coherent fre-
quency is called the growth rate; the inverse of the growth rate is
the growth time. '

The number of possible modes of coherent motion equals the number
of degrees of freedom of the beam, which is three times the number of
beam particles. Luckily, most of these modes are stable. We do not
attempt to cover all the known coherent instabilities in these
lectures; some topics not covered here are discussed in other review
articles.l™3 '

We shall work within linear approximation, i.e., to first order
in interaction between the beam and the EM field it generates. To
this order of approximation, the problem of coherent motior can be
formulated as a linear eigenvalue problem, where the eigenvalue yields
information about the coherent frequency, and the eigenvector de-
scribes the beam distortion corresponding to that eigemmode.

We divide the coherent oscillation of the beam into two classes,
longitudinal and transverse, and discuss the longitudinal modes of co-
herent instabilities in Part I and the transverse in Part II.

Let us close this introduction by defining and explaining some no-
tations and conventions which are consistently adopted throughout
these lectures.

The independent variable of the particle motion is time t. To de-
scribe the position of the particle, the Serret-Frenet coordinate

system®+7 (x,¥,8) with x X § = § is used (the carat indicating a
unit vector.)



Eqr Pgr Wo! nominal energy, momentum, and angular revolution fre-
quency, respectively, of the ring.
B,: nominal particle velocity in umits of c.

8 = s/R, b =86 - wot (1-1)

where R is the average ring radius. 0 as well as s describes the posi-
tion of the particle relative to the storage ring. ¢ describes the
particle position relative to a prescribed reference particle rotating
around the ring with nominal revolution frequency w,/2%.

With N denoting the total number of particles in the beam, the av-
erage current is

I,,~ ewoleﬂ . (1-2)

We define

§=(p-p)lp, ©=(E-EDE, W=(E-EJM , (-3
where 8 and € are, respectively, the fractional momentum and energy de-
viation of the particle. If the dynamics of the particle are

described in terms of the standard Hamiltonian® of the Lorentz force

equation, then W is the canonical momentum conjugate to the canonical
coordinate ¢. Also

- _ = il _
n = Yt Y y T\ = mO/(BOEO)’ (1 4)

where Y, 1s the tramsition energy in units of the rest emergy.
The following relations are often used:

§ = a/Bi = mow/(Bgso) , (1-5)
$ = _m)os = -ﬁw ’ (1-6)

where a dot above a symbol indicates a time derivative. ) ig, from
Eq. (1-1), the angular revolution frequency deviationm.

I. LONGITUDINAL INSTABILITIES

2. OUTLINE OF PART I

We start with a discussion in Section 3 of the longitudinal alec-
tric field & induced by the current I, & and I are related linearly by
a "transfer function" called longitudinal impedance. We then treat
various modes of longitudinal coherent instabilities.

Section 4 concerns the coasting beam coherent instability. This
instability is the easiest mode to study because the translational
invariance of the unperturbed beam causes each Fourier component of



the perturbed line density to correspond to an eigemmode, so that each
coherent mode is characterized by a harmonic number n of the revolu~
tion frequencg. We call n the revolution mode number.

Boussard” has conjectured by intuitive reasoning that, if the
perturbing EM fields have wavelangth short compared with the bunch
length, and if the growth rate of the instability is much greater than
the synchrotron frequency, then the bunched beam coherent instability
looks like that of a coasting beam. Such bunched beam instabilities
are, for a historical reason, called microwave instabilities.
Messerschmidt aad MonthlQ reasoned that, since the growth rate is much
greater than the synchrotron frequency, the synchrotron frequency is
irrelevant, and we can set the angular synchrotron frequency wg = 0 in
discussing the microwave instability. This is dome in Section 5.

Sections 6 to 10 concern single-bunch longitudinal coherent
instabilities with Wg fully taken into account.

Robinson instability, 1-14,2 treated in Section 6, is the
simplest of the longitudinal coherent modes that involve the
synchrotron frequency. In this mode, the bunch is displaced rigidly
from the synchronous point and oscillates with the synchrotron fre-
quency about this fixed point.

In Section 7, the Vlasov equation is formulated, and a method!’-19
of solving it is developed which is followed in the rest of Part I.

Section 8 treats the synchrotron modes,20-23’19 which take the
possible bunch shape distortion fully into account. An eigemmode is
characterized by a harmonic number U of the synchrotron frequency; U
describes the degree of the bunch shape distortion and is called the
synchrotron mode number. The Robinson mode is a synchrontron mode
with u = 1, .

When the coupling between the bunch current and the EM fields be-
comes big, the gynchrotron modes cease to be eigenmodes.24 In Section
9, a method20517719,27 treating the synchrotron mode coupling in
the case of a small bunch is discussed which takes advantage of the
fact that only a few of the synchrotron modes can contribute in
such a case.

If the bunch is longer than the wavelengths of the perturbing EM
fields, and if the interaction of the beam current and the EM fields
is large, then all the synchrotron modes couple, and this leads to mi-
crowave instability. We treat!9-19 in Section 10 the microwave insta-
bility without setting wg = 0.

In Section 11, we consider how the presence of many bunches af-
fects the coherent motion of the beam, and we treat the longitudinal
symmetric coupled bunch modes.21-2

Throughout these lectures, we ignore Landau damping due to
synchrotron frequency spread.3A

3. LONGITUDINAL IMPEDANCE

The EM fields responsible for the coherent instability are solu-
tions of Maxwell equations, where the source terms are the charge and
the current densities, and the boundary conditions are determined by
the devices surrouding the beam: beam chamber, rf cavity, bellows, etc.



The component of the EM fields responsible for the longitudinal insta-
bility is the longitudinal component & of the electric field. The

longitudinal impedance function 2,(W) conveniently relates the electric
field & to the beam current.

3.1 Beam Current

We use p(d,r) and Y(¢,$,t),to denote the particle distribution

functions in ®-space and in (9,d)-space, respectively. They are re-
lated by

0(d,t) = [ad¥(o,d,¢) . (3-1)

We normalize P and ¥ to 1l:

2 2 = I .
fo"d¢p(¢,:) - fo“d¢ [ abeco,b,0) =1 . (3-2)

[ ]
The angular velocity of a particle is w, + ¢; hence the beam
current is

1(8,t) = eNfddlu, + H)¥(4,,0) . (3-3a)

[ ]
If we ignore the angular revolution frequency deviation ¢ relative to
Wy, this equation becomes

1(8,t) = ZwIavp(¢,t) . (3-3b)

Recall that © and ¢ are, in our notation, always related by Eq. (1-1).
In terms of the Fourier components of I, ¥ and P, defined by

18,6) = £ [ dul_(w)e ™" (3-4a)
== ~m

= 2fa@r_(aw_ +Q) MTHE (3-4b)

n
¥(9,,0) = Ifaqy_(§,@) ™07 (3-5a)

n

and .

0(o,t) = £fago_(@)e'™E (3-5b)

n

Eqs. (3-3a) and (3-3b) can be written, respectively, as

I +Q) =271 fab(1 + %;)wncé,n) : (3-6a)



aﬁa
I“(nm0 + Q) = 21r1avon(ﬂ) . (3—6b)

We always use W as the variable Fourier-conjugate to t if 8 is kept
fixed, and use Q if ¢ is fixed.

Note that the angular phase velocity of the (n,) component in
Eqs. (3-4) and (3-5) is W, + ©/n. The beam can sustain this component
only if the phase velocity is close to the particle velocity; i.e.,

@ /m |<< 1. - (3-7)

We therefore assume that I (aW, + Q), P (2), and Wn(é,ﬂ) are small un-
less Eq. (3-7) is satisfied.

3.2 Impedence

The loungitudinal electric field can in general be expressed in
terms of I(6,t) as

2m 0 - )
&,t) = [ a9 4at'c(e,8',t - t')I(9",¢t') . (3-8)
o -0

The Green's function G depends on © and 8' separately, since the envi-
romment is generally not invariant under azimuthal tranlationm.

In terms of the Fourier component of the Green's function defined
by :

- . I - imb-ind'-iwt _
G(9,0",t) o2 J'dmcm,n(m)e , (3-9)
the longitudinal electric field induced by the (n,0) component of the

current (3-4b) is

2

_ - imf-1i(nw_+Q)t
£0,t) = 47 :%Gm,n(“‘“o + Q)In(nmo + Qe o . (3-10)

The angular phase velocity of the m~th term above is

0 +
o

Bl

Therefore, this component cannot interact coherently or resonate with
the beam oscillation unless m = n. As a consequence, we discard the
terms in Eq. (3-10) with m # n and write

g ! -
Gy n @) = = =3 8y 2, @) (3-11)



where sm,n is Kronecker's 8, The relevant part of Eq. (3-10) becomes*

inf-i(aw +2)t

&0,t) = - E%ﬁ In(wﬂo + Q)z (nwo + Ve

The function Z,(w) is the longitudinal impedance.
From (3-11), Eq. (3-9) becomes

38,8',¢) = - 511?1{ Ge8 - 0',¢) (3-12)
where
=) N e .
6(8,t) = —15 I fanz (e -iwe (3-13)
4Tt u=-x

and Eq. (3-8) becomes

M o
£(8,t) = o= [ 40'f at'a(6 - 6',¢ - £)I(8',t") (3-14a)

™ 3 -

or28
.1 inf-iw
E(8,t) = < 5= ﬁ=2 fdnln(m)zn(w)gln * (3.14b)
-0
. ind-it

R g deZIn(m)o + )2 (o + Qe . (3.14¢)

Equation (3-14) represents the solution of Maxwell's equation, and it
is one of the foundations of all the following discussion in Part I of
these lectures. ,

We now discuss the constraints on Z (W) which foilow from the
causality condition, }

G(8,t) = 0 if t<o. (3-15)
From Bqs. (3-13) and (3-15),
2m * -inf+iwt
z ) =[" a6 [ drc(d,t)e . (3-16)
Q o]

*The approximation used here is similar to the familiar smooth approx-
imation we use in discussing the longitudinal phase focusing. Since
the rf cavity is localized, the rf voltage can be represented by a
superpositon of propagating waves of longitudinal electric field
with angular phase velocity Ww,/m, n = 0, %1, ¥2, ... . 'The smooth
approximation consists of keeping only the wave with its phase
velocity equal to the particle velocity; namely, the wave with n = +h.



The function Z,(W) can be analytically continued to the upper half

of the complex W plane through this equation. If follows from Eq.
(3-16) that

*
= * -
z (W) =z_ (~w¥) , (3-17)
Let us now separate Z,(W) into the real part and the imaginary part,
2 (@) =R @) + iX (W) . (3-18)
The real part R,(W) is usually called the resistive part and the ima-
ginary part X,(w), the reactive part. X (®) is said to be capacitive

(inductive) if it is positive (negative) for w > 0, The symmetry
properties for &, and X, are, from Eq. (3-17),

@n(w) =§B_n(-w*) , (3-19a)
and
Xn(w) = -X_n(Jﬂ*) . (3-19b)

The contribution to Z,(W) from the smooth resistive beam pipe
is independent of the subscript n. For example, a round beam pipe
of radius b and conductivity O contributes an amount '

[

. o R
(1 - 1) % 5

to Z,(w). One can also show that, under the smooth approximationm, the

contribution from a localized source of impedance is also independent
of the subscript n.

Exercise: Prove the last statement.

We show in the following that the resistive part of the impedance
from a passive device is positive.
Let us take the current of the form

inf-iwt -inf+iw*t

1(8,t) = I_(w)e + I We . (3-20)

We include two terms here to ensure that the current is real. The
electric field induced by this current is

(3-21)

€(0,t) = %%E [In(w)zn(m)s_-_me-lmt + Iz(m)z_n(Ju*)e’lne+lw*t)
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The rate of energy gain of the beam from is

dEbeam
dt

il
= R !2 4o (8,t)I(8,t)
[o}

= -|1 () [2(z (w) + z_ (-uw) ettt

= -Zl'In(m) l 23?n(w)ei(“’*’°’)t , : (3-22)

where Eq. (3-17) has been used. HNote that the exponential factor
in Eq. {(3=22) is positive.

When the beam passes through a passive device, it cannot gain
energy. Therefore,

dEbeam

—5— <0, (3-23)
or, from Eq. (3-22,,

gen(w) >0. (3-24)

We conclude this section by remarking that the range in frequency
where Z,(w) is effective is called the bandwidth of the impedance,
and the ianverse of the bandwidth is called the wakelength. The wake-
length is the length of time during which the electric field & gener-
ated by a very short pulse of the current source remains appreciable.

The wakelength can also be understood to be the coherent lengthj
it is the time interval during which the frequency components of the
electric field induced by a current pulse remain partially coherent
with each other.

4. COASTING BEAM LONGITUDINAL INSTABILITY
4.1 Density Modulation and Perturbed Particle Displacement

The longitudinal electric field & responsible for the longitudinal
coherent instability is induced by the perturbation of the beam cur-
rent which is in_turn related to the beam density modulation !see Eqs.
(3-14) and (3-3)). We establish here the relationship, to first order
in the particle displacement, between the line density modulation and
the displacement of the particles from their respective nominal posi-
tions in the beam.

The angular revolution frequency of a particle with fractional mo-
mentum deviation § = (p - py)/py is W,(1 ~ nS). Therefore, the
unperturbed position of the j-th particle can be writtea as
boj - monGjt. In the presence of an azimuthal displacement Z of the
particle due to perturbation, the particle position is

¢j = ¢Oj - (ﬂoﬂsjt + C(¢Oj - wonsjt’ Gj’ t) ’ (4-1)
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where the perturbed displacement L is taken to be a function of the
unperturbed position, the momentum deviation, and time. -The

normalized particle distribution function in (¢,8) space corresponding
to Eq. (4-1) is

N

521 ap(¢.- b5 * monGjt - ;(¢oj - monsc,sj,:))a(s - sj)

- Lo

=z
2 r-

? 6p(¢ - ¢OJ. + monGjt) - FJ: t;(¢oj - wonGjt,Gj,t)

X 6p(¢ - ¢j + mon5jt)6(6 - Gj) (4-2)

where GP is a periodic delta funct.on with period 2m. The subscript
p for a periodic delta function will often be suppressed.
Assuming the beam particles to be uncorrelated without the pertur-

bation I; one can write the probability density of the unperturbed
particles as

R

R(0y108130091857 +oo5 0né) = T gBOMG 5, (4-3)

j=1

~where the distribution functions g and A are normalized to 1:

@ 27
[ d8g(8) = [ doa(d) =1 . (4-6)
-0 o)

For a coasting beam

A(d) = 1/2m . (4-5)
The distribution function ¥(4,8,t) including the perturbation

is obtained by multiplying Eqs. (4-2) and (4-3) and then by inte-
grating over ¢; and Gj’ j=1, 2, ..., N. One finds

¥(6,6,t) = 2= g(8) + ¥ (4,6,t) (4-6)
with

¥1(6,8,0) = - 3= (&) 5 £,8,0) . (4-7)

The line density is obtained by integrating (4-6) and (4-7) over 8.
It is :

pd,6) = -+ 0 W0, 1 (4-8)

with
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3
p(l)(¢,t) = = ;_“Idag(a) w C(‘b,(s,t) .

(4=9)
The Fourier components of P(1) and & defined by
oD 9,0) =2 [mo_@)eiP-He (4-10)
n .
and : . .
C(0,8,0) = 3[4 _(8,0)ei® e (4=11)
n
are related, from Eq. (4-9), by
. I
p_®) = -i 3= [d8g(8)C (5,Q) . (4-12)
4.2 Equation of Motion and Dispersion Relation '
The equation of motion of a particlé is
dZ eﬂnoc , ;
;t_z-C(d)Oj -woné'jt, 53, t) =- B—O-E—o—' g(e,t) . (4-1?)

The electric field é’should be evaluated at the position of the parti-

cle, 8 = w,t + ¢, a3 °n6Jt + . Within linear approximation of Eq.

(4-13) (linear in C), we can set 8 =w,t + d4;
From Eqs. (3-14) and (3-6b), Eq. (4 13)

2
d - ,
-;l? §(¢° - moné't,G,t) = neIav i I@anﬂﬂo + Q)

j - wgNd 5t.
ecomes

« pn(mein(tbo-wonﬁt)-iﬂt , (4=14)

where the subscript j is suppressed, and n is given by Eq. (1-4).
Substitution of Eq. (4-11) into Eq. (4-14) yields

@ + m né‘)zc (8,@) = eIz (m_ + Q)0 _(@) . (4-15)

We now ellmlnate Gq and P, from (4-12) and (4-15) and obtain the
dispersion relation

.
¥

1= —3 fel, aZ (mo_ + Q) [ dS 5(é} (4-16a)
n G -0
@ + o nG)
or, eduivalently,
w ©
o o g'($)
1 i anZE eIavzn(nn + Q) f Q prg nG . (4-16b)

o0
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In summary, we have discovered that the linear eigenvalue problem
represented by Eqs. (4-9) and (4-14) can be reduced to the problem of
solving the dispersion relation (4-16). We also found that the
different eigensolutions are parameterized by the revolution mode num-
ber n, and that the eigenfunction is given by

p,(8,8) = - PO7HE (4-17)
with the coherent frequency @ satisfying the dispersion relation (4-16),
From Eq. (4-17), we see that the stability of this mode is determined
by the imaginary part of Q; Im(f2) > 0, = 0, or < 0 corresponds, respec-
tively, to the mode being urstable, stationary, or damped. We call
Im(Q) the growth rate of the n-th mode, and 1/Im(R) the growth time.

4.3 Solution of Dispersion Relation (without Landau Damping)

Assume that there is no momentum spread in the beam (cold beam)

and therefore no revolution frequency spread. This situation is
described by

g(8) = 8(8) . (4-18)

We obtain immediately from Eqs. (4~16a) and (4-18) an expressidn
for the coherent frequency:

w
=+,2 [{ O -
@ =g \/1 FE Ly 2ol + D) - (4-19)

The following conclusions can be drawn from Eq. (4-19):

(i) The cold beam is always unstable if the impedance has a
resistive (real) component. '

(ii) In the case where the impedance is purely reactive (purely
imaginary), the beam is stable (unstable) above transition, N > 0, if

the impedance is inductive (capacitive).
Below transition, N < 0, conclusion (ii) above is reversed.

4.4 Solution of Dispersion Relation (with Landau Damping)

We have seen that a cold beam is quite unstable. The effect of
the frequency spread is investigated here. We shall see that the fre-
quency spread prohibits the coherent instability 0 (Landau damping) un-
less the current is large enough. For a given impedance and a given
frequency spread, the smallest current for which the instability
occurs is called the threshold current.

To find the threshold condition, we first transform Eq. (4-~16b)
into another form. Noting, for Im(R) > 0, that

1 e T AT (Q+mwgns)
T T Haren e

we have



(- -] ] o0 s (=] . i
a8 g igin - -if are'™ [ a8gr (83" (4-20)

Let us concentrate on the case of the beam with a Gaussian
momentum distribution:

, 2,52

. (4-21)
Vo
Then we have
o
[ag =888 - L, 8 (4-22)
- 2+ mo 1']5 ﬂﬂomg L ]nn]u)oda .
with
@ . 2
hL(x) = f dt te*¥te”T /2 , (4-23)
)
and the dispersion relation (4-16b) becomes
Z (nw + )
. 1 n' o f
l =« ———— 8 eI h ( ) . (4-24)
21T_B§T1Eoo§ av n L [anjw 0

Note from Eq. (1.6) that w In 0§ 1is the r.m.s. revolution frequency
spread c¢, therefore Eq. (h-;h) can also be written as

1 Zn(m)° + )
l=-i —s5——el ————h (T—T—,) 4=25)
ZnnsiEoog av n|o (

It should be emphasized that for a Guassian beam Eq. (4-25) is equiva-
lent to Eq. (4-16) for Im(R) > 0. We use .Im to indicate the imaginary
part and Re to indicate the real part.

In the following, we utilize Eq. (4-25) to find a sufficient
condition31132 of the beam stapility.
First we observe from Eq. (4-23) that

hL(O) =1,

th(x)! <1, 1if Im(x) > 0, or if Im(x) = 0 and Re(x) # 0 .
(4~26)

It follows that

1 Zn(nmo + )
5 el . l—-—T——I (4-27)

2
ZﬂlnIBOEoc6

1>
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is a sufficient condition that there is no solution  of Eq. (4-16)
with Im(R) > 0, or that the beam is stable.

Exercise: Show that Eq. (4-25) reduces tc Eq. (4-19) in
the limit Im(ﬂ)/(|n|0¢) >> 1.

5. BUNCHEZD BEAM LONGITUDINAL MICROWAVE INSTABILITY

it has been conjectured that the coasting beam instability
criteria apply to a bunched beam provided that the following condi-
tions are met.

(1) The wavelenths of perturbing EM fields << bunched length.

(ii) Growth rate of the instability >> synchrotron frequency.
Such an instability is known as the microwave instability.

Here we take condition (ii) above to mean that we can set the an-
gular synchrotron frequency Wg = 0.

A bunched beam with momentum spread but without synchrotron focus-
ing must filament, since particles with different momenta rotate
around the ring with different revolution frequencies. We assume that
the growth rate of the instability is >> the filamentation rate, so
that the filamentation can be ignored.

In Section 10, we discuss the microwave instability keeping Wg fi-
nite, and we find that the conclusions reached here remain wvalid.

5.1 Line Density Modulation for a Bunched Beam

We have to find tha bunched beam line density modulation due to
the particle displacement caused by the perturbation. The derivation
is similar to that in Section 4.1, the main differerce being that
A(¢y) in Eq. (4-3) can no longer be set to 1/2m. Also, the terms pro-
portional to wonGt in Eq. (4-2) are ignored; this amounts to ignoring
the filamentation.

Repeating, with the above modlflcatlons, the calculation ia Section
4.1 that led to Eq. (4-9), we obtain

0,t) = A@) + 0P, 0) | (5-1)
(1) _ 3
Pt (d, )= -[dSg(8) 75 (2.8, 01(8)) . (5-2)
From 1 =102
4,£) =T [dp @)e* £,
n n
and

z(d.4,t)

L [z (8,Q) ormP-ifit
n 1
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Eq. (5-2) becomes

[~-]
p (@) = -in I A Id&g(&)cm(e,g) , (5-3)

me-p BT
wvhere A, is defined by

o) = T A eI (5-4)

N=-m

Note that Eq. (5-2) reduces to the coasting beam result (4-9) if
A(d) = 1/2m.

5.2 Secular Equation

The equation of motion for a particle in the beam is Eq. (4-14).
The eigemmodes of the present problem are provided by the self-consis-
tent solutions of Eqs. (4-14) and (5-2).

It can be seen from Eq. (5-3) that the bunched structure of the
unperturbed line density A($) introduces an intrinsiec coupling of the
revolution modes; the m-th Fourier compoment of 7 contributes to P,
within the bandwidth of A,_,. This is the key to understanding
microwave instabilities.

Let us calculate Z,(§,R2) from Eq. (4-14) and then substitute the

result into Eq. {5-3). The result is the following secular equation
involving an <-dimensional matrix:

. - (8)
p =iel_ M % XA 2z [a8 & p {5=5)
i W opme TRD d o + nan(’S)2 "
L o m '(3) )
= ie 2 g < Xm-nzn fas &+ CH - (5-6)
0 o

where we have used the abbreviation Z, = Z {(ms, + Q). These equations

are generalizations of Eq. (4-16). Note that Eqs. (5-5) and (5-6)

reduce to (4-16) if A($) = 1/2T or, equivalently; if A o 27
We explore the physical contents of the secular equatlon above

in the next two sections by solving it for some simple impedance Z,

Let us define for later use the r.m.s. bunch length Cp by

cz w £m¢2d¢k(¢) ) . (5-7)

Then, from the property of the Fourier tramnsform (5-4), we have

]xn[ << 1 if lnlocb > 1, (5-8)
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5.3 Instability Due to a High q Impedance

Suppose the source of the ring impedance consists of a single
resonance structure with its quality factor q so high that to a good
approximation

*

zZ =2 § + 2 6 . (5-9)
n n_ n,n n_ n,-n
(o] [o] (o] (o]

Further, suppose that the wavelength corresponding to this resonance
structure 1s much shorther than the bunch length:

G¢ >> l/no . ‘ (5~10)

1t follows from Eqs. (5-8) and (5-10) that, for a given m, at least
one of Aj_, and Am+no is negligible. Thus, Eq. (5-5) implies the
existence of twc clagses of solutions: One consists of eigenvectors
Pp With [m - no[ ﬁ 1/c¢ and the other with lm + nol ﬁ 1/G¢. For the
first class of solutions, Eq. (5-5) becomes

. = §
p, = Lel N mlm—n Z. fas ACY 70, - (5-11)
o o Q + nonuoé) o

For m = n,, this equation becomes

- - 5)
l=2Tnel nz [aé &( (5-12)
2w av.om, (Q + noﬂnOG)z '

where Ay = 1/2W, which follows from Eqs. (3-4) and (4-4), has been
used. Comparing this with (4-16a), we conclude that for a very high
q and high frequency impedance, the frequency shift of a bunched beam
instability is identical to that of a coasting beam with the same
average current.

Now let us look at the corresponding eigenvector. From Eqs.
(5-11) and (5-12),

=2 -

In coordinate space, upon using Eqs. (5-13), (4-10), and (5-4), one
obtains

p(1) 1n°¢-iQt)pn ) (5-14)

. L2
4,0) = i — 75 M) e
] o

Comparing Eqs. (5-2) and (5-14), we see
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Pa. . -ift
[dg(3)2(d,8,8) = -i —=2 MMoP XL (5-15)
: o

The meaning of Eq. (5-15) is that the particles, being excited by the
high q impedance, are executing harmonic motions just like the parti-
cles in a coasting beam. Note that (5-15) does not vanish outside
the bunch. However, in the expression (5-14) for the line density
this harmonic motion is modulatd by A($) so that the beam stays
bunched.

Equation (5-14) is a complex expression despite the fact that

the line density has to be real; where is the complex conJugate of
(5-14)?

Exercise: Prove that the other class of solutions with

lm + nol r 1/c¢ contribute a part to p(l)(¢,t) which
is the complex conjugate of (5-14). Hint:
zn(nu’o + Q) = Zn(-wjo - Q )

Exercise: Suppose

z =27 8 + z* +2 8 +2%8
n o Ml n_ n,-n m, 0,m L n,-m,
with
(1) Z, =Z_
Q [o]

(ii) no, > 1, mo, >> 1, and |n_ - molc < 1.,
Show that one obtains approximately a dlsperaion Te-

lation identical to (5-12) except that the I,, in

(5-12) is replaced by 2I,,.

5.4 High Frequency Instability Due to a Broad Band Impedance

We now consider the high frequency instability due to a wakefield
whose range is short compared to the bunch length Oy. To be more spe-
cific, we assume that there is an integer g such that

(i) z_ =2 if ln—nolgA

n n
(o}

where A is uf the order of the inverse range of the wakefield;
. s N

(ii) n >> A >> 1/G¢ .

Let us find the approximate solutions of Eq. (5-6) for which Pn

negligibly small when |n =~ n°| > A, Then, from the conditions (i) and
(ii) above, the secular equation (5-6) can be approximated by
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. av o 8'(5).
pp=i—5 2, [ g T A P (5-16)
EoBo 0 o o n—no-A

Kp_ = 2T z A p _ (5-17)

Then the coherent frequency shift Q is determined by

eIav_u)o g'(G)
1 = 1K 7 Zn rdG m . (5‘18)
ZHEOBO ) o o

It remains for us to find K by solving Eq. (5-17). Since A __
is sharply peaked about m = m, the peak width being of order 1/0y <<
A, we expect that the eigenvalues do not depend strongly on the cut-
off value A, Therefore they should be closely approximated by

- -]
Kpp = 21 I AP (5-19)
. - .
The eigenfunctions of Eq. (5-19) are
-id
p(8) = " (5-20)
and the corresponding eigenvalues are
@ .
<(@) =21 T A e = am(e) (5-21)
n=

where ®, 0 < & < 27, is a parameter which labels the different eigen-
solutions.

Note that Eq. (5-18) is the same as the coasting beam dispersion
relation (4-16b) except that I, in (4-16b) is replaced by KI,, in
(5-18). The effective current for the mode ¢ is

eNw

- 0
k:(<b)Iav 2TA(9) T

Ieff(¢)

1}

]

erOX(Q) . (5-22)

This is the local current at position ¢ = ® in the beam. The most
severe instability happens when I, ¢f is maximal, i.e., at ® = 0,
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To gain some insight into the nature of the perturbed line density,
let us make the following approximation to the eigenvectors of (5-17):

p (&) = e"10m for ln - nol <A
=0 for n - n°1 > A, (5-23)

‘The perturbation to the charge density is

W ey = T rave-d)-ifte
? E?Fo“é -
in((A + 2)(6 - )
ing(p-0) 17 2 © o
=e © sinl (0 - ©)/2) e . (5-24)

For large 4, D(l)(¢,t) is sharply peaked about ¢ = &, and the peak
width is of order 1/A v range of wakefield. The detailed structure
within the peak depends on the detailed short distance behavior

of the wakefield, which has been ignored in making the approximation
of (i) and hence is outside our discussicen.

A computer calculation!? to check the approximation of Eq.
(5-17) by (5-19) showed the error to be <10% when ggh = 3 and <57
when g4A = 4. The error + 0 as Txd + =,

We have demonstrated here that, under the assumptions (i), (ii),
and vanishing synchrotron frequency, the perturbation to the line
density of an eigemmode is localized azimuthally around a point on
the bunch, and the corre:jonding coherent frequency shift 2 is deter-
mined by the coasting beam dispersion relation with the I_,, replaced
by the local current at the position of the perturbation.

It is not surprising that the width of the eigenfunction of the
microwave instability is of the order of the wakelength. As stated
at the end ol Section 3.2, the wakelength is the ccherent length of the
pulse of the electric field induced by the current. When the electric
field reinforces the beam oscillation, the phase of the beam oscillation
cannot maintain the coherence (correlation) outside this range.

Messerschmid and MonthlQ Ffirst studied within the Vlasov formal-
ism the microwave instability with a philosophy similar to ours. How-
ever, they based their analysis on the following ansatz for the
eigenfunction: p{1)($) = o1ng? A($), which for high frequency is basi-
cally the same as our Eq. (5-14); therefore, their work is appropriate
only for the case of a very narrow band impedance.

6. ROBINSON INSTABILITY

We have thus far ignored the effect that synchrotron motion of the
particle in a bunched beam may have on coherent instability. This
effect will be included in the rest of Part I. Let us start with the
Robinson instability, since it is the simplest and also is the proto-
type of all the synchrotron modes.



21

We consider here the case of a rigid point-like bunch of total
charge Ne executing synchrotron motion in the rf bucket as well as
rotating around the ring; the average current I,, = elMd,/2T. The
bunch may not have the synchronous phase because of the beam—induced
longitudinal electric field. We also assume that the rf cavity is
the only source of the beam impedance.

We shall generalize later the discussion of this section to more
complicated situations. In Section 7.1.1, we treat the longitudinal
force induced by a bunch with a finite area, and the result of that
section will be used in Section 8 to discuss the generalized Robinson
ingtability, or synchrotron modes.

Denote by ¢®(t) the bunch position relative to the synchronous
position; then the azimuthal position of the bunch relative to the
ring can be written as

() = wt + d(e) (6-1)

‘We assume that the rf cavity is located at O = 0. Also, let pT, + tp
be the time the bunch passes the cavity on its p-th revolution around
the ring, and ¢p be the value of 9 at that instant, ¢p = o(pT, + tp)

Then,
=W
2Tp ongo * tp) * ¢p ’
or

d =-wt . _ ' .(6—2)

A\

We can now write the equations of motion of the particle in thet
bunch as follows: :

= . 2m
¢k ¢k-1 = 22 € (6-3)
: .
=.8 - - -
€al ~ S & (vg(kTo +e) -V ' V. + V(KT + tk)) , (6-4)

where €, is the value of € just before the bunch crosses thes cavity
on its k-th turn, and

Vg(t) = rf voltage produced by the source current (gemerator
current) of the rf system,
Vo(t) = voltage across the rf cavity induced by the beam

current,

eVp = energy gain per turn of the synchromous particle due to
acceleration,

eVy = energy loss of the particle per ~++vn due to synchroton
radiation.
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Note that eV, is taken to be independent of &, this amounts to ignor-
ing the radiation damping of the longitudinal beam emittance.
We take the generator voltage to be sinusoidal:

V(t) =V sinthw t +4) , (6-5)
g g ] 4

where ¢, is the synchronous phase of V. Using this equation and Eq.
(6-2), we have

Vg(kT0 + tk) = Vg sin(-hcbk + ¢g) ; (6-6)

Next, we discuss V.(t). Denote by I .(t) the beam currept at the
position of the rf cavity, and define its Fourier component I.{w)
by

1(e) = [ awf () 7t

-l

The voltage across the cavity is related to the beam current by
= -iwt
Vi) =-] dof (0 2(w) e , (6-7)
(o4 -0 [o4

where Z(w) is the longitudinal impedance of the cavity, and the minus
sign in this equation reflects the fact that V. is generated by the
image current of the beam, which equals in magnitude but is opposite
in direction to the beam current. The impedance Z(w) here is a
special case of Z(w) discussed in Section 3.2. We have just seen

that the impedance from a localized source is independent of the rev-
olution mode number n.

Exercise: The equation (6-7) incroduces the cavity
impedance in a way different from that of
Section 3.2. Treat the cavity impedance using
the method of Section 3.2, and calculate the
corresponding energy change of the particle per
turn due to the beam-induced electric field.
Show that the energy change so calculated agrees
with Eq. (6-10) up to the first order in Q/w,.

For the model at hand, the current

- -]

Ic(t) =eN I &(c - pT, - tp) , (6-8)

p=—w

and its Fourier component
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f =8 1 Ml (6-9)
p== ;

Substitution of Eq. (6-8) into (6-7) gives

v (kT +t) = - 51 P [ aw 2w ew((PRITorept) (6-10)

ﬂp:—m—m

We are now ready to solve Eqs. (6-3) and (6-4). First, note that
if the bunch moves along the synchronous orbit, then dp a
for all p. Therefore., from Eqs. (6-4), (6-6), (6-10) and (6 29

A . _ eN ® * impTo
Vgsingg = Vg + V. + 7o p=§m men z(w) e
sV +V +1 T R(ow ) (6-11)
E Y av p=—o

where (w) is the resistive part of Z(w). In obtaining Eq. (6-11),
the Poisson sum rule

@ . ®
o $ e =27 ¢ 8(x - 2m) -
p=-@ n=—m

and the causality conditivm (3-17) have been used. Equation (6-11)
is a restatement of the energy conservation law. It states that
the rf system provides energy for acceleration of the particles and
for compensating the radiation and parasitic enerzy losses.

Let us combine Eqs. (6-3) and (6-4) to obtain

O 20 M0 = é%iﬂ (v 51n(h¢k-¢ )+V +vY-v (kT +t )) (6-12)

We shall solve this equation to the first order in ¢y.
To this order, the equation is

Zﬂen
Ppal ~ Wy O = 2
BO
< (royFyo00s, -t g3 T (0,0 fuduz(w) R I G E)

where Eq. (6-11) has been used.
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To find the coherent frequency  of the Robinson mode, we look
for the solution of Eq. (6-13) of the form

- s - % :
b, =de pTo , g 17PTo (6-14)

where § is a constant. Substituting Eq. (6-14) into (6-13), we
finally obtain .

02 = S (47 cosd + I T oX(ow )
Zn T gf03%g av =2 o’
+ il T (a+ 92+ Q) , (6-15)
av p=-cw mo (o}
and
* 2 é A [= =] )
= -7
Q™) o ( h’\gcosd)g +1, n=§w X (nw
@ Q*
+il I (a - P)zaw, - 99, (6-16)
. n=-% o

where X(w) is the reactive (imaginary) part of Z(w). These two
. . . *
equations determine the coherent frequencies { and -27. We note from
?q. (3-17) that these equations are just the complex conjugate of ea:h
other, and from Eq. (6-14) that if Q corresponds to stability or in-
A *
stability, so does -Q}°.

The angular synchrotron frequencies Wy, and Wy are defined by

2 _ 1 - =
Weo = = 57 nheVgcosdJg , (6-17)
and
2 2 1 = ®
w, we * eIav £ n X(nmo) . (6-18)

Nn=-—-x
Wg, 1s the angular synchrotron frequency at zero current, and Wg, which
includes the effect of beam loading in the absence of coherent effect,

Eq. (6-18) is independent of @), is the actual incoherent angular
synchrotron frequency for longitudinal phase focusing.

The equation (6-15) is quite complicated. .However, if the first
term on the right-hand side of the equation is much greater than the
terms involving the impedance, the equation can be solved pertur-
batively. To the first order in the impedance, the sclution is
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Q=w +501 ?: nx(rm)-(n+——s)X(nZuM )
S0 2T "av e o s
+ i éﬁ T T + 822) R +_ ) (6-19)
Lo tav n=:m TR o so’ °

The stability of the Robinson mode is determined by the sign of the
last term of this equation.

A way of avoiding the Robinson instability, Robinson damping,
will be digcussed in Section 8.

7. VLASOV EQUATION FOR SINGLE BUNCH LONGITUDINAL COHERENT
INSTABILITY

In Section 7 we studied the coherent instability of a rigid
point-like beam. We extend the method here so that we can handle the
case of a finite sized beam with possible beam shape distortions. The
method best suited to this purpose is that of Vlasov.

The phase space density function of a canonical system satisfies
the Liouville equation,33 which involves the force field on the parti-
cle as a coefficient. The force field is related to the electromag-
netic fields, which satisfy the Maxwell equations with source terms
dependent on phase space density. Vlasov's method consists of find-
ing self-consistent solutions of the Liouville equation (called the
Vlasov equation in this context) and the Maxwell equations.

In our treatment of the longitudinal coherent instability, the
Maxwell equations are represented by (3-14).

This section 1s devoted to formulation of the Vlasov equation
for longitudinal coherent instabilities and development of a methodl3~19
for solving the equation in the linear approximation. Landau damping
due to the synchrotron frequency spread will be ignored.

The Vlasov equation for some specific cases will be solved in the
remainder of Part I.

7.1 Equations of Motion

The equations of motion are

&’:__é_g_e’ (7-1)
BO

§=_ew° (V sinthd - & ) + V +v1+9-3(w + HEW _ + 0,0)
2ME_ '8 g Y B E, o o ! !

(7-2)
where the quantities within the brackets have been defined in the
preceding seci.ion.
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7.1.1 Beam-induced force

The &term in Eq. (7-2) describes the effect of the electric field
on the beam particle, and the electric field itself is in turn induced
by the beam. Here we express this term in terms of the particle line
density; we include thg small effect caused by the synchrotron motion
of the particles (the ¢ term).

The contribution of the j-th particle to the beam current is
(8,t) = elw_ + &.(t))8 - ¢.(t
1;8,0) = elu, + 6:(0))8 (6 - ¢, (t))

= e [dblu, + 9IS (6 - 6,)8(8 - 6,) (7-3)

where §_ is the periodic delta function with period 2T; hence the
total beam current is

N
I(8,t) = e 351 Id¢(w° + ¢)6p(¢ - ¢j)6(¢ - ¢j) . (7-4)

& is small compared to ®w,. However, instead of dropping the term
proportional to ¢, we average Eq. (7-4) over a revolution period

T, = 2m/w, under the assumption that ¢:(t) is constant in this period;
the variation of ¢; from one revolution period to another will be
taken into account. The reason for this maneuvep is that, while ¢:
changes very little within a revolution period (¢:/w, << 1), the
change in ¢ accumulated over an interval comparabie to a synchrotron
period may affect the coherent instability. Th.3 is indeed the

case if there is a component of impedance that changes appreciably
within the range of frequency of the order of the synchrotron fre-

quency. The rf cavity itself is generally a source of such an im-
pedance.

The Fourier component of the current is, from Eq. (7-4),

e N o« D 4 2T o .
In(nwO + Q) = — z T fadf a0 dew +6.)
4 ] =] p=_m -0 o -0 o hi

x §(8 - Wt - ¢j(t) + zﬂp)G(é - $j) e-1n¢j(t)+1ﬂt (7-5)
Let us define a function Tj(e) implicitly by
8 - wT.(8) - ¢j{rj(e)} =0, =<8 <o (7-6)

The function T:(® + 2Tp) with integer p and 0 < 6 < 27 gives us the

arrival time og particle j at azimuth © during the p-th revolution.
Note that

(w, + éj(:))d(e - wot - b.(E) + 27p) = 8(¢ - T8+ 2mp)) .



27

Substituting this expression,into Eq. (7-5), and then performing
the integrations over t and ¢, gives

N e oan s .
I(w +@) =25 I I [T gpe-ind3(7;(8+2m) J+ifTj(B+2mp)
n

4“_2 j=1 p=.m o

which, with use of Eq. (7-6), can be written as

_ e w 27
I{w +Q) =-=5IL[ 4o
e an° i po
~i(nri), {1, (0+2mp) }+igpT +i9 . (7-7)
X e wy 33 o W,

We now ignore the variation of ¢j(t) within a revolution period; i.e.,
we set

d)j{'tj(e + 2mp)} = ¢J.{1'J.(21rp)} .

The integration in Eq. (7-7) can then be performed. We obtain

., R .
-i(n+—)¢.{t.(2m) } +iQpT
IT(uw +0) =T ) gze Y 33 °
n o 2T T w :
o JP
with
1l i27x
(e

(x) = ~ig -1 . (7-8)

We are interested only in the region of ) where QT << l. Therefore,

we set pT  + t, ¢j(Tj(2ﬂp)) > ¢j(t), and change the summation over
P by an integral,

xR 1 [--]
I + = I de .
p:—& TO -
The result is
’ . Y/ .
ew Q N o ~i(n+=)¢.(t)+iQt
I(w +Q) =—TC=) I [ dre Yo 3 . (7-9)
4 o =l =

Equation (7-9) can be expressed in terms of the line density.
The line density corresponding to (7-3) is

Define
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&> 127 2, ~i(neR/uw )d+iQe
P () = == db ! dte o
n + Q/wo 4ﬂ2 ° —o

p(d,e)

Then, the above two equations giva

N 0 . .
S 1 -/, )0 ;+i0L
L Qfu, = T2 I e -

, : (7-10)
LTN J=1 P

=]

We finally obtain frca Eqs. (7-9) and (7-10)

Q Nyl
) = T(— -
In(n(.uo + Q) vAll (m )Iavpn+$?./mo . | (7-11)
This is the form of the current source we shall use.
We now perform a similar averaging procedure for the term
(wy + ¢) &W, + ¢,t) in Eq. (7-2), First define

_ inf-iwe
&(0,t) = tzl faw & (w)e . (7-12)

Congider a particle with its position ¢(t) moving in the electric field
~ above. The rate of the energy gain of the particle from & is

B(t) = eR(w, + ())&l t + oCt),¢)

- of . ind(t)-Qt o
eRlwg + 6(0)) I fa@ & (o, + De : (7-11)

Denote by T(2mp + 6), 0 < 8 < 27, the time of arrival of the
particle at the azimuth f during its p-th revolution. It is deter-
mined implicitly by

6 - w1(8) - 6{t(®)} =0, @B <o, (7-14)

Equation (7-13) can be written as

. o 27
B(t) = erlw, + d(t)) 2 I [aR g (o +R) [ a0
n p:..CD n fo)

x §(8 - wt - () + zﬂp)eiﬂ¢(t)-i9t

2m ] .
eR 2 % fd& (nw_+ Q) [ d66(t - T(2mp + e))e1n¢(t)—19t '
np n o 5

(7-15)
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The p-term in the summation contributes only during the p-th revolution.
Hence, if we integrate this term over t and then divide the result

by T,, we obtain the average rate of the energy gain in the same revo-
lution. It is

N ew R 27 . -
- O . ing{T(2mp+6)} 1Qt(2mp+0)
<E> 5 ﬁ Iy gh(nmo + Q) { dbe

ELI.)OR 2T
"2 Efdﬂ & (mu_+ Q) [ a8

o

i(nsie{t(2mp+d)} - iRpT -its .
W o w
X e ) o (7-16)
Again we set

o{t(2mp + &)} + o{xC2mp)} ,

and Eq. (7-16) becomes

o q ’i(n%%—)¢{t(2np)}-ingo
<E> = ew R I [dR & (nw_ + QT*()e 0
o 5 n° o w

* (7-17)
0

We now set pT, -+ t, ¢{T(2ﬂp)} + ¢(t), and drop the average sign <> from
<E>. We obtain

. g . Haece)-ige
E=euR 2 faq & (o + Q)T (u-):)e 0 . (7-18)

-

Or,
@, + ) Eluge + 0(0),8) = u, I fa@ & (m, + DI*@w))

i(n+b)e(e)-ife (7-19)
X e )
where I' is given by Eq. (7-8).
From Eqs. (7-12) and (3-~1l4c),

& (m +Q) = - % I (nw o+ D2 (aw_ + Q) . (7-20)

The gunction (wy + ) & can now be expressed in terms of the line
density by combining Eqs. (7-19), (7-20), and (7-11). Noting that
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Q g o2
I'(;)-;)I‘ (uT;) 1 + O(m )
[o]

and ignoring terms of O(QZ/NQZ), we obtain

(m°'+ b) é’(wot + d,t) = - % w I, i fao
z 1(n+Q/w,)o=iRt
x pnm/wo(g)zn(nwo + Q)e o (;-21)

We have thus succeeded in finding the expression for the beam-
induced force (up to first order in Q/wo) in terms of the line
density.

7.1.2 Linear approximation of equation of motion

First we combine Egs. (7-1) and (7-2) into a 51ngle equation of
motion,

b= [{Gggin(hcp - 0g) + Y+ Vgl
el + 2 g e s 0,0) . (7-22)
(o]

Recall that n = m 2/(B,2E,).
Before using Eq. (7 -21) in (7-22), we split the line density:

(1)

(b, t) = () + 0 2 (o,t) (7-23)

where A($) is the line density in the absence of coherent motion in-

duced by the self-force &, and p(1) (d,t) describes the coherent
motion. Define, for any complex number @,

Ay = }Z_J' dpe~ 1 2oy (7-24a)
0, () = _17 2 Ldtp(”e‘iﬂ‘b*mt , (7-24b)
and 4m ©
& 1 2o ~iop+iRt
P ) = — . db [ dtp(d,t)e . (7-24¢)
4n- © -

These Fourier components are related, from Eq. (7-23), by
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B, = A S(@) + o (R) . (7-25)

We assume A(-¢) = A($), so that for & = n, n being an integer,

A=A, (7-26)

-n n

Let us introduce the following notation:

Fo,t) = 2MR(L + Ly g e + b,0) (7-27)

0

This is the energy loss of the particle per turn of revolution due to
the beam~induced electric field. This quantity can also be split into
two parts corresponding to Eq. (7-23). We call the contribution from
A(d) to & the incoherent beam loading part; it is

=]

, = ind
thL(¢) = ZFIav z XnZn(ﬂno)e . (7-28)

n=->o
The coherent contribution from D(l)(¢,t) is

F00 =2, T (a0 o @z (e i9) & TRRITIRE (g o,
- )

n=-w

If #5,(0) is kept only to first order in ¢, Eq. (7-28) becomes

Fgp)y=2amr (I AR (mw) - ¢ I (mh ), (7-30)

n=-,>

vhere Eqs. (7-26), (3-18), and (3-19) have been used.
Similarly, we linearly approximate the rf voltage:

vV sin(hy - = -V si hY : -31
gsm( ) ¢g) gsz.nzbg + ng)cosq)g (7-31)

The equation of motion (7-22) now becomes

e -e_ﬁ -A . @™
b = 7T ({ Vgs:.nd)g + VY * Vg o+ 2T nidm Xngg(mno)}

+ ¢{thcos¢g -, I onz (A o+ F(H,0)}) .

“=_m

(7-32)

The synchronous phase ¢g of the rf voltage is determined by the
following condition: For a synchronous particle (¢ = 0), the energy
gain of the particle due to acceleration and the energy loss due to
synchrotron radiation and beam loading should be exactly balanced by
the energy provided by the rf generating voltage. That is,
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- -]
+ 271 h)
av n=-o

Vgsin¢g = vY + Vg AR () (7-33)

Therefore, the terms within the first {...} in Eq. (7-32) cancel.
With the definitions

2 . _enhy -
W, 5 Vgcosd)g y (7-34)
and
wl=w? +Tel I az (mw)A (7-35)
s so av =0 n o’ "n’?

Eq. (7-32) becomes
b 2y = &N -
b + ws¢ = 5 Qg(¢,t) . (7 ;6)

The quantity Wg, is the synchrotron frequency in the absence of beam
loading, and wg, which includes the effect of beam loading, is the
actual synchrotron frequency of incoherent phase focusing. The right-
hand side of Eq. (7-36), which is generated by the coherent oscillatien
of the beam, is in turn the driving force of the coherent motion.

7.1.3 Hamiltonian formalism

We now write the equation of motiom (7-36) in a Hamiltonian form.
We choose ¢ and W = (E - E,)/E, as the canonical coordinate and
momentum, respectively; (¢,W) emerges naturally as a canonical pair
in the standard Hamiltonian treatment® of Lorentz force. (See
Appendix B.)

Equation (7-36) can be derived from the following Hamiltonian:

H=1H+U(d,t) , (7-37)
with °
S QP S e _
Ho 5 (MW~ + wsdb (n) ) (7-38)
and

3 (9,0) _ e
5% = 7m g'ﬁ’;((b,t) . (7-39)

It is convenient to use the action-angle variables (J,V) asso-

ciated with the harmonic motion of . They are related to ¢ and W
by

¢ = dcosy, W= w dsinb/n , (7-40a)



where the synchrotron amplitude is

5 =7 (7-40b)
w
s
In terms of the action-angle variables,
H, = -w.]J (7-41)
and
H=-wJ+ u® . , (7-42)
7.2 Vlasov Equation
The Liouville theorem for a canonical system is
A4
5? + (\Y,H] =0, (7-43)
where the Poisson bracket ( , ] is defined by
_OA OB A 9B
(a,8) = V3T 3T W
and ¥ is the phase space density functiom.
We refer to (7-43) as the Vlasov equation.
From Eq. (7-42), Eq. (7-43) becomes
v v s
7T~ Y 3 (vyu°) =0 (7-44)
The following decomposition is useful:
¥(1,0,t) = ¥o() + ¥, (3,0,0), (7-45)

where Y, is the equilibrium bunch distribution, and ¥, is the modifica-

tion due to the coherent oscillation., These ¥'s are related to the line
densities in Eq. (7-23) by

p(d, ) = faw¥(I,v,¢e) , (7-46a)
M) = faw (n), (7-46b)
oM@, = faw (3,0,0) . (7-46¢)

The Vlasov equation now becomes

3?1 3?1 s
FC— "(A)S -a-,q)— + (WO,US] + (WI,U ) =0 . (7-47)
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Note that US is first order in ¥y therefore, the last term in Eq.
(7-47) is second order, Ignoring the last term, we obtain the

" linearized Vlasov equation

v v

E-t-—l - ms BTI + (“.’O,Us) =0 . (7-48)

The driving force term of Eq. (7-48) is

s ' BUS ad)
(WO(J),U 4,t)) = -WO(J) 3 30
= §sind ¥)(3) 2= F(9,0) , (7-49)

where we have defined

' =4
WO(J) =33 WO(J) .

So the linearized Vlasov equation is
BWI(J’w,c) 3?1 . -
3 " Y o= Eﬁsin¢¢wo(Jﬁ 32(¢,t) . (7-50)

Introducing the Fourier compoment of ¥, (J,V,t) by

Y (3,0,0) = [ avy(,u,00e7 0 (7-51)

and using Eq. (7-29), we change Eq. (7-50) to

. aw1<J,¢,n)
-IQ‘PI(J,lD,Q) - U.)S _T-
pe 5 inlcosl
= -eIavsinW¢W6(J) nEH= pﬁznem cos¥ | (7-52)

where we use the short-hand notation,

Ik

YA

a Zn(nw0 + ) (7-53)

and

n=n+ Q/wo . (7-54)

The right-hand side of Eq. (7-52) is periodic in V. Hence, the
equation is equivalent see (A-1) in Appendix A] to
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a L_ e 1 2w 0 1QU' . '
Yl(J,w,ﬂ) - m eIav¢Y0 T 2ﬂQ E Pa Z f di'e sin(y + ')
eifPeos(h+hh) (7-55)
where _
Q= Qﬂns . (7-56)

Exercise: Prove by direct substitution that Eq. (7-55) is equi-
valent to Eq. (7-52).

From Eqs. (7-51), (7-46¢c), and (7-24b),

Nlr-‘

I a0 jdwwl(J,w,n)e'iﬁ¢

[e]

L) 2 Y- .
= %i [a3 ] 1rd\b‘l’l(J,w,me ingeosy (7-57)
o o} .

where we use d$dW = dJd{, which follows from the canonical invariance
of the phase space volume. Using Eqs. (7-57) and (7-55), we obtain the

secular equation
Pz Q) = E Tmn(ﬂ)pﬁ(ﬂ) ’ . (7-58)
where

T eIav z

- 2T 2% 2 Ay !
= —— [CaIp¥ (D) d qute T . "
mn Zmns RELCI L o o¥q { ) { Y'e sin(y + ¢

eifidcos (Y -idibeosy - (7-59)

Let us analytically continue (7-58) into the complex Q-plane.

The value of Q which satisfies this equation is the coherent frequency

of a coherent oscillation, and the corresponding eigenvector P gives
the perturbed line demsity.
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Exercise: Define

o a,0 = L [Taen Do, 071

and prove that, for 0 < ¢ < 2w,

p(l,2) = ¢

i(n¥/w o
n=—o pn“’g/moe ° )

The matrix element can be written (for a useful table of inte-
grals see Appendix A) as

el m2 ® 27 TP
o s av n ' viQl
Tmn * ms i2mQ _ 1 £ dJ¢¢O(J\ £ db e
x sind’ 3. (/82 + &2 - 2amcosy’ §). (7-60)

1
/a2 + 52 - 2EEcosy’

The rest of Part I will be based on the assumption that the
equilibrium distribution has a Gaussian form,

10 8%y’ 1 %203, _1 -l
v () = = = - (- )(—— ),
w g Y210 i
s ¢ o} W
(7-61)
where Oy = wso¢/ﬁ. The coefficient above is chosen so that
fasap ¥ (1) =1 . (7-62)

Upon substitution of Eq. (7-61) into (7-60), the integral in J in the
resulting equation can be performed, and the matrix element becomes

= mZ =2..2..2
Tmn B o2 el I'121' e " ™ )U¢/2
aml 2V - M
2“’ - [ 2
X f dwelesinw emncos¢0¢ . (7-63)
°

This expression can be transformed into a modified Bessel series
representation. From Eq. (A-10),
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= z 2 22y 2
T =i el =2 3 H——1 (ﬁﬁdz)e (A%+m )0¢/2 .
mn mn%:z av = =1 QZ _ u2 V] 0]
s (7-64)

To summarize Section 7: The collective motion of the beam is
governed by the Vlasov equation (7-43), For a Gaussian bunch, the
linearized Vlasov equation is equivalent to the secular equation
(7-58) with the matrix element given by (7-62) or (7-64). A solution
Q = Qg of Eq. (7-58) gives the coherent frequency of a collective
mode, and the eigenvector describes the corresponding perturbation of
the line density.

8. SYNCHROTRON MODES

We discussed in Section 6 the Robinson instability of a rigid
point-like bunch oscillating around the synchronous point. We shall
generalize this discussion to include the effects of possible bunch
shape distortion. Landau damping will be ignored.3

Our starting point is Eqs. (7-58) and (7-64).

The condition for a coherent mode is that the matrix (Tg,) has
1 as one of its eigenvalues. This condition cannot be satisfied if
ITmnl << 1 for all m and n.

We consider here a situation in which the beam current and/or
the impedance is so small that

n
X =
D wie
S

el Z /n<< 1
n

2 Cav (8-1)
¢

for all n. Then, from Eq. (7-64) and the above reasoning, there

cannot be coherent instability unless Q = U for some W, or ) = Hw.

The coherent mode satisfying this condition is called the HU-th synchro-
tron mode. W =1, 2, 3, ... modes are, respectively, called dipole,
quadrupole, sextupole,... modes. It will be seen below that the
Robinson instability corresponds to the dipole synchrotron mode.

We adopt the following approximation of Eq. (7-64) for the U-th
mode:

- 2 2 2.2
- : _n - 2, ~(a"+m")04/2
Tmn i _mzoczb eIav(zn/n) Q—ZHTF Iu(ﬁlﬁcd)) e ¢ . (8-2)

[

Let us consider the case in which the bunch length is shorter than the
wavelengths of the perturbing EM fields. Then the argument of the
modified Bessel function is a small quantity. Using

u

I (F0%) = L (mdc?)
H ¢ n b

we can approximate Eq. (8-2) as

?
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= o2 2 z 2,-2\q2
- m < YT
= i . el b L =2 (ﬁﬁ)ue (a%em) ¢/2 . (8-3
on 2 2 2=

2 av .U
nmsc¢ w!2™ Q U n

The matrix represented by Eq. (8-3) is of rank 1 (factorized in
m and n); hence Eq. (7-58) can easily be diagonalized. The result is

2 _.22 .10 o 2u-2,,(1) ;
Q R+ igel o m U¢ Z.eg (8-4)
. (M - 112
with
-1 =22
PRI I -i% _
Y n=§m(n * ) z (m  +9)e ¢, (8-5)

o]

where Eq. (7-54) has been used.

Note that Eqs. (8-4) and (8-5) reduce to Eq. (6-15) of Robinson
instability if 4 = 1 and Oy = 0.

We observe that if Q 1s a solution of Eq. (8-4), then so is -Q%.
This follows from the symmetry pruperty (3-17) of the impedance. The
two solutions have equal imaginary parts, and their real parts are
equal in magnitude but opposite in sign. Therefore, we lose no gener-
ality in assuming £ to have a non-negative real part.

Let us approximate Eq. (8-4) by

- ® 2.2
Q% = u%n2+i Dor B W2 5 WLy gy o+ we de %
s T av H . n o s
(- D12 . (8-6)
Then, the stability conditiom is
@ 2u-1 -n2e2/2
n ngdm n éﬁh(ﬂ”o + ums)e ¢
e 2u-1
=n I a (R (o, +w) - (- mw)) <o0. (8-7)

The conventional way of ensuring stability against the single
bunch synchrotron modes is by detuning the rf cavity. As can be seen
from Eq. (8-7), the contribution to Im(R) comes predominantly from
the part of the impedance that varies appreciably in a frequency range
of the order of synchrotron frequency. The rf system is generally
the most important source of such an impedance.

Let us consider the case N > 0 (above transition). The resistive
part R(W) of the impedance peaks at the rf frequency w.g/27. There-
fore, if we tune the rf cavity so that w.¢ < hw,, then, from Eq. (8-7),
the impedance from the rf-cavity fundamental contributes a damping
term to the coherent frequency. Such a procedure is called Robinson
damping.

Below tramsition, the rf-cavity should be detuned in the opposite
way, W.e > hw,.
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If there are many identical bunches symmetrically arranged around
the ring, then, as will be seen in Section 11, there will be coherent
‘modes to which the rf fundamental impedance does not contribute. Hence,
Robinson detuning is not effective against these modes.

9. LONGITUDINAL STRONG COUPLING - SHORT BUNCH CASE

We saw in Section 8 that under the condition X, << 1 for all n
(see (8—1)), the coherent modes can be classified according to the har-
monic number U of the synchrotron frequency. The coherent freqency Q2
corresponding to the synchrotron mode U satisfies  ® wwg. This is no
longer true if ¥, 5 1 for some n's. In such a case,. the matrlx (T )
may have 1 as one of its eigenvalues without Q being close to an lnte-
ger; thus many terms in the summation of Eq. (7-64) may contribute
with comparable strength to a coherent mode. When this- occurs, U
ceases to be the mode number for an eigenmode.

We also saw that, when the bunch length is small compared with the
perturbing EM wavelength, we can diagonalize the matrix (8~2) for the
H-th synchrotron mode by approximating lt with a matrix of rank 1.

Here we generalize this method to the ¥, w 1 case when the bunch is
short. Our method consists of expanding Eq. (7-64) in an asymptotic
series of small parameters mdy and nOyp, and thereby approximating the
®-dimensional matrix (Tp,) by a matrix of finite rank. A matrix of
finite rank can be diagonalized with an elementary algebraic procedure.
The long bunch case will be treated in the next section.

We recall that the coherent modes are determined by the secular
equation

=]
Py = n=§m Tm(ﬂ)on (9-1)
with
T = ? p? (502) ~(@l+n )a¢/2
mn Xn u=1 Q Iu mnc¢ e ! (9-2)
a=n+Q/W , Q=R , (9-3)
= Lt fer 2z /a
Xn s elyvZn/ - (9-4)

Let us expand the modified Bessel function in ig. (9-2) in Taylor
series. Then, after recombining the terms, the matrix element becomes

@

(n +i )0¢/2 S 4
Q'—

T =iy e l(mﬁcg)l

mn (9—5)

n

where
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1 3

1 1 1 1
a, == ’ a, = = ’ a, = = ( +
172 77 2°22 7, 37162 ) T 2o,
1 1 1
a, == ( + ) , etc. (9-6)
TSR Y
Each term in (9-5) is factored into the product of a function of m
and a function of n. Let us perform the following change of base:
=2 2
- _ . 2 -n"g./2,=_ &
Py = 1 n=§m Xp e ¢ (n0¢) A (9-7)
Then (9~1) becomes
- m - -
pg‘ = 'E-l ng‘l pl' ] (9"8)
with
Tg‘gll = azl gz“_g‘l 1] (9-9)
‘ ' -2 2
=i 3 “n"gy = &
F, 1n=§m X8 ¢(no¢) . (9-10)

We observe that Eq. (9-10) is, up to a constant, the same as the

last term of Eq. (8-4).

Equation (9-8) provides a convenient starting point for treating

the coherent motion of a small bunch. We assume that there, exists
a number ngp ., “max0¢ < 1, such that X, is negligible if Inl > fpaxe
Then Tpp+ decreases with increasing & and &', and hence Eq. (9-2?

can be truncated at &, &' = &, .., where & .. is determined by Nnax%
Now Eq. (9-8) becomes

%

—_— max

Py = by T Py (9-11)

This is a secular equation in a finite~dimensional vector space, and
the coherent frequency {2 can now be determined algebraically,

det(le, - 522.) =0 . (9-12)

We illustrate the above method by the case where Rpax = 2-
Equation (9-12) becomes

4Q2 =10 + .9'2 + 32 +* VYDiscr (9-13)

where the discriminant is

)
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Diser =36 - 12F + 12 F + (F. - F)% + 4572
2 A ) %, 3

First, let us discuss the limit of Eq; (9-13) when X5 << 1. Then,
to the first order in &, the equation becomes

(9-14)

2 1 : 1
QU =1l+35 & or 4 + > &,

(9-15)
This is the synchrotron mode result (8-4) with 4 =1 or 2. As we
recall, these instabilities can be Robinson damped.

When X's are not small, computer studies indicate that unstable
solutions may emerge from Eq. (9-13) even if the.individual &'s are
Robinson damped.

10. LONGITUDINAL STRONG COUPLING - LONG BUNCH CASE

We have analyzed the coupling of the synchrotron modes for the
case in which the wavelengths of the perturbing EM fields are longer than
the bunch length. Here we study the opposite, short EM wavelength,
case. In particular, it will be demonstrated that, in the limit where
the growth rate of the instability is much greater than the synchrotron
frequency, the bunched beam instability is very much like that of a
coasting beam. In other words, the equations that govern the coherent
behavior will reduce to those discussed in Section 5.

From the point of view of the synchrotron modes, what distinguishes
the long bunch (or short perturbing EM wavelengths) from the short
bunch is that, when X, 5 1, many more synchrotron modes contribute
to an eigemmode for the long bunch case. Let ny,, be the revolution
mode number beyond which Z_,/n is negligible. We can readily see from
Eq. (7-64) that, if y, 5 1, the number of synchrotron modes that couple
to form a coherent state is fnmaxzd , which is large for a long bunch.
A coherent state is a fast blowup state if its coherent frequency
Q satisfies

Im(Q) = Im(Q)/ms > 1. (10-1)
We shall find the condition under which Eq. (10-1) is satisfied.

Our starting point is the secular equations (7-58) and (7-63).
We shall ignore the distinction between n = n + Q/w, and n.

p = I T p_ , (10-2)

- mZ 21 .
Tm = -1 N ~ el —-—%—1—_‘_—‘]‘ dtbelqwsimb
Zﬂw; et Q%
2

~(n +m2-2nmcos¢)G$/2 ) (10-3)
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Let us take the asymptotic limit (10-1) of the matrix element
(10-3). We first note that

1
—_— 1, « (10-4)
1 - elZﬂQ |
Recall that this factor was the origin of the synchrotron poles at
Q=W, =21, ¥2, ..., in Eq. (7-64). Thus the syunchrotron modes
lose their significance completely in the fast blowup limit (10-1).
Next we investigate the long bunch limit (high frequency limit),

laloy lﬁ|c¢ > 1, (10-5)

together with the limit (10-1) of the integral in Eq. (10-3). Under
(10-1), the integral is dominated by the coutribution from the
integration region in the neighborhood of ¥ = (. Therefore

IZﬂdWeiQwsinWe-(n2+m2‘2“mC°S¢)G§/2
[o}

2 2 ) 2.2
x o~(nm)Ty/2 J;Z“dwelqme-nm(bw /2

. (10-6)

If n and m are of opposite signs, the exponential factor

exp[-(n - m)ZU%IZ) becomes vanishingly small because of (10-5).

Thus, revolution modes with positive and negative n decouple in the
high frequency fast blowup limit, Let us consider the positive case
where both n and m are positive; the "negative case" is trivially re-
lated to the "positive case."

Because of (10-5), the upper limit of integratiom of Eq. (10-6)
can now be replaced by ®. We obtain

2T Qb -mmblol/2 1 1
I d\pelq pe T Vi S o h, ( ) (10-7)
with
© . 2
by (x) = [ dt el Iz ~ (10-8)
o

We recall that this function has already beer discussed in connection
with the coasting beam instability in Section 4.

Combining Eqs. (10-3) to (10-7), we obtain

n Zy —(n-m)202/2 Q
T = ——— a1 _— ] (—) . (10-
o Zﬂmiaz avn hL Vnmwsc¢ ' 9)

Recalling
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.
8%E
o0
and
WOy = Of = |n|moc7(S ; (10-11)

Eq. (10-9) can also be written as

2.2
- . n -(a-m)704/2 Q
T S - 2 T ilivin) ¢ h. (——— . -
mn t lavn © L(/Ealnlwods) (10-12)

2
278 Eo°6

o M-

It may be worthwhile to remind ourselves that, for the Gaussian
bunch (7-61) under consideration, the line density is

2,,.2
1 e-(b /20'¢

Aly) = (10-13)
¢ /210, ’
and its Fourier component is
2.2
= L ni0g/2 -
A, =77 e . (10-14)

Since the fractional momentum deviation § is proportional to W, and

(7-61) implies a Gaussian distribution in W, the distribution function
in § should also be Gaussian,

2 2
1 e-5 [20%

/o

g(§) = . (10-15)

We now show that the above matrix (10-12) is the same matrix that
appeared in the secular equation (5-5).

From Eq. (10-14) and the identity

J'de £ ®) .. 1 (— " ) (10-16)
= 2+ /mow 08 /Emoncr; i van|n|wgng

which was proven in Section & [see (4-22)), Eq. (10-12) becomes

T =iw I W,y (g5 —8 8
mn 82E ®lav N1 “n'm-n "0 g 4 Vorw 18 (10-17)
o0 o

Note that because of the bunch factor Xm-n’ Tpn is vanishingly small
unless |n - m|0¢ is of the order of 1 or smaller. Thus,
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2 . E.{? +0 (;é;)] and wmn = n [} +0 (;é;)] .

Therefore the seculs. equation here is equivalent to that of Section
5 in the high frequency limit under consideration.

Let us conclude this section by comparing the treatments here and
in Section 5. 1In Section 5, we demonstrated the Boussard conjecture
on microwave instability by establishing the dispersion relation (5-5)
for general line denmsity A(9) and momentum distribution g(§) under
the assumption of a vanishing synchrotron frequency. Here we proved
the same conjecture keeping wgq finite; however, the proof applies only
to the case of Guassian distribution (7-61). Also, recall that the
treatment here is based on the assumption of a harmonic rf potential
(7-38). For a moreléeneral rf-potential, the proof of this section

can be carried over'”? to the case of the corresponding Maxwell-
Baltzmann distribution.

11. LONGITUDINAL SYMMETRIC COUPLED BUNCH MODES

We treated the single bunch synchrotron mode in Section 8. Here
we consider how the presence of many bunches in the ring affects that
treatment. We assume h identical bunches symmetrically distributed
around the ring. The conclusion will be that corresponding to, each
synchrotron mode number M, there are h independent coherent modes,
each characterized by the way the coherent phases of various bunches
are related.

We shall rely heavily on the discussion of Sections 7 and 8, which
need only minor modification for adaptation to the present multibunch
case. We sketch the needed modification below.

Denote by ¢j the location of the center of the j-th bunch,

§5 R i=0,1, vou, h=1. (11-1)

1¢ ¥(i) is the distribution function of the j—-th bunch, the total
distribution function is

_bhsl (),
¥(d,w,t) L ¥ - 4.,w,t) . (11-2)

Since different bunches do not overlap in the phase space, the
Vlasov equation can be written as

() . .
¥ . (W(J),H(J)) -0,

3t i=0, ..., h -1 (11-3)

where

B9 = - LA+ wkee - 60" /A) + U, 0) (11-4)
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With ( )
ou S . e
T =57 5€(¢,t) y (11-5)
5§(¢,t) = -2TR(1 + g;0¢9(wot + o,t) . (11-6)

The right-hand side of Eq. (11-6) is averaggd in the sense of Section
7.1.1; hence it is actually independent of ¢,
For particles in the bunch j,

-6, = deost_ , W =‘-ws5sinWIﬁ (11-7)

d =8 = /ﬁ %i . (11-8)
- s

We adopt the following normalization:

with

fapawe () = fagapw () o O a1-9)
and, instead of inventing a new notation, write
v D, =P -0 w0 o
Let us decompose
v(3) . ¥ (3) + ‘I'l(j)(J,\IJ)e‘i‘o‘t . (11-10)
The independence of ¥, from j follows from the assumption that the
bunches are identical. The perturbed line density of the beam is

o, (®)e 1t < 3 Jasasso - o, - Feost¥, D, me™ L (1

Introduce the notation

A=n+Qm_, (11-12)
and define
_ 1 2T -ifid
oL = 5= { dép (d)e (11-13)
(1) —i58.
=Zp-""e 10 ; (11-14)
h) .

with
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p- ) = %F fde¢5(¢ - ¢j - 6cos¢)?ij)(J,W)e-iﬁ(¢—¢j) . (11-15)

The energy loss of the particle per revolution can now be
written as

- ing-ifdt
52(¢,t) = 21rIB E pﬁz(nmo + Qe

h-1 (i) : = -
= 21, kEO 2 pEJ 2(nw ) + Q)1 (0-dy)-i0t (11-16)

where Iy is the average current per bunch, Iy = I,y/h.
Using the technique introduced in Section 7, we obtain =-- from
Eqs. (11-3) to (11-5), (11-10), (11-15), and (11-16) --

N

h=sl @ ia(d:=d) (k)
M T e j 7k Pp

k=0 p=- MM

o}

% , (11-17)

where for Gaussian bunches,

a mZ, -(ﬁ2+ﬁz)c£/2
2 av 121Q e
2T l -e

. — 2
X fzndwelesinwemnc°s¢U¢ .

o

(11-18)

Note that (11-18) is the same as (7-63).

We approximate the phase factor in (11-17) by

LiT(d=0) | in(d5-0) (11-19)

This amounts to approximating the phase shift between two particles
in different bunches by the phase shift between the cerresponding
synchronous particles.

The h x h matrix with its element given by (1l1-9) can be
diagonalized easily. The result as applied to Eq. (11-17) is

i 2 g
p;J) - pSo)e h ’ ij=0,1, vo., ho=-1, (11-20)

where the symmetric coupled bunch mode number S, S=0, 1, ..., h = 1,
characterizes different eigensolutionms.
We observe that
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h-1 i EZ_T_T_ (j=k)(n-8) @
kﬁo e = h liam Sn—S,lh ’ (11-21)

where Sm,n is Rronecker's delta. From Eqs. (11-20), (11-21), and
(11-19). Eq. (11-17) reduces to

DSO) - T (o)

= . 11-22
Th+S p=-o mh+S,nh+S = fAh+S ( )

Except for the modification of the subscripts, this secular equation
is the same as that of the single bunch case (7-58).
Let us apply Eq. (11-22) to the synchrotron mode; then, for the

mode S, the coherent frequency @ in the small bunch approximation is
given by

2 = uh? 4 i ffer, —H—— ol T (an s 5y
(n - 12 ==

2.2
x Z((ah + Sy + g)e”(An+S)0y (11-23)

II. TRANSVERSE INSTABILITIES

12. OUTLINE OF PART II

The discussion of transverse instabilities in Part II will
parallel the discussion of the longitudinal version in Part I. We
assume that the instabilities in the x and y directions are decoupled
and discuss only the y-instabilities; the discussion of the x-instabil-
ities would be totally similar. We use many of the notations defined
in Part I; these are listed under "Principal Symbols" ‘at the end of
this paper. .

In Section 13, we introduce the transverse impedance function
Z27 (w) which relates the y-component of the Lorentz force field to
the dipole density of the beam.

In Section 14, we discuss the transverse coasting beam instabil-
ity; the approach adopted is that of Courant.2> The rest of Part II
is devoted to bunched beam instabilities. Single bunch instabilities
are treated in Sections 15 to 19 and coupled bunch instabilities®s23
in Section 20.

We consider the high frequency bunched beam transverse instabil-
ity in Chapter 15 under the assumption that the beam is not
longitudinally focused; that is, Wg = 0. The results are quite similar
to those of the coasting beam case.

The finiteness of the synchrotron frequency of a bunched beam is
fully taken into account in the rest of Part II. 7o this end we intro-
duce in Section 16 the Vlasov equation, which describes the transverse
as well as the longitudinal motion of the particles. We also introduce



a method!7+18 of solving the Vlasov equation within a linear
approximation, which is followed in the rest of Part II. ‘

When the coupling between the beam and the EM fields it induces
through the impedance is weak, the possible bunched beam transverse co-
herent instabilities are the head-tail modes.36137 For these modes,
the coherent frequencies lie very close to the synchrotron sidebands
Wg, ¥ =0, 21, ... . Section 17 is devoted to head-tail modes.

When the beam couples strongly to the EM fields it generates,
head-tail modes no longer gsuffice to classify the transverse bunched
beam instabilities.2? The coherent frequencies in this case may not
lie close to a synchrotron sideband, and therefore many head-tail
modes couple to form coherent modes., If the bunch length is shorter
than the wavelength of the perturbing EM fields, the number of head-
tail modes which may couple is small., We introduce in Section 18 a
method26118 of treating such short bunch instabilities. In Sectionm
19, we treat the strong coupling instabilities in the lomg bunch
case.17:18 We find that in the further limit of growth rate >>
synchrotron frequency, the results reduce to those of Section 13.

We provide a mathematical table :1 Appendix A. In Appendix B, we
demonstrate how the Hamiltonian used in Section 16 can be obtained
from a series of canonical transformations of the fundamental
Hamiltonian of the Lorentz force. The discussion is restricted for
simplicity to a weak focussing storage ring.

The transverse coherent instability derives the energy it needs
from the longitudinal orbit motion of the partiecles. The Panofsky-
Wentzel theorem,38 which is a neat way of expressing this fact, is
proven in Appendix C. When the Panofsky-Wentzel theorem is applied to
the coherent instabilities, one obtains the Nassibian-Sacherer
relation,39 which relates the tranverse impedance to a generalized lon-
gitudinal impedance. The relation is discussed in Appendix D.

13. TRANSVERSE IMPEDANCE

We are interested in the transverse components of the Lorentz
force

F = e(@ + BexB) . (13-1)

We concentrate our discussion on Fy, the y-component of ?; the discus-
sion of Fy is analogous.

The force field F,(9,t) is induced by various multipole compo-
nents of the beam current through their interaction with the environ-
ment. The field F, so generated may in turn excite the multipole com-
ponents of the current. This "feedback loop" provides the mechanism
for the transverse coherent instability of the beam.

If the transverse dimension of the beam is small, the dominant
source of Fy is the y-component of the beam dipole demsity; we
therefore ignore all other sources. The dipole density at a given
moment t and at an angular position $ = 8 - w,t relative to the posi-
tion of the reference particle is defined as
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D(d,t) = <y(d,t)> p(d,t) , (13-2)

where <y(¢,t)> is the average y-displacement from the nominal orbit of

the particles locaped at position ¢, and P(d,t) is +he lime density
normalized to 1, [< db p(d,t) = 1. The dipole density at time t and
at position 6 relafive to the ring is, of course, D(f - w t,t).

The force field Fy(e,t) generated by D can in general be written
as

27 m ‘
F(8,0) =1, g 8" {mdt'G(e,e',t - t)D(O" -w ') . (13-3)

The t - t' dependence of the Green's function G follows f£rom the
invariance of the dynamics under the translation in time. Since the
source of the impedance may be localized objects around the ring —-
pickup's, cavities etc. —— the Green's function depends on & and

0' separately. However, we use a smooth approximation (cf. footnote
following Eq. 3-11) to write

G(6,8"',t - t") =G(8 -0",£ - t") . (13-4)
Eq. (13-3) thus becomes

2T ol . '
Fy(e,t) = Iav.£ de! {mdt'G(O -0',t - t')D(O' - wot',t') . (13-5)

The transverse impedance Zz(w) is conventionally defined3 by

G(O,t) = i

® o s A
I [ awrd e TE (13-5)
4,“, c n=-x ..

In terms of the Fourier components of D given by

@« [~-) - -
D@,t) = I [ e yel™THE, (13-
Eq.(13-5) becomes
F (0,t) = i o 1 I [anzY¢( Q Qyeind-ifit
/(& Pt L, Dozt )D_(D)e . (13~-8)

We discuss now the constraint imposed by the causality condition
on Zn(w). The causality condition is

G(8,t) = 0 if t<o. (13-9)

From Eqs. (13-6) and (13-9),
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a1 [ ] _.' M
V(@) = -1 S [ a0 [ dea(d,e)e ind+int (13-10)
n al.)o o o

The function Zy(m) can be analytically continued to the upper half
of the complex w-plane through this equation. It follows, then, from

2V (u)* = -z¥ (-wx) . (13-11)
n b ¢ §

In terms of the real (resistive) and the imaginary (reactive) part
of 2¥ defined by

zi(w) = RIW) + ixfl(w) (13-12)

Eq. (13-11) can be written as

R (w*) = - (W) , (13-132)

and
XJ ()

2w . (13-13b)
The positivity of Rp(w) is discussed in Appendix D.

14, COASTING BEAM TRANSVERSE INSTABILITY
14.1 Equation of Motion and Dispersion Relation

The angular revolytion frequency of a particle with fractional mo-
mentum deviation § is 8 = wy(l - nS). Therefore, the longitudinal po-

sition of the j~th particle relative to the reference particle can
be written as

. = . —wnd.t . 14-1
by = 0y, - N8 (14-1)
We ignore the effects that the longitudinal perturbation on the beam may
have on the transverse motion of the particle, and take the y-displace-

ment of the particle to be a function of its longitudinal position,
§ and time t; that is,

yj(t) = y(¢j,55,t).= y(¢°j - monéjt,sj,t) . (14-2)
The equation of motiom is
a2 2 1
;:7 yj(t) *ugys = E?; Fy(ﬁ,t) (14-3)

where the force Fy should be evaluated at the position of the particle
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8 = Gj(t) =Wt + ¢j =W+ ¢°j - wonéjt , (14-4)

and the angular betatron frequency wy is given by
2 2 222 2 2 2
ws = §)%8% = 0 (1 - n®)°(1 + ES) (14-5)
y Qyo(l + & )_ yo( )°( 2

where Qy, is the nominal y~tune of the ring, Wyo = Qy&”o! and &€ is
the y-cgromaticity.
Let us drop the subscript j from now on.
From Eqs. (13-8) and (14-4)
ew in(¢,-w nét)-ilte
FO,) =i—21 ¢ fapz¥(aw_+ Q)D_(R)e . (14-6)
y c Tav j n o n

Using the Fourier component of y defined by .

y(,8,t) = I fdﬂyn(G;Q)ein¢-iQt', (14=7)
n

Eq. (14-3) can be written as

edﬂo v
Eo Iaan(Q)Zn (dﬂo + Q) . (14-3)

-(Q + muonﬁ)zyn(ﬁ,fz) + wiyn = i

We now use Eq. (13-2) to eliminate Yn and Dn from this expression.
For a coasting beam,

p(d,t) = 1/27 ; " (14-9)
therefore,
D{d,t) = <y(d,r)>/27m , (14-10)
Noting that
<y(b,t)> = [a8y(0,8,t)g(d) , (14-11)

where g(6) is the distribution function in § normalized to 1,
JdSg(8) = 1, we have

D_(@) = L aSy_(8,2)g(8) . (14-12)

27

This equation together with (14-8) yields

ecw
1= i 21 2%(m +9) as g(8)
2TE av n o] ‘o 2 2
o © + nnonﬁ) - my

(14-13)

This is the dispersion relation for the coasting beam transverse
instability. The solution  of Eq. (14-13) is the coherent frequency

of the n-th mode, and the dipole density corresponding to this coher-
ent mode is D(4,t) = eind-illt,
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Suppose 2 is the solution of Eq. (14-13) with positive nj; then
from the symmetry property (13-11) of zy, —* is the solution of the
same equation with n replaced by -n. In other words, it 1s sufficient
for us to solve Eq. (14-13) for positive n. Note that ~* and Q have
the same imaginary part; therefore, if mode n with coherent frequency
Q is stable or unstable, the same will be true for mode -n with co-
herent frequency -2,

We shall assume in the rest of this section that n > 0.

14.2 Solution of Dispersion Relation (Without Landau Damping)

In this section we solve the dispersion relation (14-13) for the
case of a cold beam; namely, the case whewe

g(8) = §¢8) . (14=14)

From Eqs. (14-5) and (14-14), the dispersion relation (14-13)
becomes

2 ecw

= nl 2_. y -
Q deno i ZvE Iavzn(nn +0) . (14-15)

To first order in ZY, the two solutions of the dispersiom relation
(14-15) are

= -1 _ y -
Q+ anno i Q E I an(n + Qyo)mo] , (14-16)
and
=2 - 7 e_c. y - -
Q_ Qyowo +ia70Q oEol'avzn((n Q ) o) . (14-17)

To zero-th order in zY, the dipole density corresponding to these
two coherent modes is

D, (h,¢) = ei®Filyae o ilné-(ntayoluge) (14-18)

This equation describes waves of coherent betatronm oscillation with
angular phase velocities with respect to the ring given by

We see that the phase velocity of the coherent wave corresponding to
Eq. (14-16) is greater than the beam velocity, while the phase velocity
corresponding to (14-17) is smaller., They are therefore called fast
and slow waves reSpectively.

It is shown in Appendix D chat the real part of Z,Y(W) is posi-
tive for n > 0 and negatlve for n < 0. Therefore we conclude that for

a cold beam the fast wave is always stable and the slow wave is always
unstable.%0
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14.3 Solution of Dispersion Relation (With Landau Damping)

We investigate here the effect of the momentum spread on the
transverse coasting beam instability. Equation (14-~5) shows that a mo-
mentum spread induces spread in m¥ from the revolution frequency

spread and the tune spread; therefore, the threshold condition will in-
volve N as well as §

Let us discuss {andau damping of the slow waves since the fast
wave is always stable.

Mathmatically, Landau damping comes about from the vanishing of
the denominator of the .integrand of Eq. (14-13):

2 2 . -
@ + o n6)” - wl = (@ + Q¥ * w_8{on + Q& = W}
x (R -, + w 8{an - Qo (& - ml) . (14-19)
For the slow wave, f = =QyoWo» hence we approximate Eq. (14-19) as

@ + m_n8)? - wy, = -2q w (2 +Q w +ws{an + Q& = MH) .« (14-20)

The dispersion relation (14-13) becomes

o c y _
1 =1 ITEq e;avz ((n Qyo)mo)
0°yo

=]

g(S) \ -
X [@ ® s S R TR R . (14-21)
. Yo o o yo yo

Let us now specialize to the casz of a Gaussian momentum
distribution

g(8) = exp(-az/zc§> X (14-22)

Y210 ¢

From the following identity valid for Im(R) > 0,

[--) .
i == -i £ 11e iT(Q4x) , T (14-23)
we have
r*as g(8) = -i 4 [Ty 2T:f212 (14-24)
‘o o+ wyo + Jx 05|x| 2T X 06 ! 2
with 9
B (y) =J§f et T2 gy >0, (14-25)
(o]

Therefore, an equivalent expression of (14-21) is
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| = ¢ er_ 2((n - Qyo)wo)
&/Eisoqyomocsi(n - Qyo)n + QyoEl

Q + myo
x By [f(n = QN ¥ Qyoi|w006] y (14-26)

Note that the denominator of the argument of hy above is the r.m.s.
value of the total frequency spread.
Observe from Eq. (14-25) that

hp(0) = 1,
]hT(y)l <1, if Im(y) > 0, or if Im(y) = 0 and Re(y) # 0 . (14-27)

We deduce from Eqs. (14-26) and (14-27) that a sufficient comdition for
the stability of the beam or, equivalently, for the absence of a
solution R of (14-26) with Im(2) > 0 is

cel

1> av [2((n - q ] . (14-28)
- . yo o]
AJZvEmeocsl(n Qyo)n + QYOEI

Exercise: Show that (14-26) reduces to (14-17) in the limit of

Im(R) >> 1
= Qyo)n * QyogﬁEGJG

15. BUNCHED BEAM TRANSVERSE MICROWAVE INSTABILITY

We study here the transverse coherent instability under the follow-
ing conditions:

(i) Wavelength of perturbation << bunch length.

(ii) Growth rate of instability >> synchrotron frequency W and

the revolution frequency spread.

We take the condition (ii) to imply that we can set w, =0, amd
that we can ignore the bunch shape distortion due to f11amentat1on
However, Landau damping due to revolution frequency spread will be
fully taken into account. In Section 19, we study the same limits

with finite Wg and find there that the conclusions reached here
remain unchanged,

15.1 Equation of Motion and Dispersion Relation

If wg = 0, the discussion of the equation of motion for a bunched
beam is 31m11ar to that for a coasting beam. Equations (l4~1) to
(14-8) remain valid, but Eqs. (14-9) to (14-13) need to be modified so
that the bunched beam structure can be properly taken into account,
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The bunched beam structure introduces coupling among the revolution
modes.

Ignoring filamentation, we write the line density X as a function
of & and 8. We further assume A($,8) to be factorized,

A(,8) = Md)g(d) (15-1)

with A(¢) and g(8) both normalized to l.
We can now write the dipole density as

D, t) = A(¢)[dSy(s,8,t)g(S) . (15-2)

This equation relates the Fourier components of D and y as follows:

D@ = & X __ fdsg(a)ym(a,n) (15-3)

m=.®
where

A(8) = T xnei“¢ , (15~4)
n

and D, and y, are given by Eqs. (13-7) and (14-7) respectively.
From Eqs. (15-3) and (14-8), we obtain the dispersion relation

ecl

[--]
o s o y ddsg($) _
D o= -i—=1__ nE;» N 27 (oo + Q)an 5 . (15-5a)

) 2
) 2 + nw°n6) - wy

The major difference between Eqs. (14-13) and (15-5a) is the coupling
among the different revolution modes for the bunched beam case.
If we keep only the slow wave component, Eq. (15-5a) becomes

cw
_ . 0 y
D =+i Eq_ el . E km_nz (nmo + Q)Dn
o 'yo
dSg(3) :
x [ Q + Wy * woiln = Qyo)n + Qyog} . (15-5b)

Exercise: Show that (15—5a} reduces to (14-13) if A(d) = 1/2m,

In the following two sections, we explore the physical contents
of Eq. (i5-5a) by solving it for some impedance functiom Z,7.

15.2 1Instability Due to a High q Impedance

Suppose that the source of the ring impedance consists of a single
resonance with its q-factor so high that to a good approximation
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y = 77 _ oY*
Z (o + ) Za sn,n Za 6n,--n ) (15-6)
o o o o
Substituting this into Eq. (13-5), we obtain

ecly

. o y (8)
D =-i 1. (o2 2z¥fas gl
n Eo av. u, m—no no N +nuw n6)2 - wz
oo y
§
S A2 fas g ), (15-7)

TR, W, M, ( - nw nG)2 - w?
00 y

Frem Eq. (15-4),

A, <1 if |n|0¢ >> 1

lo = 1/2n (15 -8)

where Oy is the r.m.s. bunch length in units of radians. Also
assumption (i) above can be restated as
> ¥ -9)
40¢ 1/no . ' (15-9)

Therefore, for a given m, at least one of A j_, and Ap,, is
negligible. Thus, the modes with positive and'negative 8 decouple.
Take m = n, in Eq. (15-7); the result is

o . ¥ ACY -
e, Iavzno [ds 7 (15-10)

1 =-1 5
R +nwnd)® -uw
oo y

Comparing this with Eq. (14-13), we conclude that for a very high g
and high frequency impedance, the coherent frequency of a bunched beam
is identical to that of a coasting beam with the same average current.

The corresponding eigenvector in $-space is, from Eqs. (15-7) and
(15"10) y

D(d,t) =X D ime-ift _ 5y Limb-ift
nom momen

= A(d)elRob-iflt (15-11)

up to a factor of constaat. The meaning of this equation is that the
cavity excites a coasting-beam-like transverse wave, and this wave
1s modulated by the bunch shape function A(4) so that the dipole

density doesjnot extend outgide the region of the bunch.
.

£
$1-
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15.3 High Frequency Instability Due to a Broad Band Impedance

This case is, for a historical reason, known as the transverse
microwave instability.
We assume that

Y o Y - -
2 zno for n-n| <A (15-12)

where A is of the order of the inverse range of the transverse wake-
field, and ngy >> A >> 1/0y.

Let us find the approximate solution of the dispersion relation
(15-5a) for which D, is negligibly small outside the range given
in Eq. (15-12). Then, (15-5a) can be approximated as

cl no+h
. (§)
D =-i=20ar 2z' [d§ £ I A D .
m t E e v no J. (S-z + oW nG)Z - U-)z n=no—A m=-n n (15-13)
0 ¥

Denote by K the eigenvalue of the matrix Ap_,:

no+A

kp =2m L A _D . (15-14)
n=n,-A

The coherent frequency @ will then be determined by
cw

a - o] y
1 = -ix T eIavZnO fdé

dag(a; = (15-15)
Q + o né)° - my

It remains for us to find K by solving Eq. (15-14). Since Aj_, is
sharply peaked at m = n with peak width v1/04 << A, we expect that
the eigenvalue K does not depend strongly on the cutoff value of
A. Therefore, it should be closely approximatd by

x
KD = 2 ng_m Ap-nly ° (15-16)

The eigenvector of Eq. (15-16) is

D_= o0 (15-17)

with the cnrresponding eigenvalue

K(®) = 21 T xnei¢“ = 2mA(3)

n:_m

] (15"18)
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where ?, 0 <®< 2w, is a parameter which labels different
eigensolutions.

Note that Eq. (15-15) is the same as the coasting beam dispersion
relation (14-13) with I, replaced by

RMI,, = 2T, = et A() . (15-19)
This is the local current at position ¢ = & in the beam.
To gain some insight into the nature of the dipole density, let
us take as an approximation to the eigenvector of Eq. (15-14),
e-an for |n - nol <4,
D _(9) = :
0 for |n - nol >A . (15-20)

The dipole density is

4

n°+A . .
Dlo,e) = 5 ein(e-®)-ige
o=n,~A
. |
in (p-9) Sin(B + PG -] o

For large A, D(¢,t) is sharply peaked about § = ¢, and the peak width
is of order 1/A v wakelength.

16. VLASOV EQUATION FOR SINGLE BUNCH TRANSVERSE COHERENT INSTABILITY

In the discussion of the bunched beam transverse instability in
the preceding section, we ignored the possible effect of the longitu-
dinal phase focusing. To take such an effect into account, the most
convenient method is that of Vlasov. We formulate here the Vlasov
equation for the single bunch transverse instability, taking into
account the finiteness of the angular synchrotron frequency W . We
ignore the effect of synchrotron frequency spread.

16.1 Equation of Motion

If we approximate the betatron motion of a particle in a strong

focusing machine by a harmonic motion, the equation of y-betatron mo-
tion is

y + mf,o(l -2 s ey =0, (16-1)

where £ is the chromaticity. We shall not include the force induced
by the coherent motion until Section 16.4.
In the following discussion, we ignore the term 0(82) in Eq.

(16~1). To this order of approximation, (16-1) can be generated by
the Hamiltonian
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H -l({ﬁ 2 4wl i 211+ (£ -n) "o w})
o 2 Eo py yo c2 AR BZE
[o BN o ]
1 (=2 2 2,=
-z (W + 0l -0 )/m) , (16-2)
where
- 2,422
n = wl/(BE) , (16-3)
2
W= (E - Eo)/wo = (BoEolwo)S , (16-4)

and §, is the location of the center of the bunch. This Hamiltonian
describes the synchrotron motion as well as the betatron motion; the
canonical pairs are (¢ - 9,,W) and (y,P,).

It is demonstrated in Appendix B, with a weak focusing machine
used as example, how one ohtains Eq. (16-2) from the basic Hamiltonian
for the Lorentz force.

16.2 Action-Angle Variables

The action-angle variables (J ;wy).and (Jg,¥g) can be introduced
by a canonical transformation generated 1 by

1 Bo 2 11 2 :
Fi=-3% (:E)nyoy tanll’y - 5'% ms(¢ - ¢°) taﬁws . (16-5)
The transformation is
- Ey - .
y = ycos\l)y , py a - :i wyoy51n¢y ,
- l -,
¢ - ¢° = ¢ COSWS y W= - % ms¢51n¢s , (16-6)

where the betatron and the synchrotron amplutudes ; and 5 are,
respectively, functions of Jy and Jg,

- - 2 2J _ _2J
y =y =\ 57 and  § =8(3) =\n =2 (16-7)
y w 8 w
o yo s
Also,
E 2
1 o 2 ¢ 1 2
32 (Bw g e g2
y 2 c2 yo E° myo y
D S WA - .
I,=3 (ﬁ w (¢ =-0)% +n o W) . (16-8)
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In terms of the action-angle variables, the Hamiltonian is

H, = myon - mst + HHT(J,¢) y (16-9)

where the head-tail Hemiltonian Hyp is given by
HHT(J,w) = —aQyowsJy ¢(Js)31n¢s y (16-10)
with a=§g/Mn-1, (16-11)
The head-tail Hamiltonian is usually small. It describes the
modulation of the betatron oscillation by the synchrotron motion, and
this modulation is the source of the head-tail mode38137 of the
transverse coherent instability.

16.3 Kolmogorov Transformation

It is useful, before writing the Vlasov equation, to simplify
the Hamiltonian H, by performing a canonical perturbation known as the
Kolmogorov transformation.%2s

Let us introduce a canonical transformation (Jy’wy;Js’ws) >
(Ky,ay;Ks,as) generated by
FZ(K!\‘J) = ‘pyKy + ‘bSKS + Sz(Ki‘b) ? (16-12)
with S, to be specified later. The transformation is
I =K_+35,/3 @« =y + 3S,/K_,
y y 2/ wy ’ v ¢y 2/ gy
I, =R+ 38,/%0_, a =Y+ 38,/ . (16-13)

Suvstituting (16-13) into (16-9), we write

Hy =0 K~ 0k + [HHT(J,¢) - (R, )

852 382
+ {B (K, 0) + Wg ’3"’—}, - o, N—s} . (16-14)
We now specify So by setting
H(Ry0) + 0 = S (K,0) - 0w 5. (K,0) = 0 (16-15)
HT ? yo BWY 2+ s Bws 2+ :
A solution of this equation is
§,(K,¥) = aQyoxycF(Ks)cosw3 , (16-16)

and (16-13) becomes
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J =K_, (16-17a)
y Yy

ay = wy + aQyoa(KS)cosws , (16-17b)

Js = Ks(l - aQyo ;ﬁ ¢(Ks)sin¢s) , (16-17¢)

a = ¢‘ + & y $(K )cosd (16-17d)
s s 2 aQyo Ky g/C08¥g - -17

Note that Hyp(J3,¥) = 0 J J ¢)y and that, from (16-17),

HHT(J ¥ - (X, w) = 0(J3%/ Therefore we ignore the terms in
«es) in Eq. %16 14) on tKe ground that the ratio of the emittances,
Jy/J y is generally very small. We thus obtain

H, = w R - 0K, . - (16-18)

The head-tail Hamiltonian has been transformed away in (16-18); the

mechanism of head-tail instability is contained now in the transforma-
tion (16-17).

The last terms of (16-17c) and (16-17d) can also be 1gnored be-
cause Ky/K o Jy/Js. Hence,

Jy = Ky ’ oy = ws ’ J_ =K (16-19)

ay = wy + aQyo5(Js)cos\lJs . (16—205

From (16-18) and the Hamiltonian equationm, y= v ots therefore,

(16-20) describes the precise way the betatron phase ¢ is modulated
by the synchrotron oscillation.

16.4 1Inclusion of Coherent Force
So far in this section, the transverse force F, induced by the

coherent motion of the beam is not included in the discussion. We
now write the total Hamiltonian including the coherent effect as

E=H_ + ¥ (,¢t) (16-21)
where
i A
5y " Fy b + wot,t) (16-22)

with Fy(8,t) given by Eq. (13-8). Since Fy is independent of y, we
have

vV (o,t) = -yFy(Cb +w t,e) . (16-23)
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16.5 Vlasov Equation

The Vlasov'equation for the phase space density W(Ks,as;Ky,ay;t)
is

%:- + (v,8) =0, (16-24)

where ( , ) is the Poisson bracket defined by

3A 9B 34 3B . 9A 9B 3A 9B . '
(83) = 5% "8 3a * o 5K~ K-S (16-25)
s s s s Y y y v

We adopt the normalization

2 H” 2n fn
dag, [ dr_ [ dag [ aR ¥ =1 .

° ° ° ° (16-26)

For the Hamiltonian given by Eq. (16-21) with (16-18), we can write
Eq. (16-24) as

%‘% - u, %_ *ug %‘g_ + (vu¥) =9, (16-27)
s y

We solve this equation perturbatively to first order in impedance Z7V.
Recalling that UY is of 0(ZY), we see that the zero-th order solution
Y, of Eq. (16-27) is a function of Ky and Ky only. Hence, we write

¥ = Yo(RgiRy) + ¥ (Kypa 3R, 0 5t

= WO(JS,Jy) + WI(JS,WS;Jy,ay;t) , (16-28)

where (16-19) has been used, and Wl is taken to be of first order in
z¥. Y, satisfies

2 avs ~aw1 y
T ?1(J3.¢8;Jy,ay;’§) - w, W; *og, gg + f‘l’oyU Y=0. (16-29)

Recalling that a Poisson bracket is invariant under a canonical trans-
formation, the Poissoa bracket of Eq. (16=29) can be evaluated as

¥ ey ¥, oY

) = - -
(?O,U ) = Epy dy aw 34

BWO 3?0 Y

“E, Ty W %
The last term above reflects the fact that the energy for the trans-
verse coherent motion is provided by the longitudinal energy of the
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beam motion (cf. Appendix C); nevertheless, we shall drop this term.
From Eqs. (16-6) to (16-8),

¥ (J_,J ¥ (J.,J)
M:—;(J )sind o s’y o .
ap y 3J y
y y
therefore, Eq. (16-29) becomes
oY oY Y (J_,J.)

é_y -,y L 1.3 i —287TY7
AT ¥, W 3¢s + myo BGY y(Jy)31n¢y aJy Fy(¢ + mot,t) .

(16-30)

Since the only |, dependence of the right-hand side is through
sindy, and and {, are related linearly by Eq. (16-20), the trans-
verse part o (16-38) is relatively easy to solve. We set

sinp = lr (elwy - e_lwy) S e-lwy . (16-30a)
y 2i 2

This amounts to assuming the decoupling of the coherent modes with
coherent frequencies { = -w, and { = Wy and choosing to discuss the
former. Eq. (16-30) now becomes

¥ ¥ . e vy (J ,J3)
9 1 1 i -1¢y =__0 8 vy
=Y —w = tw_ T=—=35e g F_ . (16-31)
at *1 3 aws yo aay 2" aJy y
The part of this equation can easily be integrated, and the

equation becomes

. . - ¥
. , 3 _ i iaQuydcosdg _ "o _

-i@ + 0 ) - u T yo s 5 3, f} , (16-32)

where
i -ig
Yl(Js,ws;Jy,ay;t) = e % Q(Js,Jy,ws)e nit , (16-33)

and, from Eqs. (13-8) and (16-6), !
N . emo y - Q )
Fy(Js,qu) = 1 —c—' Iav E Dn(Q)Zn(nmo + Q)exp(in¢(Js)cQ:s&ps] , A§16_34)

v i
where we have set the bunch-center location ¢o = 0,'ané D, will be
related to ¢ later.
We close this subsection by a few comments on Yo. Recalling that

the phase space volume is invariant under a canonical transformation,
we have from Eq. (16-26)

=L -
desdJy?O(Js,Jy) ek (16-35)
Now, defining
Y Q) = znfdJywo<Js,Jy) (16-36)
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so that

1

!dszoch) =57 (16-37)

we obtain from Eq. (16-7) and an integration by parts

o ¥ (J_,J) 2
[ g = - - v ) (16-38)
° y o yo

16.6 Secular Equation

Here we transform the Vlasov equation (16-32) into a secular
equation with D,, n = %1, %2, ..., as the eigenvector.
First, note from (A-1) of Appendix A that (16-32) is equivalent

to
¥ (J ,1)
' . - AL To /R 1aQ ¢cos(¢ +! )— o s
LCHTSIRES o — 12nQ I  avre yo s T,
x fy(Js,ws £, (16-39)
where |
Q= (R + myo)/m8 . (16-40)

Next, let us derive the relatiounship between D_ and ®&. The

dipole density D(¢,t) is, from Eqs. (13-2) and (16-&), related to ¥
by

D(d,t) = IdKSdadeyday5(¢ - 5cos¢s)yW(Ks,as;Ky,ay;t)

= fdJsdwsdJ db §(6 - deosd Iy¥(I b 53,2 5t) . (16-41)

We observe that the unperturbed part, ¥, (Jg4,J y)s of ¥ does not con-
tribute to the above integral since Wo 15 an even function of y. Hence
we obtain the following expression for the Fourier component of the
dipole density by using Eqs. (13-7), (16-33), and (16-41):

1 ~i(n+aQyo)8(Jg) cosVy -
D,@) = 3 fag db as 7+ in*&yo B0 g ho(a a0y L (16-42)

Now, substituting Eq. (16-39) into (16-42) and noting that the

Jy integration in the resulting equation can be performed with the
help of Eq. (16-38), we obtain

[+-]
D = n=§m Tonln (16-43)
with
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el ¢ 2ZV(mww +R) o
av n o

2T . wl
T = : a3 [Tav'av ¥ (3 )e*@
mn EﬁEJnszo 1 - elZﬂQ s 9% s o s

. oi0(Rcos(y ' )-ncosy_) (16-44)
where

L . = (q - &
n=as aQyo (n Qyo) * n Qyo * (16-45)

We note that all the variables related to the transverse dimension

have been integrated out. The ws integration above can also be done
(see Eq. (A=2)). The result is

el ¢ Z(w + Q) o
av n Q

27 iQU
T = : dJ d
mn 2E°tus o | - e1211Q £ s £ Ve
x YO(JS)J°E¢§2 + §2 ~2f¥icosy $(Js)]. (16-46)

For the rest of Part II, we restrict our discussion to the
case where the longitudinal distribution of the bunch in Gaussian.
Taking into account the normalization condition (16-37), we set

- 29,0 2
¥ () == s e 0°/20y (16-47)

m30¢

where O in the r.m.s. bunch length in units of radians. The Jg4

integration in Eq. (16-46) can now be performed. Using Eq. (A-4),
we obtain

y
cel z7 (o + ) .
T = av n o IZdeelqw
m 4mQ w E i

yoso 1 -

2
. e_(1{2 + Hh2 - 2£Ecos¢)0¢/2 . (16-48)

We calculate for later use the line density A(¢) and the momentum
distribution function g(8) cuvrresponding to Eq. (16-47), From the
canonical invariance of the phase space volume,

¥ ()4 db = ¥ dodw

2 2
- 1 2/205 1 -w2/20y _
/fib¢ e do /iﬁbw e dw . (16-49a)

with
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Oy = msc¢/n . . (16-49b)

Equations (16-7) and (16-8) have been used in obtaining (16-49). Using
Eq. (16-4), we obtain

2
'i 2 8279002
£ e W /chdw = __l__ o /120§ 48

—_ 16=50
o 72w, ’ (16-502)
with w
0
O, = o, . (16-50D)
o0
Therefore,, . 902
-1l b4/ 16-51
Ad) /Eia¢ e , (16-51)
and 52 2
g(8) = =L . 1293 . (16-52)

a

3

“oth A($) and g(8) are normalized to 1, and the Fourier componment of

}(¢) is

A e-nzoglz .

= l -
L= (16-53)

We remark that, from Eqs. (15-49b) and (15-50b) and the definition
(16-3) for N, we have

Os = wSO‘d,/(nwo) . (16-54)

We close this section with a short summary. If one ignores the
force induced by the collective motion of the beam, the motion of a
particle in the beam is described within a smooth approximation by
the Hamiltonian (16-2), This Hamiltonian couples the transverse and
the longitudinal motions. The dynamics of this Hamiltonian is solved
to the lowest order ¢f s-y coupling by a Kolmogorov transformation
which leads to an uncoupled Hamiltonian (16-18), and the solution is
degcribed by Eqs. (}6-19) and (16-20). We then establish the Vlasov
equation (16-24) ingcluding the colleztive force. In the later part of
this section, it ig demonstrated that the linearized Vlasov equation
(16-31) is equivalent to the secular equation (16~43) with the Fourier
components of the dipole density as the eigenvector. By specializing
to a Gaussian bunch, we finally obtained a relatively simple expres-
sion (16-48) for the matrix of the secular equation.

All the following discussion in Part II is based on Eqs. (16-43)
and (16-48).
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Exercise. In deriving the secular equation (16-43, 44), we did
the replacement (16-30a). Derive the secular equation
corre§$§nding to the alternative replacement sinil, -+
-1/2eYY, Show that if Q is a coherent frequency of
the new secular equation, then =-{* is a solution of
(16-43, 44). Note that Im(R) = Im(-R*); there-

fore, the stability condition is not changed by
the choice of the replacement.

17. HEAD-TAIL MopE36,37

The integral representation (16-48) f  the matrix element T
can be transformed into a modified Bessel series. From Eq. (A-9), the
matrix element becomes

2 ©
. ¢ y -(‘ﬂzﬂﬁz)c /2 1 2
T =1igm————— 0l Z'(aw_+ R)e ¢ z I (o) .
mn &ﬂQyowsEo av'n o p=—o Q- MW "M ¢
(17-1)
We assume in this gsection that
—_— (24 -
T, E el |2 (a0 + Q)] << 1. . (17-2)
0so

The condition for a coherent mode is, from ﬁq. (16-43), that T
has 1 as one of its eigenvalues. Under (17-2), the matrix (Tp,) cannot
possibly satisfy this condition unless for some integer |

Q =y or Q = ﬁnyo . (17-3)
The transverse coherent mode which satisfies (17-3) is called
the U=-th head-tail mode. U = 0 mode 1s called the rigid mode; H =
%]l mode, the dipole mode; U = *2 mode, the quadrupole mode; etc.
For the U-th head-tail mode, we approximate Eq. (17-1) by

T =i el ZV(w -w_ + )
mn AHQyJ”sEo avn o yo ums

2,.2
1 (F2D)ags2

‘ 2
-7 Iu(ﬁﬂb¢) . (17-4)

Suppose the wavelength of the perturbation is longer than the

bunch length; then we can approximate the modified Bessel function
by

2, . 1 2, [u|
Iu(ﬁﬂb¢) = T;]::;EIT (ﬁﬂc¢) .
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and Eq. (17-4) becomes

2 p2,.2
v _ 1 -(A°+Hh5)a /2
ARQy w E zn(ﬂ'u myo * ums) Q-u ¢ L

age M (17~5)
X ]::(;EEIT ( Ty

This is a matrix of rank l; hence it can easily be diagonalized. We
obtain from Eqs. (16-43) and (17-5)

ceI ®

Q+w - w (q 2‘1-‘|

z
yo s 4NQYO o ‘u"erT n=-o

2 2
A0} Ly :
X e b 2 (pmo - myo + uws) . (17-6)

This is the expression for the coherent frequency shift of the U-th

head-tail mode. If the imaginary part of the right-hand side is

positive, this mode is unstable. :
We ignored above the Landau damping of the head-tail modes. The

effects of the synchrotron frequency spread on these modes are dis-
cussed in Ref. 23.

18. TRANSVERSE STRONG COUPLING - SHORT BUNCH CASE

We saw in Section 17 that, if the interaction between the beam
and the EM fields that it induces is weak, the possible bunched beam
coherent instabilities are the head~tail modes. The u-th head-tail
mode, p = 0, %1, ¥, ..., has the coherent frequency £ = w,, + Wig,
or Q = 4. This is no longer the case if the interaction i3 strong.
Then, the matrix (Tmn(ﬂ)) may have 1 as one of its eigenvalues without
Q being close to an integer; thus, many terms in the summation in Eq.
(17-1) may contribute with comparable strength to a coherent mode.
When Q 1s not close to an integer, U ceases to be a good mode number
to characterize an eigenmode.

We also saw that when the bunch length is short compared to the
perturbing EM wavelengths, we can diagonalize the matrix (17-4) for
the U-th head-tail mode by approximating it with a matrix of rank 1.
Here we generalize this method to the strong coupling case when the
bunch is short. Our method consists of expanding Eq. (17-1) in a se-
ries of small parameters %igs; and ¥igs and thereby approximating the
©-dimengional secular equatlon (16- 23) by a mew secular equation in a
finite-dimensional vector space.

We recall that the transverse coherent modes are determined by
the following secular equations:

D, = z Tn (Q)D , (18-1)

n=—w
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with
202, 2, w
. —(R°+h%)o5/2 1 D2
Tan ™ i%q® P e T ) (18-2)
- — y -
X, AHQYONSEO‘EIaVzn(nwo +Q), (18-3)
Q=@ +a ), "=a- Qyy * EQu/M - (18-4)

Let us expand the modified Bessel functions in (18-2) in Taylor
series, Then, after recombining the terms, the matrix element becomes

@22 rn2yg 2. .
Tmn = lxne ( + )c¢/ EEO a!'(mno'¢) ) (18_5)
where 2
a0=%2-, a1=+, az“é‘ Qz_2 ’
Q~ -1 Q" - &)
a = % ( 21 + % 21 ) , ete. © (18-6)

Q- -1 Q -9

Each term in Eq. (18-5) is factored into the product of a function
of m and a function of n. We use this fact to perform the following
change of base:

o o2 2
D, =i ¢ e 8 9o fz(ﬁb

%
Rt Xa %

. (18-7)

Then, in terms of the new basis, Eq. (18-1) becomes

- m - -
D, = , -
2 2§=0T11 Dy ’ (18-8)
Tagr = 3 Fpagr (18-9)
. 2 42,2 0
Fp=i I xe L (ng,)™ . (18-10)

Equation (18-8) provides a convenient starting point for treating
the coherent motion of 2 small bunch. We assume that there exists
an np.. such that X, is negligible if lal| > Noage Then, Tggo:
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decreases with increasing % and &' and hence (18-8) can be truncated

at &, L' = Lpay, where ;.5 is determined by wy,04. Now (18-8)
becomes

- max -
Dl = ILz';“o TM,‘D.Q.‘ . (18-11)

This secular equation in a finite-dimensional space can be treated
in an elementary way. The coherent frequency is determined by

det(Tzz, - 622.) =0. (18-12)

We illustrate the above method by the case Ipgy =
(18-12) involves a 2 X 2 determinant; the equaticn ¢an
out as

1,
.
be written

3 2 2 o _
Q - (3’0 +9‘2)Q + (9’0.9'2 -1 -9‘1 )Q +.96 0. (18-13)

In the weak coupling limit, Iy, F), and F3 are small quanti-

ties; hence Eq. (18-13) can be solved perturbatively to first order
lnéf's. The three solutions are

=9, 1+3 49, ST XA (18-14)

These solutions are ideatical to Eq. (17-6) for # = 0. 1, and -1,
respectively.

For the strong coupling case, it is best to leave the solution
of Eq. (18-12) to the computers.

19, TRANSVERSE STRONG COUPLING - LONG BUNCH CASE

We discussed in the last two sections the small bunch approxima-

tion to the secular equations (16-43). Here we discuss the opposite
asymptetic limit, '

nO'¢ > 1, (19-1)

in the case of fast blowup,
Im(R)/w > 1. (19-2)

Recall that these limits have already been treated in Section 15
by setting Wy = Q. Here Wg will be kept finite, and it will be shown
that the secular equazion (16-43) with matrix element (16-48) reduces
to the secular equation of Section 15 in the above limits. Our pres-
ent proof is valid only for the case of a Gaussian bunch.

Before going on, we also recall that, for a Gaussian bunch
defined by Eq. (16-47), the normalized line density and momentum dis-
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tribution function are given, respectively, by Eqs. (16-51) and
(16-52), and that the Fourier components of the line density are given
by (16-53).

We now find an approximate expression for the matrix element T
in the limit of (19-2). 1In this limit, the integral in (16-48) is

dominated by the contribution from the integration regiom ¥ = 0.
Therefore,

IzﬂdweiQwe-(£2+ﬁz—2Qﬁcosw)02

/2
s ¢

. 22
s (w22 ) (T 10 RV 0h/2

¥ o (19-3)
We now take the high frequency limit,
nlg mj{g, > 1 . (19-4

Then, if n and m are of opposite sign, (19-3) becomes vanishingly
small because of the exponential factor in front of the integral.
In other words, the fast and the slow waves decouple in the high
frequency fast blowup limit. Let us consider the slow waves, i.e.
n and m > 0. The upper limit of integraticn on the right-hand side
of (19-3) can now be replaced by « because of (19~4). Thus,

IZHdweiQwe—(ﬁ2+£2-2ﬁﬁcodw)cél2

0

) (19-5)

2
- \fi 1 e-(n—m)2 Oy ( Q
2 fohs T fefio
b b
with

® . 2
hT(y) = ‘J%:f dxe ™7 /2 . (19-6)
0

We have already encountered the function hy in Section 14.

From 1/(1 - e12™@) + ) in the limit of (19-2), the matrix element
(16-48) can now be approximated by

cel 2.2
av

.3V oy =(n-m)"0y/2 [T 1 Q
oo™ T, 2 (70, * e o2 5 ey 2
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From the factor exp(-(n - m)26$/2) in this equation, we see that Ty,

is vanishingly small unless |n - m‘0¢ ;1. As a result, we can approx-
imate (19-7) by

cel . 2.2
T e, + @D W2 [Ty Q). (ggup)

mn *%4mq_E_
Qyo o ﬂjﬁns ns¢

The error incurred in this approximation is about a factor of 1/n0¢
smaller than (19-8),
To proceed, we recall (see (16-40)) that
+ W
Q,Q yo

. (19-9)
) ﬁb¢ ﬁb¢ws

Also, from (16-54) and the definition (16-43),

oo, = ((a = g 0n + B Ju a5 . (19-10)

Now, we can use the identity (14-24) to obtain

xr_1 Q £(8)
Jzﬁg¢msh'r[‘50') 'rd(SS'Z-PUJYO-P(SMT(n-OY)n*EQ‘f’

¢
hence
ceI 2
—_av .y -(a-m)ayg /2
Tmn 4WQ E z (ﬂn + Qe ¢
f as g(8) (19-11)

Q +w +§€n{(n-Q])ﬂ+€Qyo

This is the same matrix that appears in (15-5b) with X m~n Siven by
(16-53). We have thus reduced the finite Wg bunched beam transverse
instability problem in the high frequency fast blowup limit (19-1) and
(19-2) to the wg = 0 problem already discussed in Sectiom 15.

20. TRANSVERSE SYMMETRIC CQUPLED BUNCH MODES

In Section 17, we treated the single bunch head-tail mode. Here
we consider how the presence of many bunches in the ring affects the
conclusion of that treatment. We assume that there are h identical
bunches symmetrically distributed around the ring. The conclusion
will be that, corresponding to each head-tail mode number M, there are
h independent coherent modes, each mode being characterized by how the
phases of the coherent motion of the neighboring bunches differ.
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We rely heavily on the discussion in Sections 16 and 17; only
minor modification is needed to make it applicable to the present multi-
bunch case. We sketch the needed modification below.

Denote by ¢j the location of the center of the j-th bunch,

¢.-h_j ’ j=0, 1 ’oonph_l . (20-1)

1f y(3) is the distribution function of the j-th bunch, the total dis-
tribution function is

hel (s
vazp v (20-2)
1=0

Since differeat bunches do not overlap, the Vlasov equation can be
written as

ay (1)

ot (w3 gy =0, $=0,1, ve., h = 1. (20-3)
Define '
(i) = (i) . -ifit | -
¥ ‘PO(JS,Jy) + ‘Pl (Js,ws,Jy,ay)e P (20-4)

then the dipole density of the j-th bunch is

(i) - . -
p'3/(d,t) fdJsdwsdJydwy6(¢ - ¢j - & cosv)

x v, VG050 0 0070 (20-5)
and its Fourier component is
@) = 3 @)1 (20-6a)
with
(J)(Q) . IdJ dw dJ dw JV (i) -lnmcosw | (20-6b)

Note that, from the assumption of identical bunches, we take WO in
Eq. (20-4) to be independent of j.
Let us adopt the normalization

fa3,ab a3 av w(‘)(J gr¥gid ) = (20-7)

?hen the force field induced by the collective motion of the bunches
is
e h 1 e
F(8,6) = i —2 1 5 0 @27 (o + e OTHE (20-8)
y Rl R
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where Ig = Iav/h is the average current per bunch. For the force on
the particle in the j-th bunch, Eq. (20-8) should be evaluated at

8 = wyt + ¢j + acosws or ¢ = ¢j + 5cos¢s .

Define

() _ =iy g(3) : )
¥ e % g (gsdaby) 5 (20-9)
then the linearized Vlasov equation becomes

, (H _ o 204 i iaq,Feosbg. %0 ¢ () )
-i(Q + myo)Q W aw 7 e yo Sy 53 fy (20-10)

with - y

Dpr oy o o ~()
fy (I ) =i — 1, I25,

« Zy(nmo . Q) ln(cbJ =dy) 1n¢cos¢s (20~-11)

For a Gaussian bunch, we arrive at the following secular equation
for the u-th head-tail mode:

B;j) =3z 1Lt lfn?l’k) pk) (20-12)
where
. 2w,
. . . in — (j-k)
Tt(ni’k) = eln((b-].(bk)'rm = a h Tm y (?0-13)
with
T el Z'(mw -w_ - o )
mn 4nQyo RN av o yo ]
S22 2
x Q—f—_—u -(nm)ay/2y Nc;) . (20-14)

Equation (20-12) with (20-13) can easily be diagonalized in
the h dimensional (j)-space. The eigenvector in (j)-space is

() (o) Ept S
DmJ =D e , (20-15)

where the parameter S, S =0, 1, ..., h -~ 1, labels different
eigensolutions.
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From the identity

a-1 i %1 (n-S) ( j=k) o
kEO e =h T 8 es, 21 (20-16)

Eqs. (20-12) and (20-13) reduce to

50 . =(0) _
Dmh+S iTmh+S,nh+SDnh+s . (20-17)

Note that Eq. (20-14) is identical to (17-4). Also, (20-17) is
the same as (16-43) except for the modification of the subscripts.,
Thus, we obtain for the S—-th coupled bunch mode the following ex-
pression for the coherent frequency shift in the small bunch approx-

imation:

o,
cel -(nh+S)zc$

. av 1 @ o 2|y
QHY =1y i r (o, (nh+s)) e
yo S 4‘"Qyoms Iu|!2|u| n=-cn. H

x 27((ah + § - Q ), + wo ) . “ (20-18)
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APPENDIX A MATHMETICAL FORMULAE

If

ique) + B 2 £@)  witn FO + 2m = 70)

then the periodie solution of this equation is

b = - I-.—i-mq-£2"d9'eiqe'F(6 +9") . (A-1)
gZﬂde'eixcos(6+G')-iycose' = ZﬂJO(/£§7+ yz - 2xycosf) ° (4-2)
fznde'sin(e N e.)eixcos(9+6')—iycoseﬁ
)

= -i27 yaind Jl(/éz + y2 - 2xycosf) . (A-3)

/;2 + yz - 2xycosf
_fnrdre-rzl Zcho(dr) . %7002 - (A=8)
£mr2dre-r2/202Jl(ar) = Gﬂae-azczlz.. (A-5)

Q00 L i _ i2my S 1 _ipd

57 LT e ’ (0<B<2m . (a-6)
{ 2T e XeosV —ikb | 2L (x) . (A-7)
I_u(x) = Iu(x) . (A-8)

{“axueiq“’e"”s“’ =il -8y 3 L. (4-9)

£2"dwsinweiq“’e“°5‘” =-2a - I, T L . (410
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APPENDIX B WEAK FOCUSING SYNCHROTRON

This appendix deals with the Hamiltonian formalism of the motion
of a particle in a weak focusing machine, including the effect of the
sextupole magnet and the rf accelerating cavity. Specifically, it shows
how the well-known Hamiltonian for the Lorentz force transforms into
‘the form used in Section 16.

B.l Expansion of Hamiltonian

The Hamiltonian of the particle trajectory in the Serret-Frenet
coordinate system 1s8-?

2 : .
(p. - eA)
H=c¢ _s____sT + pz + p2 + m2c? (B-1)
(1 + kx) o

where K = 1/R is the constant curvature of the reference circular
orbit, s measures the length along the same orbit, and (erPy’Ps) are
the canonical momenta comjugate to (x,y,8). We choose the convention
that X X § ='S, where X, ¥, and § are unit vectors. We are
using time t as the independent variable.

The vector potential Ag can be split into three parts:

As(x,y,t) = AL(X,Y) + A

sext(x’y) + Arf(s,t) . (B-2)

Following Ref. 7, we define the linear part of the accelerator by

1 2 2 2 n 33 3 2 .
eAL = -po{nx + E K (nxx +ny”) = 3 K'x + % K xy } ’ (8-3)

where p, = E% - m2eb/c = BoEo/c is the nominal momentum, and the n's

are related to-the focusing magnetic field B by

n=-—(— 0B ) , (B-4)
x=y=0

n =1 -n .

X

(B-5)

The rf voltages can be described in the smooth approximation* by

edA . = —2 - wg (s -B ct) (B-6)
rf ZHBZ 2

*Since the rf cavity is localized, A,.¢ can be represented as a
superposition of propagating waves around the ring with angular
phase velocity hw,/m, n = 0, %1, #2, ... . The smooth approximation
consists of keeping only the wave with its phase velocity equal to
the particle velocity; namely, the wave with n = h.
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with the angular synchrotron frequency wg given by

2
2 emh

w = - 2 V_.cosd
ZnBOEo

(B-7)

s rf 8

where h is the harmonic number, Grf is the peak rf voltage, and
6y is its phase. The sextupole field is given by
5 3.3

3
eAsext 3 poK (x

2
- 3xy ) , (B-8)
with by describing the sextupole strength.

It is convenient to introduce the momentum deviation

P=p - P, and § = p/p, - (B-9)

Let us now take p, >> mc and expand_Eq. (B-1) in the rest of the

variables. To third order in x, y, and p, and first order in A, we
obtain

-2
PP P, PC
= s¥o 2.2 2.2y _ "8,
H=E +—% {(nx + 28)%x° + Sy} = KX
: S . S
¢ 2 2 Pspo°z an-3 33 3,3 2
+ EE; (px + py) + 3, { 7 KX = b3K (x° - 3xy)}
Pscz
T E eArf ’ (3-10)
8
with

From
2
ES *E + Bocp (8 +-§—E) , (B-11a)
ZYO
1
%_ = = 1 -(1- 15)5} , (B-11b)
8 Y,
and
) B
)
Ei = ES (1 + =) (B-11c)
8 Y



79

with Y, = Eg/mcZ, Eq. (B-10) becomes

2
R=E + Bocpo((§ + §_E) + (1 + éi) %{nx + 28)%% + nKZyZ} - Skx)

2, )

2
1 2 2
+ 55 (1-(1 - 35)8HCey + 2
(o] YO
3

1 n-3 33 3,.3 2 ~
*3 BocPo{__E__ K™ x b3K (x 3xy )} BoceArf ). (B-12)

where we have ignored the terms of orders 82Kx/Y,, SA.¢/Y3, and
§k3x3 /v, 2,

B.2 Closed Orbit

~

The quantity x consists of two parts:

x = xc + xB (B"13)

where x. is the closed orbit, and describes the horizontal betatron
oscillation around x,. . X, is determined by the requirement that.it

be proportional to § (we consider only the linear closed orbit) and
that upon substitution of (B-13) into (B-12), terms proportional to
xBG in the resulting Hamiltonian cancel out. From inspection, we see

X, == § . (B-14)
X

The above decomposition of x can be achieved by the canonical
transformation (x,py,s,pg) * (x37Px39511Psl) generated by4l

§
Fy (xB + E;E)px - 8P, (B-15)
or
P =_3F—3=P p =—3F_3=p (3_163)
’ o '
xB BxB X 8y asl 3
aF
3 )
R= ~ == x, +—— , (B16-b)
Ir, B n K
dF P
3 1 x
s 'ﬁ‘=81+;—£—- (B-16c)
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We see that Eq. (B-16b) gives the desired decompocition and that, from
(B-16a), px and pg are not changed under this transformation. Equa-
tion (B-16c) introduces, on the other hand, a coupling between the hor-
izontal and longitudinal directions. Note that the Hamiltonian H de-
pends on s only through A.¢; this x-s coupling may indeed excite the
synchro-betatron resonance through the rf cavity. We assumwe, however,
that we are far away from these resonances and ignore tha last term in
(B-16¢c).

We thus obtain an expression for B which is explieit in xgt

n+l1l+2b n

20 2¢
H = EO + Bocpo ';" K (xsinx - 8(‘-—-—-;1‘———3- - ;‘,25)}
i o
! 9 2b3 a 1 1
oty {n + G(n—- + —2)}) +‘§ 500{1 -1 - _2')5}
X Yo Yo
2 2
(p> + p>)
x 1l 14,2
——?L" + Bocpo(6 - ‘i (.t-l-; - ;5)6 ) - BoceArf ! (3_17)
Q

where the terms of orders 83, szB, xg, xByz, Gxle%, and
GyzlYg are ignored. .
Let us now find the nominal tune Q,, the momentum compaction

factor @, and the chromaticity £ corresponding to Eq. (B-17). From
Hamilton's equation,

. ]: ! 1 9H 1 1
8§ T g =3 — =3 f c[]_ - (————-)6) . (B-18a)
Bps B, ] ) n _Y2
)
or, in terms of 8 = ks = g/R,
- - A - Ly -
8 w (1 - 538 . (B-18b)
x Y
)
Therefore,
1 1 1 1
Y [ ' a W ’ n - e— e ———— - (B_lg)
t n n 2
oS . . 1

Hamilton's equation also gives the following equations of motion valid
to first order in §:



- 9 2 n + n2 + 2b3
+ 0 (Ll =nd)n_(1 - 8)x, = 0 ,
*8 ) X 22 8
x
2b
- + 1
y + wg(l - n6)2 n{l + (= + nn3)6}y =0,
b X
Therefc re, the nominal tunes are
on = /;; ! Qyo = /n,
and the linear chromaticities are
2 b b
- n+n 3 n+l 3
Ex 2n2 n2 and Ey Jn.  nn °
x x
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(B-20a)

(B-20b)

(B-21)

(B-22)

The terms in Eq. (B-22) that are proportionmal to bg are the chroma-
ticities induced by the sextupole magnet, and the remainders are

called the natural chromaticities,
The Hamiltonian (B-17) can now be written as

2
. P
H=E +8cp_ -;- ((nxlczxé ¢+ B+ @ -m8 ¢ x> )
PO
%
] 2 1
+8 ep (6 -1 ne? + —2= (s -8 ev)?}) + D),
nBoc
with
9
(1 S, 22 Py on?-3n O3
H BocPo E((nxK X3 = _3)(_5;1_ - —2')
PO p.4 nx

PZ b
* (x2y? - -%)(% + n—3)) i

X
Q

Exercise: Show that H(l) does not contribute to (B-20)

to first order in &

We shall ignore g(l),

(B-23)

(B-24)
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B.3 A Transformation of the Synchrotron Variable

It is convenient to use the variable ¢ instead of s to describe
the synchrotron motion. Let us carry out the canonical transformation
(s,ps,ﬂ) + (¢,W,H) generated by

F, = (s - Boct)(KW + po) . : (B-25)
We have
3F2
Py = 55 = KW + P, (B-26a)
3F2
b = el k(s - Boct) . (B-26b)

The new Hamiltonian is

. .
< {1e @ -m 2wt v () - 3 W wdo?my

(s e

(8-27)

with

- 2,2
n-= ””o/(BoEo) . (B-28)

It is useful to write Eq. (B-26a) in another form. If the last

term in (B-1la) is ignored, the resulting equation together with
(B-26a) gives

W= AE/wo R (B~29)

where AE = Eg - E,.
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APPENDIX C PANOFSKY-WENTZEL THEOREM

Panofsky and Wentzel38 established a relationship between the
transverse kick a stiff particle (a fast particle) receives and the
energy it loses when it passes through a cavity. We rewrite their
theorem in this appendix in a form more suitable for our discussion;
we relate the transverse component of the Lorentz force to the elec-
tric fields around the ring.

It is convenient to work with the Hamiltonian formalism where
8 instead of t is the independent variable. 1In Serret-Frenel coor-
dinate system, the Hamiltonian ighs7

2 .
H=ea - (1 - kx) \/-(E——;—?_E‘D— - w2l - (&, - ekp)? (c-1)

> > . a
where go¢ and Ap are two-dimensional transverse vectors (@P,, P,)

and (Ax,Ay) respectively, and K is the curvature of the reference
orbit,

We ignore the effects of the curvature and work in the gauge where
the scalar potential V = Q0. Thus Eq. (C-1) becomes =

2
H = -eAs(x,y,s,t) _"IEE - m c &P eAT(x,y,s,t)] {(c-2)

c

The canonical variables of this Hamiltonian system are (x,sP ),
(y,#P,) and (t,-E)., The transverse kinetic momentum P_ is related

to the canon1ca1 momentum Py by T
-
Py = - ho(x,y,8,8) . (c-3)
From Hamilton's equation
dfi:—g'_x’=eis-+.e_+-g_* (C-4)
ds oy ay P, Pr ° 3y Ao ,

where pg \JEzlc - m2c? - P 2, VWe ignore the last term of Eq.
~(C-4) on the ground that pp/pg is small. We thus have

d9

—F .o

ds %3y Ag - (c-5)
Similarly,

dE R aAs

ds ot = e 3t (c-6)

From Eqs. (C-5) and (C-6),

d
at ds dy ds °
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Let us write this relation in a more transparent form. d/ds in
Eq. (C-7) is the total derivative following the particle. Therefore,
dE/ds is the energy gain of the particle per unit length. Or,

%%' = @ gs(x,y,s,t) , ‘ (c-8)

with é’s(x,y,s,t) the longitudinal electric field. Similarly,
dy 1 ¥

ds Boc de

Boc Fy(x,y,s,t) y (c-g)

whera F, i3 the transverse Lorentz force field in the y-directionm,

and Byc”is the particle speed. In the present gauge, the y-component
of the electric field is

)
6y(x,y,s,t) = -5 A.y(x,y,s,t) . (c-10)

Substituting the y-component of (C-3) into (C-7), and then
applying (C-8), (C-9) and (C-10) in the resulting equation, we obtain

) d 9
FEFy(x’y’s’t) =e3r é”y(x,y,s,t) - eBoc 3y c?s(x,y,s,t) . (c-11)

This is the Panofsky-Wentzel theorem. Note that

e

9 ]
é’y(x,y,s,t) = Boc 33 é"y(x,y,s,t) + 3 d‘y(x,y,s,t) . (c-12)
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APPENDIX D NASSIBIAN-SACHERER RELATION

In this appendix, we apply the Panofsky-Wentzel theorem (C-12) to
prove the Nassibian-Sacherer relation,”? which relates the transverse
impedance discussed in Section 13 to a generalized longitudinal
impedance, Later we use the Nassibian-Sacherer relation to prove that
the resistive part (real part) of the transverse impedance 2 (m)
is positive for n > 0 and negative for n < 0.

Let Js(x,y,e t) be the current densxty related to the current
1(8,t) by

1(8,t) = f&xdst(x,y,e,:) . (D=1)

Consider a filament of the beam current at the transverse position
(x4,75) given by

- -] . e_. )
(67,80 = 8§ - x )8y = y) I [awr_(we ™ THE (D-2)

Denote by €4(x,y,8,t) the longitudinal electric field produced by

the current (D-2), and define a generalized longitudinal impedance
Z (xyyyxoﬂl'o ;w) by

1l S ~ inf-wt
6(xy,8y8) = =g I [ [Cauzl(x,y3x ,y i1, @e IO (g

One can use Lorentz's reciprocity theorem45 to prove that the gener-
alized impedance is symmetric:

L L
Zn(x,y;xo,yo;m) a Zn(xo,yo;x,y;w) . (D=4)

Exercise: Prove {D-4).

The lomgitudinal iﬁpedance Z_(w) defined in Section 3 is obviously
related to the generalized impedance by

L
Zn(m) = Zn(xo,yo;xo,yo;w) . (p-5)

For a general current demsity Jq(x,y,8,t) which is distributed
in the (x,y) space, we have, from the superposition principle
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i0-inwt

é's(x,y,e,t) a - ﬁ z fdx'dydwzlr'l(xmx',y';N)Jn(x',y',m)e y
n

(D-6)
where
. e_o
1,0x,5,8,0) = I faws (x,y,0)e'" e (p-7)
n
Now consider the particle density
p(x,y,d,t) = %ﬁ 8(x - xo)G(y ¥, De1n¢-lﬂt) , (D-8a)
1 D ind-iQt \
228G - x )8y =y ) - g e - x )80y -y, (0-ew)
which is normalized to l:
1L
[dxdy fz ddo(x,y,d,t) =1 . (D-9)
) .

As always in these notes, & is related to ® by ® =w,t + &. Equation
(D-8) describes a beam filament located at {x,,y,) and oscillating

in the y-direction with displacement Dexp(ind - iflt). Suppose the
beam consists of N particles; then the longitudinal current density
and the dipole density corresponding to (D-8) are, respectively,

ND Q inf-iw
I (x,y,0,8) = = 2 (0_+ D8x - x )8y - y e T, (D-10)
and

D(g,t) = -.12—" tnai“d"'iszt , (p-11)

with w = nw, + §.

The lougitudinal electric field generated by Eq. (D-10) can be
calculated by using (D-6). It is

8 uy,8,0) - - S0

47 °Rn

3 L inf-iwt
5;: Zn(x,y;xo,yo;w)em = (p-12)

We now use the Panofsky-Wentzel theorem to find the transverse
force field Fy(x,y,e,t). Following Nassibian aud Sacherer, we ignore
the electric deflection; that is, we set €y =0 in Eq. (C-11). This
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means that the following discussion does not apply, for example, to
the space charge impedance. Equation (C-11) now becomes

2
e BocND

AT°R

52
Iydy,,

L inf-iwt
Z (%, y5% 5,y 30)e » (D-13)

w
%E Fy(x’Y!evt) = a

Fy is clearly proportional to exp[ine - ﬂnt). Thus the solution of
Eq. (D-13) is

. eD_ 2 iné-ﬂut
Fy(x,y,e,t) =1 3T av g_—_- Z (x!Y! :Yo;m)e . (D-14)

Now we are ready to find the relationship between the transverse
impedance Zy(m) and the generalized longitudinal impedance. From
Eqs. (13-8) "and (D-11),

et . .

-2 y . D_  in6-ift -
Fy(xo,yo,e,t) i—1, Zn(nmo + Q) 5 @ . (p-15)
Comparing Eqs. (D-14) and (D-15), we obtain

Zy(m) —[E—-g—z— 25 (x Fix_,¥y.30)) (D-16)
rJ 1J .. - . -
l'll.)o y yo n o' "0 y=y°’ x=xo

This is the Nassibian-Sacherér relation.

When a beam passes through a passive device, it can lose but
cannot gain energy. We saw in Section 3 that this condition implies
that the resistive part of the longitudinal impedance must be positive
for all n and w. 1In the following, we investigate what this conditiom
implies for the resistive part of the transverse impedance.

From the above condition,

Real{[dxdy & (x,y,0,t)3%(x,y,0,0)) <0 . (D-17)
Substituting (D-10) and (D-12) into this inequality, we obtain
r 32 L
Real LE;E;- Zu(x,y;xo,yo;m)l .) > 0. (D-18)
) Y=Yo
X=X,

From (D-18) and (D-16), we obtain

RIW) >0, ifn>0

<0, ifn<o (p~19)

where gez is the real part cof Zz.
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PRINCIPAL SYMBOLS
A dimensionless parameter that sets the scale of the
betatron phase modulation due to synchrotronm oscill-
ation, a = §/n - 1 (16-11).
Kolmogorov transformed angle-variables (16-19, 20).
Velocity of a particle in units of c.
Nominal value of B.
Speed of light.
Dipole density (13-2).
Fourier component of D(d,t) (13-7).
Fractional momentum deviation, 8§ = (p - p,)/p, (1-3).
Energy of a particle.
Nominal value of E.
Longitudinal electric field (3-8) and (C-8).
y-component of electric field (C—lO)..
Fractional energy deviation, € = (E - E5)/E, (1-3).
n=1/vF - 1/% (1-4).
A= wd/(B2E,) (1-4).

Azimuthal angular position relative to the reference
particle, ¢ = 6 - w,t (1-1).

Synchrotron amplitude (6-8), (7-40b), and (16-7).
y-component of Lorentz force (13-8) and (C-11).

Energy loss of particle per turn of revolution (7-27),
(7-28), and (7-29).

Momentum distribution function normalized to 1,

fdsg(8) = 1 (4-3).
Energy in units of me2.
Transition vy (l-4).

Harmonic number of rf (6-3).
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Iov Average current (1-2).

Ip Average current per bunch, Ip = I y/h (11-16).

1(0,t) Current at position © and time t (3-3).

I,(w) Fourier component of I(8,t) (3-4).

Iy(x) Modified Bessel function (7-64).

Im(x) Imaginary part of x.

J Action variable of synchrotron motion (7-40b).

Jg | Same as J (16-7).

Jy Action variable cf y-betatron motion (16-8).

Kg» Ky Rolmogorov-transformed action variables, conjugate
to @g and Oy (16-17,19).

g Chromaticity, same as §y (14-5).

A(d) Normalized umperturbed line density, Iznd¢l(¢) =1
(4-3) and (7-23). -0

An Fourier component of A(d) (5-4).

H ) Harmoznic number of synchrotron frequency (7-64) and
(17-1).

N Total number of particles in the ring.

n Harmonic number of revolution frequency (3-4).

n, ﬁx Focusing field index of a weak focusing machine (B-=4)
and (B-5).

a f=n+Q/u, (7-54).

a R=n+ aQyo (16-45).

2] Momentum of particle.

Po Nominal value of p.

b Azimuthal position relative to nominal particle (1l-1).

P Angle-variable of synchrotron motion (7-40a).

Vg Same as § (16-6).
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by Angle-variable of betatron motion (16-6).

Q Normalized coherent frequency.
For longidutinal instability, Q = Q/wg (7-56).
For transverse instability, Q = (Q + wyo)/u)s (16~-40).

Qo Nominal value of y-tune (14-5).

R Average ring radius.

Re(x) Real part of x.

R (w) or Rlw) Real (resistive) part of Zi(w) (3-18).

géz(w) Real (resistive) part of Zi(m) (13-12).

p(d,t) | Total line demsity (3-1).

p(l)(¢,t) Perturbed part of line demsity (5-1).

Pr(R) or o, Fourier co;;onent of p(d,t) (3-5b).

s Length along the refrence orbit in Serret-Frenet

coordinate system.

S An integer which parameterizes eigenmodes of
symmetric coupled bunch modes (11-20) and (20-15).

T r.m.s8. bunch length in units of radiams (5-7).

T4 r.m.s. revolution frequency spread.

as r.m.s. value of §-spread.

Tq Revolution period, T, = 2T/u,.

Ton Matrix element of the secular equation that deter-
mines the eigenmodes (7-58) and (16-43).

0 Azimuthal position relative to the ring.

W Canonical momentum conjugate to ¢, W = (E - Ej)/uw,

(7-38), (16-2), and (B-29).

w Fcurier variable conjugate to t when 8 is fixed
(3-14b).
f (i) Fourier variable conjugate to t when § is fixed

(3-1l4c). (ii) Coherent frequency.

o Angular revolution frequency.
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Angular synchrotron frequency.

s

We o Angular synchrotron frequency in the absence of beam
loading. -

Wy Betatron frequency (14-5).

Wyo Nominal betatron frequency, Wyg = QyoWo-

Xp(w) or X(w) Imaginary part of Z,(w) (3-18).

Xi Imaginary part of Zi(m) (13-12).

y Betatron amplitude (16-6).

Zp(w), Z(w) or 2L Longitudinal impedance (3-14) and (D-6).

Z%(m) or 2¥(w) Transverse impedance (13-8).
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