AR 9g8-192%

Approved for public release;
distribution is unlimited.

o7 Title: |  ANALYZING BIOASSAY DATA USING BAYESIAN
METHODS-A PRIMER

CONF-97/1207—

QECEIVED
0CT 05 1998

oSTl

Author(s): | GUTHRIE MILLER, ESH-12, LANL
WILLIAM C. INKRET, ESH-12, LANL
MARIO E. SCHILLACI, ESH-12, LANL

Submitted to: | Proceedings of 1997 Workshop on
Bayesian Statistical Methods for
Bloassay, Radiochemistry, and Internal
Dogsimetry. Charleston, SC

November 13-14, 1997

DISTRIBUTION OF THIS DOCUMENT IS UNLIMITED

MASTER

Los Alamos

NATIONALLABORATORY

Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by the University of Califoria for the

U.S. Department of Energy under contract W-7405-ENG-36. By acceptance of this article, the publisher recognizes that the U.S.

Government retains a nonexclusive, royalty-free license to publish or reproduce the published form of this contribution, or to allow

others to do so, for U.S. Government purposes. Los Alamos National Laboratory requests that the publisher identify this article

as work performed under the auspices of the U.S. Department of Energy. The Los Alamos National Laboratory strongly supports

academic freedom and a researcher's right to publish; as an institution, however, the Laboratory does not endorse the viewpoint

of a publication or guarantee its technical cormrectness. Form 836 (10/96)




DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the
United States Government. Neither the United States Government nor any agency
thereof, nor any of their employees, makes any warranty, express or implied, or
assumes any legal liability or responsibility for the accuracy, compieteness, or use-
fulness of any information, apparatus, product, or process disclosed, or represents
that its use would not infringe privately owned rights. Reference herein to any spe-
cific commercial product, process, or service by trade name, trademark, manufac-
turer, or otherwise does not necessarily constitute or imply its endorsement, recom-
mendation, or favoring by the United States Government or any agency thereof.
The views and opinions of authors expressed herein do not necessarily state or
refiect those of the United States Government or any agency thereof.




DISCLAIMER

Portions of this document may be illegible
in electronic image products. Images are
produced from the best available original
document.




Analyzing Bioassay Data Using
Bayesian Methods — A Primer

by

Guthrie Miller, William C. Inkret,
and Mario E. Schillaci

Los Alamos National Laboratory
Los Alamos, NM 87545, U. 5. A.

October 16, 1997

Abstract

The classical statistics approach used in health physics for the
interpretation of measurements is deficient in that it does not allow
for the consideration of “needle in a haystack” effects, where events
that are rare in a population are being detected. In fact, this is
often the case in health physics measurements, and the false posi-
tive fraction is often very large using the prescriptions of classical
statistics. Bayesian statistics provides an objective methodology to
ensure acceptably small false positive fractions. We present the basic
methodology and a heuristic discussion. Examples are given using
numerically generated and real bioassay data (Tritium). Various an-
alytical models are used to fit the prior probability distribution, in
order to test the sensitivity to choice of model. Parametric studies
show that the normalized Bayesian decision level k, — L./06o, where
0p is the measurement uncertainty for zero true amount, is usually
in the range from 3 to 5 depending on the true positive rate. Four
times og rather than approximately two times op, as in classical
statistics, would oiten seem a better choice for the decision level.




1 Introduction

The goal of internal dosimetry is the determination of intakes of radioactive
mafteriais into the body irom hmiied broassay data showing the amount excreied
from the body, for example, in urine. Objective and analytical interpretation
of urine concentration measurement results is difficuit when the magnitude of
the measurement resuit approaches the magnitude of the measurement process
uncertainty. In these cases, when may one conclude, with a reasonable degree of
certainty, that the measurement results indicates a real signal and not statistical
fiuctuation in background noise?

A classical approach to this problem has been well developed by Altschuler
and Pasternack (1963) and Currie(1968) . The application of this classical
theory has been boiled down to widely used {and misusedj recipes and rules of
thumb [2]. A weakness of the classical approach is its inability to adequately
address the case of false-positives. In this paper we will show that to evaluate
false-positive iractions requires a Bayesian iramework, which invoives the use ol
a prior probability distribution.

Bayesian methods are used in other fields (see for example [6]) and have
recenily been apphed to probiems encountered 1n the heaith physics profession
{8] (Harvel). 'T'he purpose of this paper is to more broadly communicate the
basic ideas and concepts of Bayesian statistics and to increase the professional
awareness oi ihese poweriui and appiicable concepis. Aithough the Bayesian
approach is more mathematically complicated than the classical approach, with
the use of available software tools on desktop computers Bayesian concepts will
become increasingly aceessible for routine health physics work.

2 PFormulation of the Probiem

‘We discuss a measurement process to determine a contaminant at the lowest
possible level (where statistical uncertainty is significant). For example, we
might consider the measurement of tritium, uranium, or plutonium in urine in
order to determine a possible internal dose. We denote the measured result by y,
and its statistical uncertainty standard deviation by ¢. 'The {unknown} intake
of the contaminant is denoted by z. The forward, theoretical calculation of
measured amount y from z is denoted by the function Y (z). In most cases, Y (z)
is a simpfe linear function of z, so intake = and true {but unknown} excretion
Y are for many purposes interchangeable. In this paper it is assumed that the
measurement process is well understood and that measurement uncertainties
have a Gaussian distribution. The conditional probability of measuring result
¥ given truc amount = is given by
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(%&tionai probabilities are written in the form P{A|B), which means the
probability of event A given event B. In general, P(A) denotes the probability
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of event A. However, if ¢ iS a continuous variable, the probability that ¥ is in
a small interval dy is P(y)dy.) When considered as a function of z, P(y|z) is
called the likelihood function, when considered as a function of y, it is called
ihe sampiing hunciion.

The quantity x represents the quantity of greatest interest, for example, an
occupational intake of uranium from inhalation as opposed to an environmental
intake from drinking water. 'I'he quantily y represents the measured bioassay
quantity. The measurement error ¢ summarizes all the uncertainties in going
from measurement of y to determination of intake z, including uncertainties in
‘background subtraction. In the case of a subtracted background, Y {z) = y—ysg,
with yp the background, for example an environmental background subtraction,
or subtraction of urine excretion coming from earlier intakes. Thus a component
of 0% is 0 coming from the uncertainty of the background subtraction.

For the measurement process itself, the uncertainty standard deviation ¢(Y")
usually varies only moderately with true amount ¥ and can be represented as
a "Iayior expansion i powers of ¥ up to quadratic ierms, as joilows:

oY) = of +bY +cY2. (2)

‘The quantity o¢ wiii be Important 1n the remainder of the paper. It is the
measurement uncertainty standard deviation for zero true amount. The repre-
sentation of Eq. 2 will be the starting point in this paper for the discussion of
measurement error uncertainiies. As discussed in Appendix A, for measurement
processes using counting, the coefficient b in Eq. 2 is approximately the number
of physical units (say dpm) per count, while ¢ is usually small.

Besides measurement error uncertainty, another umportant source of un-
certainty is the variation caused by sample collection protocols and biological
variability, which contribute to the coeflicient c. If the actual excretion rate is
ixed, inhese eiiecis cause a certain dsiribuiion of measured resuiis around the
true amount, with a certain standard deviation. This standard deviation di-
vided by the mean of the distribution (the coefficient of variation), contributes
to the square root of the coeificient ¢. In an experimentai investigation of vari-
ations of the excretion of plutonium in urine, Moss [10] found a 10% coefficient
of variation for true 24 hr samples, and a 70% variation for spot samples. The
use of creatinine excretion to normaiize urine excrefion rates, as is commoniy
done in routine medical practice, may be advantageous. Anderson et. al. [4]
have measured the average coefficient of variation of creatinine excretion using
commercially available equipment for seven subjeets and found it to be 7%.

3 Decision level and detection limit

‘When the measured value y exceeds a critical level L, called the decision level,
the result is termed “detected” or “positive”. The decision level scaled to the
measurement error uncertainty for zero true amount, oy, defines a quantity
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Figure 1: Distributions of measured resulis for Y = 0, Larma and Lypa,
showing the decision level L.

It is useful to associate another quantity a with k, where a is the fraction of
measured results that exceed L. when the true amount is 0 (see Fig. 1 ). A
rough, but usually sufficiently accurate, approximation for a is

-~ Ji. V2roq P 202 yNVZKkubxp!_ Zj.

Miore accurste values of a given k., may be obtamned irom itables of singie-tari
areas of a normal distribution, or by numerical integration. "The quantity o
is useful in that it directly gives the minimum fraction of “positives” to be
expecied 1n the measurement process.

In classical statistics, the decision level is determined by specifying a to be
a small number (say 0.05). In Bayesian statistics the decision level and k, are
determined by specitying the desired maximumn iaise positive Iraction, as wiil
be discussed, which often results in a much smaller value of a.

The detection limits Y = Ly pa and Lasara are graphically depicted in Fig,
1. 'T'ne deteciion iimut Lpsp 4 18 the mimimum true amouni that 1s detecied with
high probability 1 — 3 (8 is a given small number, say 0.05), while Lpsas4 is
the maximum true amount that is missed with the same high probability. For
exampie, stating the same tmng ior Lpsp4 m shghiiy difierent words, 1f the
true result exceeds the deteetion limit Lysp 4, the measured result will exceed
the decision level L. “most of the time”, where “most of the time” means with
probability at least 1 — 3. The quantities Lyrpg and Lgrara are obtained as




the two roots ¥ of the {quadratic) equation
Lot kgo(¥) =, (5)

which are

" ] — k2612 — (kgo ‘
v 2L, + k3b1 (1:1:{‘11—4(1 ke(I2 — (kg 3)2)). (©)
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quation 5 uses a quanuiy kg which, 1 anaiogy wiih k, dehned m . 3, gives
the number of standard deviations o one must be away from the peak value of
the Gaussian distribution of measured results in order to have the single-tail
integral be J. Bquation b expresses the fact that if the true amount exceeds the
decision level by kgo, there will be only a small chance § that the measured
result is less than the decision level, and a similar statement for the case when
the true amount is iess than the decision ievei.

Equation 6 applies for both classical and Bayesian decision levels L,. One
finds that for L. = koo, as would be the case for classical statistics, the de-
tection himit Larpra is zero {usually ko = kg in classical decision theory, with
a = 3 = 0.05). The Bayesian decision level has k, greater than kgz.

Although not related to Bayesian statistics, biological variability and bioas-
say sampie coiieciion unceriamiy are umportani sources of unceriainty, oiten
overlooked. There is a singulerity in the expression given by Eq. 6, when
1 —kjc = 0. This singularity means that kg is limited to be less than 1/4/c,
and therefore for bloassay procedures with very farge biofogical variabiiity un-
certainty, for example fecal sampling, it is impossible to achieve small values of
s8.

Note that deciston ievels reier 1o measured quaniiiles and deteciion iinmis
refer to true amounts. Detection limits are usually used in theoretical eslcula-
tions, while decision levels are used to interpret data.

4 Heuristic exampie of Bayesian decision theory

Imagine a measurement process with only two outcomes, y = m {(measure
plus), and y = my (measure zero). The true condition z likewise has only
two values, + and 0. This model problem is unrealistic, since the measured
values and true amounts are discrete and fake only two values, nevertheless it is
similar enough fto the real problem to be instructive, and the mathematics are
simplified so that everything can be explicitly calculated. The sampling function
P{yjz) is known and given by the following matrix {the sampling function is the
probability of measuring result y given true condition z considered as a function
ofy )

{P(m;ﬁ) P{m..[0) J"J 1-f “l (7

P(molt) P(mol0) | | B l-a




in terms of two parameters o and 3, which are similar, but not identical to, the
parameters a and 3 introduced in the previous section. Note that

> Plln)—1, (8)

smee condtilonal probabiiities are normalized. For examplie, given that the true
condition is +, there are only two possibilities, measure + and measure 0, with
probabilities 1 — 3 and (3, so that

Plm|+)+ Plmol+)=1-8+8=1 (9

Assume that a fairly large number N of measurements are taken for similar
cases. In that pepulation of cases, the number of measured positives and zeros
are given by the following matrix equation:

{n(ﬂ} - N{P(mdﬂ P(m+%ﬁ}}ix°(+)J

n(0) Plmol+) P(mol0) | | PO)
Sl

in terms of the prior probability distribution F{+j and F{U) giving the proba-
bilities of true + and 0 in the measured population. Note that we can solve Eq.
10 for the prior probabilities, giving the result

s s ] w

which shows how the prior probabiiity disiribuiion can be delermined irom
population data. In what follows we assume that the prior probability distribu-
tion is a given fixed, unknown quantity that may be estimated from population
averages using iq. if.

Now return to Eq. 10 and express n(+), the number of positive measured
results, in terms of the number n, (+) coming from true positives and no(+)
coming from irue zeros. From kq. 19,

ny(+) = NPmii+)P(+)

nol+) = NPimy0jP{u). @
Similarly,

nyll) = NPlmol+)Pi+)

n6(0) = NP(mq|0)P(0). (13)

We now ask some general questions about a measurement process involving
uncertainty, and answer them within the model. The errors of the measurement
pracess result in the cross terms 7ny(+), the number of true zeros that measure
+, and n; (0), the number of true positives that measure 0. The smallness of




these Cross terms can be judged by comparing Them with the total number of
true zeros or positives, or the total number that measure zero or positive. "There
are four natural fractions that should be small for the measurement process to
be effective, These are:

1. The false positive fraction, the fraction of all results that measure positive
that come from true zeros, given by

_ no(t)
fi= nh) (14

2. The false negative fraction, the fraction of all results that measure zero
that come from frue positives, given by

_ )

3. The missed positives, the fraction of all true positives that are measured
as zero, given by
n4{0 .o
f3 — ‘?‘{ ) , { 16 )
Ry
4. The missed negatives, the fraction of all true zeros that are measured as

positive, given by
ng{+ ,
Jo=—— ). (17
fig

Subsirtnting irom kgs. 12 and 13, these iractions are as ioliows:

1. false positive fraction

_ P{m4{0)P(0)
= PP + P 0)PO) 48
_ aP{0} _ o ( 193
0P +aP0) at (-8 )
‘where P" ] )
59 ®

Fquation iIs, which actuaily derives Bayes theorem, gives the probabiiity
P(0lmy) of true result O given that the measured result is +. Bayes
theorem states that

Plyjz)Piz)
2= Plylz)P(z)

P(aly) =

(21)



2. false negative fraction

5 = P(mol-)P(+)
P(mol+)P(+) + P(mol0)P(0)
BP(+)+ (1 —a)P(0} B&+(1—a)
3. missed positive fraction
_ Plmol )P (+) _ e
4. missed negative fraction

P(0)

In ciassical statistics, the quaniities o = F{m{0) and 3 = Pimo}+}, giving
errors of the first and second kind, are specified as small numbers. In Bayesian
statistics, we require in addition that the false positive and false negative frac-
tions be small. This means, from Eq. 19, that if want the false positive fraction
to be a given small number ¢, then o must be

_d(1-p) 3
o=— {25)
‘I'nerefore if @ 1s smali {true positives rare in the populationj, @ must be very
small. Similarly, if § is large (true negatives rare in the population}, 3 must be
very small in order to have a small false negative fraction. In other words, it is
hard o lind a needie m a haystack}

This model shows how the prior probability distribution can be determined
from population averages, and how Bayesian statistics is nothing more than
a more Inciustve modeling o the measurement process, which brings i “nee-
dle in a haystack” effects. The parameters a and £ in classical statistics are
constrained by considering these Bayesian effects and can be determined by re-
quiring acceptably smail faise positive and ialse negative iractions. I'he usual
case in analysis of bioassay data for internal dosimetry is that true positives are
rare in the population rather than true negatives being rare. In this situation,
the a ol ciassical statistics 1s further constrained and is determined by speciiying
an acceptable false positive fraction.

5 Heview of Bayesian Statistics

In Bayesian statistics the problem is formuilated in terms of the quantity of
greatest mierest z, even though this quaniity 1s oniy mdirectiy reiated to the
actual measured quantity y. So the mathematical problem becomes an inverse
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Figure 2: posterior, prior and iikelinood disiributions when ihie measurement
uncertainty ¢ — 1 and the measured result y = 4.

problem, to determine z from y. We wish to determine the posterior proba-
bility distribution P{x]y), the probability distribution of x given that we have
measured y. In order to do this, we need an estimate of the prior probability
distribution P{z), the probability distribution of z in the population we are
measuring. By Bayes theorem,

Plylz)Piz)
= .
o Pylz)P(z)ds
Consider an exampie where the measurement error unceriainty o 1s taken as

equal to 1 and the forward biokinetic model as Y(z) = 2. The prior probability
distribution is taken as the scale invariant distribution

P(zly) =

(26)

P(z)dz %‘5. @7

'{'his distribution is uniform when plotted on a logarithmic seale, and is a natural
“yniform” distribution. Note that this distribution must be truncated at small
and large values to obtain a normalizable probability distribution.

Assume that the measurement is several standard deviations irom zero, say
y = 4. The prior, likelihood, and posterior distributions are shown in Fig. 2.
The posterior distribution is, except for a normalization factor, just the product
of the hkeiihood function and the prior distribution. I'he normaization iactor
ensures that the integral of the posterior distribution is 1, as must be true for

B8
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Pigure 3¢ Cumulative posterior and prior probabliity distributions when the
measurement uncertainty ¢ = 1 and the measured result y = 4.

any probabiiity disinibuilon. Because of the siope ol the prior disiribuiion mn
Fig. 2, the posterior distribution differs somewhat from the likelihood funetion,
which, in this example, is a simple Gaussian peaked at the measured value.

ve may aiso consider the miegrated probabiiity Irom U up io some value
z;. Fig. 3 shows integrated, or cumulative probabilities for the case shown
in Fig. 2. In this figure a logarithmic scale is used for the z; axis so that
the cumulative prior probability distribution is a straight line. In the measured
population, z is distributed from 0.1 to 10. with uniform (log scale) probability.
As a result of the measurement y = 4, we have befter knowledge of the actual
vaiue of z, and can assign a probabiitly Intervai irom z;, the lower probabiiity
limit, to z,, the upper probability limit, corresponding say to the 10% and 90%
probability points in Fig. 3. In general, we define z; so that the probability is
only ¢ that x is smalier than x;, and z,, so that the probabiiity is only ¢, that =
is larger than z,,. As a result of the measurement we have reasonable certainty
(probability 1 — ¢ — ¢, ) that the quantity of interest z lies somewhere between
z; and .




6 Interpretation of Bayesian results—*detected”

‘T'he Bayesian methodology ailows us to caiculate ihe posterior probabiiity dis-
tribution of the quantity z, and from that to obtain a confidence interval z; to
Z,,. For many purposes, this is sufficient, for example, when z,,/%; is near 1, it
15 reasonabie to state thal x has been measured to be in the range z; to z,. We
wish, however, to define the concept of “detected” at the lowest possible level.
In some cases, z,./2; may be much larger than 1, and the confidence interval by
itseil is not suificient. By “detected” we mean that the measurement delinitely
reveals the presence of the contaminant at some, possibly very small, level, and
we would expect this to be borne out by subsequent measurements.

‘I'he delinition of “detected” obviously is that z; exceeds some critical fevei
z.. There are two considerations affecting the choice of z.: 1) that z, be in the
range where we have some direct empirical knowledge of the prior distribution
based on real data, and 2] that z. be much greater than the lower probability
limit of the prior distribution. To satisfy consideration 1) z. should be no smaller
than some moderate fraction (say 0.1) of Y *(go) (Y is the function, usually
linear, relating intake x to excretion Y, ¥ ¢ is its inverse funciion, and o is the
measurement error uncertainty for £ = (0. To simplify the subsequent discussion,
Y (z) = z will be assumed). The measurement error occludes any knowledge of
the structure of the prior distribution tor smaiier vaiues ot x. Kegarding consid-
eration 2), if z. were comparable or smaller than the lower probability limit of
the prior distribution, we might call a case “detected” when the measurement
result was zero, or without any measurements, which would be counterintuitive.
Consideration 1) is ensured by choosing . = 0.1¢¢. Consideration 2} is ensured
by choosing

€g=c¢ '/; - P{z)dzx, (28)

where € is some small number (say U.1). Equation 28 ensures that for a case that
is “detected”, the posterior probability curve will be shifted toward larger values
(to the right) relative to the prior probability curve in a plot like that shown
in i1g. 4. Figure 4 shows a margmaiiy “detecied” case where x, = U.i09. The
cumulative prior probability up to z; = z. is 0.5, while the cumulative posterior
probability up to z; = z. is ¢ = 0.05, which is € = 0.1 times the cumulative
prior probabiiity, satisiying Eq. 28.

In many cases of interest, the cumulative prior probability up to 0.10q is
near 1, so consideration 2) above is not critical. In these cases the measured
population contains mostly very smali {relative to o) values of z.
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Figure 4: Uumulative posterior and prior probabiiity distribuiions ior a
marginally “detected” case.

7 Discussion of measurement objectives, types
of errors

Up until now, the objective of the measurement has been to determine “de-
tected” by having the measured value exceed a critical level L,. The objective
of the measurement could, on the other hand, be to determine that the intake
is less than a certain amount {for example, an intake amount corresponding to
a committed effective dose equivalent of 1 mSv). We might then define “small”
to mean that the upper Bayesian confidence limit z,, be less than a specified
amount Tsayrarr. Lhis would require that the measured value be less than a
certain critical level. It is natural to have this latter critical level be the same
as L., which means that “not detected” is the same as “small”, and conversely.
‘This determunes Zgarary Yo be ibe upper Bayesian conildence immut when the
measured value is at the detection limit L., which we denote by z,(L.) Im-
plicit in this construction are the quantities ¢; and ¢, that define the Bayesian
conhidence nterval z;, z,. I'ne condition “detecied” has iaise positive fraction
€, and “small” has false negative fraction ¢,, both of which need to be smal
numbers for the determinations to be meaningful. Note that “detected” means
that the intake amount is iikeiy to be greater than a quantity we have called z.
in Section 6, and which we might denote by z;(L.), while “small” means that
the intake is likely to be smaller than a larger quantity z,(L.).

Similar to z,(L.] but slightiy different is the detection limit Lprp4, which

il




is a simpier and easier to evaluate quantity, since it does not invoive the prior
probability distribution other than having a dependence on L,. If the frue
amount execeeds Lyrp4 the measured result is likely to be positive. The state-
ment relating =, {L.) to this is: if the measured amount is not positive { “smaii”}
the true amount is likely to be less than z,(L.). These concepts would be use-
ful in setting up an internal dosimetry program to meet legal requirements, for
example “internal dose evaluation programs shall be adequate to demonstrate
compliance with ..” {1}, in which case Lypa or possibly ,(L.) would corre-
spond to some amount less than the legal dose limit (to allow, say for external
dose}).

The detection limit Ljsara, the maximum missed amount, is of interest in
quantifying missed doses. An intake of this amount or less is likely to be missed.

8 Form of the prior distribution

The prior probability distribution is the probability distribution of z in the
measured popuiation, denoted by #{z). Uur approach to the prior distribution
is to determine it as much as possible empirically from data. In practice this
means fitting data with analytical forms having variable parameters. We will
use analytical distiributions that aliow a wide range of variation. Ceriainiy the
value and the slope of the prior distribution at a point z corresponding to y
several standard deviations from zero should be independently variable. The
mean and standard deviation of a probabiiity distnibution are perhaps 1t’s most
basic parameters. "These should be independently variable. So the analytical
forms used should have at least two parameters. The other constraint is that
the distribution apply to a positive quantity z.

Two analytical distributions that we will use are 1) the log-normal distribu-
tion, and 2) the Pareto distribution. These are defined in Table 1 below.[11]

Tablc 1: Analytical forms uscd for the prior probability distribution

distribution analytical form ‘mean standard deviation
—{log = ¢
log-normal \/57.}%35 exp] ( 2050) } zoexp(e}/2) zoexp(ol/2)y/exp(o2) —1
P i p—
Pareto p—lm (%) 22g. % \/? ?__12 -1

ach oi these distnibutions has iwo posiiive parameters. For the iog-normai
distribution, zp is the maximum probability point of the distribution when
plotted on a log scale, and g4, the geometric standard deviation, defines the
width of the distribution on a log scaie. "I’he maximum of the Pareto distribution
occurs at zp and the distribution is defined as zero for < zp. When the power
p in the Pareto distribution becomes small, the distribution approaches the
unmiiorm distribution aiready discussed, aithough 1n the mit p — U the miegral
of the distribution diverges over the range rp < & < oo and the distribution

1Z




must be truncated to zero at large values of #. For p less than I, the formuia
for the mean of the Pareto distribution is more complicated, depending on the
maximurn value of z in the integration. The same applies to the formula for the
standard deviation of the Pareto distribuiion, when p is less than 2.

When the quantity z is an internal dosimefry intake oecurring during a
bioassay sampling interval, there are some additional general considerations [9].
Let At represent the time interval between bioassay sampies. Uonsider the case
where intakes are infrequent, and imagine the limit Af — 0. In this case the
prior distribution has the limit

P(z) — &(xz), (29)

where 8(z) is the delta function. (The delta function, 8(z), is the limit of very
narrow distributions peaked at z = U and having unit integral, | é{z)dz = 1}.
Equation 29 implies that if the bioassay sampling interval is very short, there
will not have been time for any intakes to occur. For small time interval At,
the prior has the iorm

P(z) = 6(x)(1 — AAL) + AAtw(z), {30)

the average number of intakes occurring in time interval At (A is the average
number of intakes occurring per unit time). As a result of these considerations,
1t may be reasonabie 1o mnciude a deila-iuncaon component 1 ithe analytical
form representing the prior distribution.

Y [Numerical experiments using simulated data

In investigating questions such as what effect the assumption of a particular
form of the prior distribution makes, il is usetui to have a controiied experiment,
where we know the correct answer. So, we have performed a series of numerical
experiments using Monte-Carlo generated data. The data were generated from
a fog-normai prior disiribuiion, with normail measurement errors. i.ei z; and
zs be random variables from normal distributions with zero mean and unit
standard deviation. Then the intake = was generated as

* = o exploy21 ), (31)
and the measured value was generated as
y =Y(z)+ o(z)z, (32)

where Y (z) is the forward biokinetic model that relates intake to excretion.
"T'he distribution of measured results for a population of workers in a routine
sampling program might be as shown in Fig. 5, using numerically generated
data. Such a distribution would be made by including only cases where the
preceding bioassay result was zero by some criteria (say y < 1.6450¢), and for
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Figure 5: Distribution of simulated measured urine bioassay results.

long biologicai hali-itie maierials fike plutonium wouid exciiie persons mvoived
in known incidents and persons who were historically positive. The distribution
thus represents intakes occurring during the sampling interval. The fitting curve
shown in Fig. 5 will be discussed in the next section.

10 Bayesian decision theory

‘We will discuss the interpretation of numerically generated bioassay data. Shown
in Fig. 5 is a fit based on the equation

n{y) = NAy fo " Plyjz)P(z)dz, (33)

where n(y} is the observed number of cases with measured values in the b
Ay around y, N is the total number of cases, P{y|z) is the known probability
of measuring result y if the true result is z, and P(z)dz is the unknown prior
probabiiity that the true amount x is in interval dz. ‘tfhe 1 shown m iig. b
is obtained by varying parameters in a representation of P(z), as discussed in
Ref. [8]. In this case the fit, like the generated data, assumes a log-normal form
for the prior distribution, and successfuily reproduces the parameters used to
generate the data, as long as a sufficiently large data set is available, as shown
in Table 2 below.
in Fig. 6 the quantities n{+ }{y) and noly), delined by
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Figure ¥ “Losiiive” and “zero” componenis of iie disiribuiion of sinuiated
measured bicassay results.
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n{(+)(y) = NAy /:o P(ylz)P(z)dx
no(®) — NAy [ Ple)Pa)da (34)

are dispiayed. 11is shows how the Hited modet represeniing toe observed disiri-
bution can be broken down info contributions from the two classes “positive”,
with z > z., and “zero”, with z < z., where as discussed in Sec. 6

z. = 0.1a,, (35)

where o is the measurement uncertainty for zero true amount. Under these
conditions (z. << op),
noly) ~ NAyPoP(yl0), (36)

where

P = /0 " Pz (37)

is the prior probability of “zero”.
The fraction of cases coming from “zeros”, given by

) = ——1ow)
Jole) = Sy ) E) )

is shown in Fig. 7. The fraction fo(y) can be written as

o) = [ “ Plaly)de 39)

in terms of F{zjy}, the probability that the true amount is = given measured
value y. Using Bayes theorem to calculate P(zly) gives Eq. 38.

The quantity fo(y) is the false positive fraction, which should be bounded
by a small quanuty mn order o have a vahd determination oi “positive”’, that 1s

foly) <e. {40)

For exampie, m Fig. © ior a bin somewhere between y = Z. and 30 there
are equal numbers of cases from “positives” and “zeros”. So, with that as the
decision level, the true result may be zero 50% of the time. In internal dosimetry,
where having a small amount of a radioactive substance in one’s body 1s often
emotionally disturbing but probably not physically harmful, it is reasonable
to report an intake only if we are quite certain that the intake has actually
occurred. 'I'hus a smalier false positive Iraction of € = 5%, as obtained from
Fig. 7, is more appropriate than over 70%, which goes along with the usual
classical decision level of 1.6450¢.

‘’he Bayesian analysis aliows us to determine a meaningiul decision ievei
Y., such that if the measured result y exceeds y,, the true result is very likely
positive. For the example shown in Figs. 5, 6, and 7, the normalized decision
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level is approximately ko = y./0¢ = 4 for a maximum false positive fraction of
€ = 5%.

The Bayesian decision level may be expressed in terms of an o just as the
classical decision level, where a gives the fraction of the time the measured result
will exceed the decision level, if the true result is zero. There is basically little
connection between a and the false positive fraction, however the following can
be proven (see Ref. [8]). Let € be the maximum false positive fraction and P,
be the prior probability of “zero” in the Bayesian analysis. Then the Bayesian
decision level always exceeds ko o0, where k,_ corresponds to

€

=% (41)

Xe
using B« 4. ‘T'he quanuty Fp 1s the lalse posiiive fraction without additionai
information provided by measurements, so the normalization in Eq. 41 is nat-
ural. Normally P, is near 1 so it is not an important numerical factor. If we
deline an « that goes along with ihe Bayesian decision level using Bq. 4, this o
will be less than a.., usually much less. In the example, the normalized Bayesian
decision level is k, = 4 which gives

o =3.310", (42)

much less than the false positive fraction € = 0.05 = a,.
‘The analysis 1 the case of remeasurement s the same, except that the
measurement uncertainty standard deviation given by Eq. 2 is decreased by a
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factor of 1/v/N, where N is the number of measurements that are averaged to
make the final determination.

11 Parametric study of Bayesian decision levels

‘I'ne Bayesian decision ievel depends on the prior disiribution, so 11 rmight seem
that it could take practically any value. In fact, for a broad range of prior
distributions, the Bayesian decision level is approximately correlated with the
true positive rate in the popuiation. '1'his is iliusirated in Fig. 8. 'I'he “true”
positive rate is the rate at which measured cases exceed 50. For the prior
distributions shown, the false positive fraction at b0y is very small, so these
events are all “true” positives. 'L'he iog-normal pius o-tunction prior distribution
has the parameters o,, Yo, and A. The strength of the §-function component of
the prior distribution is 1 — A. The values of o4 and X are shown in Fig. 8, and
the vaiue of ¥ 1s varled to irace out each curve shown. ‘LU'ne Bayesian decision
level (for 0.05 false positive fraction) is seen to range from about 30¢ to about
5 op, much larger than the usual classical decision level of 1.6450,.
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12 Bayesian analysis of ‘Iritium bioassay data

As an illustration of the method, we consider the determination of a decision
ievel for a group of aboiit 80 workers on bi-weekiy bioassay for ititium. A ZU0 gL
aliquot of urine is counted for 10 minutes using a liquid scintillator. All bicassay
results that are preceded by a “zero” result are assembled into a data set. These
bloassay resuits represent urine excretion from intakes that may have occuried
in the preceding monitoring interval, and not before, and therefore reflect the
probability that an intake occurred during the monitoring interval.

‘I'he definition of the preceding “zero” is that the measured resuit is beiow
a certain critical level. This critical level is as small as possible as long as a
sufficiently large number of cases are produced. The choice 1.645 0y, which
allows Y5 ¥ of true zeros to measure “gero”, is an upper limit. Using this choice
for the Tritium data, we obtain about 350 cases, using data from the past year.

This data set is histogramed into bins, so an experimental distribution of
measured resuits is obtained. ‘I'nat experimental distribution is then It using
various theoretical models of the prior distribution convoluted with a Gaussian
measurement error distribution. The results of 4 such fits assuming a log normal
prior or a Pareto prior, with or without a ¢-function component are snowr in
Table 3 below.

Table 3: Fits to the distribution of measured Trithnn biocassay results using
different theoretical prior distributions

prior x*/NDF og Yo ggorp A B L, L.joo
(nCi/L) (aCi/L) (nCi/L)

I+d 0.792 5.37 24.6 0.959 0.15 0.85 18.8 3.51

i 0.932 5.42 39102 545 1. 0.7 196 3.61

p+d U.¥2b .47 Ui UZii U534 Ub4 ive 3.61

P 0.95 547 15107% 0177 1.0 066 20. 3.65

‘I'nere are 14 histogram bins, and the number of 1it parameters is either 4 for
the log normal plus d-function case, or 3 for the other cases. The quantity NDF,
the number of degrees of freedom, is the number of data values (histogram bins)
minus the number of fit parameters, it is 1U for the log normal pius ¢-function
case and 11 for the other cases. The value of x?/NDF should be about 1
for a satisfactory fit, which it is. The quantity A gives the prior probability
in the continuous portion of the distribution {not the d-function part). 1t is
automatically 1 for fits that do not have a é-function component. The quantity
P, is the cumulative prior probability up to 0.1 ¢3. The quantity L. is the
Bayesian decision levei for a 5% faise positive iraction. As seen the Bayesian
decision level lies between 3.51 and 3.65 oy, depending on the form of the prior
distribution assumed.
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In contrast, the usuai ciassical decision fevel 15 1.645 oy or 8.83 nCi/L. This
decision level results in a false positive fraction of 85%.

13 Uniolding data to determine muitipie mtakes
Data unfolding depends on causality, that excretion follows intake in time, so
ihat mtakes 11 & given sampiing miervai aifect oniy subsequent urine data vaiues
and not urine data values preceding the intake. Thus, starting with the first
sampling interval, the intake in each sampling interval and its standard devi-
ation is defermined by the nighi-nand urine data vaiue oi that intervai as tne
expectation value and standard deviation of the Bayesian posterior probability
distribution. The excretion expected from previous intakes and its propagated
uncertainty is subtracted to determine if a new Intake has occurred. If, as is
usually the case, the sampling intervals are sufficiently short so that the average
number of intakes in the interval is small, then it is likely that either 0 or 1
Intakes occur in the interval {the probabiiity of muitipie intakes is smaii}. if we
assume the time of intake is the center time of the sampling interval, unfolding
then becomes a sequence of one-dimensional integrals over intake amounts to
determine expectation vaiues and standard deviations of the posterior distribu-
tion (Miller and Inkret 1996). In contrast, the simple unfolding techniques used
up until now have not been probabilistic. The infake in each sampling interval
nas been determined to maich the nghi-hand urine excretion data vaiue exaciiy,
even if the required intake quantity was negative. Also there was no method
to calculate uncertainties in the excretion expected from prior initakes, which is
have oecurred.

It is simplest to discuss data unfolding using prior probability models that
coniain a ¢-tuncuion, representing “no miake”. ‘L’hen the probabiiity of an miake
can be defined as the integral of the posterior probability over all positive values
of intake quantity z, without having to define z..

Alter carrying out the daia unfoiding as described, we obiain & set of mtake
quantities x occurring in each bioassay sampling interval, and we ecan calculate
a probability associated with each intake. If the probability for a certain intake
1S iow, 1% 1S reasonabie 10 drop 1i entirely, and assume No mMtake 100K piace m
that sampling interval. The bioassay data value on the right side of the interval
can then be used in combination with that on the left hand side of the interval
to determine the previous intake.

A computer code (UF) has been developed based on this algorithm. Data
unfolding and calculation of intake probabilities is first done, then the least prob-
able intake is dropped, and the process is repeated, untii aii the remaining intake
probabilities are at least 90 % or some such high value. This method results in
an intake scenario with relatively few, well determined, intakes, well suited to
the regulatory requirement that ail intakes be reported and justiliable.jij An
intake scenario with relatively few intakes results in higher dose estimates for
cases with nonzero dose, as discussed in ref. [8]




14 Discussion

‘We have shown how a Bayesian analysis determines the decision level by spec-
1ying ife maxiunuin ailowed iaike poSilive iraciwn. Lhe prior probaoility as-
tribution must be known. The prior probability distribution can be determined
from data if a snitably large population of results is available.

Miany recipes and descriptions of statisticai methods have been written that-
start with a given classical decision level, for example ko, = 1.645 (o = 0.05) is
often used. Guidance at the rule-of thumb level needs to be corrected to allow
larger and vanabie k,’s, wWith k, determined by proper Bayesian arguments.
The health physicist may run computer codes to analyze results from large pop-
ulations to directly determine decision levels (these codes will be downloadable
trom our Web sitej, or k, Tesuits from similar factiities and work environments
can be used based on professional judgment that the situations are compara-
ble. Choosing k, = 4 is a better guess than %k, = 1.645, which produces in
oSt cases a very mgh Ialse-positive iraction. it is inferesiing that experienced
health physicists have at times used the classical MDA (&, = 4) rather than the
classical decision level as a decision level, because it seemed to produce a more
reasonable rate of “positives”.

A Appendix
We assume a measurement process involving counting. The average value of the
measured resuit ¥ 18 given Dy

where f is a numerical factor, IV is the average mumber of measured counts, and
B is the average number of background counts. The variance of Y is given by

oy =0 H(N — BY + f*(o% +03). (44)

Since counts are usually governed by Poisson statistics (if the physical half
ite 1s fong compared to the count time),

oy =N. (45)
Thercfore,
oy = f2(B+og)+ P(N — B)+ o{{N — B)". (46)
fquation 40 may ve written 1o the rorm
ci(Y)=aj +bY +c¥?, (47)

and we thus find that



usIng tracer methodology {Where the sampie 1s spiked with & known amount
of a tracer isotope, whose activity can be distinguished by energy spectroscopy
from the activity of the isotope of interest),
- N - B’
where A; is the known tracer activity and Ny and B; are the measured tracer
counts and background counts. Neglecting the usually small error in A;,

= /e = ~

f (49)

(50)

f Ny — B, VN
Tor a large number of iracer counts {say /v; ~ 1UUU} al tuil recovery. 'I'hus using

tracer methodology, o5/f is small (say a few percent) so that ¢ is very small,
and b is approximately the factor relating net counts to physical units.
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