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SUMMARY

Engineering- and pilot-scale tests of the in situ vitrification (ISV)
process have been conducted for Oak Ridge National Laboratory (ORNL) to
successfully demonstrate the feasibility of applying ISV to seepage trenches
and pits at ORNL. These sites contain soil that overlies crushed limestone
fill; therefore, the 1SV process is applied to a soil-limestone mixture.
Previous testing indicated that while a good retention level of 137¢s and
905y was achieved in the melt, it would be desirable to improve 137¢s reten-
tion to 99.99% if possible to minimize activity in the off-gas system.
Previous testing was 1imited to one soil-limestone composition. Both Cs
volatility and 1SV power requirements are in part dependent on melt tempera-
ture and viscosity, which depend on melt composition. The study described in
this report determined the effect of varying soil and limestone compositions,
as well as the addition of a sodium flux, on melt viscosity, electrical
conductivity, and Cs volatility.

The compositional range investigated was 50 to 100% ORNL soil, 0 to 50%
Ca0 in the form of Timestone {CaC03), and 0 to 15% Naj0 in the form of sodium
carbonate (NazC03). For the viscosity and electrical conductivity measure-
ments, 11 distinct compositions were prepared with 3 replicates for a total
of 14 samples. The compositions were generated according to a statistically
designed matrix and property measurements were determined at a minimum of
three different temperatures. A total of five compositions from this matrix,
spiked with CspC03, were used to obtain Cs volatility data at constant tem-
perature (1330°C) and constant viscosity (100 poise). Al]l measurements were
made on glasses prepared from these compositions rather than during initial
melting.

The temperature required to obtain the 100-poise viscosity (T100P) in a
pure soil melt was 1735°C; the electrical conductivity at this temperature
was 0.028 (ohm-cm)~1. At the other extreme, a T100P of 1200°C was determined
for a composition of 50% soi1-35% Ca0-15% Nap0, which had an electrical
conductivity of 0.116 (ohm-cm)'l. The highest conductivity measured at a
T100P of 1233°C was 0.263 (ohm-cm)'1 for a composition of 67.5% soil-17.5%



Ca0-15% Nag0. Similar trends were also observed for data obtained at a
constant temperature of 1330°C.

At the present time, thecretical models that accurately predict viscos-
ity and electrical conductivity properties have not been evaluated for this
ISV application, so nine empirical mixture models were fitted to the T100P
and electrical conductivity data. A quadratic Scheffe model provided the
best fit for T100P, electrical conductivity at T100P, as well as viscosity
and electrical conductivity at 1330°C. RZ values of 0.96 or better were
obtained for all four properties. The fitted quadratic mixture models were
used to generate contour plots of the properties related to composition, as
well as plots of the effects of compositional changes on the properties.

At a constant viscosity of 100 poise, Cs volatility ranged from 0.12 to
0.76% of the amount (-2.0 wt%) present in the initial melt for mixtures with
soil concentrations from 50 to 85%. At 1330°C, Cs volatility was 0.12 to
1.30% over a range of 25 to 316 poise. Neither the constant temperature nor
the constant viscosity measurements were linear with soil concentration. The
Towest volatility occurred in the Nas0-free mixture of 75% soil-25%

Ca0-0% Nay0 and was 0.12%.

This study indicated that increasing the soil fraction in the melt
results in a higher viscosity for a given temperature, but does not have a
large effect on electrical conductivity. Electrical conductivity is more
sensitive to Nap0 content than soil or Cad. Up to 25% Ca0 content results in
a decrease in viscosity at constant temperature, but higher concentrations
have less effect. The apparent effect of high-CaD concentrations on viscos-
ity may be misleading, however, because crucible-melt reactions during
initial melting of high-Ca0 mixtures resulted in a deviation from target
compositions.
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INTRODUCTION

Several studies have been conducted to determine the potential for
applying the in situ vitrification (ISV) process to seepage pits and trenches
contaminated with low- and intermediate-level waste at Oak Ridge National
Laboratory {ORNL). These studies have included a laboratory test on a 50%
ORNL s0il1-50% limestone mixture, an engineering-scale test on a 1/12-scale
simulated trench, and a pilot-scalte test on a 3/8-scale simulated trench
(Carter et al. 1987 and 1988). While these tests demonstrated the feasi-
bility of applying the ISV process to ORNL contaminated sites, they were
limited to only one soil-Timestone mixture. They demonstrated that even
though a very good retention of the major radionuclide components, 137¢s and
905y, was achieved, it would be desirable to improve 137¢s vetention to mini-
mize activity in the off-gas system. Cesium retention levels of 99.99% or
more are desired within the melt zone. Cesium volatility is dependent on
melt viscosity and temperature, so it is necessary to determine an optimum
viscosity and electrical conductivity to minimize Cs volatility while
maintaining the best ISV operating conditions.

In the ISV process, the ideal product is a homogeneous glass monolith
obtained from melting contaminated soil or other waste. To help mix contami-
nants, it is necessary to have some convection in the melt. Temperature gra-
dients and lower viscosities improve convection so that an upper practical
1imit for viscosity in a given application exists. The electrical conduc-
tivity of the melt influences the voitage and current of the ISV system that
is required to achieve optimum power density. The current supplied by the
ISV system is limited, so a high soil conductance may be undesirable. The
temperature dependence of both the viscosity and electrical conductivity of a
meit approximates Arrhenius behavior as Tong as excessive crystallization
does not occur. Thus, the three factors (viscosity, electrical conductivity,
and melt temperature) can be controlled somewhat by adjusting composition and
power density.

Fluxes such as Na that are added to soil-limestone mixtures result in
lower viscosities for a given temperature. Spalding (1989) investigated the



effect of Na additives on the Cs volatility and leachability of a 7:3 soil-
Timestone mixture. The present study contributes to this effort by
investigating the viscosity and electrical conductivity of a range of soil-
limestone-Na mixtures that include those expected in ORNL trenches and pits.
The 7:3 mixture investigated by Spalding is also included within this
compositional range. These measurements were done over a range of tempera-
tures. These data were then used to develop an empirical relationship
relating composition to viscosity and electrical conductivity allowing
interpolation within the region covered by the compositional matrix. In
addition, several samples were spiked with Cs and then used to determine Cs
volatility as a function of viscosity, composition, and temperature. It is
expected that the results of the study will help determine optimum ISV
operating parameters and also provide a basis for determining if additional
Cs retention systems are required. Spalding (1989) has suggested several
such systems, including a Cs reflux system, in the event that Cs volatility
cannot be sufficiently controlled by adjusting melt viscosity.

This study focused on ISV applications to ORNL soil-limestone trenches
and was not considered to be a generic study of ISV melt compositions and
applications. The intent was to determine if fluxing agents should be
considered in the ORNL/ISV application, including the design of future
engineering-scale tests, and if their use might have an adverse effect on Cs
volatility through changes in melt viscosity. In the ISV application to
ORNL, trench compositions are known or estimated in terms of soil-to-
limestone proportions rather than actual oxide compositions. Accordingly, it
was desired to have a means of interpolating between measured viscosities and
electrical conductivities in terms of these constituents plus the flux,
NapC03. Eleven different soil-limestone-sodium carbonate mixtures were
selected that included, as well as exceeded, expected trench compositions.
Three replicates were also selected for a total of 14 samples. The 14 sam-
ples were arranged in a statistically designed matrix that was used to fit an
empirical function to the viscosity and electrical conductivity data for
interpolation between mixtures. During the initial melting, some of the high
Ca0 content mixtures reacted with the crucibles resulting in a melt with a
different composition than would be expected if no reaction had occurred.



Crucibie-melt reactions primarily resulted in lower Ca/Si melt ratios than
might be expected based on the initial soil-limestone-sodium carbonate
mixtures. Since the initial 1l mixture compositions and 3 replicates were
used with the measured viscosity and electrical conductivity data to develop
the empirical model, the model may predict higher viscosities than expected
for mixtures with high limestone content in the absence of crucible-melt
reactions. For the present ISV applications, however, this deviation may not
be significant because operating controls can be adjusted to accommodate it.
Data on actual melt compositions were obtained for future use in evaluating
the applicability of both empirical and theoretical models of viscosity and
electrical conductivity to a broader range of ISV applications than
considered in this study.






















































through a melt may be more influential than the vapor pressure effect. The
relative effects of Ca0 and Najs0 on Cs volatility are not clear, but based on
the data of Table 6 at constant viscosity, Na additives have a greater influ-
ence than Ca. At constant temperature, a comparison of the 75-25-0 composi-
tion with the 85-0-15 composition suggests that Na may also result in greater
Cs volatility than Ca. This is consistent with the results of Spalding
(1989) that indicated greater Cs volatility with increased Na concentrations.
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EMPIRICAL MODELING AND STATISTICAL ANALYSES

Theoretical models that relate glass properties to composition have not
been evaluated for this application. Thus, various empirical mixture model
forms were considered, as displayed in Table 7. The xj in the model forms
denotes the weight fractions(3) of the three components {soil, Na»0, Ca0) in
any given mixture. The bj, bij, etc. represent coefficients to be determined
by fitting the model to the data via least squares regression techniques.

The model forms displayed in Table 7 have been shown in the statistics
literature to provide for fitting a wide range of property behaviors as a
function of mixture composition for many different applications.

FITTING MIXTURE MODELS TO THE _DATA

Each of the model forms shown in Table 7 was fitted to each of the four
properties for which data are given in Tables 3 and 4. For discussion pur-
poses, the four properties are abbreviated as T100P, ECT100P, V1330, and
EC1330.(P) Initially, the mixture models were fitted to the property data
and to Jogarithmic transformations of the property data in order to determine
which model form provided the best fit and to ascertain whether transforming
the data affected the goodness of fit. The quadratic Scheffe model seemed to
provide the best fit for all four properties. Also, these initial results
confirmed the expectation that the goodness of fit depends on the property
transformation used. '

In order to select the best transformation for fitting the Scheffe
quadratic mixture model form, the graphical Box-Cox technique discussed by
Box and Draper (1987, pp. 289-291) was used. This technique considers the

(a) Mixture models are traditionally written with x; denoting the propor-
tion, rather than percentage, of the ith component in the mixture,
hence, the x; sum to 1.0 rather than 100%. The weight percent data in
Tables 3 and 4 were re-expressed as weight fractions between 0.0 and 1.0
before fitting the various mixture models shown in Table 7.

(b) TIOOP = 100-poise temperature; ECTI00P = electrical conductivity at
100-poise temperature; V1330 = viscosity at 1330°C; and EC1330 = elec-
trical conductivity at 1330°C.

23
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TABLE 7. The Mixture Model Forms Considered(?

. . (b)
Linear Scheffe: blx1 + bzx2 + b3x3

Quadratic Scheffe: blx] + bzx2 + b3x3 + bllex2 + b13x1x3 + b23x2x3
Special-Cubic Scheffe: blx1 + bzx2 + b3x3 + bllex2 + blax]x3 + b23x2x3 + b123x1x2x3
Becker H2: blxl + bzx2 + b3x3 + bllexz/(x1+x2) + blaxlxa/(x1+x3) + bzaxzxa/(x2+x3)

Becker H3: b

+ b +b

0.5 0.5 0.5
1X1 * DXy + baXy + byo(XyX5) 7 T + byg{Xyxq) """ + byy(xyxq)

Linear Scheffe with lnverse Terms: byx; + byX, + byxy + di[1/(xy+e)] + dy[1/(x,4e)] + dy[1/(xg+€)1¢¢)

Quadratic Scheffe with: byx, + b,X, + boXq + by.X;%, + by XXy + by X,X
Inverse Terms 171 272 K| 127172 137173 (c)23 273
+ dl[l/(x1+c)] + dz[l/(x2+c)] + d3[l/(x3+c)]

Linear Log-Contrast: b0 + b1109(X2/X1) + bzlog(xa/xl)

Quadratic Log-Contrast: b0 + bllog(xz/xl) + bzlog(xa/xl) + blz[log(xz/xl)][1og(x3/x1)]

{(a) A convenient reference for all medels except the log contrast models is Cornell {1981).
A reference for the log contrast models is Aitchison and Bacon-Shone (1984).

(b) The xy, X and x3 denote the weight fractions of soil, Ca0, and Nay0, respectively.

(c) A value o% c 805 was used to avoid division by zero.



family of power transformations y*, and graphically indicates the value of
that will provide the best fit for each property considered. The implementa-
tion of this technique is not covered in this report, but the property
transformations that resulted from it are shown in Table 8.

Ordinary (unweighted) least squares was used to fit the quadratic
Scheffe model to the transformed data for each property using the SAS (1985b)
regression procedure, REG. The coefficients and their associated standard
deviations for the fitted quadratic Scheffe mixture models are shown in
Table 9. Also shown in Table 9 are the R? values, which indicate the frac-
tion of variation in the transformed property data explained by the fitted
models. A value of 1.0 would indicate a perfect fit. The RZ values are seen
to be above 0.96 for V1330 and above 0.98 for T100P, ECT100P, and EC1330,
These values indicate that the quadratic Scheffe model form explains most of
the variation in the data.

Also given in Table 9 are indications of whether the fitted models have
statistically significant lack-of-fits, based on a statistical procedure that
compares the variation in the data not explained by the fitted models to the
variation in the replicate property measurements. 1t is seen that all four
models have statistically significant lack-of-fits (at the 90% confidence
level). Because of the high fraction of total variation explained by the
fitted models, the lack-of-fits being statistically significant may not be of
practical significance.

TABLE 8. Transformations Applied to Glags Properties Prior to
Fitting Final Quadratic Scheffe Mixture Models

Applied
Property [ransformation
T100P 1/T100P
ECT100P (ECT100P)**0.5
V1330 In{V1330)
EC1330 (EC1330)**0.5
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TABLE 9. Coefficients, Coefficient Standard Deviations, RZ,Values, and Indications of Statistically
Significant Lack-of-Fits for the Quadratic Scheffe Mixture Models Fitted to Transformed
Values of T100P, ECT100P, V1330, and EC1330 Using the Data from Tables 3 and 4

Transformed Property

Term in 1/7i00p {ECT100P}**0.5 1n{¥]330) {EC]1330)**0,5

Model Coe ient Stan, Dev, Coefficient Stan. Dev., Coefficient Stan, Dev. Coefficient Stan. Dev
Soil 0.567901E-03 0.]05007E-04 0.180212 0.015901 9.166536 0.343172 0.070651 0.014210
Ca0 0.180279E-03 0.11363%9E-03 0.703876 0.172087 17.288577 3.713823 0.332419 0.153778
Nay0 0.309746E-02 0.135905E-02 2.617647 2.058059 -25.4047 44,4151 5.823216 1.839096
Soil*Ca0 0.152966E-02 0,205549E-03  -0.905575 0.311271 -35.4733 6.7176 0.090491 0.278154
Soil*Nay0 -0.212306E-02 0.158627E-02 1.171807 2.402143 17.794402 51.840819 -2.71240 2.14657
Ca0*Nay0  -0.157291E-02 0.164647E-02  -6.223790 2.493306 24.533614  53.808203 -6.60452 2.22804
RZ (a) 0.983 0.984 0.965 0.990

LOF (b) Yes, 95.8% significance Yes, 92.8% significance Yes, 98.6% significance Yes, 99.0% significance

{a) RS denotes the fraction of variation in the property {transformed, in this case} explained by the fitted model.
{b) Indication of statistical lack-of-fit and significance level. A statistically significant model lack-of-fit
may or may not imply a practically significant lack-of-fit,



First-order mixture models were also fit to the viscosity and electrical
conductivity data using actual compositions of Al,03, Si05, Ca0, and Nap0 as
given in Table 5. However, because of the 1imited number of data points, it
was not possible to fit second-order mixture models. The first-order models
had practically, as well as statistically, significant lack-of-fits, and
hence are not reported here. It would be possible to fit partial second-
order mixture models to the actual composition data, but doing so was beyond
the scope of the study and of questionable value given the small number of
data points.

PREDICTIONS AND PREDICTION CONFIDENCE INTERVALS WITH THE FITTED MODELS

The fitted quadratic Scheffe models with coefficients given in Table 9
can be used to predict values of T100P, ECT100P, V1330, and EC1330 anywhere
within the compositional region shown in Figure 1. Correspondingly, a 95%
confidence interval can be obtained for any such prediction, treating the
prediction as a mean or as an individual observation. The formulas for
computing these two types of 95% confidence intervals for predictions are
given in Appendix C.

The use of the fitted quadratic Scheffe models and the 95% prediction
confidence interval formulas from Appendix C for the T100P model is described
here. The predicted T100P value and the corresponding 95% prediction confi-
dence interval will be obtained for the mixture with soil = 0.65, Ca0 = 0.30,
and Na20 = 0.05. Note that the mixture is expressed in weight fractions
rather than weight percentages, since that is how the model is expressed.
Applying the fitted equation yields

Predicted T100P at soil = 0.65, Ca0 = 0.30, and Na, = 0.05
= [0.567901E-03(0.65) + 0.180279E-03(0.30) +
0.309746E-02(C.05) + 0.152966E-02{0.65){(0.30) -
0.212306E-02(0.65)(0.05) - 0.15?291E—02(0.30)(0.05)]‘1 =
[0.783783E-03]1"1 = 1275.86°C

2
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Note that because the fitted model directly predicts 1/T100P, it was
necessary to take the reciprocal of the predicted value to get a predicted
T100P.

When the predicted value is treated as the prediction of a mean value,
the standard deviation of the prediction in transformed units is given by
Equation (C.1) in Appendix C:

sD(mean 1/T100P) = [u’ (U'U) 1u1®*® . &(1/T100P) (1)
[0.2285471%-° . 0.155634E-04 = 0.744033E-05

When the predicted value is treated as the prediction of an individual
observation, the standard deviation of the prediction in transformed units is
given by Equation {C.2) in Appendix C:

(1 + [w ) ta®% . 50/7100p) (2)
(1 + 0.228547)9-3 . 0.155634E-04
0.172504E-04

SD(indiv. 1/T100P)

In Equations (1) and (2), w’ = {0.65 0.30 0.05 0.65-0.30 0.65.0.05
0.30-0.05), and (ll’U)'1 and 3(1/T100P) = 0,155634E-04 are given in Table C.1
of Appendix C.

If the prediction is treated as a mean value, the 95% confidence inter-
val in transformed units is given by Equation (C.3) in Appendix C:
95% CI{mean 1/T100P) = 0.783783E-03 + 2.306(0.744033E-05) (3)
[0.766626E-03, 0.800940E-04)

and in original units by

95% CI{mean T100P) = [1/0.800940E-04, 1/0.766626E-03]

[1249, 1304]

If the prediction is treated as an individual observation, the 95% confidence
interval in transformed units is given by Equation (C.4) in Appendix C:
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CONCLUSIONS

The following conclusions about the effects of soil, Ca0, and Ha20 on
the properties of viscosity and electrical conductivity can be made based on
the contour plots in Figures 7 through 10 and the effects plots in Figures 12
through 15. A component having a positive (or negative) effect means that as
the weight fraction of the component increases, the property increases {or
decreases).

¢ The soil weight fraction of a glass has 1) a strong positive effect

on T100P and V1330, 2), almost no effect on ECT100P, and 3) a
negative effect on EC1330.

» The Nap0 weight fraction of a glass has 1) almost no effect on
T100P and V1330 when the glass is nearly all soil, but a minor
negative effect for glasses containing less soil and more Ca0, and
2) a strong positive effect on ECTIOOP and a very strong positive
effect on EC1330.

« The Ca0 weight fraction of a glass has 1) negative effects on

T100P, ECT100P, and V1330 when 0 < Ca0 < 25%, but almost no effect

when 25% < CaD < 50%, and 2) a negative effect on EC1330 when 0 <

Ca0 < 35%, but almost no effect when 35% < Ca0D < 50%.

It is possible that the apparent lack of effect of Ca0 concentrations
greater than 25% on viscosity may be due in part to crucible-melt reactions.
These reactions tended to produce melts with fairly uniform Ca0/Si0; ratijos,
which could in turn result in relatively similar viscosities. The Ca0/5i0;
ratios 6f the melts with greater than 25% Ca0 were lower than expected based
on initial mixtures of components. As a result, viscosities predicted by the
mode] for these compositions may be higher than would actually occur in the
absence of crucible-melt reactions.

The effects of temperature and viscosity on Cs volatility are not a
linear function of soil concentration as might be expected. The lowest Cs
volatility of 0.12% occurred in a NapD-free composition of 75% soil-25%
Ca0-0% Nap0. Between 1200°C and 1400°C, the effect of temperature on Cs
vapor pressure at constant meit viscosity is small, resulting in a Cs vola-
tility difference of 0.64 wt% between the two temperatures. At a constant
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temperature of 1330°C, the Cs volatility difference is 1.18 wit% between
viscosities of 25 and 316 poises. These results suggest that the effect of
viscosity on Cs diffusion through the melt may be more influential than the
vapor pressure effect.
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APPENDIX A

COMPARISON OF TARGET AND ACTUAL MELT COMPOSITIONS



TABLE A-1. Comparison of Target (T) and Actual (A) Melt Compositions
for ORNL/ISY Mixtures (wt%)

Composition
1 2 3
Oxide T A T A T A
Ala03 16.3 18.4 13.8 15.5 8.2 9.4
Si07 55.6 62.6 47.3 54.0 27.8 48.2
Ca0 5.4 5.9 4.6 4.1 37.7 24.7
Mg0 2.0 2.0 1.7 1.7 1.0 2.4
Fes03 5.6 6.2 4.8 5.2 2.8 2.6
K20 4.1 3.6 3.1 3.0 2.0 1.8
Na>0 1.3 1.2 16.1 15.4 15.6 11.0
Composition
4 5 ]
Oxide T A T A T A
Al,03 8.2 9.3 15.1 17.8 12.2 13.6
Si0; 27.8 47.1 51.4 59.4 41.7 49.1
Ca0 52.7 34.2 5.0 2.4 29.1 25.6
Mg0 1.0 3.1 1.8 1.8 1.5 3.0
Fes03 2.8 2.7 5.2 5.8 4.2 4.5
K20 2.0 2.7 3.8 3.6 3.1 2.6
Nas0 0.6 0.7 8.7 8.4 1.0 1.0
Composition
7 8 9
Oxide T A T A T A
Alo04 8.2 9.6 11.0 12.4 11.6 12.9
$i0p 27.8 45.8 37.5 46.9 39.6 48.4
Ca0 43.2 30.0 21.1 17.2 25.1 21.2
Ma0 1.0 2.9 1.4 2.2 1.4 2.6
Fe,03 2.8 2.8 3.8 3.9 4.0 4.3
Ko0 2.0 1.9 2.8 2.5 2.9 2.8
Naz0 8.1 6.1 15.9 14.1 8.4 7.5

A.l



Si0s
Ca0
Mgl
Feo03
K20
Naz0

$i07
Ca0
Mgl
Feo03
Ko0
Nag0

TABLE A-1. {contd)

Composition
10 1] 12

g A 1 A T A
13.3 15.4 9.9 10.8 16.3 18.6
45.5 52.4 33.7 49.8 55.6 63.0
15.0 13.5 35.1 24.1 5.4 4.5

1.6 2.3 1.2 2.6 2.0 2.0
4.6 5.1 3.4 3.2 5.6 6.2
3.3 3.1 2.5 2.0 4.1 3.8
8.6 8.3 8.3 6.3 1.3 1.3

Composition
13 14

T A T A

8.2 9.6 11.6 13.0
27.8 47.4 39.6 46.8
37.7 24.7 25.1 21.2

1.0 2.4 1.4 2.7

2.8 2.6 4.0 4.3

2.0 1.5 2.9 3.0

15.6 11.0 8.4 7.9

A.2



APPENDIX B

VISCOSITY AND ELECTRICAL CONDUCTIVITY EXPERIMENTAL DATA
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APPENDIX C

PREDICTION_STANDARD DEVIATIONS AND CONFIDENCE INTERVALS
FOR PREDICTIONS FROM QUADRATIC SCHEFFE MIXTURE MODELS

Formulas are presented for computing standard deviations and confidence
intervals for predictions made using the fitted quadratic Scheffe mixture
models given in this report. A predicted value of a property for a specified
composition may be thought of either as a prediction of the mean property
response or as a prediction of a single measured property value that might be
seen at a given composition. The standard deviation of the latter is greater
than that of the former, because of the added variability of individual
property observations.

Let soil, Ca0, and Nas0 represent weight fractions of the components in
a mixture within the region of Figure 1. Let the 14 x 6 matrix U consist of
columns corresponding to soil, Ca0, Nay0, soil - Ca0, soil - Na0, and
Ca0 - Nay0, and rows corresponding to the 14 compositiens in the test matrix
shown in Table 1. Next, Tet the 1 x 6 vector u’ have columns corresponding
to the columns in U for any composition in the region displayed in Figure 1.
Finally, let By denote the root mean squared error from the fitted model
(which is a combined measure of model lack-of-fit and uncertainty, in units
of the transformed property).

The formulas for the standard deviations corresponding to predictions of

transformed properties (denoted generically as y) from the fitted quadratic
Scheffe mixture models are giver below:

Mean Prediction

0.5 , ~
g

SD[mean y(u)] = [u’(U’U)'lu] y (C.1)
Individual Prediction
SD[indiv. y(w)] = [1 + u (00) 1u1®3 .5 (C.2)

C.1



The (U’U)'1 matrix and the values of Gy for each of the four properties are
given in Table C.1.

As noted above, the prediction standard deviations given by Equa-
tions (C.1) and {C.2) are in transformed property units. To get the pre-
diction standard deviations in original property units, it is necessary to
apply variance propagation techniques. However, we are not directly
interested in the prediction standard deviations, but rather some indication
of how much the property value may differ from the predicted value. A way to
do this is to compute a 95% confidence interval for the prediction in trans-
formed property units, and then apply the inverse transformation to obtain a
95% confidence interval for the prediction in original property units.

The formulas for 95% confidence intervals corresponding to predictions
of transformed properties (denoted generically as y) from the fitted quad-
ratic Scheffe mixture models are given below.:

Mean Predictiogn
Cl[mean y(u)] = ?(u) + 2.306 - SD[mean y(u)] (C.3)

Individual Prediction

CI[indiv. y(uw)] = ¥(u) + 2.306 - SD[indiv. y(u)] (C.4)

The 2.306 value is from a t-distribution and provides the required 95% con-
fidence for the fitted models in this report. The 95% confidence intervals
(mean or individual) on a prediction in original property units are obtained
by applying the inverse property transformation to the lower and upper end-
points of the confidence interval.

C.2



TABLE C.1. The (U'U)~! Matrix and the Values of 6, for
Each of the Four Properties

0.4552 0.5312 5.8000 -2.0066 -14.8020 -7.2275
0.5312 53.3146 -169.1149 -53.0570 205.6012 146.0427
-1 9.8000 -169.1149 7625.8403 376.8661 -8872.4600 -9036.3701
(V'u) ° = | -2.0066 -93.0570 376.8661 174.4328  -445.6859  -399.8534
-14.8020 205.6012 -8872.4600 -445.6859 10388.9121 10406.7979
-7.2275 146.0427 -9036.3701 -399.8534 10406.7979 11192.3584

A

Property Transformed Property Oy

T100P 1/T100P 0.155634E-04
ECT100P {ECT100P)**0.5 0.235682E-01
V1330 Tn{V1330) 0.508626E+00
EC1330 (EC1330)**0.5 0.210607E-01

C.3
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