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:NTRODUCTION

Propagating elastic waves are commonly usrd 10 charac-Lerizr nolI-
desLrucLively po]ycrysLa]]inr mirrostructllrc!. To dcvrlop a hilly quan-

titative characLt?rizaLion proce(lur(’, one needs a hetLrr undr!rslnnrling

01 what, microsLrucLurill f(?ilLurt?s mosL sLrollgly i,nf]u~llrc L]](I propaga-

tion und how Lhcse ft?~Lureb’ appear in Lhr mcasurvd, Irequ(’nry (lcp(~n(lt~lll,

wave Sprcd and attenuiltion. W(’ report 011 ollr progresfi in il first. prill-

ciplr inv(’st.igatioll of Lht?sc qucsLinns. Wc sLnrLrd wiLll Lhe rquations

of motion for c“lJsLic wavtm propagation ;Ind xy!iL(’maLi(’a] Iy (Icvrlopc(! ;]

Ilew iipproximaLio[i Lhiit. is both we] 1. rhiirucl.erizc’(! :In(l a ];(lL(![lLiitl
improve’mcnL upon exisLing approximations. L)nr 0( our ol)jcc Lives i~

studying l.lle Hrllsi I.ivi Ly of l.hiri ilpproxim:lt ion 1.0 ch~lllgrs i II

microslrllcLura] paraln(’t erizul.io[l.

,,
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integrals and configurational averages exactly, they produced an

,approximation for the wave speed a;;d attenuation for which the Lifshits-

Parkhomovskii theory is an approximation and the a priori restriction

to use at high and low frequencies was removed. An additional aspect

of the Kino-Stanke work was the experimental determination that W{.r)

appears well approximated by exp(-r/L). This form simplifies the eval-

uation of the required spatial integrations and embodies all

microstructural information into a single parameter L.

Our work advances in the direction developed by Lifshits-

Parkhomovskii and Kino-Stanke, but with several important differences:

Our resulting equations are not restricted to crystallite of cubic

symmetry. Wc performed the necessary orientatjonal averages analyti-

cally and generally (tricl.inic+crystallites ). Also, our approximatiort

is not second order in AC. .kl(r). In the perturbation series for the

average displacement fiel~? we selectively summed an infinite series

of terms in products of CAC. . AC > to produce and approximation of

infinite order in the aniso~~k$y. mn~~diti onally, we did not have to

make the effective medium approximation. We are in a position to test

its consequences.

Tn this report we restrict ,jurselves to summarizing the basic

nature of our approximation, co’itrasLing it with those of Lifshits-

Parkhomovskii and Kino-Stanke, and highlighLi[lg Lhe importanl

diffrrenres from a ~~ertllri~aliotl-lheorei.ic point of virw.

our sLarLing poirlL is lhr cquiILioIl of motion I’or Lhr st.cirdy-st~te,

(iisp lat-t’’uenL I’icl(lGrren’s Lcllst)r
k

of- :111Pins ic medium in which Lhc

elastic st.if”f”rlrssvories f“rom point 10 I]oinl.

(1)

~; =: l;() + GOVG

wilrrr

Gii(l’,(;)
I

(J,lt;“

(;’/i(i,(;) (:’;i[i

I
4,

.llr(]lll”

i,i, -G,li
‘Jl ‘)ij I j

k~+;” k;?. ,,2
() “ ()

ml-;) (’)1))
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and

‘lj(z)G) = ‘~Aci~j~q~ (3C)

with p being the crystallite density, w the angular frequency, aO the

longitudinal wavenumber associated with Co and ~0 the transverse

wavenumber .
ljkl ‘

From (2) we seek to determine the poles of <G>. From the real

part of these poles, we ok:~il~ the phase velocity of ~he average wave;

from the imaginary parts, the at.tenl~ation. To proceed we make che

ansatz thaL

~Gij(t,~)~ = Gij(~) 15(~-~] (4)

which is simply a statement that the averi]ging restores translational

invariance to the material. In the effective medium app$o;l.mation this

!!same ansatz is ma e along wiLh the assumption that <G. .(k)q)> has Lhc

same form as G;.(k); that is, (4) is given by rigllt-h~~d side of (31))
with a and PO #eplac-edby the tol~rdel.ermincc ia and ~. We are,

howrvep, able to show thaL

Gij(kj = G,(k)iiifij + GL(kN5ij-fiili.i)

wllf’rr

(j(k) = ~ 21

k
- “()

- Ml(k)

(; (k) =
1

k’ - [(; - NJkl

wlli[’h impl i (.S il 1)01(’ s~ t’llrlllrf’ (ii f JrrvlIL :)11~1 ])(11,{’IIL i:l[Iv mt~rt’t’omlIli-

(’:11(’(1 lllilll ill IOWt’(1 Ily t 11(’ (’1 [’f’(’l iv(’ m[’(lillm;41)[)l-OXilllill iol!. ‘1’11(’ N :111(1

M ,Ir(’ [II(I Iollgilllllillal :111:1 (r: IIIsv(, rsfI I);lrl:; 01 ;I ([11:11)[ ily w{’ (“A (1!{,

:I!(.r:lgv I)r[]p(.r :;(’1 I’-(’ll(’rgy, lf’rulillo)[l~y (11’vc’lol)(*(l iII (111:111111111 ! i(ml(l

[11(’lll”y.

(lIat i ,

<(;’.

;!11(1(Ilil(

M

‘1’lli:~ s(’I f-(Ipt’I.}:y :I~)l)(I:Ir’s ill tl](’ ill[(’~r:ll f’(lll:lt iOIl 101 ‘.(; ‘;

1)W(’ (.:!11 !; low

= (;() + (; ‘) .: M>.(; > (’))

v I F1..(;. (LI-. F).) ((!)



G = Go+ GvGO+ ~OvGOvGO+ . . .

= Go+ GO(I + VGOV+ VGOvGO+ .

= Go+ GOTG .

where the scattering operator T equals

T = V(I + (#v)-]

Next, we average (7) to obtain

<G> = Go + GO<T>GO

and then we solve this equation for Go

Go = (1 + GO<T>)-l <G>

Then we substitute this result for the

<G> = Go + Go <M><G>

where

<M> = <T> (I + GO<T>)-l

To derive (6), which leads f:r prcs !nt

for <M>, we solve (11) for G

Go = (1 + <G><M>)-] <G>

.)GO

(7)

(E!)

(9)

(lo)

last Go in (9) to produce (6)

(11)

(12)

purposes to a more useful. form

(13)



where the subscript denotes the order of the corresponding term in V.

We find that

‘1 =

M2 =

M3 =

v

V<G>IJ - V<G><V>

-V<G>(V<G>V - <~’><G><v>)

*(V<G>V - v<G><~j>)<G>(V - <V>)

When we substitute these results into the right-hand side of (6), aver-

age boLh sides of the resulting equations, aud use the result that
<v> = O, we find that

<M> = <V<G>V> + <V<G>V<G>V>

+

+

But <G> can,

<V<G>V<G>V<G>V> - <v<s>V><G><V<G>V~

0(V5) (14)

through (5) and (14), be expressed in terms of V and Go.

The resulting expression for <11> is

<M> = <VG”JJ> - <VG”V>GO<VGoV>

+

+

+

<vG”<lJGoV>G(’V>- <VC”V>Go<VGo<VGoV>GoV>

<VG”<VGoV>GOV>G()<VL’oV> + <VG”<VGoV>GoV>Go<VGo<VCoV>GoV>

...

<VGOVGoV> t ...



6

<M[cY,f3]> : <V< G[a, Bl>V> (16a)

where

<G> = GO(I - <M>GO)-l (16b)

As discussed in the last section, these equations represent a perturba-

tion series to infinte order in V. In particular, our approximation

for <G> i~

<G> = Go + GO<VGOV>Go + GO<VGO<VGOV>GOV>GO

- G“<VGOV>GO<VGOV>GO - G“<VGOV>Ge<VGo<VCOV>GoV>GO

+ ... (17)

The Kino-Stanke approximation ca,l ue characterized by

<M!(Y,~]> : ~V<G[cY,~]>V>

<G> : GOILY,~] = GO[ao,~o] (b<M;GO[cYo,~o] )-]

These approximations lead to

(Y2 - a’ - ml(CY) = (1 (18a)

~2 - ~;
- mt(fi) = O (18t))

o

which are an llnrou~led set of e(luat.ions for (Yand ~. Ii we make the

effective m[’dium ilpprl~Ximation, ollr M [u,~] and Mt[(Y,f3] WOU1(I eql)al

Killo-SLal]kc’s mi[ti,~lland mt,[[y,~l]. [4 tcrrns uf a perturbation srrics

For <G>, Lhcir npproximill ion IS equivalent to

<~> = G()[(r,[ll

= G“ + #<VG(’/>(;(’ + (;O<V(;”V>(;()...VG()V>(;()

~ G’)<VGOV?G(’<VG()”O?G[)’:VG()V’(;“+... (Ig)

which of inf”inilr or(lrr-irl‘J,

Tht* I,if’%tlils-}’ilrkllolll(]vksii ;ll)l}r(]xilll;lLi(]Ilc;lr~lIr t.lt;lr:l(l[’riz(l(lI)y

~M[lY,lllJ -, W(,f(Y,fllV:s

‘.(;I(Y, [II? ,. (;’) l(Y,~\l =. (q(Y(),l\(, l t (;oli Y(), 1)()1 ’v~(;()l(Y,),l!()l

wlli(.11 li*ml 10 ::111111[’iIIIII119~l s[. f 01 (It!II’11 ions fr)r’ (Y :Irltl [!,

( 20:1)

[;!01))

Illill io!l is :+i ml) Y

(~1)



REMARKS

In the absence of any effective medium approximation, (21), (19),

and (17) represent a clear heirarchy in level of approximation. How

significant is the effect of the effective medium approximation is at

this time unknown. We do know, however, that our approximation (17) ~

is formally equivalent to Kraichnan’s direct interaction approximation

(the DIA) developed for yave propagat~bn in turbulent medium, Using a

W(r) - exp(-r/L), Frisch shows for scalar waves that the effective

medium approximation to the DIA is very good. If this same fidelity is

true for the elastic wave problem, then (17) with the effective medium

approximation will reduce to a set of equations just slightly more com-

plicated than those of Kino and Stanke, Objectives of computations

under way include studying the utility of the effective medium approxi-

mation and the qualitative difference between (17) and (i9)- The results
of these computations, as well the details of our analytic methods, will

be reported elsewhere.
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