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At I.! I we hove used a soph* s i i r .1 , ed non- I I f t^ar ffiu i t Jparaffieter 
f i t t i n g program trv p r o d u c e a b e s t f i t c a l i b r a t i o n c u r v e fo r t h e 
r e s p o n s e of an x - r a v f l u o r e s c e n c e a n a i v . u T t o u r a n i u m n i t r a t e , f r e e z e 
d r i e d , 0 , 2 s a c c u r a t e , R r a v i m c t r i c s t a n d a r d s The program is b a s e d 
on u n c o n s t r a i n e d titnimiz,il ion K u b r o u t l n e , VACUA. The p rogram c o n ­
s i d e r s t h e mass v a l u e d of t h e g r a v i m e t r i c s t a n d a r d s a s p a r a m e t e r s t o 
h»* ( i t a l o n g w i t h t h e normal c a l i b r a t i o n c u r v e p a r a m e t e r s . The f i t t i n g 
p r o c e d u r e weigFits w i t h t h e ^ywecn t-rroTB and t h e mass e r r o r s in a 
c o n v f s i e n t wav. The r e s u l t i n g be s t l i t r a l l h r a t l o n c u r v e p a r a m e t e r s 
re fU 'Cl t lie t a c t t h a t t h e rwisscs of t h e K*.%m1ard s a m p l e ? arc fteau«re4 
q u a n t i t i e s w i t h a known e r r o r . F.rror e s t i m a t e s f o r t h e c a l i b r a t i o n 
turvt- pa fas ip te r" . 1 .m he o b t a i n e d frotr. t h e c u r v a t u r e of - h e " C h i - S q u a r e d 
Hiit r i x " or f rno e r r o r r e l a x a t i o n t e c h n i q u e s . We have 'ihown t h a t n o n -
d i s p e r s i v e XRFA of 0 . 1 t o I mg f r v e z e - d r i e d DNO3 can b / c an a c c u r a c y 
of n . 2 S in 1000 svt , 

KEYWORDS j N o n - 1 I n e a r l e a s t s q u a r e * , x - r a v (luoreficence 
. m a l v M l s , u r a n i u m , t w o - d i m e n s i o n a l c a l i b r a t i o n . 

I.VTRODI-'CTION 

!iu> jjoul of t h e work d e s c r i b e d h e r e was : o be a b l e t o p r o d u c e hf.Rh.lv a c c u r a t e <0.1 10 
i.i.J^l c a l i b r a t i o n c u r v e s of n o n - d e s t r u c t i v e a«Say i n s t r u m e n t s WIKTC t h e a c c u r a c v of t h e 
s t a n d a r d s a v a i l a b l e in the 1 J e l l i n g f a c t o r , o r a t l e a s t a major s o u r c e of c a l i b r a t i o n e r r o r . 

In r e a c h i n g t h e u l t i m a t e a c c u r a c i e s p o s . i M e f o r a p a r t i c u l a r XDA measurement s v s t e m , 
t h e i n s t r u m e n t l o n g - t e r n p r e c i s i f t n i s o i t e n n o t t h e l i m i t Lag f a c t o r , I n e v a r i a b i l i t y of 
sample p r e p a r a t i o n and t h e a c c u r a c y and a p p l i c a b i l i t y of t h e a t a n d a r d s us«d f o r c a l i b r a t i o n 
of t h e i n s t r u m e n t u s u a l l y c r e a t e t h e g r e a t e s t s o u r c e o f u n c e r t a i n t y . * 

Wf have d e v e l o p e d a m a t h e m a t i c a l method of d e a l i n g , w i t h t h e u e t y p e s of e r r o r s in a 
s t a t i s t i c a l l y c o r r e c t way. Our f i r s t tc&t of t h i s method wa* w i t h s t a n d a r d s a c c u r a c y f o r 
x - r a y f l u o r e s c e n c e a n a l y s i s of f r c e z e - d r i e d ? UJJOJ* The s e t h o d can a l s o be • sud t o e v a l u a t e 
t h e i m p o r t a n c e o f s a m p l e v a r i a b i l i t y e r r o r s . The t y p e of c o m p u t e r c o d e w*. h a v e u s e d i n 
t h i s method i s c o m m e r c i a l l y a v a i l a b l e from s e v e r a l s o u r c e s 3 ' * a s a p a c k a g e which r e q u i r e s 
o n l y a s m a l l amount of i n p u t - o u t p u t , u s e r g e n e r a t e d a o f t u a r e . 

METHOD 

Our LL1. XRFA s y s t e m 5 h a s a r e p e a t a b l e p r e c i s i o n w h i c h h a t been measured t o be a . l * 
{two s t a n d a r d d e v i a t i o n s ) . In a t t e m p t i n g t o u t i l i s e t h i s s y s t e m f o r a c c o u n t a b i l i t y m e a s u r e ­
ment* In t h « n u c l e a r f u e l c y c l e , we were c o n t i n u a l l y f r u s t r a t e d by t b e l a c k of b l u b a c c u r a c y 
w i l d s a m p l e s i n t h e mas* rang,* fxtta 10 t o 1000 u g . We w e r e f i n a l l y a b l e t o pt-Klucc UNO} 
s t a n d a r d s b>: a f r c c i e - d r y i n g method w i t h an NBS t r a c e a b l e a c c u r a c y of 0.2X ( o n e s t a n d a r d 
d e v i a t i o n ) . * T h e s e s a m p l e s w e r e t h o u g h t t o Lav* p a r t i c l e a i r e a b s o r p t i o n , b u t b e c a u s e of 
t h e u n i f o r a f i b r o u s n a t u r e 1 o f t h e s e f r e a x e - d r i e d s a m p l e s i t waa e x p e c t e d t h a t t h e a e 
a b s o r p t i o n e f f e c t s would be c a l c u l a b l e t o h i g h a c c u r a c y . We have UK»d 100 of t h e * t 
s t a n d a r d s t o c a l i b r a t e o u r XRFA i n s t r u m e n t . 

S i n e * t h e s a s s a c c u r a c y e r r o r of t h e s t a n d a r d s w*s e s t i m a t e d t o b e t w i c e a* l a r g e a s 
t h e i n s t r u m e n t p r e c i s i o n e r r o r s , w« f e l t i t waa p a r t i c u l a r l y i m p o r t a n t t o i n c l u d e eho mssa 
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uncertainty in the cal ibrat ion procedure. <>ur approach was to trc.it tin- maun vak.es of 
the utandards In exactly the same way as we normally t reat the Instrument's rej^anse tc 
those standard!*. That i s , the moss valut.- o; each standard Is a Rravimeir Ically mt-asurtd 
quanti ty. The gravltaet r leal mass v.ilue, M*, is not the "true roasii" of the standard. It 
d i f fe rs from the t rue mass In a normal uav. The grav lce t r lca l ly measured nass, Mj, has a 
6?X probabil i ty of deviating from the t rue BWISB value by lean tliar. O.Z". We therefore 
created a set oi" parameters which reiresent the t rue mass values, 

>K, I 
I l i 

There is one Xj, or t rue mass, .or each stndard. It is now possible to use these new par 
meters In expressing the instrument response ca l ib ra t ion curvi* equation, YFUN. 

The true mans X[ f<f the standard Is one of the variahlon In the ca l ibra t ion function Instead 
of bvinK o fixed constant. Consequently, the true mass. X[ , may be Hi along with A,B,f,..] 
and ;.?, the "usual" ca l ibra t ion curve fi t paraoeters . 

Tin- resul t ot th i s technique Is to s ta r t froT. a set of Rrav tnet r leal Iv measured stah'tard 
mass values and ccasurctl XRFi\ Instruraent response.-i to those standards and a r r ive at both t lie 
iwist probable, o;' t rue mass, of the standard, rtul th<* SKIS* frol/aul*- H M . - B rf.;>on >• V,IJD,.S. 
Thifi is diagrammed schematically In Figure 1. 

Mtftuirti, .ftttm 
respomsvahit 

Mo*t probable tytiem 
retponie value 

Figure 1. Overall result of .on-linear lca«t squ-»rc« fit ting in a 
•oat probable systen reupon*c value ana a oast probable 
standard *>ass value. 

The f i t t ing procedure t5 accomplished by n cocaet^lally available,* non-linear, uncon­
strained alntnlsation, computer program. The prograa Blnlalzcs the quantity chl-squared. 
Our chi-squared not only Involve* the deviation* In the lnntrusent response froa the ca l i ­
bration curve as Is usual, but txist also include the deviations of the fTavtsetrlc naas 
values frotj the true u a s . The value of chi-«quared per degree of freeJOB IS a Measure of 
the "goodness" of fit of the calibration curv*. and true s>isscs to all the experiments* data 
Our cht-sq,uared la defined In Figure 2. The expression for chi-aquared has two S-JSS of 
weighted, squared deviations. The ftttt of these teras i s s i*U#r to the whcla expression 
used for f i t t ing protxaa* In the past. It i s different in that the true mass, X t la used 
in place of the gt»vls>eiric»lly Measured mass, H|. The second term Is new. and la the sua 
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TO CONSISTENT LY USE BOTH TYPES OF ERRORS 
CHfSQUARED MUST INCLUDE THE STANDARDS 
MASS ERRORS U 

System response 

YFUN IA,. B,. »,.»,. C.IXl] 2 A , m o s t n o r m a | 
CHISQUAREO 

• E 

Standards variations 

fxl-M New contribution 
toCHISQUARED 

Figure 2. Stv iwo-.ilai'nsltmal def ini t ion of chI-squared used in the 
non-linciir f i t t i ng technique. Note the use of true rather 
than gravimetric mass. 

of the squares of the deviations of the measured irwu-s from the true tikiss. weighted by the 
grnvlmctric e r ro r s . The actual ca l ibra t ion curve function, YFbTi, which we u»cd in th i s work 
Is shown in FlRure 3. The function contains three terms; the flrttt term is a constant, the 
sfcuttq is a term that represent* simple masb absorption, and the third term allows for 
absorption In the long chin fibers of USO3 oriented perpendicular to the plane of the sample. 
The fact tti&t the free parameters *-\ th i s function A.^.C.-i ,1-2. ->Xj ' appear as products and 
that the expression for chi-«quared contains Xf's which arc free parameters, d ic ta tes the 
use of a non-linear f i t t i n g program. 

FOR XRFA OF FREEZE DRIED UNO, STANDARDS WE CHOOSE A 
PHYSICALLY REALISTIC MODEL L3 

I I H P I i l f l f l f l ~ Fibtousnaturtolitandaid . - J L - I L - J l - J L - J U - I U J l — , a n m p m k l % „„ t r f K t t 

YFUN 3 A + Bt1-t^» m l+ C l l - a -^ * ] 
y / / 

-^Bsckground 'Normal mau 'Fibrous particla 
absorption iiza atemption 

• Thui th* function bacomts 
YFUN - A + BH-a^ i x ' | + CM-o^a*•! 

Flgurv 3. The actual calibration curve used in this work has a tarn for 
normal mass absorption and also a tern for flbrou* particle 
size absorption. 
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RESULTS 

The final results of ualnR this technique is a "best-fit" value for A,B,C,uj,U2 
and alt cne Xf's as slioun in Figure 4 numerically and Figure 5 graphically. As can be seen 
In Figure 5, 402 of the under response ia due to simple mass ahsorption and 60S is due to 
particle size absorption. 

THE FINAL RESULT OF THIS TECHNIQUE IS -La 
• A ttt of most probibll fnodfl piramatfn 

Y F U N - 1.02 X 1 0 ' » < . 6 X 10 5 [ I - * " 2 ' • 1 0 " " * | < 5 .6x 10 s I ' - « - • ' ' <•>"*») 

I I I 
Background Normal Fibroui particle 

mtts abtorbtioo H M ibsorbtion 

• A set ol moil probable standard valuts 

;< DAT* K FIT RES'SIOP* SI On* * '34F»00 d ?aJE«Pfi ' 589E»00 1 OQOE'O* •' 4^VE'10 A 341E-00 l >86E*00 l 000E - 0> fi sriE'OO 9 59"C«0i -t 334E-P1 I OOOF.-Qi 

Figure 4. Actual numerical r e su l t s of our f i t t i ng method showing nur 
best fit parameters. 

PARTICLE SIZE AND MASS ftBSORBT ION ARE APPROXIMATELY EQUAL L5 

Mast ol standard -

Figure 5- Graphical representation of our best fit calibration curve 
showing the normal mass absorption, 40%, and the fibrous 
particle size absorption, 60i, under responses from the 
linear. 
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ERRORS 

A non-lintar leas' squares fitting program docs not use simple matrix inversion to 
obtain a unique best fit value for each free parameter and consequently does not produce a 
unique error matrix for the free parameters. However, estimates of the overall error is 
possihJe by two methods. In the first method, the curvature of chi-squared space near the 
best fit value of each parameter Is an Indication of the sensitivity of the fit to that 
parameter. The second and more useful method is to relax the errors on the gravimetric 
masses and/or the Instrument response precision until a chl-squarcd per degree of freedom 
of approximately three Is obtained. A chi-squared per degree of freedom of three means the 
probability that all the fit parameters are within one standard deviation of their "correct" 
value Is 67%. We were able to obtain a chi-squared per degree of freedom of three by re­
laxing the instrument response errors to 0.2-. The conclusion we draw from this is we 
should accumulate counts on an unknown sample until the precision of the response Is 0.1Z 
and then the error we assign to the measurement of that sample will be 0.2Z (1 slgma). 

SUMMARY 

We have fou id t h e n o n - l i n e a r f i t t i n g t e c h n i q u e s a s d e s c r i b e d h e r e t o be a power fu l 
method of c r e a t i n g r e a l i s t i c c a l i b r a t i o n c u r v e s f o r an NDA i n s t r u m e n t and a p a r t i c u l a r 
st .-ind.irds s e t . The method u s e s b o t h t h y g r a v i m e t r i c mass e r r o r s and t h e i n s t r u m e n t r e s p o n s e 
i - r r o r s in >> M at i s t J r a l l y c o n s i s t e n t way. I t I n c o r p o r a t e s t h e i n d e p e n d e n t g r a v l m e t r i r 
BiNisurcaent of t h e s t a n d a r d s in t h e c a l i b r a t i o n c u r v e p a r a m e t e r s t ' m s e x t r a c t i n g a l l t h e 
e x p e r i m e n t a l i n f o r m a t i o n A v a i l a b l e fo r t h e i n s t r u m e n t r e s p o n s e and t h e s t a n d a r d s s e t . I t 
d e t e r m i n e s t h e a c t u a l most p r o b a b l e v a l u e of each s t a n d a r d b a s s . I t a l l o w s s e n s i t i v e 
s e l e c t i o n among t h e c a l i b r a t i o n c u r v e m o d e l s . I t e l i m i n a t e s t h e need t o c r o s s measure 
s t a n d a r d s , and i t a l l o w s a r e a l i s t i c a p p r a i s a l of t h e o v e r a l l a c c u r a c y e r r o r of an NDA 
I n s t r u m e n t and i t ' s s t a n d a r d s . 
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