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FOREWORD 

The developments p r e s e n t e d  i n  t h i s  work make i t  economica l ly  f e a s i b l e  

t o  u s e  a t i m e - e x p l i c i t  numer ica l  code t o  perform thermomechanical  s i m u l a t i o n s  

o f  q u a s i - s t a t i c .  sys tems t h a t  i n c o r p o r a t e  p h y s i c a l l y  s m a l l  s o u r c e  r e g i o n s  ( o r  

c e n t e r s  o f  a c t i v i t y )  in a  r e l a t i v e l y  1 a r g e . s p a c e .  A n u c l e a r  w a s t e  r e p o s i t o r y  

i n  a g e o l o g i c a l  medium is  a n  example o f  such  a  sys tem.  I n  p a r t i c u l a r ,  t h e .  

t e c h n i q u e s  developed make i t  p o s s i b l e  t o .  e l i m i n a t e  two major r e s t r i c t i o n s  

' t h a t '  e x p l i c i t - f i n i t e  d i f f e r e n c e  codes  g e n e r a l l y  have t h a t  can . c o n s i d e r a b l y  

l i m i t  t h e i r  e f f i c i e n c y .  These r e s t r i c t i o n s  b e i n g :  ' (1 )  t h e  zones o f  t h e  

Be. mesh s h o u l d  b e  o f  comparable s i z e ;  and ( 2 )  t h e  s m a l l e s t  zone which c o n t r o l s  

t h e  g l o b a l  t i m e  s t e p  r e s t r i c t s  t h e  speed a t  which e q u i l i b r i u m  c a n  be  ach ieved  

e l sewhere .  When a p p l i e d  p r o p e r l y ,  t h e  t e c h n i q u e s  develop'ed i n  t h i s  work can 

p r o v i d e  enormous s a v i n g s  i n  computa t iona l  t i m e  w i t h o u t  a f f e c t i n g  t h e  a c c u r a c y  

B@ o f  t h e  s o l u t i o n  i n  any s i g n i f i c a n t  way. 
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SECTION 1 

INTRODUC.TION , 

The applicability of the explicit finite-difference (EFD) method for 

analyzing the mechanical and thermal response of a radioactive waste repos- 

itory was first demonstrated by two-dimensional numerical simulations of 

Pro.ject Salt vault (PSV) (Reference 1) . The PSV analysis was performed 

using an already-developed computer code, the STEALTH" 2D EFD continuum me- 

. . chanics computer code (Reference 2) ,  and two proven optimization t.echni.ques:, 
. . 

• (1) dynamic relaxation (Reference 3), and (2) density scaling. 'Subsequent 

simulations of PSV, which included the initial excavation sequence (~efer- 

ence 4 ) ,  and some .spent fuel (SF) and high level waste (HLW) repository sco- 

ping calculations (Reference 5), also used the STEALTH 2D code.   ow ever, in 
these cases, a new time-step optimization method called "pskudo-time steps" 

(PTS) was developed. and tested. The need to develop PTS arose because of 

the mesh (spatial accuracy) requirements of the  an and HLW scoping calcula- 
tions. However, it his proven to be generally applicable to quasi-static 

thermomechanical problems. 

PTS effectively allows each zone in a quasi-static problem to use an 

individually 'optimized, locally stable time step to advance states of stress. 

The method 'adtomatically scales' the mechanical time'.step to a prescribed 

fraction of the stable thermal time step of each finite-difference zone to 

optimum values. The technique was used successfully in one PSV simulation 

which did not require .its use and in all three thermomechanical response' 

calculatio~~s~which did require a time-step optimizaeidn procedure in order 

to-be efficie.nt. PTS has been derived so as to be general for one-, two-, 

and three-dimensional problems and can be used with dynamic r@laxation. 

This report describes the motivation, derivation, and implementation of' the 

PTS method. . 

* 
."Solids and Thermal hydraulics codes for P R I  Adapted from Lagrange 
TGDY and HE~P," developed for Electric Power Research 1nstTtut.e by - 
Science ~~plications, .Inc. under Contract RP307. 



SECTION 2 

TECHNICAL BACKGROUND 

The EFD.method was o r i g i n a l l y  developed f o r  t h e  e f f i c i e n t  computation 

of t r a n s i e n t  mechanical shock problems. The e x p l i c i t  approach i n s u r e s  cor-  

r e c t  thermodynamic pa th  dependence by l i m i t i n g  t h e  t ime s t e p  t o  a  va lue  t h a t  

a l lows g r i d  p o i n t s  t o  communicate only wi th  t h e i r  immediate neighbor zones, 

and zones t o  communicate only wi th  t h e i r  immediate neighbor g r i d  p o i n t s .  

Mechanical changes a re , -  t h e r e f o r e ,  communicated through a  mesh a t  a  f i n i t e  

r a t e  equal  t o  o r  l e s s  than t h e  va lue  of t h e  l o c a l  sound speed. When an e v e n t ,  

has  a  m a t e r i a l  v e l o c i t y  on t h e  order  of t he  sound speed ( i . e . ,  .when t h e  l o c a l  

Mach number approaches u n i t y ) ,  t h e  event  i s  communicated a t  t he  numerical ly  

optimum r a t e .  When, on t h e  o t h e r  hand, t h e  va lue  of t h e  m a t e r i a l  v e l o c i t y  

i s  many o rde r s  of magnitude below the  va lue  of t h e  l o c a l  sound speed ( a s  i t  

i s  i n  a  q u a s i - s t a t i c  event )  , t h e  s p a t i a l  comiunication process  i s  f a r '  too  
. .  . 

slow f o r  e f f i c i e n t  computation on a  r e a l  time s c a l e .  

T h e . e x p l i c i t  t ime-s tep  l i m i t  f o r  a  mechanical event  based on t h e  Courant 

s t a b i l i t y  requirement  (Reference 6) i s  

where A t  i s  the  maximum s t a b l e  time s t e p  t h a t  can be used a t  p o i n t  i , . 4 A i  
i 

i s  a c h a r a c t e r i s t i c  I;ength a t ' p o i n t  i ,  and ci i s  t he  l o c a l  l o n g i t u d i n a l  

sound speed a t  p o i n t  i. The c h a r a c t e r i s t i c  l eng th  i s  t he  d i s t a n c e  ac ros s  a  

zone i n  t he  d i r e c t i o n  of'maximum a c c e l e r a t i o n  (g rad ien t  of s t r e s s ) . .  The 

f a s t e s t  sound speed i s  t h e  i s e n t r o p i c  sound speed u s u a l l y  a s soc i a t ed  wi th  

t h e  d i r e c t i o n  of t h e  maximum p r i n c i p a l  s t r e s s :  

.; . 1) 
bp i s e n t r o p i c  ' 



I n  a  uniform mesh made up of  square  zones (of s i d e  l eng th  a) i n  which 

t h e  sound speed f s . a  c o n s t a n t ,  t h e  c h a r a c t e r i s t i c  l eng th  i s  bounded a s  f o l -  
I lows: 

. . 
T h u s , . t h e  t ime s t e p  f o r  t h e  e n t i r e  mesh, which i s  taken t o  be  t h e  sma l l e s t  

va lue  of  A t i ,  w i l l  depend e n t i r e l y  on t h e  s m a l l e s t  va lue  of bei. 

I n  a  non-uniform mesh i n  which t h e  sound speed i s  a  c o n s t a n t ,  t h e  char-  

a c t e r i s t i c  l eng th  i s  n o t  n e c e s s a r i l y  bounded over such a  small  range.  The 

s m a l l e s t  zone dimension l i m i t s  t h e  s m a l l e s t  va lue  t h a t  a  time s t e p  can a t -  

t a i n .  Larger  va lues  of t h e  t ime s t e p  a r e  p o s s i b l e ,  depending on t h e  g r a d i e n t  

of s t r e s s  ( d i r e c t i o n  of  maximum a c c e l e r a t i o n ) ,  bu t  t h e  l a r g e s t  time s t e p  i s  

l i m i t e d  by t h e  l e a s t  l a rges t9 '  dimension. Thus, where bo th  l a r g e  and small  

zones e x i s t ,  t h e  l a r g e  zones a r e  u s u a l l y  computed a t  t ime s t e p s  f a r  below 

t h e i r  optimum va lue .  I n  t r a n s i e n t  problems ( expec i a l l y  non l inea r  ones ) ,  

t h i s  c o n s t r a i n t  i s  unavoidable  (and d e s i r a b l e )  i n  o rde r  t o  p re se rve  t h e  t ime 

sequencing of i n t e r a c t i n g  events  which a r e  communicating a t  sound speed. The 

frequency of  time s t e p s  i s  c o n s i s t e n t  wi th  the response  frequency o f  t h e  

t r a n s i e n t  event .  I n  q u a s i - s t a t i c  problems i n  which momentum e f f e c t s  a r e  

s m a l l ,  t h e  Courant t ime-s tep  c o n s t r a i n t  i s  too  r e s t r i c t i v e .  The response  

frequency i s  many o r d e r s  below t h e  one implied by t h e  mechanical  sound speed 

and a  zone- re la ted  c h a r a c t e r i s t i c  l eng th .  

For i s o t r o p i c ,  q u a s i - s t a t i c  s imu la t i ons  i n  which zone s i z e s  a r e  r e l a -  

t i v e l y  uniform,  s a t i s f a c t i o n  of  Eq. (2.1) r e q u i r e s  t h a t  t h e  mechanical sound 

speed be a r t i f i c i a l l y  s ca l ed  down i n  o rde r  t o  achteve an i nc reased  time s t e p .  

The magnitude of sound speed s c a l i n g  must be l i m i t e d  by thg  need t o  guaran- 

t e e  a  proper  d e s c r i p t i o n  of phys i ca l  process 'es.  I t  i s  u s e f u l  t o  view an 

* 
The l e a s t  l a r g e s t  dimension i s  determined by t h e  two-step process  of 
f i r s t  f i n d i n g  t h e  l a r g e s t  dimension of each zone and then t ak ing  t h e  
minimum va lue  o f .  t h e s e  l a r g e s t  dimensions.  



a r t i f i c i a l  r educ t ion  i n  sound speed i n  terms of t h e  e f f e c t i v e  e l a s t i c  mod- 

u1.i and mass d e n s i t i e s  which a r e  used t o  compute t h e  va lue  o-f sound speed. 

One can view a  r educ t ion  of t h e  sound speed (1) a s  an. a r t i f i c i a l '  r educ t ion  

i n  t h e  bulk and shear  moduli ,  (2 )  a s  an a r t i f i c i a l  i n c r e a s e  i n  t h e  d e n s i t y ,  

o r  (3) a s  a  combined moduli r educ t ion  and d e n s i t y  i n c r e a s e .  

Sca l ing  t h e  moduli down i s  most a p p l i c a b l e  when i n e r t i a l  e f f e c t s  a r e  

q u i t e  impor tan t ,  bu t  c o m p r e s s i b i l i t y  i s  unimportant .  Under modulus s c a l i n g ,  

s t r e s s  i s  assumed t o  be a  weak func t ion  of s t r a i n .  There a r e  two ' c l a s se s  of 

problems i n  which. modulus s c a l i n g  i s  obviously app l i cab l e :  (1) inc.ompress- 

i b l e  f low and (2)  r i g i d  body motion. I n  bo th  c a s e s ,  t h e  va lues  of  t he  mod- 

u l i '  a r e  assumed t o  be unimportant and can be  chosen small  enough t d  improve 

computat ional  e f f i c i e n c y .  To understand t h e  imp l i ca t i ons  of modulus s c a l i n g ,  

t h e  l o g i c  f o r  t h e  i n c o m p r e s s i b l e ~ c a s e  i s  de sc r ibed  below. 

The p h y s i c a l  assumption a s s o c i a t e d  wi th  incompressibility~implies t h a t  

t h e  mechanical sound speed i s  inde te rminant .  Of ten ,  it i s  s a i d  t h a t  t h e  

sound speed , is  . i n f i n i t e  ' ( o r ,  s i m i l a r l y ,  t h a t  t he  Mach number is  ze ro ,  M=O). 

However, a s  a  p r a c t i c a l  m a t t e r ,  a  b e t t e r  cond i t i on  ini.ght be t h a t  incompress- 

i b i l i t y  f o r  r e a l  m a t e r i a l s  e x i s t s  when M 6 0.'3. For many c a s e s ,  t h i s  means 

t h a t  t h e  sound speed can be reduced ( s ca l ed )  below i t s  a c t u a l  v a l u e  provided 

t h a t  M < 0 .3 .  Suppose an a i r  bubble i s  expanding i n  water  a t  approximately 

15  f t / s e c  and i t  i s  necessary  t o  compute t he  r e s u l t i n g  p r e s s u r e  i n  t h e  water .  

.The sound speed of  h a t e r  i s . a b o u t  5000 f t / s e c ,  which, f o r  t h i s  problem, means 

t h a t  t h e  Mach number . i s  a b o u t ' 3  X lo -" .  The flow i s  incompressible  according 

t o  M 4 0.3.; Therefore ,  t h e  sound speed i s ' n o t  impor tan t  and can be  a r t i f i -  

c i a l l y  dropped up t o  two o rde r s  of magnitude wi thout  exceeding t h e  Mach num- 

' b e r  c r i t e r i o n  f o r  i n c o m p r e s s i b i l i t y .  To. be conse rva t ive ,  l e t ' s  drop the  

sound speed only one 'o rder  of magnitude t o  500 f t / s e c .    his improves t h e  

time s t e p  by a f a c t o r  of 10. To drop t h e  sound speed means t h a t  t h e  bulk 

modulus i s  e f f e c t i v e l y  reduced by a  f a c t o r o . f  100 ( i . e . ,  t h e  compres s ib i l i t y  

i s  increased  by loo)- .  S ince  t h e  flow a t  1 5 . f t I s e c  i s  incompress ib le ,  t h e  

change 05 modulus w i l l  be app l i ed  t o  i n f i n i t e s i m a l  s t r a i n s  and t h e  p re s su re s  w i l l  

b e  only s l i gh ' t l y  a f f e c t e d .  A s i m i l a r  l o g i c  may be app l i ed  t o  t h e  r i g i d  ca se .  



When i n e r t i a 1 , e f f e c t s  a r e  unimportant bu t  where compres s ib i l i t y  may be 

impor tan t ,  d e n s i t y  s c a l i n g  may be  used. I n  t hese  problems, t he  t i m e  s c a l e  

of t h e  problem must be determined by some o the r  mechanism-- f o r  example, 

h e a t  t . r ans fe r . .  Dens i ty  s c a l i n g  allows' one t o  compute t h e  in te rmedia te  s t a t e  

p o i n t s  of t h e  process .  Densi ty  s c a l i n g  i s  a p p l i c a b l e  t o  r e p o s i t o r y  type  of 

cal.c~il.ati.ons. 

When' a problem i s  s t a t i c  o r  n e a r l y  s t a t i c ,  t he  d e n s i t y  (or  mass)' does 

n o t  play an important '  r o l e  i n  t h e  s t r e s s  equ i l i b r ium process .  . I n e r t i ' a l  e f -  

f e c t s  d i sappea r '  and the  two-dimensional momentum equat ions  become, 
. . 

. . 

CF, 0 ,  CFj, 0 ,  

ba bo ho bo xx+.xy,, 0  , - - = + ~ E z o ,  
bx by bx..  by 

where F and F a r e  fo rces  and ox,, a 
Y Y '  

and a a r e  s t r e s s e s .  The zero on 
X. Y . XY 

t h e  righe-hand s i d e  of t h e  equal  s i g n  i n d i c a t e s  t h a t  t h e  i n e r t i a l  f o r c e  i s  

n e g l i g i b l e .  So, f o r  Eq.. (2,.4) , one can wr i t e .  

Equation (2.5) i s  v a l i d  because x and y a r e  small .  ~ h e r e i o r e ,  p can be any 

va lue  ( i n  u n i t s  c o n s i s t e n t  wi th  2 and j ; )  so long a s  Eq.(2.5) remains s a t i s -  

f i e d .  Inc reas ing  the  d e n s i t y  has  t h e  e f f e c t  of lowering the  sound speed, 

which, i n  t u r n ,  r a i s e s  t he  time s t e p .  Since the  sound speed i s  i nve r se ly  

p ropor t iona l  t o  t h e  square  r o o t  of d e n s i t y ,  t h e  time s t e p  i s  d i r e c t l y  pro- 

p o r t i o n a l  t o  the  s q u a r e - r o o t  of d e n s i t y .  

When a  mesh i s  very.non-uniform, i t  i s  d e s i r a b l e  t o  s c a l e  d e n s i t y  d i f -  

f e r e n t l y  i n  d i f f e r e n t  zones i n  o rde r  t o  coun te rac t  t h e  c h a r a c t e r i s t i c  zone 

l eng th  c o n s t r a i n t  on t h e  time s t e p .  The technique of non-uniform d e n s i t y  



s c a l i n g  corresponds t o  'applying a  d i f f e r e n t  t ime s t e p  t o  each mass p o i n t  i n  

t he  g r i d  dur ing  the  same computing cyc le .  I f  each of t h e s e  l o c a l  t ime s t e p s  

has t h e  maximum value  allowed by t h e ' c o u r a n t  cond i t i on  f o r  l o c a l  s t a b i l i t y ,  

then each ,po in t  of t he  g r i d  w i l l  respond a s  v igorous ly  a s  poss . ible  t o  r e -  

l i e v e  t h e  c u r r e n t  unbalanced f o r c e s .  Though each mass po in t  responds ac-  

cording t o  a  d i f f e r e n t  time s t e p ,  t he  r e s u l t i n g  s t r e s s e s  w i l l  be  on t h e  

time s c a l e  of t h e  appl ied  load t o  t he  e x t e n t  t h a t  s t r e s s  equ i l i b r ium i s  ap- 

proached'. 

Non-uni,form d e n s i t y  s c a l i n g  i s  a t t r a c t i v e  i n  p r i n c i p l e  bu t  cumbersome 

, t o  apply. PTS s c a l i n g  corresponds t o  employing t h e  maximum s t a b l e  time s t e p  

t o  each mass p o i n t .  These so -ca l l ed  "pseudo- time s t eps"  t h e  i d e n t i -  

c a l  f e a t u r e s  of  v a r i a b l e  d e n s i t y  s c a l i n g ,  inc luding  t h e  f e a t u r e  of d i f f e r e n t  

time s t e p s  f o r  t h e  motion i n  t h e  or thogonal  d i r e c t i o n s  a t  t h e  same p o i n t .  

This  i s  very u s e f u l  f o r  hydrodynamic systems (zero  s h e a r , s t r e n g t h ) , .  bu t  r e -  

, q u i r e s  c a r e  when,Poisson 's  r a t i o  i s  l e s s  t han .0 .5 .  I n s t a b i l i t i e s  can be 

generated i n  t h i s  l a t t e r  case  when t h e  or thogonal  time s t e p s  have d i f f e r e n t  

va lues .  T h e ' p r e c i s e  cond i t i ons  f o r  s t a b i l i t y  when t h e  d i r e c t i o n a l  t ime-step 

' f e a t u r e  i s  included have n o t  been e s t a b l i s h e d  a t  t h i s  time. 

Using an e x p l i c i t - i n - t i m e  code t o  do s t a t i c  s imu la t ions  r e q u i r e s  t h a t  

some form of damping be added t o  the  equat ions  of motion which w i l l  a c t  

t o  reduce spur ious  o s c i l l a t i o n s .  A v e l o c i t y  damping method known as  

dynamic r e l a x a t i o n  (DR) has been used succes ' s fu l ly  by many people.  Vefoc- 

i t y  damping concerns i t s e l f  only wi th  the  end s t a t e s  of a  process .  I n t e r -  

mediate s t a t e s  a r e  not: g1lara.nte.e.d t o  be accurate,  because t h e  process  (thermo- 

dyqaniic pa th  dependence)' i s  always chosen t o  be c r i t i c a l l y  damped o r ,  a t  
wors t ,  s l i g h t l y  underdamped. DR i s  q u i t e  u s e f u l  i n  e s t a b l i s h i n g  overburden 

i n  complex geologies .  

I n  DR., ' a  v i scous  damping term i s  added t o  t h e  momentum equarion.  This 

a c t s  t o  c r i t i c a l l y  damp, t he  fundamental response mode. I n  t h i s  way, t h e  

number of time s t e p s  ( i t e r a t i o n s )  r equ i r ed  t.0 achieve s t r e s s  . equ i l i b r ium i s  

reduced. I n  s c a l i n g  methods, t h e  magnitLde of i nd iv idua l  t ime s t e p s  . i s  , . 



increased  t o  improve e f f i c i e n c y .  DR i s  m0s.t u s e f u l  when the  i n t e g r a t e d  
.. . 

va lue  of t ime i s  of l i t t l e  o r  no consequence, i . e ; ,  i t  'doeshl t ma t t e r  what 

0 
t h e  " r e a l  time" i s .  Dens i ty  s c a l i n g ,  on t h e  o the r  hand, preserves  time a s  

a  meaningful v a r i a b l e .  

Ln DR, t he  equat ions  of motion a r e  modkfied a s  fo l lows ,  ' 

where,V i s  a  dimensionless  damping c o e f f i c i e n t ,  x . a n d  a r e  t h e  components 

of a c c e l e r a t i o n  r e s u l t i n g  'from the  e x t e r n a l l y  app l i ed  f o r c e s ,  Fx and I? and 
Y '  x and 9 a r e  t h e  components of v e l o c i t y  t h a t  r e s u l t  from in t eg ra t ' i ng  x and y ,  

r e s p e c t i v e l y ,  wi th  c r i t i c a l  damping app l i ed .  I n , t e r m s  of s t r e s s ;  Eqs.(2.6) 

become 

• where q' i s  q/?f. The va lue  of 7) (or  7)' ) i s  chosen t o  c r i t i c a l l y  damp t h e  

lowest  fundamental frequency of t h e  g r i d .  For l i n e a r  e l a s t i c  problems, i t  

i s  a r ~ 1 ~ t i v e . l ~  simple ma t t e r  t o  determine t h e  damping (or  r e l a x a t i o n )  fac-  

t o r  from a modal a n a l y s i s  o r  a  dynamic e x c i t a t i o n  without  damping. Even f o r  

mil.dl,y nonl inear  systems,  t he  l a t t e r  technique can be used. For s t r o n g l y  

nonl inear  systems, an appropr i a t e  r e l a x a t i o n  f a c t o r  i s  f a r  more d i f f i c u l t  t o  

compute and o f t e n  r e q u i r e s  cons iderable  judgment. 
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r e s u l t s  i n  : 

where 

Equat ions (2.10) a r e  genera l  equat ions  of motion which reduce t o  the  

undamped form when w = 0 .  



SECTION 3 

TIME STEP. OPTIMIZATION . . 

, , 

A primary opt imiza t ion  requi'rement f o r  a  q u a s i - s t a t i c  thermomechanical 
. . 

problerrl is  t h a t  t h c  mechanical and thermal time s t e p s  be' brought i n t o  order -  

of .magni tude  . proximity . .  . f o r  ' e f f i c i e n t  computation. Unscaled, '  Courant -s tab le ,  

mechanical time s t e p s  a r e  u s u a l l y  t h r e e  o rde r s  of magnitude smal le r  than 

d i f fus ion - l imi t ed , .  s t a b l e  thermal t ime s t e p s .  I n  t he  absence of i n e r t i a l  

e f f e c t s ,  thermal t r a n s p o r t  . (d i f fus ion)  l i m i t s  t he  mechanical response s o  

t h a t  t h e  mechanical time s t e p  may be increased  t o  t he  thermally s t a b l e  va lue  
. . 

without  v i o l a t i n g  thermodynamic cons is tency .  The s imp les t  -way t o  achieve  

t ime-s tep  p a r i t y  between mechanical and thermal mechanisms without  v i o l a t i n g  

t h e  Courant s t a b i l i t y  c r i t e r i o n  i s  t o  s c a l e  up t h e  mass d e n s i t y .  The sca l ed  

va lue  i s  l imi t ed  such t h a t  no a r t i f t c i a l  i n e r t i a l  e f f e c t s  a r e ' c r e a t e d .  The 

a r b i t r a r i l y  increased  d e n s i t y  lowers t h e  sound speed, which, i n  t u r n ,  c r e a t e s  

l a r g e r  s t a b l e .  mechanical time . s t e p s .  However, the.  c h a r a c t e r i s t i c  z.o*e l eng th  

w i l l  become an  ove r r id ing  f a c t o r  i n  problems i n  which t h e  zone s i z e  e x h i b i t s  

. aspec t  r a t i o s  i n  excess  of 2 t o  1, and i n  which very small  zones c o - e x i s t  

wi th  very  l a r g e  zon.es. I n  t hese  c a s e s ,  t h e  Courant c h a r a c t e r i s t i c  length  

becomes t h e  dominant impediment t o  e f f i c i e n t  computation i n  t he  same way 

t h a t  t h e  mechanical sound speed does when i n e r t i a l  e f f e c t s  a r e  low; 

A l l  r e p o s i t o r y  c a l c u l a t i o n s  e x h i b i t  n e g l i g i b l e  i n e r t i a ,  which means 

t h a t  d e n s i t y  s c a l i n g  i s  a p p l i c a b l e ,  b u t  s t r e s s  i s  a  s e n s i t i v e  func t ion  of 

strain, so  t h a t  modulus s c a l i n g  i s  no t  v a l i d .  Mesh requirements  vary  from 

problem t.o problem. The meshes used f o r  a l l  t h e  PSV c a l c u l a t i o n s  a r e  ex- 

t r eme ly ' r egu la r .  Most of t he  zones a r e  squares  and those  t h a t  are n o t ,  a r e  . 

r e c t a n g l e s  which never  exceed a  2 t o  1 aspec t  r a t i o .  The SF and HLW scoping 

ca l cu la t ions . ,  on t h e  o t h e r  hand, r equ i r ed  i n i t i a l  meshes t h a t  had r ec t angu la r  

zones of  vary ing  s i z e  and shape. Zones near  t h e  r e p o s i t o r y  were long and 

t h i n ,  w<th a spec t  r a t i o s  as h igh  as 50 t o  1. Away from the  r e p o s i t o r y ,  

zones became more squa re - l i ke .  



I n  order  t o  over,come the  l i m i t a t i o n s  due t o  z o n e . l e n g t h ,  i t  i s  d e s i r - .  

a b l e  t o  employ a 'non-uniform d e n s i t y  s c a l e .  However, p r e s c r i b i n g  d e n s i t y  

a s  a  func t ion  of space and t ime,  i n  o rde r  t o  opt.imize time s t e p s ,  i s  cumber- 

some t o  implement and no t  amenable t o  s t a b i l i t y  a n a l y s i s .  For t h e s e  r ea sons ,  

an a l t e r n a t i v e  approach (PTS) was developed which would provide t h e  f e a t u r e s  

of (1) , s c a l i n g  tl ie mass d e n s i t i e s  throughout t he  e n t i r e  g r i d  by a  cons t an t  

f a c t o r  t o  i n c r e a s e  the  s t .able  mechanical t ime s t e p  t o  be. more compatible  

w i th  t h e  r e a l  time ' s c a l e  of t he  d r i v i n g  f o r c e s  ( e . g . ,  therma1) 'and (2) ad- 

j u s t i n g  t h e  g loba l  d e n s i t y  s c a l e  t o  a  va lue  t h a t  e f f e c t i v e l y  matches the  

sound t r a n s i t  t imes i n  unequal s i z e  zones. 

Before der iv ing-  t h e  formulas for ,PTS op t imiza t ion ,  i t  i s  u s e f u l  t o  s e e  

t h e  e f f e c t  of g loba l  d e n s i t y  s c a l i n g  on t h e  s tandard  DR equat ions '  0.f motion. 

The v e l o c i t y  and coord ina te  update  equat ions  . for  gri'd po in t  i o'f a  one-di- 

mensional system a r e  w r i t t e n  a s  fo l lows , '  . 

where . . 

' x = coordina te  
i 

. .  . 
ir = v e l o c i t y  
i 

. . 
x.  = a c c e l e r a t i o n  ( inc lud ing  body forces)  
1' . . 

w = damping . f requency f o r  dynamic r e l a x a t i o n  
s .  

= time s t e p  i n  r e a l  t ime con t ro l l ed  by mechanical,  

. thermal , .  or o t h e r  c o n s t r a i n t s .  



The subscript s denot.es a scaled value. Density scaling is defined as 

where so is a global scaling factor and p is the unscaled mass density. As 

a result, one can write 
. . 

because, from cons@rvation of momentum, G .  is inversely proportional to' den- 
sity. 'Similarly, one can write 

, . 

and 

n n 
because each is .inversely proportional to At ,. and'At is proportional to the 

square root .of density through the Courant conditi'hn. Thus, Eq. (3.2) is in- 

variant with respect to scale, anddisplacement (and stress-strain response) 

is the sarne.cn either the scaled or unscaled time domain. . A .single scale 

. f ac tor ,  co, applied globally to an enti.re mesh allows one to' scale the grid's 

0 mechanical time step to any convenient size consistent with the :initial and 

boundary :conditions. 
. . 

To optimize the relaxation rate of each individual grid point on a cycle' 

basis, one can provide a point-dependent scale factor so that each grid point 

in each cycle rnovcc the distanr.~. a1 lowed by the Courant condition at 

its safety factor, F. For an unscaled problem, the global time-step is 



chosen .as t h e  minimum s t a b l e  time s t e p  f o r  t h e  e n t i r e  mesh, i . , e . , .  
. . 

. . 

where 6 t  a r e  t h e  mechanical t ime s t e p s  of t h e  zones surrounding g r i d  po in t  i. 
i 

The formula f o r  a  p a r t i c u l a r  zone ' s  t ime s t e p  i s  . 

where .F i s  a  ti& s t e p  s a f e t y  f a c t o r ,  u s u a l l y  l e s s  t han ,  bu t  never  ' g r ea t e r  

than 1. F i s  used t o  compensate f o r  u n c e r t a i n t i e s  wi th  r e s p e c t  t o  a  p r e c i s e  

s t a b i l i t y  l i m i t ' f o r  an a r b i t r a r y  m a t e r i a l .  Ax i s  t h e  d i s t a n c e  a c r o s s  a  zone, 

and ,c  i s  t h e  loc.al  sound speed of t h e  zone.  heref fore, the  point-dependent  

s c a l e  f a c t o r  would be 

v 

Combining Eq. ( 2 . 6 )  wi th  the  g loba l  s c a l e ,  s o ,  y i e l d s  

Equat ion ( 3 . 7 )  r e s u l t s  i n  a time-dependent mass. when zones d i s t o r t  and 6 t i  

chavges in t i m e .  

Densi ty s c a l i n g  can be e l imina ted  by d e f i n i n g  a  ' tpseudo-ve loc i ty  updatef t '  

equa t ion  a s  fo l lows ,  
. . 



where v is 'the pseudo-velocity and 

Equation (3.8) provides the largest stable displacement allowed by the sta- 

bility fraction, F. The resulting ,coordinate update i's 

Equations (3..8) and (3.9) can be- used directly .or, if,the form is incon- 

venient, can.be expre'ssed in alternate forms. For example,, it is customary 

to update coordinates with. the global time step, Ats, associated with the 

driving forces in the real time scale, i.e., Eq.(3.2)'. The real velocity, 
. n+ 4 
x , determined from the pseudo-velocity uses the identity 
i 

to obtain 

~ubstituting,Eq. (3.8) into Eq. (3.11) yields 

n+ 4 
When the imposed value, Ats is not constrained by mechanical stability and, 

in c.e.rtai.n cases, when it varies substantially from cycle to cyc'le, Eq.. (3.12) 

must be used. 
. . 



Equation (3.12) can be approximated when t h e  f r a c t i o n a l  .change of A t  

and S t  a r e  both l e s s  than  1 - F ,  s i n c e  t h e  l ack  of cen te r ing  w i l l  n o t  induce 

mechanical i n s t a b i l i t y .  Using t h i s  approximation, Eq. (3.12) becomes 

o r ,  more simply, - - 

Equations (3.12) , (3.13) , and (3.14) y i e l d  no s i g n i f i c a n t  d i f f e r e n c e  i n  

v e l o c i t y  when they a i l  converge toward s t r e s s  equi l ibr ium.  

The above equat ions  provide  a  vigorous and s t a b l e  response d r i v i n g  to -  

@ ward l o c a l ' s t r e s s  equ i l i b r ium a t  every p o i n t .  However, t h e  damping term, 

w 6 t n '  v a r i e s  from p o i n t  t o  p o i n t  i n  c o n t r a s t  t o  . t h e  v e r i f i e d  method of dynamic 
i ' n 

r e l a x a t i o n  which employs a uniform g loba l  damping term, w s A t s .  There may be 
n  

advantages i n  u s ing  w b t  . This  has  n o t  be.en explored .  I n s t e a d ,  t he  v e r i f i e d  
i 

method of dynami'c r e l a x a t i o n  was employed t o  o b t a i n  t h e  v e r i f i e d  equat ion ,  



SECTION 4 

SUMMARY 

. . 

PTS s c a l i n g  i s  a  t e c h n i q u e  t o  o p t i m i z e  t h e  t ime s t e p  o f  each g r i d  p o i n t  

s o  t h a t  t h e  zone l e n g t h  and 'zone sound speed needed' t o  s a t i s f y  t h e  Courant  

condition d o ' n o t ' . a r b i t r a r i l y  1 i m i . t  computing e f f i c i e n c y .  P a s t  n o t i o n s  o f  

computing i n e f f i c i e n c y  w i t h  r e s p e c t  t o  s o l v i n g  n o n - t r a n s i e n t  problems u s i n g  

t h e  EFD method a r e  no l o n g e r  v a l i d  because  PTS e l i m i n a t e s  t h e  , t r a n s i e n t  
. . 

mechanical  c o n s t r a i n t  o n t h e  g l o b a l  t ime s t e p .  I n  f a c t ,  where n o n l i n e a r  
' 

r a t e - s e n s i t i v e  c o n s t i t u t i v e  e q u a t i o n s  a r e  r e q u i r e d ,  i t  may be  t h a t  t h e -  EFD 

approach,  u s i n g  PTS s c a l i n g ,  i s  more e f f i c i e n t  t h a n  i m p l i c i t - i n - . t i m e  ap-  

p roaches  because  t ime  , s t i l l  remains  an independent  v a r i a b l e .  
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