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MINIMIZING THE COST OF SPLITTING IN MONTE CARLO

RADIATION TRANSPORT SIMULATION
by

Raymond John Juzaitis

ABSTRACT

A deterministic analysis of the computational cost

" associated with geometric splitting/Russian roulette in Monte

Carlo radiation transport calculations ie presented.
Apptopriate integro-differential equations are developed for
the first and second moments of the Monte Carlo tally as well
as time per particle history, given that splitting with Russian
roulette takes place at one (or several) internal .urfaces of
the geometry. The equations are solved using a standard S,
(discrete ordinates) solution technique, allowing for the
prediction of ;ompﬁter cost (formulated as thc product of
sample variance and time per particle history, g&Tp)
assoclated with a givei: set of splitting parameters. Optimum
splitting surface locations and splitting ratios are
determined. Benefits of such an analysis are particularly
noteworthy for transport problems in which splitting is apt to
be extensively employed (e.g., deep penetration calculations).



CHAPTER I

INTRODUCTION AND BACKGROUND

The sections comprising this introductory chapter serve to provide
a very general overview of the Monte Carlo computational method. Var-
jance reduction in Monte Carlo calculations is discussed, and the use
of splitting as a variance, reduction device is addressed specifically.
The information in this chapter is presented solely to provide the
proper context for understanding the particular nature and goals of
this dissertation. For a more detailed discussion of the Monte Carlo
method, the reader is directed to several other comprehensive refer-
ences.ls253

1.1 The Monte Carlo Method of Radiation Transpcrt Simulation - an

Overview

The Monte Carlo method for solving radiation transport problems
has developed considerably since its introduction at the Los Alamos
Scientific Laboratory during World War II. Because it is essentially a
method of statistical trials, Monte Carlo is highly computer intensiv>.
and its popularity as a viable calculational tool is quite dependent on
the evolutionary level of computer technology. Thus, whereas in the
1950's and early 1960's the method was decried as a "method of last
resort" to be used "only when no other method is available,"# neverthe-
less by tne late 1970's it had gained broad popularity in treating
radiation transport problems. This occurred mainly due to the develop-
ment of better, faster computers with enhanced memory capacity (for

example, the CDC-7600), as well as the implementation of efficient



varianée reduction techniques in the Monte Carlo calculations themselves.
The need for detailed solutions to problems, such as those involving
complicated three-dimensional geometry, calculation of resonance escape
probabilities and self-shielding effects, strong localized absorption,

or mixed streaming/diffusion effects (to name just a few) has in many
cases made Monte Carlo a more viable calculatioral tool than the more
standard numerical techniques which normally suffer from various degrees
of simplification.

With standard deterministic methods (Sn, for example), an extensive,
global description of the radiation field is calculated by solving the
Boltzmann integro-differential transport equation for the radiation
flux. Of course, the sdlution is obtained numerically, usually based
on an appropriate level of simplification either of the transport
equation itself or else in the transport model being comsidered.

On the other hand, the solutioms to radiation transport problems
by Moute Carlo are constructed by a random sampling of elementary
statistical processes, all of which are described by appropriate prob-
ability distributions and based on the best cross-section data avail-
able. The interactions of radiation (meutrons or gamma rays) passing
through matter are stochastic in nature. The modeling of these real-
world processes in the course of a calculation by selecting values for
stochastic variables from unbiased probability densities results in an
analog (direct simulation) calculation. Monte Carlo, then, is merely
a stochastic experiment performed on a digital computer as an analcg to

the physical particle transport process. The goal of this numerical



experiment is to obtain statistically valid estimates of certain quan-
tities which depend in some way on the radiation field existing in a
medium.

Particles are followed collision by collision from “he source to
eventual termination. Since only neutral particles are being consid-
ered here, they are not affected by any significant long-range forces;
hence, they travel between collisions at constant velocity for dis-
tances that are distributed statistically. Changes in energy and
direction of travel occur only at collision points. Moreover, at
collision sites the interaction physics are simulated in detail, and
in the general case some type of scattering, multiplication, or capture
may be candidate events. Termination of a history may be caused by
absorption in the medium or by the particle attaining phase-space
coordinates (for example, position, direction, energy) outside the
range of interest for the given transport problem.

At any point during its history, a particle is totally character-
ized by its phase-space parameters. The seven-dimensional phase-space
vector is comprised of (in general) three Euclidean spatial coordinates,
two independent directional coordinates, the kinetic energy of the
particle, and time. These phase-space parameters are sufficient to
determine the probabilistic behavior of the particle in any situation
it may encounter during its history. Monte Carlo thus generates random
walks in phase space. From the "point of view" of the computer, the
random walk is merely a succession of phase-space vectors. Formally,
it is sometimes useful to consider the Monte Cario calculation as

simulating a Markov process.5 The defining feature of a Markov process
3



is that the probability of state-to-state transition depends only on the
current state and not on the previous history of the system. The
physical (neutral) particle transport process follows this Markovian
behavior--a particle proceeds from source to termination through a
series of poipts in piuase space (states), i.e., the points correspond-
ing to particle-medium interaction sites. A transition in phase space
is determined only by the phase-space coordinates at the current colli-
sion site, not on the previous history of the particle. Monte Carlo
thus models a terminating Markov chain.

During the execution of the random walk, a particle may contribute
to one or more tallies, i.e., quantities of interest used to estimate
current, flux, heating, etc. The total score over the history in a
particular tally category is one particle's estimate of the correspond-
ing functional being evaluated.

When random walks geherate collisions in phase space, a solution
to the Monte Carlo transport problem may be formally expressed as an
integral quantity involving scme contribution function h(R) weighted by

the collision density F(R).! Thus,

x=fh(3)F(3)d_rg . (1.1.1)

Here X is the functional to be evaluated by the Monte Carlo calculationmn.
The above integral is taken over all of phase space, and R represents
generalized phase-space coordinates.

Carter and Cashwelll derive a formal expression for the Monte Carlo
solution by first writing a simple version of the integral tramsport

equation for the collision density:



F(R) = fx(g’ > RFR)AR" + 5. (B) (1.1.1a)

vhere S (R) represents the first-collision density and KR + R) is the
transfer kernel from R” to R. Thus, the collision density at R is made
up of particles coming into collision at R after having suffered a
previous collision at Bf, as well as particles coming into their first
collision at R from the source. An expression for the collision density
at R™ [that is, F(R")] may be written analogously to Eq. (l.1l.1a) in
terms of F(gf’), and this may be substituted in Eq. (1.1.1a). The pro-
cedure may be repeated for the collision density in each successive
integrand, ultimately resulting in an infinite-~series representation for
F(R). This Neumann series may then be substituted back into Eq. (1.1.1)
to yield an expression for the Monte Carlo solution:

)

X= E [f‘fsf(ﬁo)g(ﬁo)ﬁ(go s ,131)8(_1&1)8(51 - 52)
n

seeg(R_1)BRy_1 > R)ARERY:Ry 5.0 ARy * = d‘gnJ .
(1.1.2)

where

u(gn) absorption probability at R, ,

n

g(gn) non-absorption probability [= 1 - a(R,)],

B(Bn_l -+ Bn) = normalized transition kernel; i.e., the
probabiiity of entering the next cellision
at R,, having entered the present colli-

sion at En—l'

In writing Eq. (1.1.2), the transfer kernel K has been factored into



constituent probability functions and several factors have been com-
bined with h(gn) in expressing £, the Monte Carlo score.

The leading part of the integrand in Eq. (i.1.2) expresses the
probability for a particular random walk. The probability of the
particle experiencing its first collision in dgo about R, is expressed
by sf(go)dgo. Subsequent factors represent the probability of a series
of intermediate non-absorbing collision events. The particle is
finally absorbed at Ry with probability o(R,). The score (or tally)
resulting from a particular random walk upon termination at R, is ex-
pressed as E(BO’BI""’Bn)' The tally contribution of a particular
history, &, is a random variable defined on the space of all random
walks. The expected value of & over the distribution of random walks
is shown by Eq. (1.1.2) to be equal to the Monte Carlo estimate of
interest; i.e., <§> = X. Although the formulation of Egy. (1.1.2)
implies a last-event estimator, the foregoing statement generalizes to
all estimators.

As can be seen from the discussion above, the analytical essence
of Monte Carlo is formally embodied in an analog probability model
which is based on the physical behavior of neutrons as described by the
Boltzmann transport equation. (As will be seen, this notion underlies
the theoretical considerations upon which the work presented in this
dissertation is based.) Furthermore, the result of a Monte Carlo
calculation, namely the expected value of an appropriate estimator over
all random walks, effectively represents (in an integral sense) the

Neumann series solution to the integral transport equation.



Nevertheless, apart from analysis, there is no need to resort to

mathematical formalism in order to understand the practical nature of

the Monte Carlo method. The main elements of the calculation are

depicted graphically by referring to a generalized flow chart® (see

Fig. 1) and the following corresponding text:

&)

(2)

(3)

(4)

(5)

By sampling the appropriate source distributions, the
initial position, direction, energy of the primary
particle are set.

The distance to the first collision D, is sampled, and
the distance to the nearest surface Dg along the line
of flight is calculated.

If D, < Dg, a collision results, and the neutron is
advanced to the collision site. Otherwise, the
particle escapes to another region along the same line
of flight without interaction; it is advanced to the
surface.

If a collision occurs, appropriate sampling allows for
determination of the isotope undergoing interaction as
well as the particular reaction tyre. The particle's
phase-space parameters are then updated and tracking
continues ("tracking" here refers io following the
random walk of the particle).

If a surface is intersected, the cell to be entered

is determined. Geometric splitting or Russian roulette
(see section 1.4) may take place. Any extra sub-
particles produced by the splitting event are stored

in the bank. ("Sub-particles" here refer to the
progeny resulting from a splitting event, the sum of
whose weights add up to the weight of the original
particle which was split.) Tracking then continues

in the new cell.

Tracking continues until some category of termination
1s encountered: escape of the overall geometry,
geometric Russian roulette, or cutoff in weight,
energy, or time. The chart in Fig. 1 implies the
treatment of absorption by survival biasing; that is
the weighting-out of absorptions by appropriately
reducing the particle's weight at each collision.

In this case, an appropriate weight-cutoff game may
be played.
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(6) After termination of the primary particle, all
secondaries or sub-particles which were produced
by the primary (either by multiplication events
or splitting) are retrieved from the bank and
tracked. Otherwise (if the bank is empty), the
history is complete.

It should be noted that during the tracking process as illustrated
in Fig. 1, scoring may take place both within cells (cell tallies) or
on surfaces (surface tallies).

Thus, all formalism aside, the intrinsic beauty of the Monte Carlo

method derives from its conceptual simplicity as a direct simulation of

the physical particle transport process.

1.2 Monte Carlo Estimation and Statistical Error

As we have seen, the tally score resulting from a given random
walk is a random variable ia the serse that a real-valued function is
assigned to an event (or outcome) of the sample space (in this case,
of random walks). If an appropriate, unbiased estimator is used for
scoring purposes, the expected value of the tally score over all random

walks constitutes the Monte Carlo estimate of the given quantity of

."
interest. Quantities such as average flux over a giyén region, flux
g
at a point, heating in a given region, total number #f collisions in a
/

/

certain cell, neutron curxent crossing specified bandaries, etc., may

be estimated in this manner.

The arithmetic mean of the score over N indepe¢ndent particle

histories is expressed as

(1.2.1)



10

and this sample mean is used as an approximation to the true mean, or
evpected value. (The expected value <&> ig the first moment of § with
respect to the probability density of random wa2lks.)

Corresponding to the mean. sample estimate is an associated
probabilistic error arising from the statistical behavior of the
particles. It is of prime importance to establish a quantitative error
bound, i.e., a confidence level on the estimate in question. For this
reason the Central Limit Theorem plays an important role in Monte Carlo
Analysis.l’3 Briefly stated, if El, 52,..,,€N, is a series of izde-
pendent random variables (distributed according to the same probability
distribution), and these random variables have a common true mean <>
and standard deviation Og» then the sample (arithmetic) mean is
normally distributed about the true mean as the sample size increases

to infinity in the sense that

b
rim  Prob zas[g;—;?—i_ﬁl]sb} - —',;—% f V12 g (1.2.2)
a

The Central Limit Theorem allows for the calculation of the prob-
ability that E will deviate from <£> by more than a given amount. Tt
permits one to quantify meaningfully the uncertainty associated with a
Monte Carlo estimate.

One of the most important measures of central tendency in
statistical ‘distributions is the variance. In order to provide
practical significance to the Central Limit Theorem, it is necessary to

be able to calculate the variance of a Monte Carlo sample estimate,



082. Formally, if p(c) denotes the probability distribution of random

walks c, then the variance is defined as the second central moment of

the random variable, that is, the second moment about the mean:3

0,2(%) = [ [E(c) - <€>}% p(e)de = <€2> - <g>2 | (1.2.3)

As with the mean, the sample variance is usually determined approxi-
mately and in terms of the first and second sample moments. In fact,

it can be shown7 that a consistent and unbiasrd estimate of the variance

may be calculated as follows:

N N 2

—~2..__N 1 2 _ (L

528 = =7 |5 E £2 NE Es (1.2.4)
1=1 i=1

where, for large sample sizes, it is valid to consider the 1ea§ing
factor as unity.

The expression for the variance given in Eq. (1.2.4)formulates the
variance of N sample estimates about their mean. It is also of interest
to calculate the variance of the sample mean about the true mean which

may be expressea as

2
_ c_ (&)
2 (E) = —fﬁ;-*- , (1.2.5)

and this allows for the formulation of the relative error of a Monte

Carlo estimate as follows:

11



K

(1.2.6)

E 2= = R — —
g

o(E) o () 1 85(5)
r <g> M<E> VN '

The latter quantity is used in most applications as the prime statis-
tical indicatcr for Monte Carlo results.

Obviously, it is desirable to calculate a quantity with as low a
relative error as possible. Due to the inverse square-root dependence
on the number of histories, efforts to reduce Er by increasing N are
met with diminishing returns as N Dbecomes large. The key practical way
for reducing the relative error associated with Monte Carlo estimates,
however, is to medify the calculation in order to yield results which
are accompanied by a lower sample variance 5;2.

Nevertheless, as will be emphasized time and again in this dis-~
sertation, reducing the relative error is only a partial solution to
the problem of ensuring efficiency of the Monte Carlo calculation. The
real goal is to produce an estimate with a relavive error that is as
small as possible for a fixed amount of computer time, or, in other
words, to achieve a prescribed relative error with a minimum of

computer time.

1.3 Variance Reduction by Importance Sampling

If a Monte Carlo calculation were to result in a series of
estimating random variables (scores) which were rloser in magnitude to
thelr mean value, the sample variance would be reduced. This, indeed,
is the goal of all variance reduction techniques. Many such modifica-
tions to the Monte Carlo calculation are employed. A few examples are

source biasing, the use of improved estimates involving expected values,



and survival biasing, i.e., the weighting-out of absorptions. However,
the method important to this work and upon which emphasis will now be
placed is a broad class of techniques known as importance sampling.

In section 1.1, it was tacitly assumed that the Monte Carlo
calculation being considered was a direct simulation, or analog calcu-
lation; that is, the probability deusities being sampled in the course
of the random walk ccrrespond to the exact source and transition
distributions as dictaed by the physics of the particle transport
process. When importance sampling is employed, however, sampling
takes place from biased, or fictitious, density functions.

In most Monte Carlo transport problems, the rature of the func-
tional being estimated is such that a great many (if not most) of the
particle histories, when tracked in an analog manner, do not contribute
at all to the estimation. This large number of zero-contributions has
an adverse effect on the sample variance. Probably the prime examples
of such behavior are radiation transport problems involving deep
penetration.

As the name implies, importance sampling is a biased sampling
scheme which emphasizes the more important regions of the problem.
Specifically, the analog transition probabilities are disterted in a
manner which preferentially transports particles to points in phase
space from which significant contributions to a given Monte Carlo tally
are expected. In other words, a greater number of particle histories
results in some non-zero estimate of the functional. Correspondingly,

the variance is reduced.

13
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Suppose that the fictitious density functions which are sampled in
the course of such an altered scheme result from the appropriate weight-
ing of the analog densities by an importance function I(R). For
example, recalling the transition pfobabilities alluded to in

Eq. (1.1.2),

TRi4y)
B(B'i +_Ri+1) = B(-Ri > B'i+1) X —I—(—B:}— . (1.3.1)

Here B and B are the biased and analog probabilities, respectively. The
importance Function I(R) represents an approximation to the expected
contribution to the tally of interest from a particle starting out at
phase-space location R. In fact, if the solution to the adjoint
Boltzmann transport equation is used as the importance function in
weighting the analog transition probability densities B [as well as Sf
and o; see Eq. (1.1.2)]; it can be shown that a zero-variance estimate
may result.1 Of course, the solution to the adjoint equation is just
as difficult as the Monte Carlo problem under condsideration. For this
reason. simplified importance functions which serve as approximations
to the adjoint are used in most applications to modify the transition
kernels.

Nevertheless, no matter what the exact form of the importance
function is, all distortions to the analog probability densities must
be accompanied by a suitable weight modification to the history score
in order to preserve the unbiased estimation of the functional in ques-

tion. If p(c) is again considered to be the generalized probability



density of random walks c, then the effects of importance sampling may
be summarized concisely. Recall [see Eq. (1.2.3)] that the variance of

a Monte Carlo estimate may be formulated in terms of the first and

second moments of the score:

2
052(5) = f&z(c)p(c)dc - [fi(c)p(c)dc] . (1.3.2)

Now, if p(c) represents the modified probability density of random

walks, the score £(c) must be modified by an appropriate weight factor:

-

E(c) = E(c) X Wt = E(c) X [Bﬁﬁ%] . (1.3.3)
p(c)

The first and second moments of the altered score may then be formu-

lated as follows:®

<> = f E(c)p(c)de = / a(c)[f—z%lﬁc)dc = <&, (1.3.4a)
P (o4

and

<2 = / £2(c)p(e)de = f £2(e) [-;—.%] (c)de # <t2> . (1.3.4b)

As is indicated by Egq. (l.é.ha), the first moment (expected value)
of the score obtained from the altered sampling scheme is Identical to
the analog mean. On the other hand, the second moment corresponding to
the altered scheme may be lower than the analog second moment if the
weight facter (p(c)/p(c)) is less than unity whenever the contribution

£(c) is significant. Note that trying to achieve zero variance implies

15



keeping the product §'= g x (g), hence the modified score, approximate-
ly econstant (equal to the mean).

Employing importance sampling in a Monte Carlo calculation results
in the construction of a fictitious collision density which is not
described by the Boltzmann transport equation. Nevertheless, if ome
interprets the particles being tracked as "carrying with them” the
appropriate weight modifications {(rather than saving all the weight
factors until a score is made), then the expected weight density about
to undergo a collision at R satisfies the transport equation as does

the true analog collision density.

1.4 Splitting as a Form of Importance Sampling

The technique of splitting is probably one of the most widely
employed variance reduction methods in Monte Carlo particle transport
calculations. (Note that the concurrent implementation of Russian
roulette, the counterpart of splitting, is implicitly considered in
this discussion.) Owing to its conceptual simplicity, ease of imple-
mentation, and its effectiveness over a wide range of problems and
broad range of implementation parameters, splitting has acquired the
distinction of being a simple variance reduction technique to use,
associated with little danger for avuse. Unfortumately, possibly due
to its straightforward applicability, splitting has received little
academic attention, and formal studies/analyses of the technique are

very scarce in the literature.
Splitting and Russian roulette modify the Monte Carlo calculation

by ensuring that a proportionately greater amount of computational



effort is spent on particles that enter regions of phase space from
which there is a higher probability of contributing to the Monte Carlo
tally. Although it is possible to discuss formally the implementation
of splitting in phase space, conventicnal splitting/Russian roulette
methods, e.g., as in the MCNP code,9 are restricted to geometry and
energy. Moreover, energy splitting and geometry splitting are invoked
independently of each other. Only geometry splitting is considered in
this work. The mechanics of the technique may be summarized as follows
(with reference to Fig. 2).

The problem geometry may be divided into regions of varying impor-
tance (region importance being defined by the user as an input param-
eter). Splitting or Russian roulette is invoked when a particle is
about to enter a new gecmetry cell. If the importance of the newly-
entered cell is greater than that of the old cell, i.e., In+1 > In’ thken
the particle with an initial weight w is split at the boundary between
regions into a larger number m of sub-particles according to m = In+l/In'
{(For the purpose of this work, m is considered to be an integer.) Each
sub-particle has a reduced weight: w’™ =w - (In/In+l). Thus, sub-
particles are particles of reduced weight which are formed at the
splitting event. At the instant of the split, the sum of the weights of
all sub-particles is equal to the weight of the parent particle; their
phase-space parameters at this point are identical to those of the parent.
This splitting procedure effectively gives a particle history an increased
chance of accumulating via the sub-particles a (statistically weighted)
contribution to the tally. On the other hand, if a particle enters a

cell of less importance (In+1 < In)’ then it survives Russian roulette
T
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Before Entering a New Cell

SPLITTING
Yes In+1/In particles
are created with
weight= w x (In/In+l)'
Yo
RUSSIAN ROULETTE
Particle survives
with probability = | Yes
In+1/In°
Surviving particle
has weight =
w X (In/In+l). No
Particle continues
unchanged.
Continue
o -l
Calculation
Figure 2. Flow Chart Indicating the Processing of

Typical Monte Carlo Calculation.

Geometry Splitting/Russian Roulette in a




with a probability In+1/In' If the particle survives, its weight is
enhanced: w’™ = w * (In/In+l). This reduces the computer time that
could be wasted on particles that will probably not contribute a score
to the tally of interest but still keeps the calculation unbiased.

It is important to note the justification for the reduction in
sample variance which accompanies splitting when this technique is used
in Monte Carlo. The effect of splitting is to increase the sampling
rate of points in phase space from which contributions to the tally are
expected. Since a given random walk is apt to sample important regions
more extensively, it is intuitively clear why splitting is considered a
form of importance sampling. When particles enter important regioms,
their "success' is rewarded by splitting. The process gives each
"lucky" history, as it were, an extra chance to tally. The effect is
to decrease the number of zero-contributions. Also, the implementation
of geometry splitting in combination with Russian roulette allows {given
there are no other weight-modifying processes) all particles in a given
importance region to have the same weight--obviously having a favorable
effect on the sample variance.

More specifically, though, splitting causes a reduction in variance
by grouping the tally contributions of independent random walks closer
together. This is demonstrated with a simple example involving a semi-
infinite, purely absorbing slab with a normally-incident flux of
particles. The tally of interest is the transmission through the slab.
Assume a Monte Carlo sample size of 1000 histories, and the expected

value for the transmission is X = 0.50.
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Playing a purely analog Monte Carlo game (no splitting), each
history can contribute only a 1 or 0 to the tally. The following
sample estimate and variance may represent a possible outcome of the

analog game:

_ 500 x (1.0) + 500 X (0.0) _ o &9

X 1000 R and

=2 _ 500 x (1.0)% + 500 x (0.0)
s 1000

- 0.25 =0.25 .

However, if each particle is first split at the source into two sub-
particles (each of weight 1/2), then each history can score either 0
(if both sub-particles fail to traverse the slab), 1/2 (if one of the
sub-particles traverses the slab), or 1 (if both particles score). The

altered game may yield the following results:

- .0) + .50) + .
% = 250 X (0.0) + 500 Idég 50) + 250 x (1.00) _ 5, , and

— 2 2 2
OSZ - 250 x (0.0)% + 5001;080.50) + 250 x (1.0)< 0.25 = 0.125 .

The sample variance in the second game was reduced because of the
reduction in the number of zero-contributions as well as the fact that
the tally scores were grouped closer together than was possible in the
analog case. Splitting thus allowed for the sharper peaking of the
tally score distribution about the mean value. (Note that since the
game with splitting also took twice as long to process, there really

was no true cost benefit vis a” vis the analog game. Nevertheless,



this simple example was inciuded only to show the favorable effect of
splitting on sample variance.)

In concluding this section, it should be stated that due to the
conceptual simplicity of the technique, the formal (rather than prac-
tical or intuitive) characterization of splitting as an importance
sampling device is elusive in the sense that analog probability
densities should be weighted by an importance function to produce
fictitious densities. However, Kalos et al.,10 have formally inter-
preted splitting as a modification of the transport kernel. The

argument is outlined in Appendix A.

1.5 Statement of the Problem

Having discussed the concept and implementation of splitting (and
Russian roulette) in Monte Carlo calculations, it is now pessible to
address the specific nature and purpose of the research work which
comprises this dissertation.

Although splitting's general effectiveness, conceptual simplicity,
and ease of implementation have resulted in its being dubbed as "easy
to use, hard to abuse," unfortunately abuse is not impossible. For
example, by failing to split enough, the sample size in important
problem regions may drop so low that information may be lost in these
regions. On the other hand, overuse of splitting may result in the
wasting of valuable computer time due to the tracking of a huge number
of sub-particles which do not aid proportionately in the reduction of
variance. As with most other variance reduction devices, the imple-

mentation of splitting requires some a priori information regarding the
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specific values of importance sampling parameters. Unfortunately, too
many times these parameters are defined by resorting to educated guesses,
usually based on the experience and/or insight of the user. Because of
the lack of a more analytical basis for specifying these parameters, the

implementation of such a variance reduction technique becomes more an

8

art and less a science.

In the case of geometry splitting, the user is required to supply
information in order to specify the splitting parameters, namely:

(1) how many splitting surfaces to employ, (2) where to locate them, and
(3) what relative importances should be assigned to different regions.
Sometimes the importance regions are already implicitly defined geomet-
rically by the problem itself. More often than not, rough guesses must
be made by the user (hopefully backed by experience} in the process of
defining the splitting parameters. Luckily, splitting may be effective
when such rough guesses are made. This is not always the case, however.
As was noted above, misuse is possible.

Of course, there are several heuristics (or rules of thumb) which
may be employed by the user in order to help eliminate the guesswork
involved in locating splitting surfaces. A few of these (which are not
necessarily recommended) are listed below:10,11

- Split by a factor of 2 for every mean free path
traveled (defined at some average energy),

- Locate splitting surfaces at locations a; (j = 1,2,...)
in a slah, chosen so that the probability of a particle
reaclting aj would be Z'j,

- Split by 2 whenever the particle flux falls by a factor
of 2.



Macdonald, et al.,6'8 have addressed the problem of splitting-
parameter specification and have attempted to relieve the user of some
of the a priori quantitative decisions that are required with regard to
specifying splitting parameters by having the surface locations
"learned" in the course of the calculation. In their work, phase-space
coordinates are appropriately reduced and correlated to produce a
feature space. Decision surfaces are then used to separate the feature
space into importance classes. Using the techniques of pattern recogni-
tion, prototype particle histories are processed and splitting surfaces
are learned in phase space. Such techniques, when implemented in a
general-purpose Monte Carlo code, have had a favorable effect on the
calculational cost in many cases. Nevertheless, the user is still
required to supply the number of splitting surfaces to be learned as
well as information needed to construct the feature space. Moreover,
and most importantly, there are no assurances that the "“teacher classi-
fication” of prototypes is performed so :.3 to result in the learning of
the optimum surface locations.

The statement of the problem to be addressed by this dissertation
may be formulated then quite simply. Generally speaking, it is desir-
able to place the selection of splitting parameters on a more sound
analytical basis. The aim of this dissertation is to employ an appro-
priate numerical technique in order to deterministically predict the
efficiency of a given set of splitting parameters in a Monte Carlo
calculation. Given a fixed transport model, the goal is to ascertain
the existence of and to quantify those splitting parameters which lead

to the most efficient calculation of a Monte Carlo estimate. This
23



includes finding the optimum locations for the surfaces as well as the
optimum values for the importance ratios characterizing adjacent regioms.
Before proceeding further, it is important to define an appropriate
quantitative indicator with which it is possible to judge the relative
efficiency of a Monte Carlo calculation. A consideration only of the
variance is simply not enough. A variance reduction method could te
successfully implemented in a calculation but only at the expense of
such coding complexity and so many additional calculations per particle
history so as to render the calculation inefficient and impractical.
For example, as was discussed in section 1.4, splitting reduces the
variance of a sample when compared to an analog calculation. However,
the technique also introduces new operations requiring an extra amount
of time per particle history. These extra operations include (for
geometry splitting only):
1) performing the splitting and Russian roulette operations
themselves and storing the new sub-particles produced
by splitting;
2) an increased number of geometry-related operations due
to the definition of new splitting surfaces which do
not correspond to pre-existing geometric boundaries
(thus an additional number of surface intersections
and new geometry tracking calculations is involved);

and

3) tracking of all the new sub-particles introduced as a
result of splitting (including the extra tally updates
involved).

A more appropriate measure of computational efficiency is the total
computer time involved in achieving a given relative error in the cal-
culated estimate. The following expression may be derivedl? for the

total computer time T:



-1
T = [#r2<€>2] (ESZTR) . (1.5.1)

Here E = relative error to be achieved,

<g> = expected value of the estimating random
variable (score),

0.2 = sample variance of the score, and

= mean computer time per particle history.
Since the factor [Er2<&j>2]—l is method-independent. whereas (Osztp)
depends on the method of calculation, it may be concluded that the

latter factor is the correct indicator for the relative cost of a calcu-

lation. Thus, for the purposes of this dissertation, we will define

the cost function as:
= 2
fc = GS Tp . (1.5.2)

This is the figure of merit which will be used for judging the cost-—
effectiveness of a particular splitting scheme, i.e., in locating

optimum splitting parameters. A reduction in sample variance will be
judged against the corresponding increase in the amount of time spent

processing a particle history.

1.6 Organization of the Dissertation

General background on the Monte Carlo method for solving radiation
transport problems as well as the variance reduction technique of
splitting/Russian roulette was presented in this chapter. Chapter II
contains a review of some previous work by Everett and Cashwell which
constituted the theoretical seed for this dissertation, as well as a

semi-chronological overview of the development of the general theory of
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Monte Carlo errors. The analysis of splitting costs, which constitutes
the most important aspect of this thesis, is based on the theory of
errors. The characteristics of the transport model as well as the
nature and scope of the analysis which was involved in this research

are presented in Chapter III. The main theoretical development in
formulating the moment equations for the Monte Carlo score and time

per particle history (assuming a single splitting surface in the

problem geometry) is contained in Chapter IV. The results of an
extensive numerical study designed to find optimum spl”® 'ing conditiomns
for various values of transport model parameters are also presented.
Chapter V generalizes the analysis of Chapter IV to the case of multiple
splitting surfaces and also contains some numerical results, including

a comparison of splitting costs associated with Monte Carlo calculations
employing optimal versus heuristically-prescribed values of splitting
parameters. Finally, Chapter VI is reserved for conclusions and recom-

mendations for future work.



CHAPTER II

PREVITYUS STUDIES AND RELATED WORK

The material in Chapter II may still be regarded as introductory
in nature. However, the information presented is quite specifically
related to the original work comprising this dissertation. First, a
summary of some previously reported analytical work by Everett and
Cashwell is presented in order to introduce the basic features of
splitting cost analysis. A discussion of these analytical results also
allows for a clearer and more precise definition of the starting point
for the original work of this dissertation. The second section of
Chapter II provides a somewhat historical sketch of the development of
the theory of Monte Carlo errors. The theoretical groundwork repre-
sented here forms the basis for the analysis used in this research to
deterministically predict the computational cost associated with the

implementationr of a particular set of splitting parameters in a Monte

Carlo calculation.

2.1 Work of Everett and Cashwell on the Purely Absorbing Slab

The first published results dealing with the quantification and
optimization of the cost of splitting in Monte Carlo transport calcula-
tions (and consequently the theoretical seed for this research) appeared
as a LASL (Los Alamos Scientific Laboratory) report authored by Everett
and Cashwell.l? 1n this paper they presented a formal, analytical

treatment of splitting applied to a fairly simple particle trarsport

problem.
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The model they chose to analyze involved a one-dimensional semi-
infinite slab with a thickness of D mean free paths (see Fig. 3). The
medium was composed of a pure absorber (Zc = ZT). Source neutrons were
monodirectional and normally incident on the front surface of the slab
(z = 0). The quantity to be estimated in the course of the Monte Carlo
calculation was the expected particle transmission through the slzab,
i.e., leakage current at z = D. Splitting was assumed to occur in a
ratio m:1 at a single, variably located, internal surface Zgs where
0< z < D [here z, and D are in units of mean free paths (mfp)].

In this particular transport model, every collision made in the
slab results in a termination of the particle or sub-particle by
capture. The elimination of scattering facilitates the quantification
of “success" and "failure" probabilities which characterize the parti-
cular stochastic experiment involved in this problem. There are (m + 1)
possible outcomes of the experiment, each of which may be assigned a
certain probability. For example, a 0 score for a history will result
if either a particle does not survive to the splitting surface, or (if
it does survive and is split) all m sub-particles produced by the
splitting do not survive to the tally surface. The appropriate score
[x(0)] and probability [p(0)] associated with O particles reaching the

tally surface may be formulated

I
o

x(0)
with . (2.1.1)

~Z -Z
(l - e S) + e s Qm .

The following definitions are made:

p(®



Splitting At An Internal Surfoce,ji

Source

z=0

Figure 3. Traasport Model Used as Basis for
Everett and Cashwell Analysis.

( @ denotes analog capture.)
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-(D-Z )
s

P Ze = probability of traversing (D - ZS)
without collision, i.e., "success";
and

Q=1-P = "fajlure" probability.

Non-zero scores result if the particle first survives to the splitting
surface where it is split into m sub-particles. Of these, only
i(i=1,2,...,m) can survive the distance (D - ZS). The possible outcomes

(depending on i) are formulated

i/m

[0}

x(1)

with

._Z . .
p(d) = e S(”i‘)qum‘l . (2.1.2)

In Eq. (2.1.2), (?) represents the appropriate binomial coefficients.
Thus by considering a binomial probability distribution in the descrip-
tion of the possible outcomes of this stochastic experiment, Everett
and Cashwell were able to analytically express the first and second
moments (hence, the expected sample variance) of the Monte Carlo score.

The time per particle history was also formulated analytically:

-Z -2

T T+ e (mTo) To(l + e

* m) . (2.1.3)

Here TO represents the elemental unit of computer time required in order
to sample the distance to the first collision and compare this to the

~Z
next surface. The factor e S represents the probability of survival

to the splitting surface, and mT0 is the additional computer time

required to track the (m) sub-particles generated at Zs'



Everett and Cashwell were then able to formulate the cost function

for splitting at ZS:

(2.1.4)

where Pt = e
Further analysis revealed that for slabs of sufficient thickness,

i.e., D> En[E£EJtI§l], the cost function exhibits a minimum (optimum)

value at Z0 where

2Z0 m 1
= —_— - - < . 1.
e ( - 1)(pt ) ; 0« ZO D (2.1.5)

In this case, the splitting cost at Z0 is also less than the cost for
an analog calculation, i.e., a no-splitting calculation.

A special-purpose Monte Carlo code was written in order to provide
a stochastic model of the transport problem analyzed by Everett and
Cashwell. The intent was to obtain real Monte Carlo values of the cost
function (subject to execution times on a CDC-7600 computer) as a veri-
fication of the analytical results. The coding was specifically
designed so that the measured computer time per history would reflect
as closely as possible only the timing for the operations comnsidered in
the analytical formulation of Tp [see Eq. (2.1.3)].

Figure 4 presents the analytical and stochastic results for the
case involving m = 3 and D = 3.0 mfp. Given the analog cost for this

case was f0 = 0.18) usec, it can be seen that the minimum value of the
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Figure 4. Verification of Everett and Cashwell Analysis:

Cost Function vs. Splitting Surface Location.
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(analytic) cost function [fc(zo) = 0.136 usec at Zo = 1.6 mfp] is lower
than the analog cost. In fact, splitting is found to be cost-effective
over a significant range of Zs' The discrepancy between the two curves
in Fig. 4 results from the unavoidable increment in time due to extra
coding (overhead) which must be included in order to perform the appro-
priate logic in processing the (m) sub-particles generated at the split-
ting surface. The (m - TO) considered by Everett and Cashwell is really
a slight underestimate of the real computer time involved in processing
the (m) sub-particles.

It is informative to consider the justification for the shape of
the cost function curve, e.g., as exhibited in Fig. 4. The analytical
behavior of the cost function actually derives from the relative effect
arising from two competing tendencies (see Fig. 5). As Zs increases
(splitting surface is located deeper into the slab and away from the
source), the time per particle history decreases. Physically, as the
splitting surface is located closer and closer to the tally surface,
fewer source particles ever reach it. Thus, fewer particles are split,
and the mean time to process a particle history decreases accerdingly.

On the other hand, the sample variance increases as the splitting
surface is located closer to the tally surface (the bottcm part of
Fig. 5 shows the case for three different slab thicknesses). The limit-
ing conditions are considered first. 1If the splitting surface were
located at the tally surface (ZS = D), then no particle would ever be
split effectively (in fact, every particle reaching the tally would be
split and every single sub-particle thus produced would immediately

score). There is then no essential difference relative to the analog
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2 in this case takes on the analog value, and variance

situation; Og

reduction due to splitting is non-existent. 1In the other extreme, if

the splitting surface is located at the source (Zs = 0), every single
source particle is split. In this case, variance reduction is maximiz-
ed; in fact, there is an m-fold reduction (c.f., Ref. 11, pp. 3-4).

For intermediate Z, the sample variance increases monotonically. As
the splitting surface is located deeper into the slab, fewer and fewer
source particles are split. But more importantly, splitting becomes
less and less effective. Given a small distance between splitting and
tally surfaces, there is a greater chance that all (m) sub-particles
generated at the splitting surface will score at the tally. As noted
before, this gains one nothing over the aralog case, i.e., where the
original source particle would contribute a score of 1 on its own.
Splitting is only truly effective in reducing variance when, for a
significant number of histories, several of the (m) sub-particles
initiated at the splitting surface result in a tally, whereas others do
not. Jnly in this case is splitting productive in the sense that it
gives a particle history m (>1) chances to score (recall discussion of
splitting in Chapter I). Thus as the splitting surface is located
closer to the tally surface, the sample variance increases to the
analog valu=.

The cost function fc’ then, is itself a product of two functions--
one monotonically increasing with Zs’ the second monotonically decreas-
ing. 1In certain cases (that is, for slab thicknesses as delimited by
Everett and Cashwell), the cost function may be minimized at a certain

optimal value of Zg (see Fig. 4). However, this is not always the case.
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For thin slabs, the rise in 052 with Zs overwhelms the corresponding
drop in T_. As a result, in these cases the cost function is a monoton-
ically increasing function of ZS, everywhere greater in magnitude than
the associated analog (no-splitting) cost. This behavior is exemplified
in Fig. 6. 1In this case, the analog cost was fO = 0.947 usec.

To facilitate the analytical formulation of TP’ Everett and Cashwell
considered only the time involved in executing the basic operations of
the particle history [see Eq. (2.1.3)]. 1In a real calculation, however,
some additional (essential) operations are required in processing a
history. For example, in some more complicated problems, the time
required to update the tallies and increment their Squares (for eventual
computation of sample variance) after each particle history may be an
important element of the overall time per history. Time is also involved
in generating a source particle and incrementing tallies during the
random walk. It was desired to see if including these extra operations
in the time per history for the problem under consideration would cor
would not influence the cost~effectiveness of splitting. Accordingly,
the Monte Carlo calculation used to verify the Everett and Cashwell
analysis was redesigned with a logic more in accordance with standard
production codes, e.g., MCNP. Timings were made to be more inclusive;
i.e., Tp reflected all computations during a particle history, more than
just the basic operations considered by Everett and Cashwell. The
results for various values of splitting ratio m and for D = 3.0 mfp are
displayed in Fig. 7.

Again, as in the previous calculations, the cost-effectiveness of

splitting at an internal surface is assured. Due to the coasideration
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of a greater number of operations in the time per history, the magni-
tudes of the cost function were all scaled higher in this particular
series of calculations. Nevertheless, the shape of the cost function
was left unchanged, and the optimum splitting surface locations corres-
ponding to minimum cost (for the different m values) were within
0.1 mfp of the optimum locations predicted by Everett-and Cashwell.

Figure 7 displays two curves for the analog cost. The "analog
cost (1 surface)" refers to the case where no additional internal sur-
face is present. After the particle leaves the source, it can encounter
oinly one more surface, the itally surface. On the other hand, "analog
(2 surfaces)" in the figure refers to the case where a non-splitting
internal surface is geometrically defined. The importances on either
side of this surface, however, are equal--hence, no splitting takes
place. But on leaving the source, the particle now may encounter two
surfaces (internal and tally), and the corresponding penalty in com-
puter time is reflected in the appropriate curve displayed in Fig. 7.

In summary then, the analysis presented by Everett and Cashwell
based on a transport model involving a purely-absorbing medium in one-—
dimensional slab geometry allows for the prediction of optimum splitting
surface location and splitting ratio (given a fixed slab thickness).
Under the right conditior 3, the value of the cost function attending
splitting was found to be lower than the corresponding cost of an
analog computation over a relatively wide range of ZS.

The goal of this dissertation is to extend the analvsis of split-
ting costs to a more complicated and realistic transport problem—-

specifically, one that would include the process of particle scattering.

39



4o

The consideration of scattering precludes the straightforward applica-
tion of the binomial probability distribution and makes the a priori
analysis related to the expected sample variance and computer time per
particle history a great deal less tractable. Nevertheless, as will be
seen in the ensuing section, the theory of Monte Carlo errors provides
an appropriate analytical tool with which (upon the implementation of
certain modifications and extensions) the splitting cost analysis may

be applied to a more complicated particle transport model.

2.2 Analysis of Error in Monte Carlo Calculations

In this section, the development of a theoretical basis for pre-
dicting Monte Carlo errors will be highlighted in a somewhat chronolog-
ical fashion. The material summarized here is especially significant
in that it provides the theoretical foundation upon which the analysis
and results of this dissertation are based. Specifically, this disser-
tation is an example of how the generalized theory of Monte Carlo errors
may be employed in the analysis and optimization of an important vari-
ance reduction technique, i.e., in the solution of a practical problem
which derives from the general objective of ensuring efficiency in
Monte Carlo calculations..

The earliest work to Qe cited here is that of Coveyou, Cain, and
Yost.l3 The significance of this work lies in the fact that it under-
scores the central importance of the adjoint formulation of the particle
transport probplem to the analysis of variamce reduction in Monte Carlo
calculations. Specifically, the authors introduce a value function

which is used to facilitate the analytical formulation of expected



values and the variance of Monte Carlo estimates. The value function
W(R) is the expected total contribution (present and future, but not
past) of a particle to the Monte Carlo tally given the particle is
coming into a collision event at phase-space point R. Mathematically,
the value function is the solution of the integral equation of the
adjoint formulation to the particle transport problem. The authors
derive a generaliized analytical representation for the expected sample
variance in terms of this value function. The formalism is extended to
such standard variance reduction techniques as source biasing, survival
biasing, and density biasing (importance sampling). Unforcunatsly, the
solution to the value equation is just as difficult as the direct
solution of the original particle transport problem, and thus approxi-
mations to the value function must usually be employed in applications
of the theory. Nevertheless, the authors elucidated a fundamental
connection between variance reduction analysis and adjoint solutions of
the transport problem.

Amster and Djomehri14 have shown that the determination of expected
variance may result from the successive solution to two couplad integral
equations. They based their study on an analog Moate Carlo game. In
the most general case, each collision a particle makes (a non-multiply-
ing medium is assumed) may result in a score which has a known proba-
bility distribution. The total tally score for the particle history is
the sum of all collision scores over that particular history. The
authors introduce the history score accumulation probability Y(R,s)ds
which is the probability that a particle introduced into the system at

R will eventually contribute a tally score s in ds over its history.
43



Lo

They proceed to derive equations for the r-th moment of the score about

the distribution function

40
Mr(B) = /‘srl}J(_Ii,s)ds . (2.2.1)

—-00

The appropriate integral equations for r = 1 and 2 (first and second
moments) are thus derived. The recursive solution of these two coupled
integral equations allows for the prediction of the Monte Carlo sample
variance. It can also be shown that the integro-differential form of
the r-th moment equation (which can be derived from the integral form)
is itself adjoint to the corresponding form of the Boltzmann transport
equation. This suggests that standard numerical techniques may pos-
sibly be employed in the solution for the first and second moments.

Recall that the work of Amster and Djomehri considered scoring to
take place at collision sites. The theory was extended by Booth and
Amster15 to include track-length estimators (used, for example, in the
estimation of flux in a cell by tallying the particle's track length
per unit volume of that cell). The appropriate generalization was
made which allowed the score distribution fenections at individual
events to depend on the phase-space coordinates corresponding to two
successive collisions.

Finally, Boothl® and Booth and Cashwelll? have generalized the
theory of errors as introduced by Amster and Djomehri to account for
nonanalog Monte Carlo simulations. Also, multiplying systems {(even

supercritical) as well as time-dependence were considered in their



formulations. The work is particularly noteworthy from the standpoint
of this dissertation, since the authors incorporated the treatment
(albeit a formal, generalized one) of splitting and Russian roulette in
the theory. In addition to allowing for the prediction of the variance
of conventional Monte Carlo tallies, the integral equations for the

r-th moment of the history score as presented by Booth and Cashwell also
facilitate the prediction of time per particle history. If one defines
the score at each event to be the actual computer time required to
process that event, then the appropriate integral moment equation may

be employed to express the expected value {first moment) of the time per
particle history.

Independently of the work of Booth and Cashwell, Sarkar and Prasadl®
have also generalized the theory of errors to treat nonanalog games. A
special emphasis was placed on the application of the theory in the
optimization of the exponential transformation. Although splitting and
Russian roulette are considered in their work, the technigues are imple-
mented in conjunction with the exponential transformation and are
treated in a nonstandard manner--they are performed as particles leave
collision sites, with the objective of keeping the particle weight close
to unity.

Finally, Lux1? has also employed a generalized theory of errors in
developing sufficient conditions under which variance may be reduced
when considering survival biasing schemes.

All of the papers cited above provide valuable insight into the

problem of Monte Carlo error prediction. However, the work of Boothl®

43



was most instrumental in providing the theoretical basis for the anal~
ysis fundamental to this present work, i.e., splitting cost analysis

and optimization.



CHAPTER III

NATURE AND SCOPE OF PROBLEM TO BE STUDIED

The aim of this chapter is to introduce in greater detail the
specific problem to be considered in this work. First, the character-
istics of the particle transport model are presented. This particular
model will be used as a basis for the analysis to be presented in this
dissertation. The model also facilitates the definition of the scope
and limitations of this work. The latter part of the chapter serves to

motivate the analysis which will be developed in subsequent chapters.

3.1 Defining the Characteristics of the Transport Model

As was discussed in Chapter I1I, the first formal study relating to
splitting costs in Monte Carlo transport calculations was presented by
Everett and Cashwell.l? By considering a purely-absorbing medium they
were able to apply an exact analytical treatment to the problem. The
work presented in this dissertation extends the analysis of splitting
costs to a more complicated and realistic transport model-~specifically,
one that includes the possibility of particle scattering.

The transport model under study here is similar to the one analyzed
by Everett and Cashwell. Again, a one-dimensional, semi-infinite slab
geometry is considered (the slab is D mean free paths in thickness).
Particles are considered to be nmormally incident on the front surface
of the slab (z = 0). The Monte Carlo estimate of interest (tally) is
the probability of transmission through the slab (in other words, the

expected leakage current at the tally surface, z = D).
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However, several additional and complicating features are included

in the present model:

* macroscopic scattering cross section is nonzero, i.e.,

ZT = Zc + Zs

s

* scattering is assumed isotropic in the laboratory
reference frame,

» a gingle energy-group treatment is considered,

* survival biasing (that is, the weighting-out of
absorptions) is considered in all cases, and

*» sgsplitting (m:1l) and Russian roulette are invoked at
one or more internal surfaces (z = Zg 15 2 = 25 95 etc.);
only integer splitting ratios are conéidered, i:e.,
m=2, 3, 4, etc.

B

graphical depiction of the model is presented in Fig. 8.

3.2 Nature of the Analysis to be Applied to the Problem

The complications to the transport model noted above preclude a
simple, straightforward analysis. It is no longer possible to apply
directly a binomial probability distribution in accounting for the pos-
sible outcomes of trhe stochastic experiment. Indeed, the probabilities
of "success" and "failure" are no longer easily defined (except in a
very formal manner). One need only consider the Neumann Series expres-
sion for the collision density to realize that the particles contribut-
ing to the tally may correspond to histories which up to that point
could have had any finite number of previous collisions, with a corres-
ponding distribution in contributing weights. As implied in section 3.1,
scattering also allows for the explicit treatment of Russian roulette

upon backscatter into regions of lower importance. Nevertheless, in
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order to predict the value of the cost function associated with a given
set of splitting parameters, it is necessary to formulate a priori its
two components: the expected (true) sample variance of the Monte Carlo
score (OSZ) and the expected time required to process a particle history
(Tp). To quote Amster and Djomehri:14

"The problem posed by the error calculation is approx-

imately as difficult as the Monte Carlo problem

considered.”

As noted in Chapter II, a generalized theoretical basis for pre-
dicting Monte Carlo errors has been developed. In particular, the
specific generalizations of Booth16 and Booth and Cashwell17 to formally
include splitting and Russian roulette in the theory make it quite
applicable as an analytical tool in treating the central problem of
this dissertation. With certain modifications and the appropriate
specification of probability distributions, the theory may be applied
to the Monte Carlo transport problem presented in section 3.1. Thus,
the appropriate integral equations governing the first and second
moments of the slab transmission score, as well as the first moment
(expected value) of time per particle history, were developed. [Split-
ting at an internal surface (rather than formally splitting from a
distribution in phase space) required special treatment in the formula-
tions for the second moment of the score and Tp, as will be detailed in
Chapter IV.]

The integral moment equations were then converted to an integro-
differential form. In this form, the equations represented adjoint

formulations of the one-speed Boltzmann transport. equation. This



immediately suggested a numerical solution technique employing a
standard discrete ordinates (Sn) transport code. Thus, the numerical
solution for Gszrp [actually, separate solutions for the first and
second moments of the transmission (<x>,<x2>), as well as Tp] allowed
for the prediction of cost function behavior under a wide variety of
splitting conditions.

The significance of the present work to Monte Carlo methodology is
underscored by several considerations. First, the technique of split-
ting as commonly implemented in standard Monte Carlo codes has never
undergone an adequate quantitative analysis (other than the work of
Everett and Cashwell). The research presented here hopefully represents
a positive step in this direction. The present work also provides an
example of how the generalized theory of Monte Carlo errors may be
applied to a practical problem involving the effective implementation
of a standard variance reduction device in a radiation transport calcu-
lation. Although the transport model considered in this particular
analysis may seem fairly uncomplicated, it nevertheless represents
fairly well the condition under which geomet:ic splitting is apt to be
extensively applied, namely in radiation transport problems involving
deep penetration. In such Monte Carlo calculations, one of the prime
considerations is where to place splitting surfaces along the straight-
line mean-free-path distance separating the source and exit surfaces.
Finally, the deterministic calculation of the cost associated with a
given set of splitting parameters facilitates an a priori optimization

of the technique. Moreover, it provides a quantitative analytical basis
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for judging the relative merits of various rules of thumb which are

commonly employed by users in implementing splitting in a Monte Carlo

calculation. It is not presumptuous to state that such an analysis is

intellectually more satisfying than a complete reliance on experience

or insight,



CHAPTER IV

THE CASE OF A SINGLE SPLITTING SURFACE

The material in this chapter is devoted to the analysis of a
single internal splitting surface, variably located in tne slab at
z =z (0 < zg < D). The theory of Monte Carlo errors is applied to the
specific transport model being considered here. Integral equations for
the first and second moments of the slab transmission score (<x> 2nd
<x2>, respectively) and the expected value of time per particle history
(T ) will be derived by closely following the derivation of the general-
ized r-th moment equations for the Monte Carlo score as demonstrated by
Booth. 16 However, in all cases only specific features pertinent tec the
transport model as defined in Chapter IIT will be included in the deriv-
ations presented here. The applicable probability distributions will be
appropriately specified and several features important to this develop-
ment but not treated explicitly in the Booth formulations will be given
special attention. Booth's generalized time-dependent equations do not
explicitly reflect the escape of particles past the outer boundaries of
a defined geonetry. However, this is essential to the problem being
considered her:, The analytical treatment in this case, nevertheless,
parallels very closely the treatment given in the gewneral theory for
particles experiencing a collisionless free-flight for the duration of
time being considered. In effect, an escape from the defined geometry
is tantamount to a collisionless free-flight for infinite time {in the
context of the time-~dependent generalized theory). Closely related to

this, the general theory does not consider the intersection of a

51



52

particle's flight with a fixed surface in the geometry, e.g., an internal
splitting surface. In the Booth formulations, splitting and Russian
roulette events are formally sampled from generalized probability dis-
tributions defined on phase space. For the problem being considered
here, splitting at an internal surface requires special treatment in
formulating the integral equations. This is ultimately reflected in
the discontinuous behavior of <x2> and Tp at the splitting surface.
Following the derivation of the integral moment equations, their
conversion to an integro-differential form is discussed. A solution
technique employing Sn calculations is then described, and the numerical

results of a parameter study are presented.

4.1 Deterministic Prediction of Sample Variance

In this section, the equations for the first and second moments of
the slab transmission score are developed. Solution for the first two
moments (<x> and <x2>) then allows for the deterministic prediction of
the sample variance (052 = <x2> - <x>2).

A lengthy list of definitions precedes the derivation itself.
Implicit in all these definitions is the fact that for the monoenergetic
transport problem in one-dimensional semi-infinite slab geometry,
generalized phase-space coordinates reduce to two variables. These are
the particle'’s position in the slab measured along the normal direction
(z) and its direction of travel relative to the normal (the direction is
expressed in terms of 1, the cosine of the angle between the direction
of travel and the normal direction). In order to facilitate a clearer

exposition of the logic involved in the development, the derivations are



motivated and begun in terms of generalized distribution functfons and

phase-space coordinates. At an appropriate point in the development,

substitution is made in order to present the equations only in terms of

the specific variables which are characteristic of the transport model

as defined in Chapter III.

4.1.1 Derivation of the Integral r-th Moment Equations (r = 1,2)

for the Slab Transmission Score.

The following definitions are important to the derivations which

are presented in this dissertation:
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Particle position coordinate in semi-~infinite slab
geometry.

Particle directional coordinate (cosine of the angle
between the direction of travel and the normal direc-

tion).

Phase-space vector for the time-independent, mono-
energetic transport problem in semi-infinite slab
geometry.

(z,u).

Augmented phase-space vector (includes particle

weight),
(z,u,w), where w = particle weight.

Score that a particle makes (in the general case, a
particle might score at any of the possible events it
may encounter).

Score distribution functions, expressing the prob-
ability that a particle will contribute a score in ds
about s given that the event at P” is (respectively):
an escape past the front surface (z~ = 0), an escape
past the back surface (z” = D), a scattering event, an
m:l splitting event, or a Russian roulette event.

Macroscopic scattering and total cross sections.
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T(@,E*) ditawt

o®t,p")dztdp”

.Sm(z,gf)dz+

i

mn

Transuission (free-flight)probability. This is the
probablllty that a particle 1eav1ng P will reach P

in du about u and wh in dwt s, and it will do so with~
out suffering any. events (including splitting or
Russian roulette) along its flight,

T(z > zr, st - Wéwt - wydptawt

) + _ + _
where T(z + zt,) = exp(;ZT[Z—:T—%]) for [E_TT”E] 2 0,

+
0 for [E,;:_E] <0 .
u

Note: The delta functions in the definivion above
reflect the fact that no directional or weight changes
take place along the free-flight.

Probability that a collision will take place in dzt
about z+ with a change in phase state from P to P~
in dP”~

L
L@ -~ RHSw” - whdatap® .

[u

In the general case, a weight change may possibly take
place due to biasing of the total cross section. How-
ever, as is indicated by the delta function, in this
particular problem no such change occurs. [Note: P
does not represent the phase-space coordinates as the
particle leaves the collision; see definition of exit
kernel E(P7,P"7).]

Weight multiplier used to reduce particle weight to
account for absorption at a collision,

ZS/ET (non-absorption probability).

Probability of experiencing an m:1 splitting event in
dzt about z+, given the particle starts its current
free flight at z and reaches z' without collision,

0 for z222z, ,

S ( w'+)dz+ = HuH) 6zt - zs)dz+ for z < zg s



Ry (z,PH)dz*

ng@,phHart

Dy (R,PF)dpt

where H(u+) is the Heaviside function:

+ .
+

ALV

H@h) =1 for u 0
0 for u 0 .

Thus, a splitting event will cccur with certainty at
2zt = z_, only if the particle crosses the splitting

surface from the left (refer to Fig. 8).

e

Probability of experiencing a Russian roulette event
in dzt about z+, given the particle starts its current
flight from z and reaches zt yithout collision,

= 0 for z £ z s

Ry (hut,whdzt = [1 - 5 16 (2t ~ z5)dzt

for z > .
Zg

= Probability of escaping the front surface at dgf about
gf, given that the current flight of the particle
started at P,

=(T(z + zt,u) [1 -~ H@) 1St - WSt ~ w)d(zH)dztdutdwt

for z < z, ,

0 for z > Zg .

Note: A front-surface escape is impossible as a next-
event if the particle starts out to the right of the
splitting surface.

Probability of escaping the back surface at dgf about
P, given that the current flight originated at P,

14

T(z + z,WHA S - Wt - wé(zt - Ddztaptawt

[}

A4

z ]

for z s

0 for z < z .
s
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EQ@ ,p")ap”” = Probability that a collision at P~ will result in a
change of phase-space coordinates to dP”~ about P77,
= E(Z‘,u‘ > u‘;)a(z“ - z’)ﬁ(w" - wsw’)dz”dp,"dw”,

Pl

where E(z”,u 0" )du”” = U for isotropic scatter-
ing. 2

Since absorptions are being weighted-out, every
collision is treated as a scattering event, and the
particle weight is reduced by the factor LA

BSm(gf,g”)dg" = Probability that all (m) particles resulting from a
splitting event at P’ will each exit in dP”~ about
P”"; in effect, only a weight change results,

= é(z” - +)6(u;; _ u+)6(w” - +/m)dz”dp”dw”.

€ = Russian roulette survival probabilircy

= 1/m

BOm(Em;Ef,Ef')dBf' = Probability that a Earticle undergoing a Russian
roulette event at P' will leave the event in dP”~~
about P””, given the survival probability is &g,

= 8(z"" - Zhew™ - wh {EmG(W" - W/EY)

+ (1 - gm)ﬁ(w”)}dz"du”dw” ,
= B ®TBTIRT + (1 - £)8(277 - 28w - wh)

x é(w")dz“du”dw” .

The particle leaves with an enhanced weight with

probability £ but is killed (w”~ = 0) with proba-
bility 1 - Em. BOm is defined as

8 (P',P")dP" = Russian roulette survival coordinate-change
Om =~ >~ -
probability,

£,8(z"" - ZH) s’ - phHsw™” - w+/gm)dz”du"dw”.



Based on the foregoing definitions, the first task at hand is to

formulate the score accumulation probability, that is

Y(®,s)ds = probability that a particle introduced into the

system at P (or continuing from an event at P)

will contribute during its remaining history a

total score s in ds.
Once a particle is introduced at P, it will begin a free flight, which
can terminate in a number of possible '"next events." As stated before,
however, the imposition of an internal splitting surface ccmplicates the
formulation somewhat in that the list of possible next events may differ,
depending on where (relative to the splitting surface) the particle
begins its flight. Accordingly, { is formulated for three cases, depend-
ing on whether the particle starts its flight (at z) to the left of the

splitting surface, to the right of the surface, or on the splitting

surface:
wl(g,s)ds for 0 <z < zg R
Y,(B,s)ds  for zg <z <D, and
wzs(g,s)ds for z =125 .

We consider first the case of a particla introduced at P, such that
the starting location z is to the left of the splitting surface. The
flight from P may terminate at gf with any of three possible next events:
a scattering collision at Ef (with zt such that 0 < z* < zs), an escape
past the front surface (g% with zt = 0), or a splitting event (Ef with
zF = zs). A graphical depiction of the possibilities is presented in

Fig. 9.
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Figure 9. Possible Next Events,Given a Particle Begins its
Next Flight to the Left of the Splitting
Surface (0 < z < z_).

[References made to terms of Eq.(4.1.1.1).]



In the most general case, the particle may possibly score at each
event, and the score contribution is picked from a score distrikution
function appropriate for that particular event. If the next event is
terminal, e.g., escape past 2t = 0, the score deposited at the event
nust be equal to the total score s in order for the event to contribute
to P(P,s)ds. Otherwise, a partial score s” deposiced at the next evert
must be augmented by s — s~ in future events, in order for the total
score over the history (that is, from point P on) to be in ds about s.
Thus, having contributed s” at the next event, the particle must contri-
bute to balance (s - s”) before its history is terminated. The flow
chart in Fig. 10 illustrates the score accumulation for particles
beginning their flight to the left of the splitting surface. Note
particularly that in the case of splitting, all the partial scores
contributed by the (m) sub-plarticles plus the score resuiting from the
splitting event itself must édd up to s in ds.

In the formulation of wlqg,s), each next event (as depicted in

Figs. 9 and 10) contributes a term to the expression of the score accumu-

lation probability:

V1 (B,s)ds = f de*r(e,Ph) f de’o@",P") f ds"pg (7,87 f dp””

+<
0<z Zg

x [E@RR )Y (B ,s-s7) Ids +fdg*1>0(g,g+> ds’py o(BF,s)8(s-s")ds

—+ -+ -+ - + - » -+ aa ena
+fd£_ T(E,E_ )Sm(_]-i )fds Psm(g »S )fdg_ Bsm(z_ a_P_ )fdsl /dsm_l

v, @“»51)"'wzse“,sm_l)wzs(z“,s-(s‘*sfrsf"'+sm-1>)ds ~
{4.1.1.1)
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Particle begins flight at P

(0 <z <zy)

Free Z/Flight Free]Flight ree flight
+
Escape at Ef ( Scatter at P Split (m:1l) at E%
-+ + +
(z = 0) (0 <z <z) (z =12z)
s s
Deposit s” = s from Deposit s” from Deposit s~ from
+ -~ - » » ”~ + - -
Pg (B »s7)ds pg(R",s7)ds Pe (P ,s7)ds
Termination Contribute remaining Result in {(m) 1
(s - s7) in subse- new sub-particles
quent events.
¢
(1) (2)«=» |(m)
Deposit s1 in Deposit 8y in Deposit }
ind ini - (s” + + + cee 4
remaining remaining s - (s s s, Sm-l)
events events in remaining events.
w 7

These (m) sub-particles together
contribute remaining score s - s”.

Fig. 10. Deposition of total score s, given particle begins flight

at z, such that 0 £ z < z_-



In effect, Eq. (4.1.1.1) is a mathematical description of the proba-
bilistic chain of events which leads to the eveutual deposition (over
the particle's remaining history) of a total score s in ds, given the
particle starts out at point P in the system. (For a more fundamental
and complete discussion of the formulation of score accumulation proba-
bilities, the reader is directed to References 16 and 17. The notation
has been kept almost identical, so that no special translation diffi-
culties should arise.) Each contributing term in the equation is

essentially a product of three probabilities:

Probability that the Probability that this ]
particular next event occurs . |event contributes a partial
following a free flight score s~ J
from P

Probability that the particle hisEory
x will accumulate the remaining s-s  in

all future events. .
Thus, term 1 of Eq. (4.1.1.1) formulates the probability of a particle
experiencing 4 free flight from P to a collision, making a partial
score s”, scattering from P” to P””, and scoring the balance of the
total score s-s” in later events. Term 2 expresses the probability of
a particle escaping past the front surface and scoring the total s” = s
after a free flight from P. Finally, the third term expresses the
probability that a particle will experience a free flight to an m:1
splitting event at 2%, deposit a partial score s~ at the event, and the

probability that the (m) sub-particles resulting from the split will

together score the balance s-s” in their subsequent events.

€1



62

In the second case to be considered, the particle is considered to
be introduced (or more generally, considered to start its next flight)
with a starting.location to the right of the splitting surface, i.e.,

z such that zg < z £ D. The possible next events following this flignt
are: a scattering collision at Ef (with z' restricted to the range
zg < zt < D), an escape past the back surface (zt = D), or a Russian

roulette event at the internal surface (z¥ = zs). Figure 11 shows the

possible next events for this case, and Fig. 12 illustrates the logic

involved in formulating the total score accumulation probability:

Yy (B,s)ds = / art T(£,£+)ﬁ£’0(£+,£')fd5'ps (E_',S')fd_ll"

zs<z+<D
- . ,o - -} -+ - -+ - -
x [EQRR™IV, (R ,s-57) 1ds +/(12 Dy (B, )/ds Py pE 557 )6(s~s7)ds
k]

+ f et r(@,pHRr_ () fis’pR@,s’) f dg”Bo,n(am;_r_"f,g”)wzs(g”.s—s’ms.
(4.1.1.2)

Equation (4.1.1.2) thus formulates the probability of all event chains
leading to the eventual deposition of a total score s in ds over the
remaining particle history, given the particle is introduced at P with
zZg < z £ D. Term 1 expresses the probability of a particle experiencing
a free flight from P to a collision, making a partial score s”, scatter-
ing from P” to P””, and proceeding via subsequent events to score the
balance of the total score s~s’. Of course, the term actually repre-

sents the integral over all such event chains. Term 2, likewise,

formulates the probability that the particle will escape past the back
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Figure 11. Possible Next Events,Given a Particle Begins its
Next Flight to the Right of the Splitting

Surface (zS <z < D).

[References made to terms of Eq.(4.1.1.2).]
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Freg/Flight

Particle begins flight at P

(zs <z <£0D)

Free|Flight
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FreeN\Flight

Escape at Ef

+
Scatter at P
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Russian roulette at P

+ + +
(z = D) (z_ <z <D) (z =2z)
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+ - - - - - + - -
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Fig. 12.

in subsequent

events.

in subsequent events.

< z < D.

Deposition of total score s, given particle begins flight at
z, such that zg




surface and score s” = s after a free flight from P. Finally, the

last term expresses the probability that a particle will experience a
Russian roulette event at Ef after a free flight from P, deposit s” at
the event, and the probability that the surviving particle will continue
to score the remaining s-s” in future events.

Finally, the third case is considered in which particles continue
their flight from the splitting surface, i.e., with z = zg . The pos-
sible next events in this case are: a scattering collision at gf (where
0 <zt < zg or z_ < zt < D), an escape past the front surface, or an
escape past the back surface (see Figs. 13 and 14). As in the previous
two cases, the score accumulation probability is written by summing over

several terms, each associated with the probability of an event chain

begun by a particular next event following a free flight of the particle

from zg:
¥, (B,s)ds = f drt T(R,PH) f dP o (2+,P") f ds"pg(R",s7) fdz“
S
0<z+<zS
x BB ) (BT, 5-57)ds + f dpt T(_P_,_g*‘)fdg’o(g*‘,_g’)fds’

<zt<
z <z D

x ps(g’,s’>/dg”E<g‘,_1:”)w2 (P"",s-s")ds +fd£"130(£,£+)fd5'

x pE,O(_P_"',s;')G(s-s') +fd£4DT(g,g+)fds'pE’D(£+,s')6(s—s')ds .

(4.1.1.3)
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\
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Figure 13. Possible Next Events,Given a Particle Begins its
Next Flight at the Splitting Surface (z=zs).

[Refernces made to terms of Eq.(4.1.1.3).]
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+
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+
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Figure 14. Deposition of total score s, given particle begins (continues)
flight at splitting surface, z = z -
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Due to the definitions of T(g,gf), Do(g,gf), and DT(E,gf) as well as
the restrictions of z' to the ranges indicated in Eq. (4.1.1.3), the
first and third terms in the above equation drop out for P with u > 0.

For similar reasons, the second and fourth terms are eliminated for P

with 4 < 0. [It should be recalled that in the formulation of ¢E (®,s),
s

the starting location is always z = zS].
Thus, the coupled integral equations [Egs. (4.1.1.1), (4.1.1.2),
and (4.1.1.3)] together define the score accumulation probability over

the entire range of starting positions z:

wl(E,s)ds for P such that 0 £ z < Zgs

U(P,s)ds = wzs(g,s)ds for P such that z = zg, and

A

wz(g,s)ds for P such that z z < D. (4.1.1.4)

s

The next step in this development is to formulate the r-th moment
of the Monte Carlo score over the score accumulation probability {(given

the particle begins its flight at P), or

M. (®) E‘/lb(g,s)sr ds . (4.1.1.5)

At this point, a special remark may also be made in regard to particles
of zero weight. Since the tally score is proportional to particle
weight, a particle of weight zero cannot contribute a non-zero score to
the tally (in fact, the particle is terminated). Thus, the following

definition is also made:

Mr(w =0)=0 . (4.1.1.6)



Since the score accumulation probability has been written for three
different cases, depending on where (relative to the splitting surface)
the particle is considered to start its flight, the vr—th moment must
also be formulated for these three cases. Specifically, Eqs. (4.1.1.1),
(4.1.1.2), and (4.1.1.3) are multiplied by the r-th power of the score

st and integrated over ds to yield

M (P) for P with 0 £ z< 2z,
r,1- - s
Mr(g) = Mr’zs(g) for P with =z = Zgs and
Mr,Z(E) for P with Zg <z £D. (4.1.1.7)

Since the prediction of sample variance requires only the first two
moments of the score (r = 1,2), only these two cases must be considered
for the purposes of this work.

The mathematical details of the development of these equations are
contained in Appendix B. The resultant formulations for the first two
moments of the slab transmission score (the particular tally considered
in this work) are rewritten here from Eqs. (B.1.26); (B.1.27), and
(B.1.28). 1In writing the moment equations here, the weight-modification
factors have been separated from the arguments of the r~th moments (see
Appendix D). Thus, for particle starting locations z, such that

L z<z:
0= s
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M 1(z,u,w) = w fiz /du” T(z + z ,M)E(z RN )I'Ir 1(z »H

O<z+<z

’aw)

emdl=T, , .
R T(z > zg, W mT My (20, 0,W) + Qg (2,0,W) 74.1.1.8a)

where Ql’l(z,u,w) =0 (4.1.1.8b)

and Qz,l(z,u,w) = H(u)*(éLi%l>-T(z > zs,u){Ml,zS(zS,u,w)}z. (4.1.1.8c)

For Zg < z £ D:

~ Fad b
&
M, o(z.uw) = wF J/- dZ+J/ dr”” TJT T(z > 25, WE(Zr,u ~ u77)
B
H
zg<zT<D

x Mr,z(z+,u”,W) + [1 - H@W)]T(z ~ zs,u)'mr"l'Mr,zs(zs,u,W)

+ Qr,z(zi,u,W) s (4.1.1.9a)
where

Q,2(2z,1,w) = H(W*T(z > Dyu)*w (4.1.1.9b)

and Q5 (z>u,w) = H)*T(z > D,u)*w? . (4.1.1.9¢)

Finally, for z = zgt



hX
My, 5 (Zgo¥s®) = w,' f dz*[du” L1z, » 2MECET > 1)

[
0<z+<zS
X Mr,l(zJ’,u",W) +w ' f dz+/du” ,_ZII. T(zg + zF,WEE T, » u™)
U
zs<z+<D
+ Pl
X Mr’z(z > ’W) + Qr’zS(ZS,]J,W) » (4-1-1-103)
where
Q1,,_ (z>1w) = HG)-T(z_ + D,u)-w (4.1.1.10b)
’“s
and Qg, 2 (25>Hs%) = H(W)*T(zg > D,) w? . (4.1.1.10c)

As indicated by the discussion in Appendix B, various terms in the above
sets of equations are eliminated for either W < 0 or 4 > O due to the
yestrictions inherent in the definition of the transmission probability
or the presence of the Heaviside function on p.

The behavior of the solution functions at the internal splitting
surface zg is investigated in detail in Appendix B. The results are
restated here. The first moment, i.e., Ml,l or M1,2’ is found tc be
continuous across the splitting surface. In fact, a single Integral
equation may be written for the first moment of the transmission score,
applicable over the entire range of starting locations z (that is, for

0<2z<D):

My (2,1,W) = W f dzt/.du”’ K(z,u + 2,0 M, (2F,077,w)

0<zt<D

+ H(W)*T(z =~ D,WD*w , (4.1.1.11)

T1
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where the transition kernel is as defined in Appendix B, i.e.,
Z
K(z,u > zt,u”") = L 1(z » zZF,WEGu > 0" . (4.1.1.12)
‘ u]

Thus, the expected value (first moment) of the Monte Carlo score is not
affected by the processes of splitting and Russian roulette. This is
as it should be: variance reduction techniques should not result in a
bias of the Monte Carlo estimate (tally). In fact, Eq. (4.1.1.11) is
identical to the equation that would be derived if only survival biasing

(but no splitting or Russian roulette) were assumed to be implemented

in the Monte Jarlo calculation.

The same is not true for the second moment of the transmission
score. A discontinuity condition may be characterized for the second

moment solution function at z = z (see Appendix B):
for u < 0,
ME(zs,u,w) =1, M;(zs,u,w) . (4.1.1.13)
m
and for u > 0,
My (2, 0,w) = med, (2, 0w) ~ (@ = 1) [Ml,ZS(zs,}J,w)]z . (4.1.1.14)

In the above pair of equations

My (zgsUow) = Lim M, o {z,0,w)
z>z
S~
and My(z_,u,w) = lim M, ,(z,uw) . (4.1.1,15)
s z+zS+ »2



Although rigorously derived in Appendix B, the discontinuity conditions
stated in Eqs. (4.1.1.13) and (4.1.1.14) are intuitively plausible.

For shorthand purposes, let the second moment for particles
starting at 2z and about to be split be represented by <x2>~ = Mz(zs,u,w)
for 1 > 0. Also, <x2>t = M;(zs,u,w) for 1y > 0§ represents the second
moment for particles starting at the surface, but not subjected to

splitting. The first moment for particles starting at zg is represented
as <x> = M; (zs,u,w). Now, Eq. (4.1.1.14) may be written:
*%sg
<x2>= = i <x2>+ - % >l ¢ <x>? (4.1.1.16)

The sample variance for particles about to be split may be formulated

o = <x2> - <x>" = [<x2>+ - <x>‘] . (4.1.1.17)

3=

Thus, (m:1l) splitting results in an m-fold reduction of the sample
variance, given particles start out at the splitting surface. This is
a generalization of the condition found by Everett and Cashwell:12

splitting (m:1) at the source resulted in an m-fold reduction in sample

variance. In effect, the same relative error in the calculation may be

obtained by simply increasing by a factor m the number of histories

started.

: 4 ; 2+

For the case of Russian roulette (u < 0 at zs), <x”> now represents
the second moment for particles starting at zg and about to be subjected
to Russian roulette. The second moment for particles starting at z but
not participating in the Russian roulette game is expressed as <x > .

Equation (4.1.1.13) can be rewritten as
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xZst = e <x2T (4.1.1.18)

The same condition may be arrived at by a more fundamental argument.
Recall that particles survive the roulette game with probability
= 1/m, and the weight of surviving particles is increased by a factor

3

of m. Thus, for a particle of weight w introduced at z and about to

m

undergo Russian roulette, the probability of scoring s in ds in the
course of its remaining history is equal to the probability of surviv-
ing the game times the score accumulation probability (given the particle
starts at z_ with weight mw). The expected value of the square of the

score may then be formulated as
<2t =/% . Ij)(zs,u < O,mw,s)._C'.“2 ds . (4.1.1.19)

However, in the Monte Carlo simulation being considered in this work,
the particle weight has no effect on the sampling of any probability
densities during the random walk. Also, the score in this transport
problem (transmission through the slab) is proportional to the particle
weight--in fact, it is the particle weight. Therefore, it is possible

to write

m

¥ (R,mw,s)ds = U (gw§> d(f'-) . (4.1.1.20)

Substituting Eq. (4.1.1.20) into Eq. (4.1.1.19):

1
x5t = o ftp (zs,p < O,W,E)s2 d(%)
1, 2 s 2
=, W fw (zs,u < 0,w,5)(-:;) d(ﬁ) > (4.1.1.21)



or <x2>+ =m * <x2>_, exactly as derived more rigorously in ‘ppendix B.
By itself, the Russian roulette game results in a discontimmous gain in
sample variance for the Monte Carlo calculation.

As expected, the discontinuities characterized in Eqs. (4.1.1.13)
and (4.1.1.14) disappear when cell importances on either side of the
splitting surface are equal, i,e., for m = 1. 1In this case, the second

moment of the transmission score is continuous across z = zg-

4.1.2 Conversion to Integro-Differential Form

In order to provide practical significance to the theoretical
development presented in the previous section, it is important to be
able to solve the r-th moment equations (r = 1 and 2), allowing for a
deterministic prediction of the sample variance. The linear integral
moment equations presented in Section 4.1.1 may be converted to an
integro~differential torm, and in this form the equations are amenable
to a standard numerical solution technique--namely, a discrete ordinates
(Sn) solution. The conversion of the integral equations to an integro-
differential formulation is presented in this section.

The development here hinges on an important identity, the proof of

which is presented in Appendix E:
+ - -
RZC(z >z, =8z ~-2") . (4.1.2.1)

Here R: represents the adjoint differential transport operator for the

one-group transport problem in one-dimensional slab geometry,

too- L2
RY = ( zT“az+l) , (4.1.2.2)

(&
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and C(z + z ,u) is the transport kernel, which is written in terms of

the transmission probability:

X
C(z » z7,W)dz” = Tﬁ%‘* T(z » z ,u)dz" . (4.1.2.3)

Thus C(z + z”,u)dz” represents the probability that a particle starting
out at z with direction u will collide in dz~ about z~ before making

any other collisions.

It follows from Egqs. (4.1.2.1) and (4.1.2;3) that we also have the

following identity:

R: T(z > z",u) = %#l 8(z - z7) . (4.1.2.4)
T

These identities will be applied in the course of the development below.
The conversion of the first moment (r = 1} equation proceeds by

first defining
— -, + , . -,

CTERRTIC) :/du E(Z 0 > 1w O (e W) (4.1.2.5)
Using Eqs. (4.1.2.5) and (4.1.1.12), Eq. (4.1.1.11) may be rewritten in
terms of G as follows:

ZT
M (z,U,w) = w dzt = T(z » z, ) 6z, u,w)
1 s ful
0<zt<D

+ H(u) T(z > D,u) * w . (4.1.2.6)

However,



G(z,U,w) = J/. §(z - z+)G(z+,u,w)dz+ , 4.1.2.7)

0<zT<D

since 0 £ z £ D. So by employing Eq. (4.1.2.1) and noting that RZ is

independent of zt:

~

G(z,u,w) = R} / c(z > z5 et u,wdz" (4.1.2.8)

0<zt<p

Substitution of Eq. (4.1.2.3) into Eq. (4.1.2.6) and rearrangement

yields

f dzt ¢z » zH,met, W = ;}— [Ml(z,u,W) - H(B)T(z > D,u) *w] .
S

0<zt<p
{4.1.2.9)

The operator R: is then applied to Eq. (4.1.2.9), and Eq. (4.1.2.8) is

used to write

+

62,1, = == KT [M (2,4,@) - HGDT(z > Dyu) =w] . (4.1.2.10)
s

By applying the definition of G(z,u,w) as stated in Eq. (4.1.2.5), the

above equation is written

A P - l
ﬁu E(z,u > "My (2,077, w) = 5 RE[M(z,u,w) ~ HGDT(z > Do) *wl

s
(4.1.2.11)

and rearranging:

17
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RoMy (2,1,%) = wsfdu” E(z,4 ~ 1 OM, (2,07 W) + BGOR] T(z > D,u) »w .

(4.1.2.12)
By employing the identity (4.1.2.4) in Eq. (4.1.2.12), the equation may
be rewritten as

Ru (z,1,w) = w_fdu" E(z,0 + 0"IM (20”7, w) + H@) 8(z - D) Hw .
z1 s 1 ZT

(4.1.2.13)

Finally, substitution for R: and Ws yields

-

-U a—i Fl(z,u,w) + I Fl(z,u,W) = jdu” o E(z,u -+ u”)Fl(z,u”,w)

+ HQ) 8(z - D) - —Z“—w ) (4.1.2.14)
T

The solution function F1 has been defined

Fl(z,p,w) = éé.Ml(z,u,w) . (4.1.2.15)
Equation (4.1.2.14) is an adjoint formulation of the one-speed
Boltzmann transport equation. More specifically, Eq. (4.1.2.14) is an
equation for the Green's function. A solution may be obtained by
solving the homogeneous form of the equation subject to a boundary

.y 20 .
source (non-zero boundary condition) at z = D . For this particular

problem, the condition is written

|
=

Ml(D,U > Osl) =

or Fl(D,u > 0,1) 1/ZT . (4.1.2.186)



The expected value of the transmission score, given a particle starts
out at z = D in a positive direction with starting weight unity, is

identically one. Also, a zero boundary condition exists at z = 0, i.e.,

|
[

M]_(O’u <0,1) =

(4.1.2.17)

|
o

or Fl(O,u < Q,1) =

The transformation of the second moment equations follows the same
procedure as applied to the first moment, with some notable differences.
The conversion of the integral equation for MZ,l will be discussed first.

Equations (4.1.1.8a and c) are rewritten here for r = 2. Recall
that particle starting locations are restricted to 0 £ z < z, in this

case.

z
M, 1(zu,w) = w 2 dzt fau” L 1z » ZH,WEE L > 1)

0<z+<zS
% M2’1(2+,u”’w> + Sz,l(z,u,w) s (4.1.2.18)
where
) = . 1l . N
52,1(2’“’w) H(W) o T(z > ZS’U)MZ,ZS(ZS’U’WJ

+

HGW) - (E‘%l) PTG a0 M, Geum]® L (4.1.2.19)

The transformation of Eq. (4.1.2.18) to integro-differential form
follows the same steps as already detailed in the transformation of

Eq. (4.1.1.11). The development encompassing Eqs. (4.1.2.5) through
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(4.1.2.12) is repeated, however now Mz’l(z,u,w) replaces Ml(z,u,w) in
the equations [notably in the definition of G(z+,p,w)] and all integra-
tions over dz' are restricted to the range of starting locations
0 <zt < zg. Also, Sz’l(z,u,w) replaces the term H(u)*T(z -+ D,W)*w in
Eq. (4.1.2.6) and ws2 replaces LA

The analogous form of Eq. (4.1.2.12) for Mz’l(z,u,w) after this

development is

+ E _ 2 - - o~ -4
Rz Mz,l(Z’u,W) = WS fd]-l E(Z,U - )Mz’l(z,u ,W) + stz’l(z’u,w) .
(4.1.2.20)

After substituting for 52 l(z,u,w) from Eq. (4.1.2.19) and noting that
>
only the transmission probability factors in 52 , are functions of z,
3

Eq. (4.1.2.20) becomes

R+ M, 1(zs1W) = w Zfdu” E(z,n > u”)Mz’l(z,u”,w)

+ H(u)[ (z_,u,w) + (m - ){ (z sH W)}Z]R T(z > z ,u) .
s m 1,2

m 2,z Zg

(4.1.2.21)

Applying the identity (4.1.2.4) to Eq. (4.1.2.21):

R: My 1(z,H,w) = wszfdu“ E(z,u > 1w My (z,u"",w)

+ H() 6(z - =z ) 11 [; 2,2, (vﬂ,u,w) + (% = ){Ml zg (z SH,W) ) ] .
T

(4.1.2.22)



Finally, the definition of the adjoint operater R; is applied to give
the integro-differential equation for Moy l(z,u,w) in terms of
?

Fz’l(z,u,w) for 0 < z < zg:

s % o~ Lkt
-u .a_az- F2gl(z!u9w) + ZTFzgl(z’u’W) =fdu z:S E(z,u >y )Fz’l(z’u ¥)

2
+ N _ . l l + m-1 { y
H(v)dS(z z) o [ Mz,zs(zs,u,W) (—————m ) iMl,z (zs,u,W)} ] s

e s
(4.1.2.23)
where F, 1 (z,0,w) = gL.M7 1(z,10,w) {4.1.2.24)
L Lp L3t
x _ 2
and Zs =W ZT . (4.1.2.25)
In deriving the integro-differential equation for M2 99
Eqs. (4.1.1.9a and c) are first rewritten for r = 2:
T 2 +f - BT + + .
M, 5(z,U,w) = w dz” fdu”" — T(z > z ,W)E(z",u > U ")
72,2 s lu|
z,<z7<D
(4.1.2.26)

% M2,2(2+,u~,w) + sz’z(z,u,w) s
where
S, ,(z,u,w) = [1 - HWI*T(z » z_,u) *m*M (z_,U,w) + HQ)T(z » D,u)'wz-
2,2 s 2,zq s

(4.1.2.27)
Again, the same procedure is followed in transforming Eq. (4.1.2.26) as

was followed for M , except that M replaces M in the equations
72,1 2,2 2,1
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and all integrations over dzt are restricted to the range of starting

locations z_ < zT < D. The term S (z,u,w) also replaces S (z,U,w).
s 2,2 2,1

Thus, an equation analogous to (4.1.2.20) is derived for M2,2 and is

written (with the terms comprising 8y 2 explicitly writtan out):
s

+ 2 o, o~ P
R, Mz’z(z,u,w) = W fdu E(z,u > U )Mz’z(z,u »W)

+ R:{[l -HWIT(z ~ zs,u) 'm'ldz’zs(zs,p,w) + H@W)T(z > D,u) 'wz} .

(4.1.2.28)

(4.1.2.21) to Eg. (4.1.2.23} are appiicd to

o]

Eq. (4.1.2.28) in order to derive the integro-differential equation for

< :
M2,2(z,u,w) for z <z <D

3 _ e ek .- -
Moo F2’2(z,u,W) + Ip F2,2(z,u,W) —fdu Z*E(z,1 > v )F2’2(z,u »%)

M2

». u L] - 1 P a—
+ 1 - B8 - 2,) JZ—Tl a5 (Gt + HOI6(e = D) oo
(4.1.2.29)
where F2’2(z,u,w) = l/ZT M2,2(z,u,w) (4.1.2.30)

and I} is defined as in Eq. (4.1.2.27).
Note that the homogeneous forms of Eqs. (4.1.2.23) and (4.1.2.29)
are identical. Hence, one equation which governs the second moment of

the slab transmission score for all z # z, may be formulated as follows

[with F2(Z,U,W) = l/ZT * MZ(Z;IJ,W)]=



‘ .- * e e
-u a_az. Fz(z,u,w) + Z’I‘ Fz(z,U,W) ='/‘d11 ZS'E(ZJ > Hu )Fz(z,}.l »W)

+RWS(z - D) L - we , for =z # z, . (4.1.2.31)
T

[Note that the term with 6(z - D) does not in effect add anything to
Eq. (4.1.2.23).] Equation (4.1.2.31) is an adjoint formulation of the
one-speed Boltzmann transport equatio:. A solution is obtained by
solving the homogeneous form of Eq. (4.1.2.31), together with the non-
zero boundary condition at z = D and subject to the discontinuities in
the solution function at z = zZg [characterized in Eqs. (4.1.1.13) aad

The discontinuities are also reflected in the delta-

7L 70T TLY]
(4.1.1.18)].

function source terms at z = Zg appearing in the integro-differential

equations [(4.1.2.23) and (4.1.2.29)].

The expected value of the square of the score, given a particle is

introduced at z = D with positive direction cosine and w = 1, is w2 = 1.
Thus, the adjoint boundary condition at z = D is written

MZ(D,u >0,1) =1
or Fp(D,u > 0,1) = 1/ . (4.1.2.32)
A zero boundary condition exists at z = 0:

Mz(O,u <0,1) =0
or FZ(O,U <0,1) =0 . (4.1.2.33)

Finally, the discontinuity condition in My at z = z_ is rewritten here

[from Eqs. (4.1.1.13 and 14)] for u < 0
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1

- +
Mz(zs,u,w) = E-Mz(zs,u,w) (4.1.2.34)

and for 1t > 0

M“zf(zs,u,w) = mey(z_,M,w) - (@ - 1){Ml’zs(zs,u,w)}2 . (4.1.2.35)

4.2 Deterministic Prediction of Time per Particle History (?p)

The appropriate equations permitting the prediction of time per
particle history (Tp) are developed in this section. The development is
again based on the transport model presented in Chapter III. The inte-
gral first moment equation for Tp is derived first, followed by a
transformation to the appropriate integro-differential form. Most of
the nomenclature used here has already been defined at the beginning of

Section 4.1; however, additional definitions are made in the course of

the development.

4.2.1 Derivation of First Moment Equation for The As was stated

in Chapter II, the theory of Monte Carlo errors as gemeralized by Booth
and Cashwelll’ is amenable to the prediction of the computer time
required to process a particle history. To do so, the score distribution
functions are defined so that the score at each event in the particle's
history is the actual computer time required to process that particular
event. Thus, the total score in this case represents the total time per
particle history. In this context the integral equation for the first
moment (expected value) of the time per history may be formulated.

Since the Monte Carlo problem being considered here is such that

the weight of the particle in no way influences the time required to




process it, particle weight does mnot enter into the final formulatioms.
Thus, the kernels and probability densities can now be defined in terms

of the regular, rather than augmented phase-space coordinates, i.e., R

and not P.

The non-weight-dependent kernels and densities are defined below

(see also the definitions at the beginning of Section 4.1.1).

f av’ T(e,pPHaut

T(z » 25, - wan™ .

fdw’ o(®@*,p")dztdR”

Ly
l——l- §(R” - RHdaztar” .
u

b

T(R,R)aut

o(RY,R")dzTdR”

IH

Do (R,R")dRF dw+ Do @®,PH)dr"

T(z > 250 [1 - B 18GY - Wa(zNdz" e’ for z <2,

i

> 2z .

dw“' DT @,pHar*

Hl

Dp(R,K")aR*

T(z > zt,WHW) St - W) 8(z+ - D)dzt aut for z >z

il
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E(R",R")dR"" = f aw’" E(R,P"7)dR""

= E(Z’,]J’ N p;;)d(z’,— _ z')dz”du“ .

mn

BOm(E-F,E”)dE” fdw” Bom(£+,£1»)d51;

g, 8277 - ZhHew”™” - whHdz""an””

Bgy (RY,R™7)dR"" f dw”” Bgy (B+,P ") AR

6(2’1 - +)6(u” _ ]J+)dz”du” .

]

Since the score distribution functions for the expected time problem

do not have any weight dependence, we can write
p;(R",s)ds = p . (",5)ds

where the index i refers to any specific event category. Also for the

same reason

s, (®dz" = 5 _(ehdzt

1]

+y g+ 4y g+
Rm(g Ydz Rm(g Ydz .

The development proceeds by first writing directly the first
moment equations (r = 1) from Appendix B, since the equation for the
expected value of time per particle history may be formally expressed
up to this point as any other first moment formulation. We consider in
detail the case for z restricted to the range z, < z £ D. Equations

{(B.1.12) and (B.1.22) are rewritten here as




+ oep.pt + .- .pt p-- .-
+ / et T, PHR, (BN fdg Bon G P2 My, @)+ ,@®

(4.2.1.1)
where
Q ,® = / ar* T(z,g")fdg‘ c(z",z’)fds pg(B7,5)s
zs<z+<D
+ / ae* (2, f ds pp (@F,8)s + f apt T(z,g")km(g*)/ ds
(4.2.1.2)

X PR(?_+:S)S .

The integral over dP”” in the second term of Eq. (4.2.1.1) may be
simplified by recalling the definition of BOm (from beginning of

Chapter IV) and integrating:

, o . <+ ,r PPl _ ,r ,n -+ ,r o
j;_r; BonEniEHE" Oy, @ )-fd_g fdw Bon T2 0H, @)

+fdg_"/dw" §(z"" - 2w - wHA - £, , R
?%s

(4.2.1.3)
However, weight zero implies a terminated particle; thus
/6(W )Ml,zs(ﬁ »W )dw =Ml,ZS(B‘ »0) 20
by the identity (4.1.1.6), and hence
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an .pt+ an P = P + s s
fdl’_ Bom s 5B )Ml’zs(g ) fdg By & 22 )MI’ZS(P ). (4.2.1.4)

For notational purposes, the first moment of the time per particle

history will be represented as
My, o® =15 5 . (4.2.1.5)

Also, since the weight of a particle has no bearing on the scores and,

hence, on the expected value of Tp,
P) = R = R . 2.1.
Tp,2® = T, ,Rw) = T, ,(R) (4.2.1.6)

The implicit integrations over weight are performed in Eqs. (4.2.1.1)
and (4.2.1.2). The definitions at the beginning of this section, as
well as Eqs. (4.2.1.4), (4.2.1.5), and (4.2.1.6) are employed to write

(for R with zZg <z £D):

Tp,2® = f d&" TR,ED) f dR” o(R",R") f R ER"RT)T, 4R

< t<
z.<z D

-+ e -+ P + P a
+fd3 TR,EDR (R )/d_Ig B BRIy, BT 40 ,®

(4.2.1.7a)
where
%,2® = / &&" T(R,K") [ &R” o(&',R") f ds pg(R",s)s
\bs<z+<D
+ f d&" D,(R,K") f ds py p(&".s)s + f a’* T(R,KNR (KM j:'ls
+
x pR(B +8)s . (4.2.1.7b)



In Eqs. {4.2.1.7a, b), the definitions stated imn Eqs. (4.2.1.5, 6)
were extended in writing Tp’zs(g ) = Tp’zs(g ) = Ml,zs(g ). Also,
Qp,zgg) = Qp’z(g) = Ql,z(g), since there is no weight dependence in the

source terms.

Given the additional definitions

Tp,l(-&) = Tp,l(_I{) = Ml,l(z) ’
Qp,l(B-) = Qp,l(-P") = Ql,l(-P—) s
and U,z B® = Qp’zs(z) 9, ® (4.2.1.8)

it is possible to apply the same procedure as detailed above to
Eqs. (B.1.11), (B.1.20), (R.1.13), and (B.1.24) to yield the proper

formulations for T (R) and T (R). The resultant equations are
p9l - PsyZg =

written:

r
T, (R = drt T®,RY) fdR” o@®t,R", ;dR”” ER™,R")T. ;(R"")
Pyl - - - - - = p,1°=

+
0<z <zS

+ / d&" T(R,KHS_(RH f R™ Bg, ® R Drmer, R+ ®
3 S ?
(4.2.1.9a)

where

Q ® = / & T(®,KH f dR” c(_g“,g')f ds pg(R",s)s «:l:ig‘”

0<z+<zS
x Do(g,g*)fds P, & »s)s +de+ T(g,_l{")sm(l_(_"')fds Pgp(Rt»5)s
(4.2.1.9b)
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for R with 0 £ z < z5, and

T ®) = drRt T®R,RH JarR® o@®t,R) JAR® E@R”,R")T_ . (R™)
PrZg = S ST AT A T A A
0<z+<z5
+ / d&* T(R,R*) fdR” 0®F,R") [JdR™T ER",R™DT, ,RT)
ol ]

+
zs<z <D

+ Qp,zs(g) , (4.2.1.10a)

where

Q,z B = f d&* T(R,K") ﬁg o@,*,g’)/ ds pg(R,8)s
*“s

+
0<z <zg

+ f dr* T(g,g")f dR” o(®*,R") fds pg(R”,s)s

+
zs<z <D

+ + + + + +
+fdg Dy (R.K )fds Pg o »9)s +fd§_ D (R, )fds Py p&">s)s

(4.2.1.10b)
for R with z = zg.
The coupled Eqs. (4.2.1.9a,b), (4.2.1.10a,b), and (4.2.1.7a,b)
formulate the time per particle history over the entire range of start-

ing positions z:
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4 o <
Tp,l(z’“) for 0% z, ,

Tp(z,u) = ¢ ,zs(zs,p) for z =z , and

T
P

L Tp 2(z,l—l) for z <z<D , (4.2.1.11)
’

where Tp(z,u) represents the expected computer time required to process
the remaining particle history, given the particle begins (or resumes)
its flight with coordinates R = (z,u).

The details for further development of the Tp equations appear in
Appendix C.

The first moment integral equations for the expected time per
history are rewritten here from Appendix C [Egs. (C.1.2), (C.1.3),
(C.1.4)]. For particle starting locations restricted to the range

< < :
0< 2z zg

Tp,1(zH) = / dz*fdu“ K(z,u > 250 )T 5 (2507

+
0<z <zg

z
+H@) mT(z > z ,WT_ _ (z_,W) + dzt —L 1(z + zH,u) -1
s Pszg S l“l c
0<z <zS

+ [1 - HW1'T(z >~ 0,0) 1y + HWT(z > z,u)*1g (4.2.1.12)

For particles starting with z in the range zg < z £ D:
!



g2

, Py + ,
TP,Z(Z’U) = f dz+/dll K(z,u -~ Z+,11 )Tp,z(z sH )

<yt
2. <z <D

dz+-—2L

+ [1 - H(W] -3; T(z ~ zs,u)Tp,zs(zs,u) + f ™

+<
zs<z D

x T(z » 25w 1+ HWT(z > D) tp + [1 - BWIT(z > 25,m) 1g -

(4.2.1.13)

Finally, for particles starting at the splitting surface (z = z }:

~ + 0, + ~
= K -+ T zt,u" )
TPazs(ZS,U) / dz /dll (ZS,U zt,u"7) Psl( ’

+
0<z <zg

+ f dz+fdu” K(z 1 * PARTIO b4 2(z"',]J”) + / dz*
Ps

+
zs<z+<D 0<z <zs

5 5
x —= T(z > 25,1 T+ f dzt L T(z, > 25,001, + [1 - HW]

[u]
vl zs<z+<D

X T(zS + 0,u)*tg + H(W)T(zg ~ D,u)-TT . (4.2.1.14)

In Eqs. (4.2.1.12-14) Tos Tgs Tge Tgs Tp represent the actual computer
times required to process a collision, splitting event, Russian roulette
event, front-surface escape, and tally~-surface escape (respectively).

Also, as shown in Appendix C, a discontinuity exists in the solution
function for Tp at the splitting surface. This discontinuity is

characterized:



for u > 9,

TP'(zS,u) = m-Tp+(zS,u) +tT,, (4.2.1.15)
and for u < 0,

T4z ) = T« T (z_,u) +

P s? - b zsU T . (4.2.1.16)

+

The definitions for Tp_ and T 7 are stated as
P

5

TP'(zS,u) = Tp,l(z,U) (4.2.1.17)

(4.2.1.18)

[

+ .
and TP (ZS,U) lim TP,Z(z,u)

-5
z zs+

As in the case of the second moment of the slab transmission score, the

discontinuities at z = z are intuitively plausible. For a particle

about to undergo splitting (U > 0), the expected time jumps by a factor
equal to the number of sub-particles produced at the splitting event
and the computer time required to process the splitting is added. Also,
since only 1/m of the particles coming into a Russian roulette event

(¢ < 0) survive, the expected time drops accordingly and the time

required to process the event itself is added.

4.2.2 Conversion to Integro~differential Form. Equations (4.2.1.12)

and (4.2.1.13) may be converted to an integro-differential form by fol-
lowing the same formalism as demonstrated in Section 4.1.2 for the r-th

moment of the transmission score.
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For particle starting locations in the range 0 < z < Zgs

Eq. (4.2.1.12) may be written in the following form [employing identity

(4.1.1.12)]:

I
Tp,1(z.1) = f dz+ﬁu" T_Tl— T(z + zt,WEET,n u”)Tp,l(Z‘*,u”)
U
+
0<z <zs

I
+ / dzt -!——T—' T(z -~ z+,u)"rc + Sp 1(z,1.l) s (4.2.2.1a)
u s
0<zt<z
s

where
5p,1(2s1) = HADT(z > z,w)|met, ) (2g,1) + rs] +[1 - HW]
X T(z >~ 0,1) *Tg - (4.2.2.1b)
With the definition
6t zt,n) Efdu” EGHu > )T, G (4.2.2.2)
it is possible to rewrite Eq. (4.2.2.1a) as

z
1021 = / dzt L T(z >~ zH,u)ct(zt,u) + S,,1(z0) .« (4.2.2.3)

[u]
0<z+<zS

However, since 0 < z < Zgs

c¢tiz,p) = / §(z - zHet(zt,wazt . (4.2.2.4)

+
<z <
0<z Zg

ol



Thus by employing identity (4.1.2.1),

¢tz = &} / c(z + zH,wetzt,wazt (4.2.2.5)

+
0<z <zs

noting that RZ is independent of zT. Substitutiocn of the definition

ctated in Eq. (4.1.2.3) into Eq. (4.2.2.3) and rearrangement yields

J/ﬁ azt ¢z » 2N wetEhw = 1 1 - 5, (W . (4.2.2.6)

+
<zT<yz.
0<z zZg

The operator R; is then applied to the preceeding equation and

Eq. (4.2.2.5) is used to write:
+ -
6t (z,n) = R;[Tp,l(z,u) -5, 1wl . (4.2.2.7)

Applying the definition of G'(z,u,w) as stated in Eq. (4.2.2.2), the

above equation is written (after rearranging):

-+ _ -~ » »,

R, Tp’l(z,u) —/du E(z,u > U )Tp’l(z,u ) +T,+ R“;Sp,l(z,u)
(4.2.2.8)

Finally, substituting for Sp,l(z,u) from Eq. (4.2.2.1b), employing the

identity (4.1.2.4), and explicitly writing the transport operator Kg,

Eq. (4.2.2.8) becomes
a -, - h ,,
M, FT,l(z,u) + ZTFT,l(z,u) =fdu g E(z,u > u )FT,1(""” ) + T,

- u E ]
+HGDS(2 ng;ﬁTm%u§m+TJ+[1-mmmu-m%§wy
(4.2.2.9)
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where

FT,l(z’“) l/ZT . Tp,l(z’“) .

A similar transformation ma& be performed for Tp,z(z,p).

Equation (4.2.1.13) may be rewritten here as

5 :
- + . T + 4 .. + .-
5,2 (ZH) f dz /du Tal T(z > 27 WEETU > W )T, 5 (27u77)
z <z'<D
S
S
dzt —L T(z » zH,p) o1, + S, H(z0) (4.2.2.10a)
|]J| p’
z_<zt<D ’
S
where

Sp,2(%0) = (1= HOIT(z > 2,0 5o, o (2 o0 + TR]
+ H(u)T(z - D,u) * T . (4.2.2.10b)

The same procedure may be followed in transforming Eq. (4.2.2.10a) as

was employed for Tp,1° Now, however, Tp,2 replaces Tp,1 in the equations
and all indicated integrations over dz' are restricted to the range

zg < zt < D. The term Sp,2 also replaces Sp,l‘ Thus, by following steps
analogous to those encompassing Eqs. (4.2.2.2) through (4.2.2.9),

Eqs. (4.2.2.10) may be transformed to the integro-differential form:
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a — - - -
M Fr,z(z’“) + ZTFT’Z(z,u) —fdu IpE(z,u > u )FT’Z(z,u )+ T,

1.
+ 1 - HOD18Gz - 2) %ﬁ[ﬁ T Gz + TR]

+ H(W)S(z - D) . T , (4.2.2.11)

where

FT,Z(Z’U) l/ZT'Tp’z(z,u) .

Thus, tne conversion to integro-differential form results in two
equations [Eqs. (4.2.2.9) and (4.2.2.11)], the homogeneous forms of
which are identical. In fact, since the surface source term at z = D
vanishes in region 1 and the surface source at z = 0 vanishes in
region 2, it is possible to formulate one equation for Tp(z,u) [rather,

for FT(z,u) = l/ZT-Tp(z,u)] for all z # z_ as follows:

a — - e ~r .
W mg Folz,w) + I Fo(z,u) —/du Zp EQzou > 0" )Fp(2,077) + 7

+ [1 - H()]S(z - 0) lEi-'T + HW)S8(z - D) =~ 1, . (4.2.2.12)
i O Ip T

The non-zero adjoint boundary conditions implied by Eq. (4.2.2.12) may
be written as follows:

atz=Dand U > 0,
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Tp(D.u >0) =1
(4.2.2.13)
or FT(D,u > 0) = TT/ZT .
and at z = 0 and u < 0,
Tp(O,u <0) =1,
(4.2.2.14)
or FT(O,u <Q0) = TO/ZT .

Also, the solutiom of Eq. (4.2.2.12) is subject to the discontinuity
conditions characterized in Eqs. (4.2.1.15) and (4.2.1.16) and
reflected in the delta-function source terms at z = z, appearing in

Egs. (4.2.2.9) and (4.2.2.11). The jump conditions are rewritten here:

for u > Q,
- _ o+ .
TP (zs,u) =m Tp (zs,u) + T, (4.2.2.15)
and for Yy < 0,
+ 1 -
T (2 ,u) ==+*T (z ,0) + 71 . (4.2.2.16)
P s m p s R

4.3 Soiution to the Equations by Employing Discrete Ordinates (Sn)

Technique
The particular numerical technique used to solve for the first

two moments of the transmission score as well as the expected value of
time per particle history (by solving the integro-differential equa-
tions for Fi, Fz, and FT‘respectively) 1s discussed here. The ONETRAN
Sp code is described very briefly, and the required modifications to

the program are presented.



4.3.1 Equations as Adjoint Formulations of the Boltzmann Trans-—

port Equation. The integro-differential equations for the first and

second moments of the slab transmission score (as developed in
Section 4.1.2) are actually adjoint formulations of the one-speed
Boltzmann transport equation. Thus, the equations are amenable to a
standard numerical solution technique commonly employed in the deter-
ministic solution of radiation transport problems~-namely, a discrete
ordinates (Sn) solution. The same is true of the equation governing
time per particle history.

Specifically, the homogeneous forms of Eqs. (4.1.2.14) and
(4.1.2.31) are solved using Sn for the first and second moments of the
transmission score (respectively). The solutions are subject to the
non-zero boundary conditions (effectively acting as adjoint boundary
sources) at the tally surface z = D [see Eqs. (4.1.2.16) and (4.1.2.32)].
A one-speed calculation is considered. As was alluded to earlier in
the development, all evidence of the variance reduction techniques is
missing from the formulation of the first moment (expected value) of
the transmission score. Hence, the first moment solution is simply the
regular adjoint solution to the particle transport problem. On the
other hand, survival biasing affects the second moment solution by
introducing a "fictitious" scattering cross section (ZS* = wszZT).
Moreover, the consideration of splitting and Russian roulette imposes
a discontinuity in the second moment solution at the splitting surface
z = z_. This is characterized in Egs. (4.1.2.34) and (4.1.2.35). It

should be noted that the jump conditions for the second moment require
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prior solution to the first moment equation. Accordingly, the two
moments of the transmission score are solved recursively.

An S, technique is also employed to solve Eq. (4.2.2.12) for
Tp(z,u) {actually by solving for FT(z,u)]. Non-zero adjoint boundary
conditions at z = 0 and z = D again effectively represent boundary
sources [see Eqs. (4.2.2.13) and (4.2.2.14)]. The solutio.. for Tp also
includes treatment of an isotropic distributed source Tc. As expressed
in Eqs. (4.2.2.15) and (4.2.2.16), a discontinuity at zg is imposed on
the solution due to splitting -and Russian roulette. Finally, the
transport problem which is actually solved in solving for the time per
particle history reflects a "fictitious" purely-scattering medium
(effectively ZS = ZT). This results from the implementation of survival
biasing in the Monte Carlo problem; thus, particle absorption in the
medium is treated by weight reduction rather than real termination of
the particle track. As far as time per particle history is concerned,
the scattering rat o (ZS/ZT) at each collision site is irrelevant. All
collisions take the . .e amount of time, so that the medium "appears"

to be purely scattering.

4.3.2 The ONETRAN (Sn) Radiation Tramsport Code. The ONETRAN

code?! developed at the Los Alamos Scientific Laboratory was used in
this work to solve deterministically for the first two moments of the
transmission score. This allowed for the prediction of the (true)
sample variance of a corresponding Monte Carlo calculation, given a
particular set of splitting parameters and transport problem specifica-

tions. ONETRAN was also employed to solve for the expected time per



particle history, thus facilitating a completely deterministic calcula-
tion of the Monte Carlo cost function (cs2 Tp).

Generally speaking, ONETRAN is a program designed to solve the one-
dimensional, multigroup form of the Boltzmann transport equation in
either plane, cylindrical, spherical, or two-angle plane geometries.
Both direct and adjoint solutions may be obtained. The code allows for
anisotropic sccttaring as well as anisotropic inhomogeneous sources
(both distributed and boundary sources). Furthermore, the solution may
be subject to a variety of possible boundary conditions.

ONETRAN actually solves a set of discrete ordinates equations
which are derived from the multigroup transport equation by directly
differencing the angular variable. Thus, in standard plane geometiry
(for example), the continuous angular interval ne(-1,1) is discretized
into a set of quadrature weights and angles. Hence, integrals over i
are approximated by weighted sums (typically Gauss-Legendre quadrature
sets are employed).

The spatial variable is discretized in ONETRAN by employing a
linear, discontinuous finite-element scheme. Thus, the solution func-
tion (typically the angular particle flux) is considered to be piecewise
linear in a given spatial mesh cell and discontinuous across mesh cell
boundaries. The actual (true) value of the angular flux om the cell
boundary, however, is always taken to be the limit of the flux as the
boundary is approached in the direction of particle streaming. A direct
solution of a (2 % 2) system of equations is employed to determine the

values of the two mesh cell-edge fluxes. This system of equations is
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derived by using a suitable weighting and integration technique applicd
to the discrete ordinates equations in the space—angle mesh cell. For
specific details relating to this method, the reader is directed to
Ref. 21.

The solution strategy in ONETPAN is iterative in nature because the
source term of the discrete ordinates equations contains contributions
from in-scattering and fission which themselves depend on the angular
fluxes being computed. In fact, two nested iterations are used. The
outer iteration sweeps through all energy groups and accounts for group-
to~group contributions due to scattering and fission. The inner itera-
tion sweeps the space-angle mesh for a single group and accounts for
within-group scattering thus coupling all directions.

The heart of the imner iteration, then, is the sweep *through the
space-angle mesh. The sweep proceeds in the direction of particle flow.
At the beginning of the sweep, the boundary condition is used to set the
value of the boundary angular flux. Then, for each direction, the
spatial mesh is swept either from right to left or left to right, and the
mesh cell-edge angular fluxes are computed by solving (in each cell) the
(2 x 2) system of equations referred to in an earlier paragraph.

The description of the code given above is of necessity very brief
since a more detailed discussion is outside the scope of this disserta-
tion. The reader may consult several gcod references for a more complete

treatment.20,21,22,23

ONETRAN is typically employed, then, to compute a deterministic,

global description of the angular particle flux. In this work, however,



the solution functions are instead the first and second moments of the
slab transmission score as well as the expected time per particle history
[Fl(z,u,w), F2(z,u,w), and FT(z,u,w)]. A one~group calculation in the
adjoint mode is considered. Although ONETRAN calculates a global
solution, i.e., at all mesh cells and for all discrete directioms, for
the problem considered here the main quantity of interest is the solution
at z = 0 and Y4 = 1. This is because the Monte Carlo simulation of the
transport problem involves a monodirectional (normally incident) source
of neutrons at z = 0. Unfortunately, the Gauss quadrature set usually
used for angular discretization does not include the angular coordinate
U = 1. Therefore, a more non-conventional but acceptable Lobatto quad-
rature set24 was used for the discrete ordinates calculations in this
work. This set has the same properties as the Gauss~Legendre set (as

far as the Sn calculation is concerned); however, it includes a discrete

direction corresponding to | = 1.

4.3.3 Required Modifications to ONETRAN. As mentioned previously,

the solutions for the second moment of the transmission score and the
time per history are associated with a discontinuity at the splitting
surface z = Zg. Effectively, this represents an internal boundary
source at z which is not a standard option in ONETRAN. The appropriate
implementation of the discontinuity conditions required a modification
in subroutine INNER of ONETRAN (this routine performs Ehe sweep of the
space-angle mesh involved in the inner iteration as discussed above).
The solution algorithm incorporated in ONETRAN is explicit in

nature. Thus (when considering a forward mode calculation), the mesh is
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swept and unknown.s are solved in the direction of particle streaming.

The calculation of the mesh cell-edge angular fluxes in a given cell is
coupled to the solution in the previocus cell by means of an "inflow"
quantity from that cell. (The ONETRAN program mnemonic for this quantity
is PSIB). Thus, the discontinuity conditions given in Eqs. (4.1.2.34,35)
are jmposed on PSIB at the splitting surface in the course of the space-
angle sweep of the inner iteration.

Specifically, the splitting surface is identified with a particular
mesh cell boundary. During the spatial sweep (for a given quadrature
angle), a check is made for the particular mesh cell to the immediate
left (if p < 0) or right (if u > 0) of the splitting surface. (It should
be noted here, that for adjoint calculations using ONETRAN, the solution
of the problem in direction y is identified with the adjoint solution in
the direction —u.21) When this particular cell is reached, the quantity
PSIB is modified according to the discontinuity conditions pertaining to
the given angle. As an example, fcr pu < 0 the discontinuity in the
second moment of the transmission score is imposed on PSIB in the mesh

cell which has the splitting surface as its right boundary, and

PSIB = * PSIB + XJMP s (4.3.3.1)

B =

where XJMP is the quantity inferred from the discontinuity condition
stated in Egq. (4.1.2.35). Control is then returned to the regular ONE-
TRAN solution algorithm, which determines the values for the solution
function on the right and left boundaries of the mesh cell. The nature

of the modification for 'l'p calculation is similar; i.e., the



discontinuities given in Egs. (4.2.2.15, 16) are imposed on PSIB in the

appropriate mesh cell which has the splitting surface as a boundary.

4.4 Numerical (S,) Study for the Case of a Single Splitting Surface

Results of the numerical study involving one splitting surface are
presented in this section. A short description of the parameter survey
is followed by an introduction to the special-purpose Monte Carlo code
which was written to verify stochastically the predictions of °s2 and Tp.
The specific event timings which were required for the Tp calculation
are summarized. Finally, the results of the parameter study are pre-

sented in graphical and tabular form.

4.4.1 Overview of the Study. Deterministic Sn calculations were

employed to predict the cost (fc = 052 Tp) of Monte Carlo calculations
for a variety of slab thicknesses (D < 10 mfp) and scattering ratios.
Specifically, scattering fractions of w = 0.10, 0.50, and 0.90 were
studied in conjunction with slab thicknesses of D = 2.00, 3.00, 5.00,
and 10.0 mean free paths. In each case, it was desired to map out the
behavior of the computing cost as a function of the splitting surface
location. Various integer values of the splitting ratio (m) were
considered. For all cases studied, optimum values for the splitting
ratio and splitting surface location were determined.

In order éo predict the cost associated with a given set of split-
ting parameters, the results of three separate Sn calculations are

required: two for the first two moments of the slab transmission score

and one for the time per particle history. Since the first moment of
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the transmission score is not affected by splitting with Russian roulette,
this calculation must be made only once for a given slab thickness and
particular scattering ratio. It then remains constant over all split-
ting conditions. Also as discussed previously, the particle weight has
no effect on the event scores, i.e., event timings, associated with the

Tp calculation. Thus, since survival biasing is considered, the time

per particle history remains constant over all scattering ratios (given

a fixed slab thickness and a fixed set of splitting parameters).

4.4.2. Monte Carlo/Sn Compatrisons. A special-purpose Monte Carlo

code MCS1 (see Appendix F) was written in order to provide stochastic
verification of the predicted values for sample variance and time per
particle history. The code reflects the features of the transport model
as introduced in Chapter TIII. Thus, a homogeneous semi-infinite slab
geometry (D mfp in thickness) is considered. Splitting and Russian
roulette take place at a single internal surface. Absorption is treated
as an appropriate reduction of particle weight at each collision, and
the post-collision direction is randomly sampled from an isotropic-dis-
tribution in 1. Source particles are monodirectional [U (source) = 1]
and normally incident on the front surface of the slab. The tally is
the particle leakage across the back surface of the slab.

Required input to MCS1 (see Appendix F) includes: values for the
scattering ratio (WS), total cross section (SIGT), total number of
particle histories to be processed (NMAX), locations for the fromt,

- splitting, and tally surfaces (SURF array), and values for the impor-

tances in the two regions of the geometry (IMP array). The code listing

106



is presented in Appendix F, and the logical flow chart for the Monte
Carlo calculation is included as Fig. 15(a, b, and c?.

In order to execute the Sn calculation for Tp, actual computer
timings were required for all the possible events involved in the Monte
Carlo calculation. The computer times involved in the processing of a
collision (Tc), splitting event (TS), Russian roulette event (TR),
front-surface escape (TO) and tally-surface escape (TT) were obtained
subject to execution or. a CDC-7600 computer. The technique involved
was to first isolate the section, or block, of Fortran coding (from
MCS1) which included all the operations performed in the course of
processing the particular event being considered. This block of coding
was then repetitively executed inside a DO-loop. System calls which
return actual CPU (central processor) time charged to a job were used
immediately before and after the DO-loop to determine the total computer
time expended inside the DO-loop. Given the number of loops actually
made, the time required to execute one pass through the loop was deduced.
However, this timing also reflected the time involved in processing
extra steps, e.g., the DO-loop logic, which are not really involved in
processing the Monte Carlo event being considered. Thus, a separate
timing of these extra steps was made and subsequently subtracted from
the original time. Results of the timing studies are displayed in
Table 1 and include the times in microseconds as well as "time units"
(normalized to Tc).

A test case was employed in order to provide a check on the timings.

First, the regular version of MCS1 was executed, and time per particle
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Time to Process...

Time

usec

Time Units

Collision, Tc
Splitting(m=2), T
Russian Roulette(m=2),
Front-Surface Escape, T
Tally-Surface Escape, T
Source Particle

History Update

T

0

T

R

11.89 + 0.13 usec

22.57 + 0.15

14.65 + 0.08

10.99 + 0.09

11.04 + 0.11

0.59 + 0.08

2.24 + 0.10

1.00

1.90

1.23

0.92

0.93

0.05

0.19

Table 1. MCS1 Event Timing Summary.
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history was obtained. The same case was thea run with a version of
MCS1 that had been modified to include event counters. This allowed
for the calculation of the expected number of each type of event (per
particle history). The expected time per history was then predicted as
the product of the expected number of a given event and the time per
event (from Table 1) summed over all events. The value calculated in
this manner agreed witﬁrthe actual time per history (obtained from a
regular MCS1 calculation) to within 0.7%.

Comparisons between predicted values of the cost fumction
(fc = 052 Tp) and stochastic estimates of the quantity are presented in
Table 2 (for D = 3.0 mfp), Table 3 (D = 5.0 mfp), and Table 4
(D = 10.0 mfp). In general, the Monte Carlo problems were run long
enough to result in an estimate of the slab transmission with a relative
error (1 0 confidence level) less than 1%. Unfortunately, this was not
possible for the case of the 10.0 mean—~free~path slab with scattering
ratios of 0.10 and 0.50. The expenditure of a resz jnable amount of
computer time only allowed for relative errors that were as low as 157.

As indicated in Tables 2-4, the agreement between predicted and
actual values of 052 and Tp was quite good. In fact, in most cases the
discrepancies were less than 2% (frequently less than 1%). As mentioned
above, for the cases of 10.0 mfp with moderate to heavy absorption
(ws = 0.10 and 0.50), practical limitations on computer time restricted
the accuracy of the Monte Carlo calculations. It was found from other
cases that truly good agreement in the sample variances was obtained

when the Monte Carlo estimate of the transmission was calculated to a



CASE Monte Carlo Sn %Z Diff.
(MCS1) (ONETRAN)
w = 0.10 C: 2,460E~-02 2.452E-02 -0.33
z = 0.50 mfp Tp 1.850E-04 (sec) 1.886E-04 {sec) +1.91
m= 2 fc 4.551E~06 (sec) 4.624E~06 (sec) +1.58
L 0.10 Cz 3.002E-02 2.991E~-02 -0.37
zs= 1.75 mfp Tp 1.359E-04 1.3B81E-04 +1.59
m=2 fc 4 ,080E-06 4 .130E-06 +1.21
ws,-_—- 0.10 0: 3.B07E-02 3.796E-02 -0.29
2 = 2.50 mfp Tp 1.117E-04 1.129E-04 +1.06
m=2 fc 4,252E-06 4 ,2B6E-06 +0.79
ws= 0,10 02 2.018E-02 2.020g-02 +0.10
z = 1.25 mfp Tp 2.018E~04 2.064E-04 +2.22
m=3 fc 4,072E-06 4.,169E-06 +2.33
v = 0.10 Gz 1.884E-02 1.876E-02 ~0.43
2= 1.50 mfp Tp 2.241E-0D4 2.288E-04 +2.05
m=4 fc 4,222E-06 4,292E-06 +1.63
w.= 0.50 0: 3.603E-02 3.594E-02 -0.25
2= 1.75 nfp Tp 1.359E-04 1.381E-04 +1.59
m=2 fc 4 ,896E-06 4 .963E-06 +1.35
W= 0.50 0: 1.571E-02 1.568E-02 -0.19
zs= 0.50 mfp Tp 3.315E-04 3.3B4E-04 +2.04
m= 4 fc 5.208E-06 5.306E-06 +1.85
W= 0.90 Gz 8.473E-02 8.482E-02 +0.11
z = 1.75 mfp Tp 1.365E~04 1.381E-04 +1.16
m=2 fc 1.156E-05 1.171E~05 +1.28
w = 0.90 0?_ 3.278E-02 3.288E-02 +0.29
zs= 0.25 mfp Tp 3.588E-04 3.646E-04 +i.59
m=4 fc 1.176E-05 1.199E-05 +1.91

n oy
{ £.= GSTp (sec) ]

Table 2. Monte Carlo/Sn Comparisons (D= 3.0 mfp)
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Monte Carlo

S

% Diff.

CASE n
(MCS1) (ONETRAN)

w = 0.10 °§ 3.397E-03 3.384E-03 -0.38
z = 0.50 mfp Tp 3.056E~04 (sec) 3.085E~04 (sec) +0.94
w =2 £ 1.038E-06 (sec) 1.044E~06 (sec) | +0.57
w_= 0.10 cz 4.664E-03 4.664E-03 A0
Zs= 4.00 mfp TP 1.767E-04 1.755E-04 -0.68
w= 2 £ 8.241E-67 8.185E-07 -0.68
w_= 0.10 cz 1.612E-03 1.594E-03 -1.13
2= 2.50 nfp T, 4.511E-04 4.538E-04 +0.59
m=6 £, 7.271E-07 7.233E-07 -0.52
w_= 0.50 o’ 4.029E-03 4.012E-03 ~0.42
zs= 3.00 mfp Tp 2.455E-04 2.480E-04 +1.00
w = 3 £, 9.891E-07 9.949E-07 +0.58
w = 0.50 o’ 2.934E~03 2.949E-03 +0.51
2_= 1.00 nfp T 3.964E~04 4 .005E-04 41.02
m=3 £ 1.163E-06 1.181E-06 +1.52
w_= 0.50 ci 3.462E~03 3.464E-03 +0.06
z,= 3.00 mfp T, 2.886E-04 2.904E-04 +0.62
m= 4 £ 9.991E-07 1.006E-06 +0.69
w_= 0.90 cﬁ 1.925E-02 1.934E-02 +0.46
2_= 1.00 nfp T, 2.850E~04 2.873E-04 +0.80
m =2 £ 5.486E-06 5.556E-06 +1.26
ws 0.90 oz 2.996E~02 3.011E-02 +0.50
2= 4.00 T 1.768E-04 1.755E-04 ~0.74
m=2 £ 5.297E-06 5.284E-06 ~0.25
v = 0.90 cﬁ 1.600E~02 1.601E-02 +0.06
z = 2.00 7, 3,891E~04 3.928E-04 +0.34
m =4 £ 6.226E-06 6.289E-06 +1.00

2
[ fc = osTp {sec) 1]

Table 3. Monte Carlo/Sn Comparisons (D= 5.0 mfp)




CASE Monte Carlo Sn % Diff.
(MCS1) (ONETRAN)
w = 0.10 oi 2.018E-05 2.294E-05 +12.0
z = 2.00 mfp Tp 5.414E~04 (sec) 5.383E~04 (sec) -0.57
m= 2 fc 1.093E~08(sec) 1.235E-08(sec) +11.5
w .= 0.10 oz 1.073E-05 1.150E-05 +6.69
z_= 3.00 mfp T 8.249E-04 8.307E~04 +0.70
m=4 £ 8.851E-09 9.556E-09 +7.38
v = 0.10 oi 1.450E-05 1.339E-05 -B.30
2= 7.00 mfp T 4.375E-04 4.363E~04 -0.28
m=4 £ 6.344E-09 5.844E-09 -8.55
w_= 0.10 05 1.046E~05 9.785E-06 -6.90
2= 7.00 mfp T, 5.275E-04 5.221E-04 -1.03
m= 6 £ 5.518E~09 5.109E-09 -8.00
W= 0.50 cz 3.396E-05 3.542E-05 +4.12
2= 7.00 afp T, 3.578E-04 3.505E-04 -2.08
m=2 £ 1.215E-08 1.241E-08 +2.09
w_= 0.50 cz 1.656E-05 1.699E-05 +2.53
2= 5.00 mfp T, 6.049E-04 6.032E-04 -0.28
m=4 £ 1.002E~08 1.025E-08 +2.24
W= 0.90 oi 4.592E-04 4.556E-04 -0.79
z_= 2.00 mfp T, 7.489E-04 7.513E-04 +0.32
m=3 £ 3.439E-07 3.423E-07 -0.47
w = 0.90 ci 5.200E~04 5.191E~04 -0.17
z_= 4.00 mfp T, 5.814E~04 5.793E-04 -0.36
m=3 £ 3.023E-07 3.007E-07 -0.53
w_= 0.90 o2 8.951E-04 8.927E-04 -0.27
2= 8.00 mfp T 3.560E-04 3.521E-04 -1.12
m=3 £ 3.186E-07 3.143E-07 -1.38

Table 4. Monte Carlo/Sn Comparisons (D= 10.0 mfp)

[ fc = o‘z'tp (sec) ]
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relative error of 17 or better. This was impractical to do for some of
the very deep-penetration problems. As an example, some of the cases
involving the 10 mfp slab with w, = 0.10 would have taken more than 13
hours of CDC-7600 computer time to process to a relative error of 1%.
Thus, the larger discrepancies between predicted and Monte Carlo values
of sample variance in such cases (see Table 4) reflected the variance
of the variance in the Monte Carlo estimates themselves.

For the smallest slab thicknesses, the time per history was consis—
tently overpredicted by the S, calculations by as much as a few percent.
Most probably, this was a reflection of an inaccuracy in one (or some)
of the event timings which may become more noticeable when the overall
number of events in a particle history becomes small (thin slab problems).
However, the magnitude of the discrepancy was always quite small {(never,
for example, affecting the shapes of the cost function curves). 1In
addition, values of Tp obtained from the Monte Carlo calculations were
always subject to normal variations in processing time brought about by
changes in the job load in the time-sharing computer environment. Thus,
values of Tp for the same Monte Carlo calculation varied by as much as
17 depending on the time of day the problem was run. For these reasonmns,
an exact refinement of the computer timings was consldered to be outside
the scope of this dissertation. Figure 16 illustrates the behavior of
the computing cost as a function of splitting surface location for
D = 5.0 mfp, Wg = 0.50, and m = 2. The solid curve 1s a fit to the Sn—

calculated values of Uszrp' Also plotted in Fig. 16 are stochastic

values of Ussz resulting from the Monte Carlo calculations. This figure
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further emphasizes the good agreement between deterministic predictioms

and actual values of computing cost.

4.4.3 Single~Surface Results. Results are presented here illus-

trating the behavior of the cost function (OS2 Tp) under a large variety
of transport problem specifications and splitting conditions. The
discrete ordinates transport code ONETRAN was employed in generaiing
this information. P0 - S8 calculations (employing a Lobatto quadrature
set) with a fine-mesh interval spacing of Az = 0.05 wfp gave very satis-
factory results. The convergence criterion for the first and second
moments of the tramsmission score was set at 1.0E - 05. Since the o
problem took considerably longer to run, the convergence criterion for
that calculation was relaxed slightly to 5.0E -~ 05.

The curves presented in Figs. 17 through 28 represent analytical
(polynomial) fits to the Sn—calculated values of Osz Tp' The abscissa
in these curves is the normalized splitting surface location, i.e.,
zS/D. A Fortran code (COSTFT; see Appendix G) was employed to perform
a multiple linear regression (least squares) analysis in fitting the
S,-generated values. A discussion of the regression technique and the
appropriate subroutines used in COSTFT appear in Reference 25 (pp. 171-

176). 1In all cases, a third- or fourth-order polynomial was sufficient

‘to provide an excellent fit, i.e., to result in a multiple linear-

correlation coefficient of 0.9997 or better.
Figure 23 illustrates the typical case for which splitting in

Monte Carlo is cost-effective relative to the non-splitting calculation.
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Here splitting is optimized with m = 4 and with the surface located
about 60% of the way into the slab (D = 5.0 mfp).

When the scattering ratio is increased to 0.50 (Fig. 24), splitting
is still cost-effective, but the optimum splitting ratio drops to m = 3.
Finally, by increasing the degree of scattering to wg = 0.90, splitting
loses its cost-effectiveness vis a” vis non-splitting (Fig. 25).

In the case of a thinner slab (D = 3.0 mfp), the cost function
might still be minimized, as indicated in Fig. 20; however, even with
907 absorption, it does not pay to split. In fact, raising the scatter-
ing ratio for D = 3.0 mfp or decreasing the slab thickness even further
results in cases where splitting is not cost-effective relative to the
non—-splitting calculation.

On the other hand, Fig. 26 presents results for a slab thickness of
D = 10.0 mfp. With LA 0.10, the optimum splitting ratio is m = 10.
But note that splitting by as much as a factor of 20 does not result in
a significant cost penalty. Finally, for slab thicknesses sufficiently
large, even with a scattering ratio of 0.90, splitting gives a good cost
benefit (¥Fig. 28).

Table 5 summarizes the optimal splitting conditions for the cases
studied. The optimum splitting surface location in each case is normal-

ized to the total slab thickness (ES = zs/D).
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D(mfp) ZS/ZT Optimum Splitting Conditions

2.0 0.10 No splitting
0.50 No splitting
0.90 No splitting
3.0 0.10 No splitting
0.50 No splitting
0.90 No splitting

5.0 0.10 m=4 ; §;= 0.602

0.50 m=3; ES= 0.590
0.90 No splitting

10.0 0.10 =10 ; ZS= 0.670

0.50 =8 ; E;= 0.640

0.90 =3 ; E;= 0.575

Table 5. Optimal Single-Surface Splitting Conditions




CHAPTER V

THE CASE OF MULTIPLE SPLITTING SURFACES

Although the bulk of the numerical work of this dissertation is
related to a single splitting surface, the material in this chapter is
presented in order to show that the analysis employed in treating the
single surface generalizes quite easily to the case of multiple internal
splitting surfaces. Following an outline of the derivations for the
r-th moment of the transmission score as well as Tp (which follow very
closely the treatment presented in Chapter IV), results of a numerical
study involving the optimization of two splitting surfaces in a slab of
fixed thickness and scattering ratio are presented. A cost comparison
among optimal two-strface, optimal one~surface, and several heuristic
schemes of splitting is also presented. Finally, a comparison is made
for several cases between the sample variance predicted deterministic-
ally and the stochastic value computed using a standard production

Monte Carlo code (the MCNP code? developed at the Los Alamos Scientific

Laboratory).

2

5.1 Sample Variance, Jg

The problem under consideration involves N splitting surfaces
which divide the slab into N + 1 separate importance regions. This is
illustrated in Fig. 29. The formulation of the r~th moment equations
for r = 1,2 again proceeds by first formulating the score accumulation
probability P for the N + 1 regions and N surfaces of the problem. This,

of course, is subject to the particular list of next-events for each

case.
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Although the multi-surface development follows exactly (in prin-
ciple) the single-surface derivations, the multiple-surface equations
exhibit a greater variety in the formulations due to the different
possible groupings of next events for the different regions and sur-
faces. Due to this added complexity, the reader's interests are best
served by offering a somewhat complete treatment which includes all
of the possible cases encountered in formulating the multi-surface
moment equations. It should be reiterated that the principle and
formalism for this derivation follows exactly from the case of a single
surface.

Because there are now N internal splitting surfaces (zl,zz,"°,zN),
several definitions presented in Chapter IV should be generalized to

reflect this condition:

Splitting ratio at surface z;.

o
psm.(gf,s)ds = Score distribution function for splitting by
i m,:1 at the i-th splitting surface (P~ on the
i-th splitting surface).
pR_(Ef,s)ds = Score distribution function for a Russian
i roulette event at the i~th splitting surface.
Sm.(z,gf)dz+ = Probability of experiencing an m;:1 splitting
1 event in dzt about z+, given the particle starts

at z and reaches z' without collision.

Sp. (it whdzt = B 8¢zt - 25)dzt
1 for z3 3 €2z <z; (region i),

0 for z<z37 and z 2 z3 .
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Probability of experiencing a Russian roulette
event in dzt about zt, given the particle starts
at z and reaches zt without collision,

Ry, (2,2 dzt
1

RlTl (z*,ut,wt) = [1 - HuH) 18(zt - z;)dzt
for z3 <z < 2443 (region i + 1),

0 for z<2z; and 2z <2441 .

Probablllty of escaping the front surface at
dP about P , given that the current flight of
the particle starts at P,

Do (2, P+ de*

T{z » 2", [1 - H@W 1@ - W@t - w)d(zh)
x dz+du+dw .

for z £ 2 (region 1) »
0 for z > 2y .
Probablllty of escaping the back surface at dP

about P , given that the current flight ori glnates
at P,

Dy (2,EH)apt

T(z + zF,WH@ S - WS - W& - D)
x dz+dytawt

for z 2 2y (region N + 1) ,

0 for z < Zyg .

Probability that all (mi) sub-particles resulting
from a splitting event at P’ wiil each exit in
dP”” about P,

-+ - -

= 8(z"" - zH)su”” - uH) W - wh/my)dz""du""dw” .

Em. = Russian roulette survival probability at the i-th
1 splitting surface,

= 1/mi

-
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Bom.(gm ;PT,P"")dP”” = Probability that a particle undergoing a Russian
171 roulette event at Pt will leave the event in’
dP”” about P”“, given the survival probability

is Emi,
= §(z"7 - zH)su”” - u+){gm15(w” - w+/gmi)
+(1 - Emi)3(W")}dz"du”dw”
= Bomy BHE AR + (1 - £y )8(="7 - 2D e - wh)

% 6‘(w”)dz”d’u“dw“ .

Bom, ®F,27)ap"” Z Russian roulette survival coordinate-change
1 probability, :
= £ 8277 - 2D - whse™T - wHE, )
my 1

x dz”du”dw“ .

As discussed in Chapter IV, the formulation of the total score
accumulation probability proceeds by first considering the possible
next events following the departure of a particle from point P in phase
space. Here six cases are considered for particles beginning their
next flight:‘ in region 1, on surface 1, in an internal region bounded
by two splitting surfaces (region i), on an internal surface separating
two internal regions (surface i), on surface N, and in region N + 1.

The next events for each of these cases are listed below:

Region 1 (0 < z < zl); see Fig. 30a

- Scattering collision in region 1
- Front sa.face escape
- Splitting (mlzl) at z = z;
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Surface 1 (z = z7); see Fig. 30b

~ Scattering collision in region 1
- Scattering collision in region 2
~ Front~surface escape

-Splitting (m2:1) at z = z5.

Region i (zi_l <z < zi); see Fig. 3la

- Scattering collision in region 1
- Russian roulette at z = zi.1
- Splitting (mj:1) at z = z;

Surface i (z = z;, where 1 < 1 < N); see Fig. 31b

~ Scattering collision in region i

- Scattering collision in region i + 1
- Russgian roulette at z = z3-1
Splitting (mi+l:l) at z = z34q

Surface N (z = %N); see Fig. 32a

— Scattering collision in region N
- Scattering collision in region N + 1
— Russian roulette at z = ZN-%

- Back-surface escape at z =

Region N + 1 (zN < z £ D); see Fig. 32b

- Scattering collision in region N + 1

- Russian roulette at z = zZy

- Back-surface escape at z = D

For each of the cases listed above, the total score accumulation

probability may be formulated. The notation Y4 (P,s)ds will represent
the score accumulation probability for particle starting locations in
region i wzi(g,s)ds will represent the probability for particles with
starting location on the i-th splitting surface. The formulation of the

score accumulation probability for each of these cases follows along

the lines outlined in Chapter IV, i.e., in developing Eqs. (4.1.1.1)
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through (4.1.1.3). 1In each case, a separate term accounts for one of
the next events as listed above (see also Figs. 30 through 32). The
equations are presented here, given the particle starts out at P,

with z.

In region 1 (0 < z < zl):

¥y (B,8)ds = f art r(_g,gﬂfdg’o(g*,g’)/ds’ps(g’,s’)/dg”

0<zt<z

1

[ER”,2" )Y, (B"",s - s 1ds + f a2t o, (2,2") [ ds’p. (@F,s")
=z IV o'LZ E,0
- + + + - + .- -
8(s - s7)ds +/dg T(®,F )sml(g_ )/ds pSml(z »S )fdg

+ e LN N ] g LR N ] ige
Bsml(_E_ ,E ) /dsl /dsml_l l\bzl(_g ’Sl) wzl(z ’sml-l)

X

X

X

x wzl(g 8 — (s™ + s1 + Sy + oo 4 sml_l))ds . (5.1.1)

On surface 1 (z = zl):
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b, @>s)ds = / @t T@,pH far” 0@t fasp @",e" far”
+
0<z <z1

X [E(g‘,g“)lpl(g“,s - s7)]ds + f dgi' T(£,£+)fd2,

+
Zl<Z <22

X

O-(£+,£ﬂ)fdsﬂ ps(z‘,s‘) fdz“ E(E‘,g“)u}z(g“,s - S‘)ds

fd_P_* no(g,g+)fds‘ pE’O(g’f,s‘)a(s - s7)ds +/dg+ T(P,PH)

-+ - + - P -+ P cee
S, @) f ds psz(g ,s7) / ae Bsz(g P77 / dsq f dsmz_l

X wzz(_li :Sl) see wzz(g ’sz_l)

+

X

X IPZZ(E_ »s = (87 + sp toeee sz—l))ds . (5.1.2)

i i < z < ; < i<N:
In region i (Zi—l z < zg,s with 1 < i < N):

v, (B,5)ds = / ap” T(_r;,f)/dg' o(g",g‘)fds‘ ps(g‘,s‘)fdg"

+
z, <z <z,
i-1 i

x [E(R",R" )W, (B"",s - s7)1ds +fdg+ T(R,EOR, 1(g*’)/ds‘
im

+ e , ~, + ,~, e -
x Iog (s )/d_r; Bow (5, PRI, (778 - s7)lds
i-1 i-1 i-1 i-1

+ [ ot e, pHs @H [as o @5 fer B, @2
= == T my = Sm, "= - Smy "= 7=

X [/dsl "'fdsmi_l wzi(_P_“,Sl) bl wzi(_P_“9smi_1)

% wzi(z“.s - (s" 45 et smi_l))]ds . (5.1.3)
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On surface i(z = z;, with 1 <41i<N):

b, @s8)ds = f ar* T@&*)[d}:‘ o(g",g‘)fds‘ ps(z‘,s‘)fdp"

<zt<z,
z7<z;

211

x [ER7R DY; (B 5s - s7)1ds + f art (e, 2t [ ap”

+
232 <2341

X O(_P_+,£’) de; PS(B’,S’) dg;; E(B’,B”)wi-l_l(z”,s - s’)ds

+fd?_+ T(P,PHR &H [ds” p (®*,s7) [ ap””
-1 Ri1

X B, (& sPHe 1(2“,5 - s7)ds +/dg+ T(P,P)

mi+1
X [ ds ene ds _ (P”\S) ese
/ 1 / mgyp-l Y2 B0
wzi;l (B8 - (57 + sy + vee + smi+l_l))]ds ) (5.1.4)
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On surface N (z = zN):

by Bs8)ds = f de* (22" f de” o(®",P") f ds” pg(R”,s") f dp””

+
ZN-1°2" <2y

x [EQR P )Y@ ,s -~ s7)1ds + / art t(e,2*) fdpo@t,2")

+
zN<z <D

X /ds‘ Ps(g"s‘)/d_P_“ E(B’,B")l‘}N_'_l(_P_‘A,S _ S‘)ds
+ + + - + .- o
+ Jdb T(P,P )R (gi{jlés P (2 ,s {//:E:
/ N-1 By-1

t .. - + +
X B ¢ N A 1Y) (®°7,s - s7)ds +/d_g D, .(P,P )/ds’
e VR L V] 2N-1 ==

x Py, D(P ,8)8(s - sNds . (5.1.5)

In region N+ 1 (zN <z £D):

¥, (P,s)ds = aet v, 2" far” o2 [ a5t po@ns?) fap”
N1 & P T s(& 2

+
<
zy<z <D

X [ER",2 MWy, @7y - s7)]ds +fdg+ T(g,_r;+)RmN(g+)

x [ as”p, @8 far B, (£ ERY. @7us - s7)ds
/ R, & omy 2y

+fd£+ DT(E,E_'")/ds pE D(P ,$)6(s - s7)ds . (5.1.6)

Given the total score accumulation probabilities [Eqs. (5.1.1)

through (5.1.6)], it is possible to derive the appropriate equations
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for the r-th moment (r = 1,2) of the slab transmission score by follow-
ing the same steps as detailed in Chapter IV. Moreover, these integral
equations may be converted to an integro-differential form in order to
facilitate solution. A more detailed discussion of the derivation is
contained in Appendix H.

The equations are presented here in final form. In fact, the form
of the integro-differential moment equations is identical to that deter-
mined when considering only a single splitting surface. The folliowing
first moment (r = 1) formulation, which is derived in Appendix H

[Eq. (H.1.9)], applies for all starting locations z (0 < z £ D):

3 -~ -, -~
-H 5 Fi(z,u,w) + I Fo(z,u,w) =/du Z 0 E(z,u > WOF (2,177,w)

+ H(p)8(z -~ D) f”— cw (5.1.7)
T
where Fl(z,u,w) = l/ZT'Ml(z,u,w) .

Equation (5.1.7) is identical to Eq. (4.1.2.14), which was derived for
the case of one splitting surface. Since splitting and Russian roulette
have no effect on the expected value of the Monte Carlo tally, it is
expected that the first moment equations be identical. The boundary

conditions under which Eq. (5.1.7) is solved are identical to those

given in Eqs. (4.1.2.16) and (4.1.2.17), namely

Fl(D,u > 0,1) = 1/2T (5.1.8a)

and Fl(O,u <0,1) =0 . {5.1.8b)



The following equation for the second moment (see Appendix H)
holds for all starting locations z away from the N splitting surfaces.

Thus, for z # zg (i =1,2,**+,N), it is shown in Eq. (H.2.15):

8 - P * , Pl
W 5, Folz,u,w) + I Fo(z,1,w) =/du I * E(z,0 > W)F,(2,077,W)

+ H(W)8(z - D)--%L e w (5.1.9)
T
where FZ(Z,U,W) = l/ZT-MZ(z,u,w)
2
ZS = v ZT .

Again, the form of Eq. (5.1.9) is identical to that of Eq. (4.1.2.31).

The boundary conditions associated with Eq. (5.1.9) are

(5.1.10a)

It
o

F,(0,u < 0,1)

12 1
F,(,u > 0,1) = 3— =3 . (5.1.10b)
T T

However; for the case of multiple splitting surfaces, a discontinuity

exists in the sccond. moment solution at each splitting surface. The

nature of the discontinuity at each surface is identical to the condi-
tion found in Chapter IV when considering a single surface. However,

the condition is derived for the gemeral case in Appendix H. At each

zg (L = 1,2,%+,N):
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for u < 0

1 _+
ET-Mz(zi,u,w) s (5.1.11a)

M, (2, ,1,w) =
1

and for u > 0

+ - 2
Mz 1w = m My (2,0 - (mg - 1) -{Ml,zi(zi,u,w)} . (5.1.11b)
where M;(zi,u,w) = lim M2 i(z,u,w)
Z2+zZ ., ’
1—
(5.1.12)
+ .
Mz(zi,u,W) = lim Mz’i+1(z,u,W) .
27254

The discrete ordinates transport code ONETRAN was again employed
to solve the adjoint formulations of the Boltzmann transport equation,
i.e., Egs. (5.1.7) and (5.1.9). The first moment solution was deter-
mined initially and provided the information required for the discon-
tinuities in the second moment calculation [see Eq. (5.1.11b)]1. As in
the case of one surface, the second moment calculation required a slight

modification in the ONETRAN program in order to allow for the discon-

tinuity conditions at each splitting surface (see Section 4.3.3).

5.2 Time per Particle History (TP)

As in Chapter IV, the formulations for the first moment (expected
value) of time per particle history are derived directly from the r-th
moment (r = 1) equations, i.e., the formulations for Mr(g). Now, however,
there are N + 1 regions and N internal splitting surfaces in the problem

geometry. The total score accumulation probability as formulated for



the six cases in Section 5.1 still pertains here. 1In fact, the entire
derivation of the moment equations, up through the separation of r~th
moment terms from non-r-th moment terms, is still applicable (see
Appendix H). The divergence in the derivations comes about when con~
sideration is firzt given to the nature of the score distribution
functions. In particular, use is made of the fact that the particle
weight has no effect on the score distributions in the time problem
(recall that computer times required to process events are considered
to be "tallied" in this case). Thus, there is no dependence on weight
in the expected time to process a particle history [TP(R)]. All weight-
dependence is eliminated from the formulations formally by performing
the indicated integrations over weight in the general Mr(g) equations
(r = 1).

In addition to the definitions made in Section 4.2, we define the
following weight-independent kernels and probability distributions

which will appear in the multi-surface Tp(g) equations. First,
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since these distributions have no dependence on weight w (see defini-

tions in Section 5.1), Also for the multiple-surface problem
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DO(B_,B_+)d§_+ = /dw+ DO(P,g+)dR+

T(z + 2z ,w[1 ~ BHWIs@ - wezHaz a’

for z £ 2 R

0 for z > zZ;

Dy (R,E AR

f dwt Dy (P,BT)dRT

T(z + zH,WHWW S - W) §(zF - D)dzHau*

>
for z 2 zN

0 for z <z

+ -~ ,, = -~ + -~ -~

. d(zaa - z+)a(uaa - u.'.)dzaaduaa .
1

= £

m

By, (BFR" IR = f aw’” Bgp (®F.RHERT

8(z”° - 2Hs@”” - yhHaz""ap"” .

The definitions for T(R,R"), c(gfag’), and E(R",R"") are as given in
Section 4.2. Again (as in Section 4.2), the actual computer time
required to process a particular event is considered to constitute the

score at each event. The score distribution functions are thus ex-

pressed:
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ps(g,s)ds = ps(gjs)ds = 6(s - Tc)ds

pE’O(B,s)ds = pE,o(g,s)ds = §(s - To)ds

pE’D(g,s)ds = pE’D(E,s)ds = §(s - Tp)ds (5.2.1)
/
pSmi(E,s)ds = pSmi(g,s)ds = 8(s - Ts’i)ds

pRi(B,s)ds = pRi(z,S)ds =0(s - 13 y)ds

where Te» Tgs Tp are the actual computer times required to process a
scattering collision, a front-surface escape, and tally-surface escape

. and Tp § represent the times required to
2

(respectively). Also, Tg.4
3

process an m;:l splitting event and Russian roulette event (respectively)
at the i-th splitting surface.

Given the kernels and distributions above, the integral equations
for the expected time per particle history [Tp(z,u)] may be developed
for each of the six cases considered in Section 5.1.

As mentioned previously, the starting point in this development
invelves the r-th moment equations as derived from the score accumula-
tion probabilities for the various cases discussed in Section 5.1 [see
Eq. (H.0.1)}. Specifically, we consider the Mr(g) equations (r = 1) at
a point in their development where the terms Mr(g) have been collected,
and non-r—-th moment terms appear in a source-like term Q- (F). The
equations in question resemble Eqs. (B.1l.11-13); however now six formu-
lations could be written, one for each of the tcases presented in

Section 5.1.

151



152

For example, the appropriate equation for the first moment (r = 1)
is written here for particle starting positions z in the range

z3.1 < z < zj (region i):

M i@ = f aet T(2,P") f dp” o(®*,2") f dP”" E(®",E")
Zi“'1<2+<zi
x M, .(p°") + fart T(P,Pt pt dp”” B ;p¥t p°”
1,i @) /_ @EOR, @ )/_ omy_y my_y 3B
XMy g, BT+ f dB¥ T(R,ESy () f " Bgy (BF.277) *my
X Ml’zi(g' ) + Ql’i(g) > (5.2.2a)
where

QB = f ap* T(g,g")fdg’ c(g",_r;’)fds pg(B”,8)s

24-1°2 <24
+ fart 7, Pt pH) [ ds pt,s)s
/_ (_,!__ )l{‘ni_l(__) pRi-l(_ ] )

+/dg+ T(g,g+)sm_(g+)/ds pgy. BH.sds . (5.2.20)
1 1

The integral over dP”” in the second term of Eq. (5.2.2a) may be simpli-

fied. Recall from the definition of BOmi (Section 5.1),

'/.d.-g,, BOmi_l(Emi__fg’-’.P_”)Ml,zi_l@.)’) = /\d-g’*fdw,’ BOmi_l(.l_)_-i-’z)’)

“Mpp @4 f 4" f aw”" 87 = 2O - 1)

(U= gy, 8@, R (5.2.3)

However, by the definition in Eq. (4.1.1.6)



/6(2-.1 My, ®w 1w =M, ® ,0) zq . (5.2.4)

Thus, Eq. (5.2.3) becomes
dP” B ;P+ P—" = dP” P+ Pf; . 2.5
./ - Omi-l(gmi—l ELETD) _/ 2 Bo,ni_l(_ SB77) ¢ )

Since we are now considering the expected value of the time per
particle history, for notational ~larity the symbol for the function is
changed from Ml,i to Tp,i' Also, as noted before, the weight of a
particle now has no bearing at all on the scores and, hence, on the
first moment of the time per particle history. The weight-independence

is formally stated:

MpL,i@® = B =1, s R (5.2.6)

Finally, the implied integrations over weight are carried out in
Eqs. (5.2.2a,b). Using Egs. (5.2.6), (5.2.5), and tne definitions for

the kernels stated earlier, Egs. (5.2.2a,b) become

i ® = f dR* T(R,RY) / dR” o(R*,R") / dR™" EQR™,R™)T, (RT)

N +
zl_l<z <z1

+ . + + - + -~ .-
+/d5 T(R,RRy, (R )fd.li Bomg _y RHR™ D5 5, ;R
+ far* TR,R")S, ®") f dR™” Bgp (RY,R™7) *m; + 1 (R™7)

. = i~ TPz =

+Q, R, (5.2.7a)
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where

Qi ®) = f dR* T®,R") faR” o(R",R") f ds pg(R",s)s

. .<zt<z.
Zl_l ¥4 Z3

+ f dR" TR,RNRy. R f ds pg,_, RF,s)s + f dr* T(R,R")
+ +
X smi(g )/ds pSmi(g ,S)s . (5.2.7b)

The Tp equations for the remaining five cases may be similarly derived.

For particles with starting locations in region 1 (0 £ z < zq):

1 ® = f drt T(g,g”)fdg’ o(g”,g’)fdg" ERSLR)T R

0<z+<zl

+ + + .- + Ry em .-
+fdg T(R,KR )sml(g )fdg BSml(_lg R77) »my Tp,zl(jlg )

+ Qp,l(B.) ’ (5.2-83)
where
Qp,1(R) =fd3_+ Do(g,_&*)fds pg, oK >8)s + f dr*t T(R,R)
0<z+<zl
x/d_rg’ o(®T,R") [ds pg(R",8)s +fd§_+ T(g,g’f)sml(_g’f)
x-/‘ds’ pSml(g’f,s)s . (5.2.8b)



For particles proceeding from surface 1 (z = zq):

-~ -~ r -~ - -~ e
o,z ® = f dr* r(.&,z*)fdg o(RF,R )j dR™" ER", R, 3 (R™)

0<z+<zl

+ / dr* T(B,Bf)fd_g’ 0('13:'-’3’)-/.(15)’ ER™R )T, 2@R7)

zl<z+<zz
-+ -+ -+ eyl -+ N, . o~
+/d5 T@EDS, ® )fdg Bon, @R my - 7y R

t O,z ® (5.2.9a)

where

Qp,z1 =/d_1§+ Do@,’.’*i"f)jrds pE,o(y,s)s +-/’d5+ T(_lis§+)5m2(3_+)fds

X Pgp, (RF:s)s + f dr* T(R,R") fd_fg‘ c(gtg‘)fds
, &

O<z+<z1
x pg(R",8)s + f ar* T(R,RY) fdg’ o(g"',g’)/ds
zl<z+<z2
X pg(R7,8)s . (5.2.9b)
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For particles proceeding from surface i (z = z4):

To,2y®) = f dr* T(R,K") f dR” o(R",R") f dR”* E(R",R™)

+
Z5. l<z <z

M Tp i(g;;) + J/r dﬁf T(B”Bf)J/de' O(B?’E')"iﬂ&;;
’

+
.<zZ <2z,
Zl z Zl+1

x E(_Ig',g")'rp’i_*_l(g“) +/d_R_+ T(E’B+)%i_1(5+) fdﬁ',

x 8 (RY.R" )1 R"") + f dr* T(R,RD)sS rY [ ar””
Om; 1= *= YTp,zs ® D f— RRDS0 & =

X Bgn, +1(_+E ) tmity * Tp, . +1(R )+ Qp, z; ® , (5.2.10a)

where

f dg*‘ T(B,_R_'*') de_' 0(_]1‘*"3_")/(13 pS(B_',S)S

-+
. <z'<z.
Zl“l z Zl

+ / dr* T(R,RM) fdg’ c(_rff,g‘)fds ps(R”,8)s

+
2327 <234

+ / " T(R,EOR, | &) f ds pg,_, (®",s)s + f d&" T(R,KD)

+
Sm. +1(R )fds pSmi_*_l(E 45)8 . (5.2.10b)
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For particles proceeding from surface N (z = zy):

Ty ® = / d&" T(R,R) / dR” o(R",R") f dR”" ER™,R™)

+
ZN-1°2 <2y

X

5w R+ f dr* T(g,g”)fdg’ o(®",R") fdrR"7 E(R",R™)
L]

+
zN<z <D

~r + -+ + ~ + -~
T, w1 @) Jﬁg T®R.RDR, & )/dg Bomy_, ® R

X

ooy ® )+QP,ZN(§) , (5.2.11a)

where

/ drt T(B,E)fdg’ o@*,l_z')/ds Pg(R™>8)s

+
ZN-1°2 <2y

f drt T(®,R") f dR” o(ghg‘)fds pg(R”,8)s

+
<z'<
zN z <D

+/d5+ TR.EDR, R fds pg NCPDE +fd5+
— N_

Q, 2y B

+

X DT(5,§+)fds pg,p®*.s)s . (5.2.11b)
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Finally, for particles beginning their flight in region N + 1

(zN <z <£D):

Tp, 1 R) = / dr* T(R,RN) / dR” o(R*,R") f dR"" EQR",R"™)
zN<z+<D
Pyl 4 + 4~ -~ -} P
Ty 1R +/d5 T KD @) f 4R Bop (RFE)
T,z @D G g ® (5.2.12a)
where
% 1 ® = f d&* TR,RD f dR” o(RF,R7) f ds pg(R”,s)s
zN<z+<D
+/dR+ T(R,RR, (R+)/ds p, ®,9)s +/dR+ D..(R,R")
x/ds pE’D(B+,s)s . (5.2.12b)

Starting with Eqs. (5.2.7) through (5.2.12), a single integro-
differential equation may be developed which is applicable at all =z
except zj (i =1,2,»++,N). The development is outlined in Appendix I

and follows very closely the derivation presented in Section 4.2 for

the single splitting surface case. Thus, Eq. (I.15) is rewritten here

for all z # z; (1 =1,2,°**,N):



3 Pl ~~, ,~.
—H _5_2- FT(Z,U) + ZTFT(ZsU) = /d].l ZT ¢ E(Z,]J > U )FT(Z,]J ) + TC

- o dnl. oy H .
+ {1 - H)15(¢z - 0) S 19 + H8(z - D) £ (5.2.13)

where
FT(Z’U) = 1/ZT * Tp(z,p)

Equation (5.2.13) is an adjoint formulation of the one-speed Boltzmann
transport equation; in fact, it is identical to Eq. (4.2.2.12). The
solution (calculated using the ONETRAN Sn code) is subject to an iso-
tropic distributed source (Tc). The boundary sources at z = 0 and

z = D implied by the delta functions in Eq. (5.2.13) are treated by

imposing non-zero adjoint boundary conditions:

]
o

FT(O,u < 0) TO/ZT at z

(5.2.14)

n
[ I

[l

and Fp(D,u > 0) TT/ZT at z

Finally, at each splitting surface, a discontinuity condition exists
for both positive and negative values of p. The discontinuity at each
z; ({ = 1,2,*+,N) is written here

for u < 0:

+ -
Tp (zi,u) = ﬁ%-- Tp (zi,u) + TR.1 . (5.2.15a)
2
and for u > O:
Tp'(zi,u) =m - Tp+(zi,u) + Ts,i s (5.2.15b)
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where

Tp'(zi,u) = lim Tp,i(z,u)
Z3Z .
1-
T ¥z, = lim 1 (z,1)
p ‘ZioH) = p,i+t1'%s :

>Z .
27254

5.3 Numerical (S,) Study for the Case Involving Multiple Surfaces

Numerical results relating to several splitting surfaces in the
problem geometry (semi-infinite plane) are presented here. Results for
the optimal placement of two surfaces are discussed first followed by
a cost comparison between optimal location of the splitting surfaces
and placement based on some of the more popular rules of thumb. Final-
ly, S, predictions of sample variance are compared to stochastic results

from a standard Monte Carlo production code, MCNP.

5.3.1 Overview of the Study. Due to the iterative nature of the

optimization scheme (to be discussed in Section 5.3.3), the scope of
the numerical multiple-surface study was restricted. In particular,
the transport properties of the problem were fixed, i.e., the slab
thickness D was restricted to D = 5.0 mean free paths and the scatter-
ing ratio was fixed at wS-E ZSIZT = 0.10. Moreover, only two splitting
surfaces were considered and splitting at each was in a ratio 2:1. The
purpose of the numerical optimization, then, was to determine the
optimal location of the two splitting surfaces vis a” vis the cost
function (USZTP).

The particle source in the transport model has been assumed to be

normally incident at z.= 0 (as presented in Chapter III). However, the



deterministic results of the adjoint ONETRAN calculations for the
moments of the transmission score and time per particle history also
include values for all of the discrete angles at z = 0, i.e., not just
at U = 1. Therefore, once the S, solution is obtained for the plane
normal source, it is also possible to integrate the angular values at

z = 0 over any arbitrary source distribution to obtain the moments of
the score (and Tp) given the particular angular source distribution
considered. This may be done without the expense of any additional
computational work (except, of course, for the integration over the
source distribution). The benefit here derives from the global nature
of the solution tr the adjoint Sn problem. The two-surface optimization
considered here is therefore presented in two parts——first, for the case

of a particle source normally incident at z = 0 and then for an iso-

tropic planar source in the forward direction also at z = 0.

5.3.2 Monte Carlo/Sn Comparisons. A Monte Carlo code called MCSN

(see Appendix J) was written in order to treat more efficiently the
multiple splitting surfaces in slab geometry. The Fortran code listing
is given in Appendix J. The logical flow of MCSN follows almest exactly
that of MCS1 (Section 4.4.2), major differences being confined to sub-
routine DSURF (geometry-related operations required for calculating the
distance to the next surface). Required input to MCSN is also the same
as for MCS1l, except that the locations of the bounding surfaces f£sr each
of the NCL geometry cells must be input (SURCEL array), along with the

relative importance of each of the cells (IMP array). It is assumed
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that the slab is divided into NCL planar cells by the NCL-1 splitting
surfaces.

As before, in order to use the 5, technique to predict time per
particle history (now assuming execution of the Monte Carlo problem
using MCSN), new computer timings are required for the processing of
a collision, splitting event, Russian roulette event, as well as front
and tally-surface escapes. The event timings were obtained (using the
MCSN coding) by the same procedure as described in Section 4.4.2. The
timings now, however, were subject to code compilation using the FTN
compiler and execution on the CDC~7600. Results are presented in
Table 6.

Finally, Monte Carlo transport calculations employing the code
MCSN can be used to stochastically verify the predicted values for osz
and Tp which were calculated using appropriately modified versions of
ONETRAN, i.e., modified to allow for the multiple discontinuities
accompanying the multiple splitting surfaces. Some of the Monte Carlo/
S, comparisons are presented in Tables 7 and 8. The transport problem
on which these comparisons are based involves splitting by 2:1 at each
of two splitting surfaces in a slab of thickness D = 5.0 mfp. The
scattering ratio (ws) is constant at wg = 0.10. Table 7 represents
calculations in which the particle source was normally incident at
z = 0. The Monte Carlo results in Table 7 reflect calculations in which
the expected slad transmission was computed to a relative error of about
17. Agreement between stochastic and deterministic values is quite

good; sample variance and time per history are predicted to within a

couple of per cent.



Time to Process...

Time

usec

Time Units

Collision, TC
Splitting (m=2), T
Russian Roulette (m=2), o
Front-Surface Escape, TO
Tally-Surface Escape, TT

Source Particle

History Update

10.88 + 0.03 usec

19.80

13.08

11.18

10.75

0.24

3.32

+ 0.04

+ 0.01

+ 0.04

+ 0.04

+ 0.01

+ 0.01

1.00

1.82

1.20

1.03

0.99

0.02

0.30

Table 6. MCSN Event Timing Summaries.
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S

% Diff.

CASE Monte Carlo a
» b
(z; in mfp) (MCSN) (ONETRAN)
2, = 2.00 oi 2.027E-03 1.989E-03 -1.91
2, = 2.50 Tp 3.668E~04 (sec) 3.661E-04(sec) -0.19
£ 7.437E-07 (sec) 7.282E-07 (sec) | -2.13
z, = 2.00 cz 2.087E-03 2.086E-03 -0.05
2y = 3.00 T, 3.337E-04 3.331E-04 -0.18
£ 6.964E-07 6.948E-07 -0.23
z, = 2.00 oi 2.259E-03 2.243E-03 -0.71
cy = 3.50 T, 3.047E-04 3.038E-04 -0.30
£, 6.885E~07 6.814E-07 -1.04
2, = 2.00 oz 2.451E-03 2.495E-03 +1.76
2y = 4.00 T, 2.795E~04 2.785E-04 -0.36
£ 6.851E~07 6.948E~07 +1.40
2, = 2.00 oi 2.866E-03 2.900E-03 +1.17
2y = 450 T, 2.583E-04 2.572E-04 -0.43
£ 7.403E~07 7.459E-07 +0.75

Table 7. Monte Carlo/Sn Comparisons: Plane Normal Source.

[D=5.0 mfp; ws=0.10; ™

at surfaces zy and zz.]




CASE Monte Carlo Sn 7% Diff.
(z; in mfp) (MCSN) (ONETRAN)
2, = 1.00 cz 2.662E~04 2.644E-04 -0.68
2, = 1.50 Tp 3.690E-04 (sec) 3.662E-04 (sec) -0.76
fC 9.822E-08 (sec) 9.684E-08 (sec) -1.42
2, = 1.00 o> | 2.611B-04 2.686E-04 +2.79
o ~04 -
2, = 2.00 Tp 3.388E-04 3.363E-04 0.74
fc 8.845E-08 9.035E-08 +2.10
zl = 1.00 Uz 2.823E~-04 2.759E-04 -2.32
22 = 2.50 Tp 3.104E-04 3.094E-04 -0.32
fc 3.762E-08 8.535E-08 -2.66
2y = 1.00 OZ 2.859E-04 2.881E-04 +0.76
T 2.875E-04 2.857E-04 -0.63
zy = 3.00 p
fC 8.220E-08 8.231E-08 +0.13
z, = 1.00 o’ | 3.051E-04 3.093E-04 +1.36
2y = 3.50 T, 2.660E-04 2.650E-04 -0.38
fC 8.116E~08 8.195E-08 +0.96
zl = 1.00 02 3.937E-04 4.072E-04 +3.31
22 = 4.50 Tp 2.334E-04 2.323E-04 -0.47
fC 9.189E-08 9.460E-03 +2.86
Table 8. Monte Carlo/Sn Comparisons: Isotropic Source.
[D=5.0 mfp; wS=O.lO; ml=m2=2 at surfaces 2 and zz.]
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The results displayed in Table 8 correspond to an isotropic source
at the z = 0 plane. The Monte Carlo calculations on which Table 8 was
based involve a relative error in the computed slab transmission of

about 37%.

5.3.3 Optimization of Splitting Surface Locations. As mentioned

previously, the itezrative nature of the optimization scheme for deter-
miLing the most cost-effective splitting parameters when employing
multiple splittineg surfaces precludes the extensive numerical study
that was done for the single splitting surface. Thus, the optimization
problem considered here was greatly restricted. Splitting Im a ratio
2:1 was considered to take place at two splitting surfaces located in a
slab 5.0 mean free paths in thickness. The scattering ratio was fixed
at ZS/ZT = 0.10. The goal was to find the optimal location of the two
splitting surfaces within the slab. The numerical study was done for
two different source conditions: first, a plane normal source
[u(source) = 1] was considered at z = 0; then, an isotropic planar
source (also at z = 0) was investigated.
The iterative scheme for finding the optimal placement of splitting
surfaces consisted of the following steps:
1) The location of the first splitting surface was fixed (z = zl).
2) Using S, calculations to predict (%2 and Tps a cost survey
was exacuted, keeping the location of the first splitting sur-
face,fixed while varying the location of the second [USZTP VS.
Eé, where Eé is the normalized second surface location:

z, = (z2 - zllD - zl)].



3) Based on step (2) above, a z, was found at which Uszrp

was minimized.

4) The location of the first splitting surface (zl) was
shifted to a new position.

5) Steps (2) through (4) were repeated until a zZ(opt) was
found [for a certain zl(opt)]’ which resulted in the

rall mini 1 0.’ ’
ove minimum associated cost, { s Tp)MIN

5.3.3.a Plane Normal Source. The first source condition studied

involved particles impinging normally {[u(source) = 1} on the froant sur-
face of the slab (z = 0).

Figures 33, 34, and 35 illustrate three of the many steps involved
in the optimization procedure. 1In Fig. 33, with the first splitting

surface located at z3 = 1.00 mfp, the cost function was minimized with

Zz, = 0.575 (z2 3.30 mfp). The cost function increased monotonically

22
4.00 mfp (see Fig. 35). However, the optimal splitting

with Eé for zg

conditions (Fig. 34) were achieved with Zl(opt) = 2.50 mfp and zZ(opt)=
5 = i i 2 = 5 -

0.475 [zz(opc) 3.68 mfp}, resulting in (og TP)MIN 6.735 E - 07 sec.

For reference, the non-splitting cost was 92.093 E-07 sec.

5.3.3.b Isotropic Planar Source. We define the angular source

distribution at z as

S(z,u,w)dy = probability of a source particle being
introduced at z in dy about u (with
starting weight w).

Then, if we consider a forward-directed isotropic source at z = 0,
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(1)du for 0<psgil ’

S(0,u,w)du = (5.3.3.1)
0 otherwise ,
+1 1
so that /S(O,u,w)du = fS(O,u,w)du =1 .
-1 0

Now it is possible to formulate

S(0,u,w)YP(0,u,w,s)ds du = probability that a particle will be
introduced in duy about u at z = C
(with starting weight w) and will
score s in ds in the course of its
subsequent history.

We then multiply the above probability expressicn by st and integrate

over ds and du:

1 1
ﬁr(O,w) Ef dp S(0,u,w) fq')(O,u,w,s)sr ds = M]__(O,u,w)du . (5.3.3.2)
¢
Thus, ﬁ}(o,w) represents the r-th moment of the Monte Carlo score, given
the particle starts out at z = 0 with weight w.
As mentioned in Section 5.3.1, the deterministiec Sn solution for
the r-th moment of the Monte Carlo score includes values of M. at z = 0
for all of the discrete directions Hye Thus, by simply performing an

integration of the angular solutions over u at z = 0, ﬁ;(o,l) may be

computed:
1 MM/2
Mr(O,l) = er(O,u,l)du ~ E 1511,;111(0,1)1»m ’ (5.3.3.3)
=1
0 " 71
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where Mr;m(O,l) represents the solution for the r-th moment at z = 0
along the m-th discrete direction (um), given a starting weight of
unity. The summation in Eq. (5.3.3.3) represents the numerical integra-
tion of the adjoint 8, solution at z = 0 over all positive directions
(wm are the quadrature weights associated with an S calculation
employing a quadrature order of n = MM).

The same optimization scheme as used ia Section 5.3.3a was employed
to determine the optimal location of the two splitting surfaces when
the source was considered to be isotropic at z = 0. The pumerical
integration indicated in Eq. (5.3.3.3) constituted the only extra opera-
tion in the procedure.

A zy~survey for z; = 2.50 mfp is illustrated in Fig. 36. The
overall optimum splitting surfac2 locations are found to occur at
zl(opt) = 2.50 mnfp and zZ(opt) = 3.58 mfp (22(opt) = 0.433). The
attendant minimum cost is (USZTP) = 7.398 E-08 sec, compared to the

MIN

no-splitting cost of 1.154 E-(07 sec for the isotropic angular source
distribution.

It is interesting to note that the optimum splitting surface loca-
tions when considering an isotropic (forward-directed) source do not
differ by more than 0.1 mean free path from the optimal surface locations
attending a plane normal source. This, of course, is not totally sur-
prising in light of the fact that the forward "directional preference"
of the plane normal source is lost after one collision in an isotropic-
ally scattering medium, i.e., roughly within one mean free path of the
source plane. Hence, for a slab thickness of five mean free paths, as

considered here, it is not surprising that the optimal locations of
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splitting surfaces are not affected much by the angular distribution of

the source particles (as long as the medium is isotropically scattering).

5.4 Comparison of Optimal va. Heuristic Placement of Surfaces.

The fact that the discontinuity conditions in the solution func~
tions for the second moment of the transmission score and time per
particle history generalize for any number of splitting surfaces in the
geometry facilitates the prediction of computing costs related to
multiple splitting surfaces. It is, therefore, possible to use the
appropriate discrete ordinates calculations to deterministically
compute the costs associated with multiple surfaces and compare these
to optimum single~surface results. In Section 5.3, such analysis was
employed to optimize the location of two surfaces. However, ccsts may
also be predicted for cases involving the use of rules of thumb for
prescribing splitting parameters.

It was of interest to determine the costs associated with two
different heuristics and to compare these with the computing costs
related to optimal splitting conditions. One of the heuristic prescrip-
tions involved 2:1 splitting at every mean free path; the other involved
2:1 splitting when the particle flux (not necessarily the track popula-
tion) diminishes by a factor of 2. The cost comparison was done for a
transport problem involving a slab thickness of five mean free paths and
a scattering ratio (ZS/ZT) of 0.10. The source was considered to be
normally incident at z = 0. Results are presented in Table 9.

Of the cases considered, the overall optimum splitting condition

involves splitting by 4:1 at one surface (zS = 3.0 mfp). Optimum



flux falls by 2

CASE COST(sec)
No splitting 9.093 E-7
Optimal; one surface _
m=2 at 325 mfp | o0 E77
Optimal; one surface s oo e
m=4 at 300 mfp | o*U< B¢
Optimal; two surfaces _
m=2 at 250, 368 mip | 02 E7
Split by 2 at every v oMo E_
mean free path ’
Split by 2 when 9.898 E—7

Table 9.

Comparison of Several Cases.

[ D=5.0 mfp; ZS/ZT= 0.10 ]
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wer

splitting by 2:1 at two surfaces (zl = 2.50; zy = 3.68 mfp) is only
marginally worse. Rule-of-thumb splitting by 2:1 at every mean free
path is more expensive than the optimal cases, bui still cost-effective
relative to the non-splitting case. Finally, splitting by 2:1 when the
particle flux decreases by a factor of 2 is not at all cost-effective
in this case.

Rule-of-thumb splitting by 2:1 at every mean free path was investi-
gated somewhat more extensively in an attempt to define better the
conditions under which such a splitting scheme would be cost-effective

relative to the non-splitting calculation. Several slab thicknesses
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absorbing as well as highly-scattering media. In all cases, the cost
associated with rule~of-thumb splitting was compared to the cost of a
non-splitting calculation. Results are summarized in Table 10. Recall
that "rule-of~-thumb" splitting in Table 10 refers to splitting in a
ratio 2:1 at every mean free path (corresponding to the total cross
section Iy at the source energy).

The cost comparisons in Table 10 indicate that such rule-of-thumb
splitting is not effective for thin slabs (approximately less than four
mean free paths in thickness), but does provide a cost benefit relative
to the non-splitting calculation for moderately-thick and thick slabs
only when the transport medium is highly absorbing. In other words,
splitting 2:1 at every mean free path is cost—effective only when the
transport problem is such that it accommodates, in general, a high degree
of splitting, e.g., when considering thick, highly-absorbing slabs. For

example, for a slab with a thickness of ten mean free paths and a



2
Cost,cs‘rIJ (sec)
Case R
Rule Of Thumb No Splitting

D= 3.0 mfp 4.234E-06 3.846E-06
w = 0.10

S
D= 3.0 mfp 1.436E-05 8.665E-G6
w_= 0.90 )

s
D= 5.0 mfp 7.272E-07 9.093E-07
w = 0.10

5
D= 5.0 mfp 2.035E-06 1.635E-06
w = 0.70

S
D= 10.0 mfp 3.957E~09 1.243E-08
w = 0.10

S
D= 10.0 mfp 1.274E-06 3.408E-07
w = 0.90

Table 10. Computing Costs Associated with

Rule-of-Thumb Splitting.

["Rule of Thumb" here refers to

2:1 splitting at every mean free

path.}

77



scattering ratio of 0.10, it was found {see Fig. 26 in Chapter IV) that
even gplitting by 20:1 at one surface provides a significant reduction
in cost relative to the non-splitting calculation. Correspondingly,
in Table 10 we see that rule-of-thumb splitting for the same problem
results in a significant (68%) cost benefit. On the other hand, rule~
of-thumb splitting results in a 274% cost penalty when the scattering
ratio for the same problem is increased to 0.90.

The results in Table 9 also-allow for a comparison between the
cost associated with splitting to a higher degree (e.g., 4:1) at a

single splitting surface and the cost of splitting more moderately

£ -1
\5-"., = 4

= ey
[

£

hY
3

[

splitting to a higher degree at one surface has a slight advantage. It
was of interest to compute such a cost comparison for another transport
problem in order to ascertain whether this condition is typical. A
slab thickness of ten mean free paths and a medium with a scattering
ratio of 0.10 were considered. The cost associated with optimal single-
surface splitting (m = 10 at zg = 6.70 mfp) was compared to the cost of
splitting more moderately at two surfaces. The two splitting surfaces
in the ten mean—-free-path slab were located in the same relative loca-
tions as two optimally-located surfaces in a five mean-free-path slab
(see Section 5.3.3.a). In one case, the splitting ratio at each of the
two surfaces was considered to be m = 2; in the second case the ratio
was m = 5. The cost comparison is presented in Table 1l.

From the results given in Table 11 (whick reflect a transport
problem calling for a high degree of splitting), it seems that a cost
advantage may possibly be gained by splitting in a slightly more

178



Case

Cost (sec)

Optimal one surface;

4.339E-09
m=10 at 6.70 mfp.
Two surfaces; 5.828E-09
m=2 at 5.0, 7.4 mfp.
Two surfaces; 3.627E-09
m=5 at 5.0, 7.4 mfp.

Table 11.

Cost Comparison: One vs. Two Splitting
Surfaces. (D=10.0 mfp; w = 0.10)
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moderate ratio (m = 5) at two surfaces, rather than splitting more
severely at only one surface (m = 10). Although these few results can-
not support a general conclusion, nevertheless the condition stated
above seems intuitively plausible. Splitting more moderately at mul-
tiple surfaces allows more for keeping the particle track population
relatively constant throughout the problem geometry, thus facilitating
in the general case a more balanced sampling of all the geocmetric
regions. Splitting to a high degree at only one surface results in a
greater discontinuity in the particle track population, possibly
involving a greater amount of computer time being spent in tracking
particles that do not have a commensurate effect in lowering sample
variance. Nevertheless, as indicated in Table 9, for transport problems
which do not accommodate a very high degree of splitting, splitting in
a moderate ratio at a single surface may still be cost-advantageous
vis a” vis multiple-surface splitting.

Table 11 also implies that some optimal splitting ratio at the two
surfaces most likely exists, since splitting 2:1 at each of the surfaces
results in an even higher cost (due to undersplitting) than splitting
10:1 at the single surface. The discussion above should serve to indi-
cate that optimum splitting conditions are certainly quite problem~
dependent.

Needless to say, the few results presented here are in no way
intended to provide a definitive solution to the optimal number of
splitting surfaces in the geometry (or, for that matter, the optimal
degree of splitting at each surface). Such a complete and all-inclusive

optimization of splitting strategy is beyond the scope of this



dissertation. On the other hand, these results demonstrate the useful-
ness of an analytical tool (such as the one presented in this disserta-
tion) for quantifying deterministically the computational cost associated
with the implementation of a popular and important variance reduction
device in the Monte Carlo calculation. This type of deterministic
analysis constitutes a positive step over arguments based on heuristics
or intuition.

5.5 Comparison to Results from Standard Production Monte Carlo Code
(MCNP)

Throughout this work, the predicted values of computational cost
have been constantly compared to actual Monte Carlo results obtained
from a special-purpose Monte Carlo code that was wriftten to treat
specifically the transport problem which served as a model for this
analysis. However, it was also of interest to compare the predicted
values of sample variance to stochastic values computed using a standard
production Monte Carlo code,9 developed at the Los Alamos Scientific
Laboratory.

The basic transport problem modeled was the same as before--namely,
a semi-infinite slab with a particle source impinging normally on the
front surface. Splitting, Russian roulette, and survival biasing were
considered. In order to perform the calculation with MCNP, a special
cross-section file in ACE format9 (the neutron cross section format read
by MCNP) had to be constructed. This file contained the special cross
sections (constant over all energies) which characterized the transport
problem under consideration, i.e., Zps ZA, and Zs with scattering iso-

tropic in the laboratory reference frame.
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Table 12 presents the values of expected slab transmission and
sample variance for a variety of transport~problem parameters and split-
ting conditions. Displayed values include those predicted based on the
theory of Monte Carlo errors, us well as stochastic values computed with
MCNP. The agreement is quite satisfactory. (The Monte Carlo values of
032 in the table result from calculations of the slab transmission to a
relative error of 1% or better.)

In principle, given the appropriate computer timings for the
elementary events of a particle history, it would also be possible to
vredict the time per particle history for the MCNP Monte Carlo calcula-
tion. However, considering the coding complexity of a multi-purpose
production code, it was determined that (for the purpose of this work)
such a determination of the actual event timings within MCNP would not
be an appropriate undertaking. An interesting fact may be stated, how-
ever, regarding the overall time required to process a particle history
when using MCNP relative to the time per history cobtained when employing
the special-purpose code (MCSN) used for the stochastic calculations in
the major part of this work: tﬁe MCNP times were consistently about a
factor of ten greater. This brings out fhe advantage of using a small,
specially-written program for a study such as the one involved in this

particular work.



CASE THEORY _MCNP % DIFF.
D = 5.00 mfp
w_ = 0.50 <> 1.294E-02 1.295E-02 0.08%
z_ = 2.50 mfp oz 4.785E~03 4.733E-03 1.09%
m= 2
D = 5.00 mfp
w, = 0.90 <x> 7.667E-02 7.644E-02 0.302
z, = 1.50 mip o? 1.610E~02 1.600E-02 0.62%
m=3
D = 3.00 mfp
w, = 0.50 <> 7.853E-02 7.831E-02 0.30%
z_ = 1.25 mfp oi 2.136E-02 2.112E-02 1.10%
m=4
D = 1C.0 mfp
w, = 0.90 <> 5.614E~03 5.667E~03 .54%
z, = 6.00 mEp oz 6.446E-0b 6.589E-04 2.22%
m=3
D = 3.00 mfp
w, = 0.90 <x> 2.146E-01 2.154E-01 0.37%
z, = 1.50 mfp 0: 7.099E-02 7.120E-02 0.30%
m=3
D = 5.00 mfp
wg = 0.10 <x> 7.319E-03 7.362E-03 0.587%
2.00 mfp 2 _ s _ .
2 3:33.00 vl a; 2.086E-03 2.082E-03 0.19%
m, = 2
1
D = 3.00 mfp
vg = 0-10 <> 5.300E-02 5.252E-02 0.91%
1.00 mfp 2 _ _
z; at;z.oo afp o’ 1.831E-02 1.824E-02 0.38%
m, = 2
1
D = 5.00 mfp
W, = 0.70
<> 2.349E-02 2.332E-02 0.72%
1.00 mfp 2
2.00 mfp a; 2.319E-03 2.301E-03 0.78%
23 293,00 nfp
4.00 mfp
m, = 2

Table 12.

[<x> denotes expected value of slab transmission probabi-
1ity; splitting surfaces located at z, or zi(multiple).]

Predicted vs. Stochastic (MCNP) Values of Sample Variance.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusions

The main goal of this research effort, as defined in Chapter I,
was successfully met: a deterministic technique was employed in order
to predict the efficiency of geometric splitting/Russian roulette in a
Monte Carlo calculation. This constitutes a positive step in Monte
Carlo methodology, facilitating the effective implementation of a
particular variance reduction technique based on quantitative analysis
raiher than on guesswork or intuitiom.

Four major conclusions may be drawn from this work, the last three
mainly as a result of the optimization study relating tc the single
splitting surface:

(1) The theory of Monte Carlo errors may be employed in order to
accurately predict the cost associated with a specific set of
splitting parameters. The deterministic calculation of the
computational cost GSZT allows for an a priori optimization
of a particular splitting scheme, as well as providing an
anglytical tool with which to judge the relative merits of

various commonly-used heuristics related to splitting.

Several advantages attend the deterministic (in this case Sn)
calculations of the cost. TFirst, the solutions to the govern-
ing .equations, which were in this case adjoint formulations

of the Boltzmann transport equation, are global in nature

(that is, the solutions to the r-th moments of the Monte Carlo



(2)

score and T_ are determined for points throughout the geometry
and for all discrete directions). Thus, the results of one
calculation may be easily integrated over any given source
distribution in order to determine Ossz corresponding to that
particular distribution. This was demonstrated in Chapter V
for the case of an isotropic planar source. Secondly, the Sn
calculations of the Monte Carlo computational cost were them-
selves efficient with regard to computing time. On the
average, it took approximately 30 seconds of computer time

(on the CDC-7600 machine) to generate deterministically a
typical OszT vs. z_ survey (for example, one of the curves

in Fig. 23). On the other hand, to stochastically verify just
one of the points on such a curve using Monte Carlo would
require computing time on the order of minutes, (In fact,
some of the MCNP results in Table 12 reflect calculations
which took about 30 minutes of CDC-7600 time). Finally, the
deterministic calculations allow for the prediction of the
expected variance as opposed to a stochastic estimate of
variance calculated as part of the Monte Carlo calculation and

hence subject to statistical fluctuation, i.e., variance of

the variance.

The threshold slab thickness for which any splitting (at onme
surface) becomes cost-effective varies from about two to
more than seven mean free paths (based on ZT), depending on

the degree of scattering in the medium.

i8s
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(3

(4)

The practical implication of this point is obvious: splitting
must be used sparingly and with caution in transport calcula-

tions involving a high degree of scattering.

When splitting at a single surface is cost-effective, it is

so over a wide range of splitting-surface locations.

When splitting at a single surface is cost-effective (espe-
cially when the optimal splitting ratio is large), oversplit-
ting and undersplitting by as much as a factor of two will

not result in a significant cost penalty (for example, see

Fig. 26).

Due to the limited amount of computational support for these next

two points, they are stated as observations rather than conclusions. It

is possible that more extensive study ensuring their generality (or at

least defining conditions under which they hold) may fully substantiate

their validity at some future date:

(1)

In transport problems which can accommodate a large degree of
splitting, e.g., problems allowing for a 'arge splitting ratio
at a single surface, a certain cost advantage may possibly be
gained by splitting in a slightly more moderate ratio at two
(or possibly more) surfaces rather than splitting more dras-
tically at the single surface. However, the extent of the
¢tost advantage will depend heavily on the splitting ratio

employed at each of the multiple surfaces.



(2) Splitting by two at every mean free path (an example of a
common rule-of~thumb splitting prescription) is cost effective,
although not necessarily optimum, vis a vis the non-splitting
calculation only when implemented in fairly thick slabs which
contain a strongly-absorbing medium. In other cases, this

splitting strategy may result in expensive oversplitting.

Before discussing recommendations for future work, one more point
should be reiterated regarding the transport model used in this study.
Although the semi-infinite slab shield represents a fairly uncomplicated
geometry, it nevertheless effectively models the condition under which
geometric splitting is apt to be extensively applied--namely, in radia-
tion transport problems involving deep penetration. In such Monte Carlo
calculations, it is quite advantageous to know how often, by how much,
and where to split along the straight-line, mean-free-path distance
separating the radiation source and tally of interest. In this light,
the numerical results presented in this study have practical signifi-

cance.

6.2 Recommendations for Future Work

Although a complete treatment of the topics to be noted here was
outside the scope of this particular dissertation, a further investiga-
tion of these interesting problems will undoubtedly shed more light on
the cost-effectiveness of the technique of splitting in Monte Carlo
radiation-transport calculations.

As a result of the calculations done in this study, it was observed

that as long as splitting surfaces are not located too close to the
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source or tally, the computing cost (OSZTP) may be more sensitive to the
number of such surftaces (and the degree of splitting at each) than to
their relative location. Thus, an optimization study involving the
number of splitting surfaces and the splitting ratio at each would yield
some interesting results. In fact, a more sophisticated optimization
technique might be used to define the optimal combination of all the
splitting parameters: number and location of surfaces as well as the
importances in adjacent geometric regions. An all-inclusive study,

such as the one proposed here, would serve to substantiate more com-
pletely the observations made in the previous section. O0Of course, the
Sn technique for deterministically predicting computing cost would serve
very well as an efficient analytical tool for such a study.

In principle, the analysis of splitting costs based on the theory
of Monte Carlo errors may be extended in order to treat the more compli-
cated cases of two- or even some three-dimensional geometries. (Of
course, there is the possibility that the increased computational time
attending two- and three-dimensional Sn calculations may render such
deterministic analyses less advantageous.) In fact, as long as the
integral moment equations are capable of being converted to integro-
differential forms which are themselves adjoint formulations of the
Boltzmann transport equation, then the effects of geometric splitting/
Russian roulette on OSZTP may be assessed for any transport problem
capable of being treated by standard Sn methods. Certainly transport
media characterized by non-isotropic scattering distributions may be
considered.

0f course, the use of such Sn calculations in determinis-

tically predicting GSZTP is inherently limited to the fairly simple



geometries which are treated by discrete ordinates methods. Neverthe-
less, even a deterministic analysis based on a more simplified trans-
port model (such as the one considered in this dissertation) may yield
some valuable insights (or more enlightened rules of thumb), which
could be helpful in implementing splitting in more complicated Monte
Carlo problems.

Finally, the theory of Monte Carlo errors may also be employed to
study the technique of energy splitting or, for that matter, energy
splitting in conjunction with geometric splitting. In a simplistic
sense, the problem of slowing down is analogous in the energy domain
to dee» penetration in the geometric domain. The ultimate goal of
splitting in either case is to ensure an appropriate degree of sampling
in otherwise undersampled, but nevertheless important, regions of the
problem's phase space. However, implementation of energy splitting is
even less amenable to intuitive prescription tham is geometric splitting.
Significant benefits, then, can result from a deterministic analysis of

the computational cost associated with energy splitting in Monte Carlo

calculations.
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APPENDIX A
FORMAL MODIFICATION OF TRANSPORT KERNEL
DUE TO SPLITTING

Due to the conceptual simplicity of the geometry splitting tech-
nique, its formal characterization as an importance sampling device (in
the sense that analog probability densities are weighted by an importance
function to produce "fictitious" densities) is eiusive. However, Kalos
et al.10 pave formally interpreted splitting as a modification of the
transport kernel. The argument proceeds with reference to Fig. A-l.

The transport problem to be considered is again particle transmis-
sion through a semi-infinite slab, with particles introduced at the left-
most surface. The slab is divided into laminar importance regions
(n, ntl, n+2 in Fig. A-1), and the importance function (In) is taken to
be piecewise constant in these regions. The transport kernel C(s)ds is
defined to be the probability that the particle will undergo its next

collision after traversing a distance in ds about s:

s
C(s)ds = Ij(s)exp —.)(.ZT(S’)dS’ ds . (A.1)

0
Consider a particle starting at the source plane and traveling a distance
s3; in the course of this flight it intersects the first splitting plane
a distance Sh from the source. By splitting a particle at this inter-
face into a number of sub-particles (m = In+l/In) and by continuing to-
track each of the resultant particles from the splitting surface into

the n + 1'st region, the net effect is to increase the unweighted
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Figure A-1. Modification of Tramsport Kernel C(s) due to
Splitting.
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collision density in region n + 1 (i.e., per unit source particle).
This is reflected as an "apparent” change in the transport kernel.
Specifically, by splitting with a factor In+1/In’ the probability of
collision in region n + 1 has been effectivelv increased by the same

factor. Given that the particle proceeds from the splitting surface:

I

T (s - )d'Inﬂ'C d (A.2)
a1 (S s )ds = n (s - Sn) s . .

If the particle starts out from the source,

s s-s,
~ o P In+1 - -
Cn+l(s) = exp|~ ZT(s )ds T jexp|- ZT(s )ds ZT(s) , (A.3)
n
0 i 0

< g < :
or (for s, <s sn+l)

]

I
C_,q(s)ds =( gzl)zT(s)exp - sz(s‘)ds‘ ds . (A.4)
0

Comparing Eq. (A.4) and (A.1), we find that

I
~ +1
Ch+1(s)ds =( IIl )C(s)ds . for s, < s < spy7 . (A.5)

Y 1

Thus, the process of splitting effectively results in the sampling of a
kernel that has been weighted by the importance function, corresponding

to the formal definition of importance sampling. Note the relative
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magnitudes of the biased transport kernels in the various importance
regions, compared to the unaltered (analog) kernel (Fig. A-1). The
effect of splitting is to facilitate a dec¢per penetration of the shield

than would be possible if a strictly analog process were considered.
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APPENDIX B
DERIVATION OF THE INTEGRAL MOMENT EQUATIONS FOR THE
MONTE CARLO SLAB TRANSMISSION SCORE (SINGLE SPLITTING SURFACE)

The development of the integral equations governing the r-th
moment of the Monte Carlo score is presented here in some detail.
Specifically, the formulations for the first two moments of the slab
transmission score are derived in the first section of this Appendix.
The second section is devoted to the characterization of the solution
functions at the splitting surface, i.e., continuity in the first

moment solution and discontinuity in the second.

B.1 The Integral Moment Equations (r = 1,2)

The moment equations must be written for three cases, depending on
the starting location of the particle relative to the splitting surface.

First, for the case of particles starting to the left of the
splitting surface (0 < z < zs), Eq. (4.1.1.1) is multiplied by s’ and

integrated over ds to yield the r-th moment of the score:

o

— r
= < <
M /‘1’1(3’3)3 ds for 0sz<z_ . (B.1.1)

In performing the integration indicated in Eq. (B.1.1l) a change of
variables is employed which facilitates the treatment of terms in which
a linear combination of scores appears in the argument of the ¥ func-
tion. For example, the substitution s* =g - 8" is made, and the Bi-

nomial Theorem is applied to express

r

(s* + 89T = E (;)s"r—n g (B.1.2a)
n=
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The following integration is then carried out in the scattering term

[using Eq. (B.1l.2a)]:

/lPl(_l’_",s - s7)st ds =/¢1(g”,s*)(s* +s9)F ds*
r
= E (Irl)s'r-nfwl(g”,s*)s*n ds*

n=0
— r =10 P
= ()s Mo (B.1.2b)

The above procedure is also appliad m times in integrating the split-

*
ting term of Eq. (4.1.1.1). If the substitution s =s-(s'+sl+---+sm_l)
is made, ther the integration over ds is first carried out, giving
Py ,o, -~ . e s yr
ﬁ)zs(g ,s - (87 + sq + + sm_l))s ds
z r-n n
_ r - ven 1 PN N R
= E (n )(s + s; + + sm_l) /Ipz (P"",s )s ds
—— 1 s
1
r
T s - =
= E (n Mn .z ¢ )(sm_l + 5" + sy + e + sm-2) .
— 1 1’"s
1
(B.1.3a)

By expressing

-n

-n T-n.\

. 1 1

(s, +8 +s; + +s5 ) E ( nz)
n2=0
r-n,-n, n
- ow 1 2 2

x (s” + Sy + + sm_z) S-1 °
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the next integration is facilitated:

r-n
-, » 1
J/;ZS(E ,sm_l)(sm_1 +s" +s, + +s _,) ds
— r-n r-n.-n
_ :E : 1 v - . 12
= (n )Mn ,z (E )(sm_2+s +sl+-.. +sm_3) .
2 2°%g
n2=0
(B.1.3b)

The procedure is repeated m - 2 more times in similar fashion. After
performing these integrations, the explicit form of Eq. (B.1l.1) is
written [using Eq. (4.1.1.1)]:

Mr 1(2) = f d_P_+ T(.I_,-’E"‘) ’/’dg} O,(B'l"P’) dS’ Ps(g”s;) fdz}f
?

+

0<z <z
s
T
» P r -~ -0 + +
x [E(R",E7) (n)mn,l(_r; )s +fd£ D4(R,P )/ds
n=
x PE,O(E ,8)S +fdg (2,2 )S_(B )fds pe (27,5 )fdg
_ .
r r-n; -
X BSm(g 277 E : (nl)Mn sZ @) (n )Mn 2 Z @
— 1°%s — 2 2°%g
nl—O n,=

r-n —s*--n

m-1 r-n,—***-n T-N,~n,~<**-N
ceosw ( 1 m"‘])M (P”)S’ 1 2 m .
n n_,2 —
m m- s

(B.1.4)

A similar multiplication of Eq. (4.1.1.2) by s’ and integration

over ds yields the r-th moment in the second case:
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Mr,Z@—) E/wz(g,s)sr ds for z, <z<D . (B.1.5)

More explicitly,

/ &’ 1(2,P") f de’o(2 ,B") f ds” pg(2”,s7) / ap””

+
z <z <D
s

r
ER"2") E (;)Mn LT+ f ae* p (2,2 f ds
n=
) I’E,D(f’s)sr +fd3+ @, FHR (&) de' Pp(®557) /dg“

T
x BOm(Em;f,g”) E (;) Mn,zs(_P_")s"“n . (B.1.6)
n=

Finally, for the case of particles starting at the splitting

L

Mr,Z(E)

X

surface [see Eq. (4.1.1.3)],

- r _
Mr,z (®) z/wz (P,s)s" ds for =z = z, , or (B.1.7)
5 s
M@ = f apt T(g,gf)fdg‘ c(f,g‘)/ds‘ ps(_l’_‘,s‘)fdg“
s
O<z+<z
S
I
PRNSRN r PN L 1} -+ + -
«[s@ren (n) M@ s T4 f aF T@g}ﬁg

+
=0 zs<z <D

) o
+ - - -~ » Py . -~ r rd -1
oe*,p?) fas” o278 dRTER P )2 ln)Mn,Z(g- Js
=l

+ + + + + +
+fd_1_’_ Do(B,E )fds Py 0@ ,8)s® +/dg DT(g,g')/-ds P (2 ,8)s’.
(B.1.8)

X
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The next step in this development is to collect all terms with
Mr in Eqs. (B.1.4), (B.1.6), and (B.1.8); all non-r-th moment terms
in each equation are included in a "source-like" term Qr' In perform-
ing this separation, a special note should be made regarding the
sequence of summations in the splitting term of Eq. (B.1l.4). There are
exactly m terms in this nested summation which consist only of
Mr zs(gf'): one for n=r and all other ni(i # 1) = 0, one for n, =r
and all other ni(i ¥+ 2)

0, etc.; hence, the term involving mMr z in
’Zg

Eq. (B.1.11). TUse is also made of the fact that
My sz(_g“,s)s° s =1 , (B.1.9)

since Y is a probability density function.
Also, in writing the next few equations, i.e., Eqs. (B.1l.11),
(B.1.12), and (B.1.13), integrations over the score distribution

functions are evaluated where appropriate. Since these distributions

are also probability densities,

ﬁi(g‘,s‘)ds‘ =1 , (B.1.10)

-‘here the subscript i denotes a particular event. Thus, after collect-

ing all r-th moment terms, the equations are expressed as
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+ + +. P + .. .-
+fd_I_’_ T(?,P )S_(B )/dg B, (B HE )~m~!~!r’z @) + Qr,1(3) ’

s
(B.1.11)

+ fart e ehr oD faro s G pteM @y + (P)
- == "Tm = = Om" “m’= *= r,z - Qr,2 -2

(B.1.12)
and
Mo, (D) = / ar” 1(2,2") f " o@"P) f dp”" E(RTLET)n, 4 (RTT)
*2g A s
0<z <z
S
+ f ap’ T(_gf)fdg' s2",2") fdg” ERTLRIOM_ (27
z <z+<D
S
}
+ Qr’zs(g, : (B.1.13)

The source terms Qr appearing in the above equations are expiicicly

written as follows (noting that the dummy integration variable s’ is

replaced by s):



Q ,® = / ap” T(g,f)fdg’ o ,p") fds pg(B7,8) fd_‘:

0<z <z
S
r-1
X - ,a r -- r-n <+ + + b o
E(R",P )E (n Mo @ s+ fart o2 fas b (F0)s
n=0
r
+ + 4 + s + n- r
+/dg (2,20 (P )fds pg (P ,s)fd_r; B, (2,27 E (“1)
n1=0

r-nl
r—nl
XM @ E (n ) Mo (B"7)eee E
1’7s 2 2°%s
n2=0

m m- s

m
r-n,—~***-n r-n,~***-n
( 1 m~1 ,a 1 m o
S )Mn L @ ’ I A-5, ) 3110
i=1

+ + P . .-
Q ,® = f dP T(_P_,z)fdg o(2",P )/ds pe (P ,s)fdg
z <z+<D
S
r-1
x {E@7,P° On @ st M+ fartooephH [ as et

L n) "n,2'% LR G Pp p(E7ss)

n=0

x @ ,0)s" + [ ar’ e, PR (2 f ds p(2,s) j dp””

x B, (3P ,P°7) (r) Mo, @), (B.1.15)
1
S

and

203



20k

Q _ (® = / ar* T(g,B_*)fdg‘ o(e",p") fds pscg‘,s)fdg“
>“s

0<z<z
S
r-1
x E(R7,2"") (r) M (BT)sT 4+ / ap* T(P,P+)fdP'
= = z , n] “n,1%= = s ~
v z_<z' <D
S
r-1

% O_(z""g;)fds ps(gz’s)]dsz E(E_‘,g")
n=

+ + + + o+
+fd_r; Dy(B,P )fds pg (B »5)s" +fdg D,.(B,P") [ds

R + r

*pg pBas)s” . (B.1.16)
The Kroenecker delta Gn . is used in Eq. (B.1l.14) to exclude all the

i,
Mr terms which already appear in Eq. (B.l.ll}(6n = 1 if n, =r;
i’

) = (0 otherwise).
n.,r

From this point on, attention will be specifically directed only
to the first and second moments (r = 1 and 2), since only these are
required in expressing the sample variance, c.f. Eq. (1.2.3). The
source terms Q s Q , and Q will now be specificallv written for

1',1 r,2 r’ s
r=1and r = 2. However, in order to do so, a few identities are
stated first.

Since non-analog survival biasing is assumed for the Monte Carlo

transport problem under consideration, a particle always exits a colli-

sion. This implies that

fE(g‘,g“)dg” =1 . (B.1.17)



Also from the definitions stated at the beginning of Chapter IV, it is

evident that
B. (£ ;PT.p")dp”" = 1
Oom" "m’— ’— -
+ Pyl o, ' 5
and fBSm(g ,P°)dp7 =1 . (B.1.18)

Booth (see Ref. 16, pp. 41-44) has shown that the summation appearing

in the last term of Eq. (B.l.14) may be simplified for r = 2 as follows:

2
E : 2 PO
(nl)Mnl’zs(z- e

nl=0

2_nl_. . -,.nm_l z-n s
!

m-l , .
\ n )Mh ,Z @
m m’“s

n_=0
m

2-n,—***-n

. ,
1 m _ 2 a
x s T (1 - sni,z) m sty @)

i=1

+ (@ - 1) [Ml,zscg”)]2 . (B.1.19)

This facilitates the simplification of Q2 1
By employing the identities stated in Egs. (B.1.17), (B.1l.18),
and (B.1.19) [as well as Eq. (B.1.9)]}, the source terms Qr may be

simplified for r = 1 and 2. Thus, for particles with starting points

P such that 0 = 2z < z_,

q @ - / a2’ Tcz,z”)ﬁz’ c<g+,_r;’)fds p(R15)s +fdg+

+
0<z <z
s

+ + + + + +
x D,(B,P) fds pE,O(?- s8)s +fd2_ T(P,R )S (P )[ds Pgn (2 ,8)s
(B.1.20)
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1
x |le@ 27" E (ﬁ) Mn,l(_lf_”)sz_n +fdg+no(g,g+)fds pE,O(}’_+,s)sz
n=0

-+ + +. + .o + ..

x[s?+2emm (BT +mlm - D @] (8.1.21)
*“s *“s

for r = 2. The foregoing two equations along with Eq. (B.1l.11) may be

used to formulate the first two moments of the Monte Carlo score, given

the particle begins its flight to the left of the splitting surface.
Equation (B.1.15) may be simplified for r = 1 and 2 and used in

conjunction with Eq. (B.1.12) for particles with starting locations

such that zS <z £ D:

Q ,® = f ap’ T(£,£+)fd£’ c(f’,_fz’)fds Pg(B”,5)s

z <z <D
s

+/dg+ DT(g,g+)fds pp p( 8)s +fdg+ T(g,f)km(g"')fds

x PR(Ef,S)S (8.1.22)

for r = 1, and



Q, ,(® = f ap" T@,z*)fdg’ o(f’,f_‘)fds ps@‘,s)fdg“

4
z <z <D
s

1
x [E(P",P") 2 (7;) M z(g“)s?"n +fdg+ DT(g,f)fds
: ’

n=0

+ .2 + + + ot .
X pp p(B8)s +/dg T(R,PIR (P )/ds pg (B ,s)fd_l_’_
1
R § : 2 sey 2-m a
x Bom(gm,;P_ ,P ) (n) Mn,zs(z )S (B.l-LB)

n=0

for r = 2.
Finally, for particles starting (or continuing) their flight from

the splitting surface (z = Zs) , the following source terms are obtained

from Eq. (B.1.16) for r = 1 and r = 2, respectively:

S
+ f ar* 1(2,p") f &’ o 2" f ds pg(R",8)s + f ap’

+ + + + +
X Dy (R,E )fds pE,O(—B- »S)S +fd£ D..(2,P )fds pE,D@- »S)s
(8.1.24)

and
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Q2 . (® = / d_P_"' T(E,E"')fd_rf_' 0(E+’£‘)fds ps(l’_',s)jdgw
*%s

0<zt<z

&S

x |E@R",27) E (f,) Mo @8]+ f " 72,2 fdg'
mﬁg '

+
z <z <D
[

=9

1
x 0—(_P_+,E‘) ds ps(za,s) dg)» E(E)’gd») E (ﬁ) Mn Z(P,;)SZ-D

n=0

+ + + 2 + +
+/dP Dy (R,P )/ds pE,O(_P_ »8)8 +fdg DL(B,P )jds

et . (B.1.25)

These equations are used in conjunction with Eq. (B.1.13).

The three sets of integ;al equations [Egqs. (B.1.11), (B.1.12;,
and (%.1.13), along with their respective source terms] may be further
simplified by substituting the particular probability densities and
kernels specific to the transport model assumed in this work. The
app-opriate forms for these kernels in terms of z, y, and w coordinates

ere presented in the beginning of Chapter IV. Also, the Monte Carlo

tally in question is now formally specified to be the slab transmission
probability. Hence, the only event at which non-zero scoring takes
place is an escape past the back (tally) surface, z = D. When this
occurs, the particle weight w is scored with certainty. This is
expressed mathematically by writing the appropriate expressions for the

score distribution functioms:



Py o(B>8) = pg(B,8) = pg (B,s) = pp(B,s) = &(s)

and

Pg pEs8) = 8(s -~ w) . (B.1.25)

The score distribution functions denoted above and the specific
PR + - P -+ + .

forms fer E(R",P"7), o(® ,B7), T(R,E"), Sm(g ), and BSm(—lz- ,2°7) from
the definitions at the beginning of Chapter IV are substituted in
Egs. (B.1.11), (B.1.20), and (B.1.21). The indicated integrations
over the delta functions are then performed to yield the following
equations expressing the first and second moments (r = 1 and 2) of the
transmission score, given the particle begins its flight with z, such

that ¢ < z < zS:
M (z,0,wW) = / dz / o ——T(z > 2 WE(z L1+ u”7)
3
0<z <z
+ ,, N om e
X Mr’l(z sH ’WSW) + H(u) T(z - z_,W) *m Mr’z (zs,u,WIm)

s

+ Qr,l<z,u,w) s (B.1.263a)

with Q1 1(z,u,w) =0 and (B.1.26Db)

Qz’l(z,u,w) = H(y) *m(m = 1) *T(z > zs,u){M.l’zs(zs,u,w/m)}2 . (B.1.260)

Note that the restriction of starting locations to the lefi of the
splitting surface implies that T(z - zs,U) = 0 for starting directions

U < 0 (recall the definition of the transmission probability). For
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this reason (and also due to the Heaviside function on u), the second

term in Eq. (B.1.26a) drops out for y < 0, and Qz,l(z,u < 0,w) = 0.
Similar substitution in Eqs. (B.1.12),(B.1.22), and (B.1l.23) and

their integration yields the following moment equations {and source

terms) for the case of particles starting at z, such that zg, <z <D

z
M, p(z,1w) = f dz*fdu”i—ﬁ T(z > 25 ECE L > 1)
+
z2,<z'<D

XM w @) [ - HODD ¢ Tz > oz,

% Mr’zs(zS,U,W/Em) + Qr’z(Z,U,W) ° (3-1-278)
where  Q; ,(z,1,w) = H(W * T(z > D,u) *w (B.1.275b)
and Qp,p(z515W) = HQW) = T(z > Do) = v . (B.1.27¢)

In writing Eq. (B.1.27a), the property stated in Eq. (4.1.1.6) was
used to eliminate the term involving M&,zs(zs,u,o). Again, the restric-
tion of starting positions to the range z < z £ D (as well as the
presence of the Heaviside function) implies that the second term of
Eq. (B.1l.27a) drops out for u > 0 [note the definition of T(z - zs,u)].
For similar reasons, both Q1,2 and Q2,2 = 0 for yu < Q.

Finally, for particles starting (or resuming) their flight from
the splittin% surface (z = zs), the same procedure of substitution and

integration applied to Eqs. (B.1.13), (B.1.24), and (B.1l.25) yields
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P + »,
= [ - E
Mr’zs(zs,U,W) f dz '/:iu hll T(z PERT A CHRTIE RIS

O<z+<z
+ + b
x Mr,l(z sH ’WSW) + f dz fd}i }u] T(Z > Z ,]J)
+
zs<z <D

+ L, + P
X E{z7,0 > uT My o(z7,u" T wgw) + Qr,z (ZgoMs9) (B.1.28a)
with Ql,zs(zs’“’w) = H(u) 'T(zs > D,u) *w {B.1.28b)
and QZ,ZS(ZS’U’W) = H{u) ‘T(zS > D,u) w2 . (B.1.28c)

Due to the definition of the transmission probability and the presence
of the Heaviside function, for starting directions u < 0, it is true
that Q =0, Q = 0, and the second term in Eq. (B.1.28a)
1,z 2,24

vanishes. Similarly, the first term of the equation is eliminated for
u > 0.

Thus, the coupled integral equations [Eqs. (B.1.26), (B.1.27), and
{(B.1.28)] express the first two moments of the Monte Carlo transmission

score over the entire range of starting positions z:
4
Mr’l(z,u,w) for 0<z<2z,

Mr(z,u,w) = J Mr’z(z,u,w) for z <z<D , and

xMr,zs(zs’“’W) for z = zg
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B.2 Conditions at the Splitting Surface

It is essential in this development to investigate the behavior
of the solution functions, i.e., the first and second moments (Ml and
MZ)’ at the internal splitting surface. The equations for Mr,l and
Mr,2 are coupled through Mr,zs' Formally, the three cyuations may be
reduced to two simply by substituting for Mr,zs in both Egs. (B.1.26)
and (B.1.27). However, before actually working further with these
equations, it is important to be able to demo..strate the property of
weight separability in the r-th moments. In other words, weight-
modifying (multiplying) factors may be brought outside the argument
list of the r-th moment. The mathematical statement is made very

generally here:
My (z,u,w W) = w'F Mp(z,u,W) (B.2.1)

where w” is any weight multiplier. The proof of this property for the
Monte Carlo problem being considered in this work appears in Appendix D.
Before proceeding with the derivations, it is helpful to define a

new transition kernel as

z
R(z,u » 25,u"") = —% + T(z + zH,WE@E L » u”7) . (B.2.2)

fu]

Also, the following conditions follow from the definition of the trans-
missioa probability (see beginning of Chapter IV):

T(z » ZSQU) 'T(Zs g Z’,].l) = T(z » z‘,“)
(B.2.3)

and T(z » zs,u) °T(zs -+ D,u) = T(z = D,u) -



Now employing Eqs. (B.1.28), the appropriate expression for M 2
1%g

is substituted into Eqs. (B.1.26). By using the conditions stated in

Egqs. (B.2.1), (B.2.2), and (B.2.3), as well as combining the source

terms with the appropriate r~th moment equation, the formulations for

Ml,l and Mz,1 are written:

l l(z,]—l w) = W f dz /dll” K(z,u - Z ’U )M 1(2 1 ”W)

0<z+<z

/ dz/du K(z,u + zt,u” )‘Il 2(2 U7, W)
-4 <z

+ H(Y) *T(z >~ D,u) *w (B.2.4a)
and
My 1(z51,w) = Wsz / dzt/.du” K(z,u > z+,u")M2,l(z+,u”,W)
+
0<z <zs
f dz /du K(z,u + 2,u" M, , (25 ,u7",w)
z <z <D
w2 1
+ H(u) *T(z + D,u) *— + H() * *T(z > z,1)
(B.2.4b)

x {Ml,zs(zs,u,W) }2 .

In performing the substitution, some terms in the expression for M} z
’<g

dropped out due to the restriction to positive directions {u > 0)

imposed by the transmission probability, i.e., T(z > zs,u) in
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Eq. (B.1.26a). Recall that starting locations z are restricted in

Eq. (B.1.26a) to the range 0 < z < zg.

Similar use of Eqs. (B.1.28) in the substitution for Mi z in
g

Eq. (B.1.27) yields the following formulations for M1,2 and My o:

My g(z,u,w) = wy f dz+fdu" K(z,u + z+,u")M1’2(z+,u",W)

P4 <z+<D
s
+ w dzt fau”” k(z,u > 25,0, (2,07 7,wW)
s 1,1
+
0<z <zS
+ H(u) *T(z » D,u) *w (B.2.5a)
and
Mq (z,1,wW) = w 2 dz+ dU” K(z,u ~» Z+,U”)M ,_(Z+,LI”,W)
2,2 S 2,2
z <zt<p
s

+mew 2 dzt ’;u" K(z,u » z5,u” M, L (zT,u"7",w)
s ./ 2,1

O<z+<z
S
+ H(u) * T(z - D,u) *w2 . (8.2.5b)

Given Eqs. (B.2.4) and (B.2.5), the behavior of the moment func-
tions as z (starting location) approaches the splitting surface z, may

now be ascertained. The following definitions are made:

M (zs,u,W) lim Mr’l(z,u,W)
Z 5> 2 .

S (B.2.6)

+ .
and M, (zs,u,w) 1im Mr’z(z,u,w)

z2 7 254
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On taking the 1limit of Eqs. (B.2.4a) and (B.2.5a) as the starting
location is allowed tc¢ approach the splitting surface from bcliow and

above, respectively:

- + P + . + ..
My (z 5u,w) = wg dz J,;u K(zg,u >z ,U )Ml,l(z SH W)
0<z+<z
S

* v / dz+/du" K(zgott > 2,07 OM, G507 ,w)

+
zs<z <D

+ HOOT(z, > D,u) *w (B.2.7)

and

M1+(zs,1.l,w) = Wy / dz+/dll” K(’zs,u > z+,p”)Ml,2(z+,p“,w)

z <z+<D
5
+ w r dzt fdu”” K(z_,u » zt, 0" D, ST, 7,wW)
s j s? > l,l > ]
O<z+<zs
+ H{u) 'T(zs > D,U) *w . (B.2.8)

Referring now to Egs. (B.2.7), (B.2.8), and (B.1l.28a,b), it is evident

that

- +
N = N =
My (zs,u,W) M, (zs,u,W) Ml,zs(zé’“’w) . (8.2.9)

The first moment solution is continucus across the splicting surface.
Moreover, inspection of Eqs. (B.2.4a) and (B.2.5a) reveals that the
integral equation governing the first moment is identical, no matter

where the particle is introduced (or where it begins its flight). 1t
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is thus possible to write one integral equation for the first moment
of the transmission score, applicable over the entire range of possible

starting locations, i.e., 0 £ z < D:

Ml(z’U’w) = WS f dz+fdu” K(z,u + z+,U“)M1(Z+,U“,W)

0<zt<D

+ H(u) *T(z = D) *w . {(B.2.10)

We now consider the second moment. On taking the limit of

Eq. (B.2.4b) as the starting location is allowed to approach zg from below:

My~ (zg,u,w) = ] dz fdu" K(zg,u = zt,u” My l(z Su7 7, w)
0<z+<z
w 2
+ = f dz*fdu“ K(zgol + 250" My (27,077 ,w)
m 1
z_<zt<D
S

2
+ HQu) * T(z_ > D,u) *“— + H(n) -(m — 1){ (z RTREY T
S m m , s

(B.2.11)

On taking the 1limit of Eq. (B.2.5b) as z approaches zg from above:

Py + o~ .
M2+(ZS,U,W) = / Z+fdu K(zssu T Z ,U )H2,2(2+:U sW)
z <z
/ dz fdu” K(z_,u ~ zt,u” N, 1(z JH77,W)
0<z+<z
+ HQu) * T(zg > D,u) = w2 . (B.2.12)
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Inspection of Eqs. (B.2.11), (B.2.12), and (B.1l.28a,c) reveals that a

discontinuity exists in the second moment solution at the splitting
surface.

For u < 0,
- 1
MZ (zs’u:w) = ; 'M2+(ZSQU9W) = MZ,ZS(ZS’H’W) s (B.2.13)

and for y > 0,

+ -
My (zg,H,W) = m My (z,1,%) - (m - 1){M1,Zs<zs,u,w)}2

M, , (z_u,w) . (B.2.14)

»2g

Thus, the linear r-th moment (r = 1,2) integral equations for the
slab transmission score are formulated in Eqs. (B.1.26), (B.1.27), and
(B.1.28), depending on where the particle is considered to begin its
flight. It was shown that for r = 1 (first moment), these equations
collapse to one which holds for all starting locations in the slab.
For r = 2 (second moment), the discontinuity in the solution function
across the splitting surface is characterized by Egqs. (B.2.13) and

(B.2.14).
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APPENDIX C
DERIVATION OF THE INTEGRAL (FIRST MOMENT) EQUATION
FOR TIME PER PARTICLE HISTORY (SINGLE SFLITTING SURFACE)

The development of the integral equations governing the time per
particle history [Tp(z,u)] is continued here from Eqs. (4.2.1.92,b),
(4.2.1.10a,b), and (4.2.1.7a,b). Following a statement of the equaticns
in terms of (z,u) coordinates, the discontinuity in the solution func-~

tion at the splitting surface (= = zs) is characterized.

C.1 The First Moment Integral Equatioms for TP

Unlike the case for the moments of the transmission score, when
considering expected time per particle history a score may be considered
to be made at each of the five possible events of the particle's history.
Specifically, the score at an event is the actual computer time required

to process the particular event. The score distribution functions for

this situation may be written as
PE,O(E',S)ds =8(s - Ty)ds
PE’D(E',s)ds =8(s - 1)ds

Pg(R7,s)ds = 8(s ~ 71 )ds (€.1.1)

Pg,(R™,8)ds = 8(s - 1))ds

and pR(g',s)ds = §(s ~ TR)ds .

Here Tor Tps Ter Tgo and Tp Tepresent the actual (measured) computer

times required to process a front-surface escape, tally-surface escape,



collision event, splitting event, and Russian roulette event, resrt .c-
tively.

The score distribution functions as defined above as well as the
specific forms of the probability densities and kernels (see definitions
in Sections 4.1.1 and 4.2.1) are substituted into Eqs. (4.2.1.9). The
appropriate integrations over the Adelta functions are carried out and
identity (4.1.1.12) is employed to yield the following equation for
Tp(z,u), given the particle'’s starting location is restricted to the

left of the splitting surface (0 £ z < zs):

+ - + .. + .
5,182 = / dz /du K(z,u >z ,u )Tp,l(z sH7)

+
0<z <z
s

+ 't
+ H(y) *m* T(z »> zs,u)'rp,z (zs,u) + f dz m

S
O<z+<z
S
-+ "
*T(z >z ,0) ~ T, + [1-HMWM]T(z ~0,p) * T4

+HWT(z > z,W =T, . (c.1.2)

In writing Eq. (C.1.2) the source terms have been recombined with the
main equation. Also note that the restriction of starting locations to
0<z< z and the definition of the transmission probability imply
that the second and last terms of Eq. (C.l1.2) vanish for directions

U < 0. The Heaviside functions in these terms are redundant, since the
restriction to positive 11 values is already implied by the transmission

probabilities, Nevertheless, the Heaviside factors are retained for
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purposes of clarity. Similarly, the fourth term on the right-hand side
of Eq. (C.1.2) vanishes for u > 0.

After proper substitutions are made in Egs. (4.2.1.7) for the score
distributions and probability densities (as above), integrations over
the delta functions are performed to give the following formulation for

starting locations in the range 2z <z < D:

f dz+fdlf’ K(z,u > z+,u”)'€p 2(z+,.u”)
+

z <z <D
s

it

Tp’z(z,u)

[1 - HO)] % T(z zs,u)Tp z (zs,u) + / dz’

+
Tsg
Z <z+<D
S
Ly +
X == T(z >z ,u) T+ HWT(z > D1} * 7,
|u] ¢
+ [1 - H(W1T(z +-zs,u) CTp (C.1.3)

Again, due to the restrictions imposed by the transmission probabilities
{(and also by the Heaviside functions) several terms in the above equa-

tion vanish for either y < 0 or u > 0.

Finally, Eqs. (4.2.1+10) for starting position z = z_ are converted

to



+ . + .. + ..
T,z (z 1) = f dz fdu K(z_su >z ,u )Tp’l(z LU
S
+
S

0<z <z
N f dz+fdu" KRGz o~ 25yt (2 + / 4t
s P,2
z <z+<D 0<z <z
s s
z X
><——I—‘I'(z ->z+,].1)'T + f dz+—l—T—T(z‘+z+,u)°T
[ul s ¢ ful s ¢
z <z <D
s
+ [1 - B IT(z, = 0,w) = 15 + HWT(z, > D) = T - {(C.1.4)

Together, the three coupled integral eguations [Egqs. (C.1i.2), (C.1.3),
and (C.l1l.4)] formulzte the expected time per history over the entire

range of starting positions in the slab.

C.2 Discontinuity Condition at z = z .

In order to characterize the discontinuity in the solution at
z =z, the substitution for Tp’zs is made in both Eqs. (C.1.2) and
(C.1.3).

Specifically, Eq. (C.l.4) is substituted into Eq. (C.1.2). Iden-

tities (4.1.1.12) and (B.2.3) are employed in order to express the

i : <
equation for Tp,l <z zs) as
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Pl + . + Pl
Tp,l(z,u) = / dz /du R(z,u >z ,u )Tp,l(z RIS

o<zt <z_
~ + ~ + ~
+ H(W *m o /dz /du R(z,u >z ,u" )T, H(z 0™
k]
z <z <D

+ I +
+ H() *m* /dz -ITTT(z-*z,p)~Tc+H(u)'m-T(z->D,11)-'rT

z <z'<D
S

z
+ / dz* l—T—l T(z »> z ,u) R F H(] * T(z »> 0.1) * T
u
O<z <z
S

+ HQ)T(z -+ zs,u) * T . (C.2.1)

It should be noted that the restriction to positive | imposed by the
Heaviside function in the second term (right-hand side) of Eq. (C.1.2)
required that only terms in Eq. (C.1l.4) which do not vanish for u > 0 be
admitted in the substitution for TP z

k4
s
Similarly, che identity

T(z > z_,W) * T(z_ = 0,1 = T(z =+ 0,1) (c.2.2)

along with identities (4.1.1.12) and (B.2.3) are employed in substituting
Eq. (C.1.4) into Eq. (C.1.3). The resulting equation for Tp P
»

(zS <z £D) is



+ o + Rt + -
T ,(z,u) = dz du”” K(z,u >z ,u" DT ,(z ,u77) + [1 - H(W]
P2 pP,2
+

z <z <D
s

+ -~ + (el e
x% . / dz /du K(z,p >z ,u")1 l(z+,11 ) + [1 - H(]
D»
0<z+<z
S
z
x = / dz" I_TI T(z > 2, T+ [1 - K1 * 2+ T(z + 0,1) 7,
v
0<z+<z
S

)X
+ / dz+ _T T(z -+ z+,u) . ’l.'c + H(WT(z ~ D,u) * Tp

u
z <z+<D
s

+ {1 - B(W1T(z ~ zs,u) *Tp (Cc.2.3)

Again, only terms in Eq. (C.l.4) which do not wvanish for u < @ are

included in the substitution, due to the restriction imposed by the

Heaviside function in the second term (right~hand side) of Eg. (C.1.3).
The limit of Eq. (C.2.1) is now taken as the starting location z is

allowed to approach z from below. With the definition

Tp-(zsyl-o = zil;zim Tp’l(zsU) ’ (C.2.4a)
S

Eq. (C.2.1) becomes
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- - + o, + o, + Pl
T (zS,U) = f dz /du K(zs,u >z ,U )Tp’l(z RIS
+

0<z <z
s

+ o, + P -
+ H(y) *m -+ / dz fdu K(zs,u >z LU )‘rp 2(z-'-,u )

+
z <z <D
s

+ Zp +
+ H() *m-* dz — T(z_ >z ,u) *T_ + H(W *m* T(z_ > D,W
jul s ¢ s

z <z su
S

+ I +
X Tp + / dz mT(zS-Mz,u)'Tc+[l—H(u)]°T(zs->0,u)

x o + H(u)'rs . (C.2.4b)
Also, by defining

t Tz = lim T . (z,0) (C.2.5a)
P s .. P,2
s+

the limit of Eq. (C.2.3) is taken as z is allowed to approach z from

above:

224



(z W) = f dz fdu K(z_,u +z ,u )TP 2(z 51U
*

z <z <D

+[1-H(u)]'—' / dz fdu R(z,u >z ,u" )1 ({2,077
Ps

0<z <Zg

L
+[1 - HGD] +=- / dz+—|;1:I—T(z > 25, T+ [1-HG)] -2

0<z <z
s

z
+ °T +
X T(zs -+ 0,1 Ty + / dz Iu—l T(z >z ,10) Te

z <z+<D
S
+ H(u)’l‘(zs > D,H) * Tp + [1- H(u)]TR . {C.2.5b)

The discontinuity in the solution function at z = z is obtained

after inspection of Eqs. (C.2.4b) and (C.2.5b). Thus, for u < 0:

+ -—
UMCIRDIEE TR NCIRD R S - (c.2.6)
and for p > 0:
- +
TP (zs,u) =m 'Tp (zs,u) T . (c.2.7)
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APPENDIX D
WEIGHT SEPARABILITY IN THE r—~th MOMENTS OF THE
SLAB TRANSMISSION SCORE
In order to facilitate the eventual numerical solution of the
moment equations for the Monte Carlo slab transmission score, it is
important to demonstrate the property of weight separability in the

moments. In other words, we wish to show that
M (R, ww) = wIM.(R,W) _ (0.1)

where w~ is a weight-multiplying factor (constant with respect to w).
First, the basic definition of the r-th moment of a Monte Carlo

score (over the total score accumulation probability) is restated from

Eq. (4.1.1.5) as

MI(B,W) E'/‘IIJ(B_,W,S)SrdS . (D.2)

The Monte Carlo problem being considered in this work simulates a
true Markov process, i.e., the probability densities being sampled are
not in any way affected by the past history zf the particle. In other
words, the particle weight (which may be regarded as a reflection of its
past history) has no effect upon the random walk of the particle-—prob-
ability densities are sampled irrespective of weight. Also, we are
considering the case in which all event scores (tallies) are proportion-
al to the particle weight. Thus, the probability that a particle start-
ing out at R with weight w'w will eventually result in a total score s
in ds is equal to the probability that a particle starting at R, but

with weight w, will score s/w” in d(s/w”). Therefore,



¥ (R,w w,s)ds = Y(R,w,s/w)d(s/w") . (D.3)

We can write the appropriate form of definition (D.2) for Mr(gzw'w)

as
MT(_&,W'W) = fw (R,w w,s)st ds
= W"’/UJ(B,W'w,S) (s/w)T ds (D.4)

since w” is constant with respect to w (and also with respect to s).

Substituting Eq. (D.3) into Eq. (D.4) and noting the definition of M :

M. (R,w W) W'r/!l'(g,w,S/w') (s/w)T d(s/w™)

or Mr(g,w'w) w'T Mr(g,w) . (D.5)
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APPENDIX E

THE ADJOINT DIFFERENTIAL TRANSPORT OPERATOR

The purpose of this Appendix is to derive the identity stated as

Eq. (4.1.2.1), namely
+ P -~
Rz Clz>z",1) = 8(z - 27) , (E.D)

+ . e . .
where Rz represents the adjoint differential transport operator for the

one-speed transport problem in one-dimensional slab geometry,

+_J)_ 1. 0
Rz = {— ZT u e + 1} . (E.2)

Also, C(z + z”,1) is the transport kernel, i.e., the probability that a
particle starting out at z with direction | will collide in dz” about z~

before undergoing any other events:

z
C(z + z",uydz" =ATJT s T(z » z7,)dz" . (E.3)
H

From the definition stated at the beginning of Chapter IV, the

transmission probability may also be written as follows:

rexp[}ZT(E:TE—E)] H(z" - 2z) for u>0 ,

exp [—ZT(E‘—E—-—E)] H{(z ~ z7) for u<90 . (E.4)

T(z > 27,u) = 9

\

The partial dérivative of C{z * z”,u) with respect to z may be taken by

considering Eqs. (E.3) and (E.4).



For u > 0,

5
2 cz > 2% = TT 2 Tz > 27,0
5 . )
= —1;]3- H(z” - z) exp[—ZT(z m z)] (TT)
Iy .
+ = exp[}ZT(% 7 z)] 8(z” - z)(-1) . (E.5)

(Recall that the derivative of a Heaviside function is the Dirac delta
function.)
Therefore (1 > 0),

R: C(z > z",u) = - f“- 53; C(z > z7,1) + C(z >~ z7,W)
T

= exp[—ZT(z’ - z)] 8(z” - z) . (E.6)

However, at z~ = z the exponential factor in Eq. (E.6) is equal to ome.

Thus, for p > 0

R: Clz »z",1) = 8(z" - 2) =8(z - 27) . (E.7)

Similarly, for u < 0

z - z
B - Fe o w9 ()

)X - .
+ :% exp[—ZT(z 1: ﬁ)] 8(z - 27) , OT (E.8)

-

R: C(z > z",u) = exp[}ZT(% - z)] 8(z -27) for u<0 ., (E.9
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Again (since the exponential term evaluates to unity when z~ = z),

for pn < 0
R: Clz»2°,1) =68z ~27) =8(z" - 2) . (E.10)

Thus, from Eqs. (E.7) and (E.10), we see that for the general case (all

u#0),
R: Cl(z »z°,1) =8z - 2z7) . (E.11)

U
By Eq. (E.3) and since-ff— is constant with respect to R:, it is

T
also evident that
+ - lul ”
R T(z > z",u) = Tf_'ﬁ(z -z7) . (E.12)
z T

Both identities (E.11l) and (E.12) are employed in converting the
integral moment equations to an integro-differential form (Sec. 4.1.2).
For reference, identity (E.1ll) is derived by Amster and Djomehri

(c.f. Reference 14) for the generalized transport problen.



APPENDIX F

FORTRAN Code Listing:
MCS1
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LASL Identification
No. LP-3015

N~O0CONRUDHLWN =

- e

C HOMOSGFRCOUS SILAB SHIFEID, 1 SPLITTING SURFACE
U OSPLITIING, RUSSIAN ROULEY 112, SURVIVAL BIlASING
C TALLY=LEAKAGE CURRENT PAST z2=T

c
[

C

PRAGIRAM MCST CINPUT, TAPES=INPUT, TAPEG=TAPESS)
COLWIN/SCRE” TRAND , TRAN2

COGEMONSGLOI 7 SURI(3)

CUMMON/BANE /Y NBM,VLT(100,4)

COPMAONN/NUTRN/ Z, 50U, W

DIMENSIONM TITLE(TI2), IMP(2)

CALL CHANGE (4H+MCS)

Caxxxx[NPUT AND INITIALIZATIONxxxxx

C
S

o
7

10

c

READ(D,5) TITLE
ForeaT i1 za6)

READIS, BINMAN , WS, S16T
FOLWMAT(TI12,2E12.4)
READIS, 7)SURF
FOERMATI(3E12.4)
READ(S,8)IMP
FOIMAT(216)

N=0
TRAN1=TRAN2=0.0
NB1K=0

D 10 J=1,100
Do 10 J1=1,4
VI.LT(J,J11)=0.0
CALL TIMER(TIMO)

CrxxaxNODE A: NEW SOURCE PARTICLExxx3x

C
<0

[

N=n+ 1
2=0.0
XMU=1.00
W=1.00
SUBT=0.00

CrxxxsNODE B: RANDOM WALKxxxxx

c

C DISTANCE TO COLLISION

21

RAND-KNFLO)
DC=(~1./S1GT)xALLOG{RAND)

C DISTANCE TO SURFACE INTERSLCTION

CALL DSUKF (DS, NX3)

C COLLISION &R SURIEACE INTERSECTION

IF(OC .LT. DS) GO TO 30

2 SURFACE INTERSECTION

Z=SURF (NXS)

Cox:%2NODE 1: NATURE OF SURFACEx»xxx




10R

IF(NXS .EQ. 3) GO TO 50
IFIN¥S EQ. 1) GO T0O 60
C SPLITTING SURFACE
IF(XMy LT, 0.0) GO TD 22
XIV=FLOAT(IMP(2))
XI1O0=FLOATC(IMP(1))
GO TO 23
22 XI1=FLOATCIMP(1))
XIO=FINAT(IMP(2))
23 XK=A11/XI0
IF(X¥ .LT. 1.0) GO TO 25
C INITIATLC SPLIT
WrMND= 1 . /XK
W=W=WMOD
XK=XK+1, 0OE-06
K= F1IX(XK)
K1=K-1
IF{K1 _EQ. 0} GO 7O 21
C BAMK (F-1) PARTITLES
CaLt RAMIIT(V Y1)
C CONTINIE TRACKING
GO TO 21
c

7 C RUSSTAN ROUNETTE

25 X¥ TL=RNFI_LO)
IF¢XKIL JLE. XK) 6 TO 28
C PARTINIE IS KILLED

GO TG 60
C PARTICIF SURVIVES
on VRION= 1 /XK
Wt wMan
CCOMTIMUL TRACKING
G 70 21
C
Crevr=xpMADFE 2! OCOLLISIONe» 2w x

A0 T=74XM DO
Yis\tw !.)S
RAYD=INFL(O)
DIRM=? »RAMD-1.0
XMU=L1RM
C CONTIMIFE TRACKING
GO TO 2%
c
CrrrrrTALLY UPDATE:vxxx
SN SIBT=SURT+W
C-= **TRACK TERMIMNATION»=xwx
60 IFr{NEMK .EN. 0V B0 YO 70
C RETPIEVE NEXT TRACK FRAM RANK

ChriLl. DAI'R
GO T0 21
C Pracrass (I TNRY SCORE
70 CALL IPRATECCIITNT)
[F (M . MYy G T £Q
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107 G0 TO 20
108 C CALCULATIGN COMPLETE
108 80 CALL TIMER(TIMF)

110 AN=FLOAT (NMAX)
111 TIME=(TIMF-TIMO) /XN
12 CALIL. EDITI(NMAX, TIME, TITLE,WS,SIGT)
113 CALL QUIT(1)
114 END

A SUBROUTINE DSURF (DS, NXS)

2 COMMON/NUTRN/Z, XMU, W

3 COMMON/GEOM/SURF (3)

4 ¢ CHECK FOR PARTICLE OGN A SURFACE

5 1F(Z .EQ. SURF(1)) GO TO 16

6 IF(Z .EQ. SURF(2)) GO TO 1

7 c

8 C PARTICLE IN CFLL .INTERIOR

[} GO TO 10

10 C

1Mo IF(XMU .LT. 0.0) 60 TO 1S

12 GO TO 17

13 ¢

14 10 IF{SURF(1) .LT. Z .AND. Z .LT. SURF(2)) GO TO 12

15 € IN CELL 2

16 . IF(XMU .LT. D.D) GO TCO 16

17 GG TO 17

18 ¢ IN CELL 1

19 12 IF(XMU .LT. 0.0) GO TG 15

20 GO TO 16

21 ¢

22 C NEXT-SURFACE ASSIGNMENTS
23 15 NXS=1

24 GO TO 20
25 16 NXS=2
25 GO TO 20

27 17 NXS=3

28 C CALCULATE DISTANCE TG NEAREST SURFACE
29 20 DS=(SURF(N¥S)-Z)/XMU

30 RETURN

31 END
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DOINOANDLN =~

DOANOPAWON =

-

AL WN -

SUBRAUTINE BANKR
COMMION/NUTRN/ Z, XMU, W

COMMONSBANK /NBNIC, VLT (100, 4) -
Z=VLT(NBNK, 1)

XMU=VLT(NBNK , 2)

W=VLT(NBNK, 3)

XOLD=VI_T {NRENIK,, 4)+1 . OE- 06

KC=1F1X{XOLD)

ML C=KC-1

IF(NKC FQ. O) BB TO 5

XMEW=FLOAT (NK.C)

VLTONPHK, 4) =¥MEW

GO TO 10

DO 8 IC=1,4

VLT(NBNK, 1C)=0.0

NBHI = NBHK - 1

CONT I NUE

RE TURN

END

SUBROUTINE BANKIT(K1)
COMMON/NUTRN/ Z, XMU, W
COMMON/BANK/ NBMK,VLT(100, 4)
NONK =NBNK +1

VLT(NBNK, 1)=2Z

VLT (NRHK , 2) =XMU

VLT (NRNK, 3)=W

VLT (MANK, 4 =FLOAT(KY)

RETURNM

END

SUBROUTINE TIMER(T)
DIMENSION 12(2)

CALL GAR{2404B,1,2008,12)
T=0.000001%12(1)

RETURN

END



1 SUBROUTINE UPDATE(SUBT)
2 COMMON 'SCORE/ TRANT, TRANZ

3 TRAN1=TRAN1+SUBT

4 TRANZ=TRANZ24+SURTxx2

5 RETURN

6 END

1 SUBROUTINE EDIT(NMAX TIME, TITLE,WS,SIGT)

2 COMMON/SCORE/ TRANT , TRANZ

3 COMMON/GEGM/SURF ( 3)

4 DIMENSION TITLE(12)

5 XN=FLOAT ( NMAX)

6 X=TRAMT /XN

7 X2=TRAN2/XN

8 VAR=XZ-Xxx2

9 REL=SORT(VAR/XN) /X
10 WRITE(B,S)
115 FORMAT(S(/),5(5X, "EDIT"))
12 WRITE(6,10) TITLE
13 10 FORMAT{ 10X, 12A5)
14 WRITE(S, 15) SURF
15 15  FORMAT(2{/),1X,"SURFACES AT:",3(3X E12.41)
16 WRITE(6,20)S1GT, WS
17 20 FORMAT(1X,"TOTAL X-SECN:",E12.4/1X,"wS:",E12.4}
18 WRITE(S, 253 NMAX, REL
19 25 FORMAT(3(/},1X, "NO.SCURCE PARTICIES=",110/
20 +1X, "REL,.ERROR ATTAINED=",E12.4)
21 WRITE(6, 30)X, X2
22 30 FORMAT(IX,"FIRST MOMENT(TRANSMISSION)=",
23 +E12.4/1X, "SECOND MOMENT=",E12.4)
24 WRITE (6, 35)VAR
25 35 FORMAT(1X, "SAMPLE VARIANRE=" E1Z2.9)
26 WRITE{6, A0)TIME
27 40  FORMAT(1X,"TIME PER HISTOGRY=",E12.4,“ S|EC")
28 RETURN
29 END
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APPENDIX G

FORTRAN Code Listing:
COSTFT
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COBNOARDLON ~

-

- - -
hwn

15

PROGRAM TO FIT ANALYTICAL FUNCTION TN
SN-CAILCULATED VAl UES OF CNST FUNCTION

O00

PRNGRAM COSTFT(INCOST,OUTPUT, TAPE2={NCNST, TAPEG=OUTPUT)
DIMENSION X(100),Y(100),¥YIIT(100)

DIMENSION JDMI (1) ,M¢10)

NIMENSION AC10),SIGMAALTIO) ,R(10),C05F (10, 4)

C READ INTEGER INPUT
READ(2,10) MPTS,NXTRA
10 FORMAT(2112)

C READ COST VAILUES AND SURFACE LOCATIONS
DO 100 IC=1,NFTS
READ(,20) Y(IC),X(IC)
20 FORMATIZ2ET2. 3)
100 COANTIMNUE
IF_G=0

c ZERO-0OUT ARRAYS
Na 115 J=1,1n0
YFIT(J)=0.0
PO 120 J=1,10
A(31¥=0.0
SINMAALJ)}=0.0
120 R(IV=0.0
JOF1T (1) =0
MNPE=0
1Fi.G=1FLG+1
G0 TO (122,132,142,922) ,1FLG

— -
—
12

wxrxrryrrry EXPOMENTIAL FIT *xrereyxrrxx

OO0

122  NTIRMS=2
M(i)=0
[ CALL REGRESSION RGUTINMF
CALL REGRES(X,Y,JDM1 ,NPTS,NTERMS , M, MNDF ,YFIT,
1A0, A, SIBMAD, SIGMAA, R, RIDL, CHIS0OR  FTEST)
COEFr (1, 1)=A0
00 125 1CT=1,NTERMS
NT=ICT+1
125 COLCF(NT,1)=A(ICT)
ZMIN=(ALOG(A(2) )Y -ALOGIAL1))) /2.
C CUTPUT RESULTS
GO TO 145
C
Crrxzxswxxx SECOND CIRDER POLYNAMIAL FITxxxwyrxrxwx
C
132 NTERMS=2
MO1)=1
M(2)=2
C REAPTASINN RMITINE
CrILl. REGRESIX, Y, JOM1,WPTS , NTERMS M, MONE YFIT,



c

1AD, A, SIGMAC, STGBMAA, R, PN FITRN™ FTI0T
COECe1,2)=A0

D 135 ICT=1, NTEPMS

MT=1CT+1

FACFINT,2)=A01CT)

ZMIN--ACI) /12, xA(2))

OUTPUT PESHH TS

cn TN 115

CrryxxxxxxxT]IIRD NROER POLYROMIAILL FIT 2o »vesryxy

Cc
142

143

[

HNTERMS=3
M(1)=1

M(21=2

M(3)=3

REBRLRS1ON ROUTINE

CALL REGRES(X,Y,JOMI,NPTS, NTERMS, M, MODE, YFIT,
1AD, A, SIGMAD, SIGMAA, R, RMIIL , CHISNR, TTEST)
COEF(1,3)=A0

DO 143 1CT=1,MTERMS

NT=1CT+)

COFEF(NT,3)=A(ICT)
DISC=SORT (4, *A(2)*%2-12 *A(3)xA( 1))
ZMIN= (-2, 2AI2)+DISC)/ (£, +A(3) )}

GO TO 145

CraxrrxxxxxN-TH ORDEF FITrys=srnxxx

[
gz22

925
o]

NTERMS=NXTRA

DO 925 JJ=1,NTERMS

MoJIy=3J

RICGRESSIGN RAUTINE

CALL REGRES(X,Y,JOM1, NPTS, NTERMS M, MONE YF1T,
1A, A, SIAMAD, RIFMAA, R, FMEL | CHISOD FTEST)
COTF(1,4)=AD

D Q3N {CT=1, HTERMS

MT=1CT+1

COMF(NT, AY=ACICT)

ZMIN=0.00

OUTPUT RESULTS

WRITE(6, 150)

FORMATCOIHY 10X, "MILTICLE 1LINDAR REACTACIN REUN_TS™)

WRITE(6,152)

FONMATI(2¢7) ,B5X, "TERM" , 10X, "COFFT JICIENT (STD. ATV _)*")

WRITE!6,154) AQ,SIGHAD
FORMATLZX, “1%, 14X, IPE10. R, 22X, 1H( ,F1N_3, 11}
PO 160 [C=1,NTERMS

1Ic2=1C+1

URITE(R, 162) 1C2,A(1C)Y,STGHAACIC)

FORMATIBX, 12,145, 1PF10.3,2X, 1H(,E10.3, 1H))
WRITE(G, 165,

FORMATI(3( /), 5%, "INPUT CrRT" SX,"FI1TTCN COST™)
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2Lo

107
108
109
110
1M1

12
113
114
115
116
117
118
119
120
121

122
123
124
125
126
127
128
129
130
131

132.

133
134
135
136
137
138
139
140
141

142
143
144
145
146
147
148
149
150
151

152
153
154
155

170
172

174
176
178

180

184

190
192

OO0

200

205

210

215

-

DO 170 1C=1,NPTS
WRITE(6,172) Y(I1C),YFITLIC)

FOPHAT(SX, 1PE10.3,5X,E10.3)

WIITE(G,173) ZMIN

FORMAT (15X, "ZMIN=",F6.2)

WRITE(6, 174)

FORMAT(S( /), 1X, 10CIH» ), “STATISTICAL  DATA®, 100 111x))
WRITE(6,176) CHISOR

FORMAT(1HO, "VARIAMCE OF DATA POINTS=",1PE10.3)
WRITF(6,178) FTFST

FORMATOIX, "F=VALUF =" 1PF10.3)

WRITE(6, 180) RIUIL

FORMAT (1X, "MULT.LINTAR CORPFL. COOFFF. =", 1PF10.3)
WRITE(6,182)

FORMAT(2(/), 3, “LINFAR CORPFLATION RACFFICTRHTS®)
WRITE(6, 184)

FORMAT(SX, "TERM", 10X, "COEFTICIENT")

DO 190 JC=1,NTERMS

JC2=JC+1

WRITE(6,192) Jc2,R(JC)

FORMAT(GX, 12, 12X, 1PE10.3)

IFC(IFLG .EQ. 4) GO TO 200

GD TO 110

FINAL EDIT

WRITE(6, 205)
FORMATI 1HT, 15X, “FINAL FRIT")

WRITE(G, 2100 NXTRA

FOTMAT(SX, “Z%, 10X, "E4P" 8K, “CRDIR 2°, GX, "GPDER 3%, 6X,
"QRDERY, 13)

ZIAST=X(NPTS140.50

Z=0.00

DFILZ=0.10

1F(Z .GT. ZLAST) GO TO 300

CI1=CNFEF(1, 14000 FI2 112 ¥DIT)4COFF (R 1V FXP(-2)

c2 OUF(1,2V4CONF(2 2)eZ400 (3, Ty > Md
C3=CrEF(1,3) 40001 (2, 3)*74CORF(2,3) 2
C4=CORF(1,4)

DO 217 [PR=1,NXTRA

12=1PR+1

CA=CA+COEF(12,4)>Z**1PR

LONT I NUE

WRITE(6,220) Z,C1,62,C3,C4
FORMAT(2X,FG.2, 5%, 1ITE10. 3, "X, E10,. 2, 5% Ty 0_ ], 2%, E10_3)
Z=Z+DELZ

~'-,’§+C(‘)i‘_[—'( A, 3¥+77-x3

GO TO 215
CaLlL FXIT
EMD



N=0U0PNOTHELN ~

OD900090000060000OOOC‘OOOOOOC‘O\’)UOOOOOOG0(';00000

13

34

33
3y
40
at
Nz
473

as
a6
ar
e
ay
e
51

-
L

53

SUBROUTINE REGRES

PURPGSE
MAKE A MULTIPLE LINEAR REGRESSION FIT TO DATA WIiTH
A SPECIFIED FUNCTION WHICH IS LINEAR IN COEFFICIENTS

USAGE
CALL REGRES(X,Y,SIGMAY,NPTS,NTERMS,M, MODE,YFIT,

AD,A,SIGMAC,S15MAA, R, RMUL , CHISQR, FTEST)

DESCRIPTION OF PARAMETERS

X -ARRAY UF DATA POINTS FOR INDEPENDENT VARIABLE
Y -ARIKAY OF DATA PGINTS FOR DEPENDENT VARIABLE
SI1GMAY -ARRAY OF STD. DEV. FOR Y DATA POINTS

NPTS ~NO. OF PAIRS OF DATA POINTS

NTERMS -NO. OF COEFFICIENTS (CONSTANT NOT INCL.)

M -ARRAY OF INCLUSIGN'REJECTION CRITERIA FOR FCTN
MODE ~DETERMINMES MLTHUD OF WEIGHTING LST.SGQURS. FIT

+1 (INSTRUNENTALIWEIGHT(1)=1./SIGMAY (1) xx2
OCN WEIGHTING)Y WEIGHT(I)=1.
~H(STATISTICALIWEIGHT(1)=1./Y(1)

YFIT -ARRAY OF CA{ ULLATED VALUES OF Y
AD -CONSTANT TERM
A -ARRAY OF CUOEFFICIENTS

SIGMAO -STANDARD DUVYIATION OF AOQ

SIGMAA -ARRAY DF STD DLEV. FOR COEFFICIENTS
K ~ARRAY 0OF LINEAR CORRELATION COEFF.
RMUL SMULTEPLE LINCAR CORRELATION COEFF.
CHISQR -REDUCED CHI SQUARE FOR FIT

FTEST -VALUE OF F FOR TEST OF FIT

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
FCINGX, [,J,M)
EVALUATES THE FUNCTION FGR THE J-TH TERM AND
I-THl DATA POINT USING ARRAY M TO
SPUCIFY TERMS IN FURCTION
MAT I NV (ARRAY , NTEIIMS, DET)
INVERTS A SYMALTRIC TWO-DIMENSIONAL MATRIX
OF DEGREE NTERMS AND COMPUTES DETERMINANT

COMMENTS
DIMENSION STATEMENT VALID FOR NPTS UP TO 100

AND NTERMS UP TO 10

SULROUTINIZ REGIHES (X, Y, SIGMAY ,NPTS , NTERMS , M, MODE ,YFI T,

1AD, 4, STGMAN, 5161144, R, RMUIL, CHI SQRX, FTEST)

DUl B PRECESTON ARKAY , SUM, YMEAN, SIGMA, CHISQ, XMEAN, S1GHMAX
DIMENSTON X{1),¥01) ,S1GMAY (1) ,M(1),YFIT(1),A(1),SIGMAA(1),

THo)
DIMENSTON WEIGHT(100) , XMEAN(10) ,SIGMAX(10), ARRAY (10, 10)

INITIALIZE SUMS AND ARRAYS
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2h2

17
21

44
50
51

53

57

(¢ X2 K¢

61

67

KAl

SUM=0.0
YMEAN=0.0
SIGMA=0.0
CHIS0=0.0
RMUL=0.0

DO 17 1=1,NPTS
YFIT(1)=0.0

DO 28 J=1,NTERMS
XMEAN(J)=0.0
SIGMAX(J)=0.0
R(J})=0.0
A(J)=0.0
SIGMAA(J)=0D.0

DO 28 K=1,NTERMS
ARRAY (J,K)=0.0

ACCUMULATE WEIGHTED SUMS

DO S0 1=1,NPTS
IF(MODE) 32,37,39

IF(Y(1)) 3%5,37,33
WEIGHT(1)=1./Y(])

GO TO 41
WEIGHT{I)=1./L-Y(1))
GO TO 41
WEIGHT(I1)=1.

GO TG 41

WEIGHT(1)=1./SIGMAY(])xx2
SUM=SUM+WEIGHT (1)
YMEANSYMEAMN+WEIGHT(])xY(])
DO 44 J=1,NTERMS
XMEAN(J)=XMEAN(J)+WEIGHT (1 )xFCTN(X,1,J,M)
CONTINUE

YMEAN=YMEAN/SUM

DO 53 J=1,NTERMS

XMEANCJ) =XMEAN(J) /SUM
FNPTS=NPTS
WMEAN=SUM/FNPTS

DO 57 1=1,NPTS
WEIGHTU(1)=WEIGHT!(])/WMEAN

ACCUMULATE MATRICES R AND ARRAY

DO 67 1=1,NPTS

SIGMA=SIGMA+WE IGHT(1)x{Y(1)~-YMEAN)xx2

DO 67 J=1,NTERMS
SIGMAX(J)=SIGMAX(JI+WEIGHT (1 )=(FCTNIX,1,J, M) -XMEAN{J) ) ==x2
R(J)=RIII+WEIGHT (1 I (FCTN(X,1,J,M)-XMEAN(JI) )= (Y (])-YMEAN)
DO 67 K=1,J

ARRAY (J,K)=ARRAY (J,K)+WEIGHT (1 )= (FCTN(X,1,J,M)-XMEAN{J)})x
T(FCTN(X, 1 ,K, M) -XMEAN(K) )

FREE1=NPTS-1



107
108
109
110
11
112
113
114
118
116
117
118
119
120
121

122
123
124
123
126
127
128
129
130
131

132
133
134
135
136
137
138
139
140
141

142
143
144
143
148
147
148
149
150
151

152
153
154
1353
156
157
158
159

72
74

78

OO0

81

a1

OO0

101
102

104
1035
106
107
108
111

113
11s

000

121
122

124
131
132
133
133

136
141

145

SIGMA=DSQRT(SIGMA/FREE1)

DO 78 J=1,NTERMS

SIGMAX(J)=DSQRT(SIGMAX(J)/FREE1}
R(JI=R(J)/(FREE1»SIGMAX(J)xSIiGMA)

DO 78 K=1,J

ARRAY (J,K)=ARRAY(J,K)/(FREE1*SIGMAX(J)}*xSIGMAX(K))
ARRAY (K, J)=ARRAY (J,K)

INVERT SYMMETRIC MATRIX

CALL MATINV(ARRAY,NTERMS,KDET)
1F(DETY101,91,101

A0=0.0

SIGMAC=0.0

RMUL=0.0

CHISOR=0.0

FTEST=0.0

Gg TG 1350

CALCULATE COEFFICIENTS,FIT,AND CHI SQUARE

AQ=YMEAN

DO 108 J=1,NTERMS

DO 104 K=1,NTERMS
A(JI=A(J)+R{K)=ARRAY (J,K)
A(J)I=A(J)=SIGMA/SIGMAX(J)
AO0=AQ-ACJ}xXMEAN(J)

DO 108 1=1,NPTS
YFITCIY=YFIT(I Y +A(JY«FCTNIX, 1,J,M)
DO 113 1=1,NPTS

YFITC(I)=YFIT(1)+AO
CHISQ=CHISQ+WEIGHT(1)=(Y(1)-YFIT(]l))xx2
FREEN=NPTS-NTERMS-1

CHISQR=CHI SQ=WMEAN/FREEN

CALCULATE UNCERTAINTIES

IF(MODE) 122,124,122
VARNCE =1 . /WMEAN

6o To 13

VARNCE=CHI SQR

D& 133 J=1,NTERMS

SIGMAA(J) =ARRAY (J, J) *VARNMCE/ (FREE1 xS1GMAX( J) xx2)
SIGMAA(J}=SQRT(SIGMAA{J))

RMUL =RMUL+AtJ ) xR( JIsSIGMAX(J) /SIGMA

FREEJS=NTERMS
FTEST=(RMUL/FREEJ)/( (1. -RMUL) /FREEN)
RMUL=SORT ( RMUL)

SIGMAO=VARNCE/FNPTS -

DO 14% J=1,NTERMS

DA 145 K=1,NTERMS
S1GMAO=S1GMAO+VARNCExXMEAN{ J) *XMEAN (K )} =ARRAY (J,K )/
1 (FREET1*SIGMAX(J) *SIGMAX(K))
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24l

180
16!
162

ENOC L LN~

[FEvRrNeNeNsEoNsNeRoNoNoNoReR o}

o000

C
C
C

146
150

e

LM
f A

M,

%0
o1
53

80

&

S1CMAO=SORT(S1GMAO)
RETURN
faf ¥}

SULROUTIRE MAT NV

P PULSE

IMNVIZRT A SVIMITIRIC MAT2I X AHD CALCULATE DV suil idANT
[EETRETS

CALL MATIINCALIAY , HO L e, LeT)

DESCRIPTION OF PrIAMIITRS
ARKAY  =1TNFUT HATRIA wiliCit |13 REPLACED &Y ITNVItST
FIORDER ~DEGEE OF A il (Lo ® OF DEVTERMIHANT)
LET SDETORATNACT 0F TNFUT BIATRIX

COIHMENTS
DINMENSION STATEMENT VALID FOR MORDER UP TO 10

SUI RGUTINE MATINVIARRAY  NOB ) 8, DET)
Dol £ PRIZCEHS IO ARTTAY | 2P6X, SAVE
DILEMNSTON ARRAYCIO, 10) IR CES) , I010)
DEET=7.

DO 100 K=1, NORDLE

FIND LARGIESYT ELCIMINT ARRAT(L,J) IN REST OF MATIRIX
AMAK0.0

DO 30 1=K, MODER
Do 306G J=K, M i)t

TFUDALSCANSD) -DAL.STARRY(E,3))) 24,24,30
AMATARRAY UL, J)

TRK =1

Jiucr=J

CoOnmTiNUE

THTERCHAMGE. ROWS AND GOt UMNS TO PUT AMAX IN AFRAY U, IKQ)

1F (AMAX ) 41,32, 41
DET=0.0

GO0 T 140

I=1K{K)
1IFL1-K)21,51,43

N S0 J=1 MIRDER
SAVE=ARRANY (K, })

ARIPAY (K, J)=ARTAY (] ,J)
ARIRAY (1, J)=-SAVE

J= KD
iF(J-K)21,61,53

DO 6O =1, MORDER
SAVE=ARRAY (1 ,K)

ARIAY (] ,KD)=ARRAY (1, D)
ARBAY (1, J)1=~-SAVE

ACCUMULATE ELEMUIMYTS OF INVERSE MATRIX

DO 70 1=1,NORDER



QAN WN—

~
[=]
[y XoNe!

74

£0
31

a3
a0

100

101

105

113

120
130
140

QA0

(1 XeXe]

50
53

60

1IF(1-K)63,70,63
ARRAY (1 ,K)=-ARRAY (1 ,11) /#HAX

CORT T MUE

Ny 30 1=1, NORDER

nrona J=1, MOPDER

IF(1-K)Y74,70,74

IF(1-1X)75,70,75

APDAY T, JI-APTAY (T, J)+ARPAY (1, K) *ARTAY (K, J)
CATHHNE

No 10 J=1, MOTIER

IF(1-K)A3, "N 23
ARTRAT(K, J) ~ARTAY (K, 1) 7AMAX

COMTHIUE

ARRAV(K,K) = 1. /AMAX

OFT=DET«AMAX

RFESTARFE ARDFRIMG NOF MATRIX

Nno 130 =1, NOFDER
K=NARDER-L+1

J=1TKI(K)
[F(J-K)T11,111,10%8

DG 110 =1, MOMDER
SAVE=ARRAY (] ,K)

ARCAY (T ,K)=~-ANRAY (T, J)
ARRAY (] ,J)=8SAVE
[=JrrK)
IF(I-KY130,120,113

N 120 J=1,MOTHER
SAVE=ARRAY (¥, 1))
ARTAY I, J) = -APPAY (] | J)
APPAY T, D) =CAVE

COAIT I MUE

CETUCN

<MD

FUMCTION FCTN(X,T,J, JTERNS)
DIMIMNSION X(1),JTERMS(1)
[FI.A=JTERMS(1)

IF(IFLG .EQ. 0) GO TO SO

EVALUATE POLYMOMIALS

JEXP=JTERMS(J)
FCTN=X(1)=«JEXP
NETURN

FEVALLUATE EXPOMENTIALS

GO TO (55,60),J
FCTM=EXP(X(1))
RETURN
FCTN=EXP(-X(1)}
RETURN

MO

245



2L6

APPENDIX H

MULTIPLE SURFACE DERIVATIONS
(MOMENTS OF SLAB TRANSMISSION SCORE)

Given the formulations for the total score accumulation probability
for the six cases presented in Chapter V [see Eqs. (5.1.1) through
(5.1.6)], the r-th moment equations for the transmission score may be
derived by following exactly the same procedure as was demonstrated in
Chapter IV (and Appendix B) for the case of one splitting surface. Al-
though all the details are not repeated here, because of certain nota-
tional differences as well as the more varied combination of terms in the
six cases referred to above, selected aspects of the derivation are pre-
sented. The reader should be able to supply the intermediate details
needed to reconstruct the entire derivation with reference to Chapter IV
and Aprendix B.

First, the r~th moment equations may be formulated by multiplying
the score accumulation probabilities [Eqs. (5.1.1) through (5.1.6) by st

and integrating over ds, i.e.,

mo L@ =/ V.(2,8)s" ds . (H.0.1)

By applying the Binomial Theorem [see Eq. (B.l.2a)] all cases in which a
linear combination of scores appears in the argument of the y function
may be simplified and replaced by an appropriate summation over n moments

{(n = 0,1,2,***,r). For example,



/‘Pi(z,s*) (s* + s’)r ds*

'/-Uli(g,s - s7s" ds

r

r =1
(n) s M@ (H.0.2)

n=

where s* = s - s”, Also, the Binomial Theorem is applied m, times in
treating the splitting term in the equations: first in integrating over
ds, then in integrating over dsm.—l’ etc., and finally in integrating
over dsl (see Appendix B). :

Collecting all terms in M i leaves all the equations in a form
>
similar to that of Egs. (B.1l.11-13), where all non-r-th moment terms are
included in a source term Qr 5 Substitution is then made for the score
?

distribution functions. For the case of multiple splitting surfaces,

these distributions are given as foliows:
ps(g,S) = pE’O(E,S) = §(s) ,

pSmi(P_,S) = pRi(E_,s) = 8(s) for i=1,2,°*",N

and Pz D(E’S) = 6(s - W) . (H.0.3)

In other words, only a back-surface escape results in a non-zero score.
Finally, after substituting for the appropriate probability densities and
kernels (see definitions at the beginning of Chapters IV and V) and per-
forming the indicated integrations, Egqs. (H.0.4)-(H.0.9) result for the
r-th moment of the transmission score (for the six cases of particle

starting coordinate z). Use 1is also made of identity (B.2.2) in writing

2L7



these equations with the tramsition kernel K(z,u + z ,u”"). Also, the

r-th moments for the different cases are represented by
i(z,u,w) for z in region i (i =1,2,°*°,N+ 1)

and (z SHUs W) for z =z, (1 =1,2,***,N) .
r, i i

In region 1, for 0 £ z < zy:

.’ + .. + .
1(z>1,w) = f / K(z,u > z ,u )Ml_’l(z s, W W)

O<z <z

+ H(H)T(Z > Zlall) * ml .Mr,Zl(Zl’u’w/ml) + Qr’l(Z,U,W) s (H.0.4a)

where

Q ;(zp,w) =0 (H.0.4b)

Q2,1(Z’“’w) = H{p) -ml(m1 - 1) *T(z ~ zl,u){Ml’Zl(zl,p,w/ml)}z. (H.0.4c)

On surface 1, for z = :
M (z,,p,w) = dz du”” K(z, ,n . u M (z+ e w)
r,z, 17 1’ ’ r,1 ? >"s
0<z <z
f dz fdu NCTLRG I AL NPT INEL A
<z <z

. - !
+ H(u)T(z1 > zy,H) °m, Mr’zz(zz,v,wfmz) + Qr’zl(zl,u.W) s (H.0.5a)
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where

Q , (zWw) =0, (H.0.5b)
]

2
Qz’zl(zl,u,W) = H(u) -mz(m2 - 1) -T(z1 -> zz’u){Ml,zz(ZZ’“’w/mZ)} .

{H.0.5¢)
In region i, for 2 1 <z< z;:
M .(z,u,w) = du”” K(z,u =+ 2+ u M (z+ U, w w)
r,i 2 ’ ’ I',i s s ¥g
z. <z <z
+ H(WT(z -~ zi,u) s ng .Mr,zi(zi’u’W/mi) + [1 - H(W]
X T(Z > Zi_l,u) * gm- .MI',Z, (21_19U9W/£m. ) + Qr’i(z,u,w) ?
i-1 i-1 i-1
(H.0.6a)
where
Q1 i(z,u,w) =0 (K.0.6b)

Q2 Az, 4,w) = H(W) *m, (m - 1) *T(z > zi,u){Ml’zi(zi,u,w/mi)}z. (H.0.6c)

On surface i, for z = 25t
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M (z,,u,w) = f /du" K(z U >z ,]1”)14 (z ,U ",w W)
r,z, i

z. <z <z

o~ + P + ~,
f /du K( PRI A )Mr,iﬂ(z »H ,WSW)

z, <z <z

+ - BTGz, >z W v & oM (g uw/E )
i-1 i-1 i-1

HFHOOT(zy >z 51 tmy g tML (2 w/mg )

*1+1
+ Qr,zi(zi’“’w) s (H.0.7a)
where
Ql,zi(zi,u,w) =0 , (H.0.7b)
Qz,zi(zi’”"’) =HQ tmy - D Ty 2oz,
x {M (z W,w/m, )}2 (H4.0.7c)
1,z, i+l’? i+l : hi
i+l

On surface N, for z = 2yt
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M -~ + - + -,
T,z (z0, U, W) = f /du Kzt > 2,1 )MI,N(z ST, W W)

zN <z <z
+ -~ + - 4 + ~-
+ f dz /du K(zN,]J + z ,U )Mr,N+1(z s U ,wsw)
zN<z+<D
+ [1 - HWI1T(z, > z, ., * & "M (z_1oH,W/E )
N N-1 Myl ToZyq N-1 ™ g
+ Q_r z (ZND]JaW) > (H.O.Sa)
»
where
z (zN,U,W) = H(u)T(zN > D) *w (H4.0.8b)
Q, ., (zN,U,W) = H(u)T(zN > D, . w? . (H.0.8¢c)
] .

Finally in region N + 1, for zy <z £D:

— -~ + — + -
M (20w = / dz fdu R(zyi > 250 O o (2,077 w)

z<z<D

+ [1 - H(W) 1T(z + zN,u) . E’"N . Mr’zN(zN,u,w/EmN) + Qr,N_,_l(z,u,W) s

(H.0.9a)

where

Qp peq (2o} = HGOT(z > D, 1) *w (1.0.9b)
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Qg (ZoHs9) = RODT(z > Do) = w? . (5.5.9)

From this point onward, the first and second moments will be treated
separately. The continuity/discontinuity conditions will be derived at
the general (i-th) splitting surface. Finally, the equations will be

presented in integro-differential form.

H.1 The First Moment (r = 1)

The purpose of this section is to demonstrate that the first moment
of the transmission score is continuous across the general (i-th) split-
ting surface (as in the special case of a single splitting surface).

Also, after all the proper substitutions are made, it is found that the
coupled first moment equations reduce to a single formulation which
holds over the entire slab.

First we consider Eqs. (H.0.6a,b) and Eqs. (H.0.7a,b) for r = 1.
Recalling the property that constant weight multipliers are separable in
the moments (see Appendix D), it is possible to substitute Egqs. (H.0.7a,b)

into Eq. (H.0.6a). Thus, for r = 1 and z in region i:

. + -, + ~,
Ml’i(z,u,W) = / fdu K(z,u + z ,u )Ml,i(z LU, W)

Z., <z <z
i-

f fdu K(z,0 + 2z ,u )Ml i+1(z ST ,wW)

z, <z <z
+ H(U)T(z -+ zi+1,U)Ml’zi-'-l(zi_l_l,u,v’) + [l - H(U)]T(z > zi_]_,ll)
o TP CHNEL I @3-

1-1

Ny



In writing Eq. (H.1.1), the transmission probability T(z - zi,u) has been
absorbed either in the transition kernel K(zi,u - z+,u") or the trans-
mission probability T(zi - zi+1,u), as per Eq. (B.2.3).

We can write an equation for the first moment in region 1 + 1
Thus, for r = 1 and weight

(zi <z« zi+1) by analogy to Eq. (H.0.6a,b).

multipliers separated:

-- + P + -,
M1,i+1(z’“’w) = / fdu K(z,p > z ,u )Ml,i+l(z SHTT,W)

z, <z <z

+ H(]I)T(Z >z, 19U)M1 z +1(zi+19u’w)

+ [1 - H(W1T(z ~ zi,u)l*'l1 z (zi,u,W) (H.1.2)
22y

The proper forms of Eqs. (H.0.7a,b) may be substituted into Eq. (H.1.2)

to give
M, (2,0, = an”’ Klz,k > 2w, L (2, W)
1,i+17°"? ? 1,i+1 ? >
z, <z <z
f /‘

z. <z <z

+ .. + ..
X K(z,l > z ,U )Ml,i(z S ,w) + [1 - BH(u) 1Tz ~» zi—l’U)

x M (zi_l,u,w) . (H.1.3)

l,zi_1
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Again, the transmission probability T(z — zi,u) has been absorbed by the
transition kernel K(zi,u - z+,u") and by the transmission probability
T(zi > zi_l,u).

As in Chapter IV (Appendix B), the limits of the first moment

solution in regions i and i + 1 are defined

Ml—(zi,u,w) z lim Ml’i(z,u,w) (H.1l.4a)
Zzrz,
1-—
+ - .
and Ml (zi,u,ﬂO = zi;m Ml,i+l(z,u,w) . (H.1.4b)
i+

Then, if the limit of Eq. (H.l.1) is taken as the starting location z is
allowed to approach the splitting surface z, from below, and if the limit
of Eq. (H.1.3) is taken as z approaches z; from above, we find that

M (2, 0w) = Mz 1w = M, (z,0w) . (H.1.5)

171 1 71 l,zi i

By Eq. (H.1.5), the first moment of the transmission score is continuous
across any splitting surface z;- This, of course, is a generalization
of the condition that was found in Chapter IV for only a single splitting
surface irn the geometry. Equation (H.1.5) was derived specifically for
a surface at zg which has other splitting surfaces on either side, i.e.,
at Z; 1 and Zi,q¢ The same relationship may be derived for the case of
surfaces 1 (at zl) and N (at zN), both of which have a neighboring
splitting surface on one side, but an escape surfacze on the other. In
these cases, the derivation proceeds by starting with Eqs. (H.0.4,5) or

Eqs. (H.0.8,9), rather than as done above with Eqs. (H.0.6,7).



If one were to start with the first moment formulation written for
any of the N + 1 regions in the slab geometry [for example, Eq. (H.0.6)
for region i], and appropriately substitute (recursively) for all the
M; terms which couple to the equation, the result would be an identical
formulation of the first moment for all the starting regions Ml,j

(3 = 1,2,°**,N + 1), i.e.,

N
+ P + - + tlel
Ml,j(z,u,W) / du”” K(z,u * z ,u )Ml’i(z SHTT,W)
1=1 z. <z <z
+ T(z > D) * w for Zj—l <z < zj . (H.1.6)

Equation (H.1.6) holds for all regions j = 1,2,***,N+1 (with the added
definitions: z, Z 0 and Zys1 = D). Thus, when the equations are written
in this manner, we see that the same equation governs the first moment
solution, irrespective of the region in which the particle is assumed to
be introduced. Formally, then, we define the first moment solution

Ml(z,u,w), such that (for i = 1,2,***,N + 1):
M (z,u,w) = M (z,u,uO for Z; 1 £z < z; . {H.1.7)

Thus, Eq. (H.1.6) may be reduced to one simplified formulation over the

entire slab (0 < z £ D):

+ - . + AL + ,~,
Ml(z,u,w) =W, -j' dz /du K{z,u >+ z ,u )Ml(z SH W)

O<z+<D

+ T(z >D,u) *w . (H.1.8)
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The conversion of the integral equation (H.1.8) to integro-differ-
ential form has already been demonstrated [see Eqs. (4.1.2.5) through

(4.1.2.15)] with the result:

a e P , o
“U 55 Fplz,0,w) + I.F, (2,1,w) =fdu Z o E(z,u =~ W)F, (2,077, w)

+ H()S(z - D) Z” v, (H.1.9)
T

where Fl(z,u,w) = 1/ZT °M1(z,u,w)

Thus, as before, the effects of splitting, Russian roulette, and surviv.l

biasing are totally absent from the first moment equation.

H.2 The Second Moment (r = 2)

In this section, the discontinuity at the general (i-th) splitting
surface is characterized. It is demonstrated that the discontinuity
condition is identical to the condition found for the case of a single
splitting surface (Chapter IV).

We now consider the second moment of the transmission score. As in
Section H.1, the proper forms (r = 2) of Egqs. (H.0.7a,c) are substituted
into Eq. (H.0.6a,c) after the property of weight separability is applied
to both sets of equations. [The substitution is made for

H(u)M2 2 (zi,u,w).] The following equation results:
i



+ . + . + ..
M, .(z,u,w) = dz du”” K(z,u > z ,u"OM, .(z ,u"7,w
2,1 2,i

z, <z <z,
i

2

w

s . + PPN + .. + ..
+(—-—mi) f dz /du K(z,u > z ,U )Mz,i+1(z s T,w)

z.%z <z,
i i+l

1 Mg ~ L
+ H(U)(——) *T(z > z,, ,,lDM (z sU,w) + B(W)| ———
mimi +1 i+l 2,z, 141 +1 mimi +1

2

X T(z ~» zi+1’U){Ml,z. (zi+1,u,w)} + [1 - 8] m 4

i+l

m, - 1

R R R R B

i-1 i

2

x T(z -~ zi,ll) . {Ml,z (Zi,U,W)} . {H.2.1)

i

An equation for z in region i + 1 may be written (r 2) by analogy to

Eq. (H.0.6a,c) and by applying the property of weight separability:

= + * - + - + -
M2,1+1(z’“"") = / dz fdu K(z,u > z ,u )M2,1+1(z Lu™ 7w

z<z <z

1
+ H(u)(m
*2i41

i+1)r<z > iy (oo™ 1 - HODITG > 20,0

mi+l 1
Xm, M (z,,1,w) + A ————)T(z +> z, .,
i 2,z:L i mi+l i+l

2
S {Ml,zi_ﬂ(zi_’_l,u,w)} . (H.2.2)
257



Substitution of Eq. (H.0.7a,c) for [1 - H(u)]Mz’z (zi,u,w) in
i

Eq. (H.2.2) yields

Mz’i_,_l(z,UQW) =w, - f dz fdu K(z,u >z ,Hu )H2,1+1(z SH7T,w)

+
<z <
242 2441

1 2 +
+ H(u)( 1)T(z -z, M (z,,,sU,w) + m w . / dz
m, i+1? 2,zi+1 i+l i's

X[du K(z,u > 20", (2,07 %w) + [1 -~ B(W]n, *m,_,

m -1
i+l

1 i+l

2
X T(z > z <, W) {Mlszi+1(zi+1’u’W)} . (H.2.3)

As in the case for the first moment, the following limits may be defined:

Mzd(zi,u,w) = 1im MZ i(z,u,w’) (H.2.4a)
z>z, ?
i-
+ = 1
M2 (zi,u,nﬂ = lim Mz’i+1(z,u,w) . (H.2.4b)
z>z
i+

Then, upon taking the limit of Eq. (H.2.1) as z approaches zy from below

and the limit of Eq. (H.2.3) as z approaches zy from above, the discon-
tinuity condition becomes apparent:

for y < 0:

- 1+
MZ (zi,u,w) = E;-Mz (zi,u,w) s (H.2.5a)
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and for y > O:

M2+(zi,u,w) =m -Mz_(zi,u,w) - (mi - 1) -{Ml’zi(zi,u,w)}2.(H.2.5b)

The discontinuity characterized in Eqs. (H.2.5) is a generalization of
the condition occurring in the case of a single splitting surface [see
Eqs. (4.1.1.13,14)]. Although Eqs. (H.2.5) strictly apply only for the
i~th splitting surface which hzs other splitting surfaces on either side,
the same discontinuity can be derived at zy and Zye In these latter
cases, however, the derivation would proceed by starting with

Eqs. (H.0.4,5) or (H.0.8,9), rather than with Eqs. (H.0.6,7).

The integral second moment equation in each region can be converted
to an integro-differential form which is more amenable to standard
solution techniques. The conversion follows along the same lines as pre-
sented in Chapter IV (Section 4.1.2).

For particles beginning their next flight in region 1, Eqs. (H.0.4a,c)

may be rewritten after first breaking up the transition kernel [see

Eq. (B.2.2)]:

z
+ - + -
M, (z,1,W) = wo dzt fan” =L 1z > 2L WEGE L > 1)
2,1 s u]
0<z+'<zl

+ -
X Mz’l(z ,]J ’w) + SZ,l(z’u’w) ’ (H'2'6)

where
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1 m -1
32,1(Z,U,W) = H(WT(z ~ zlsU) . (Q) 'Mz,zl(zl,u,w) + H() ‘—‘ﬁi‘—

X T(z + zl,u){Ml,zl(zl,u,w)}z . (H.2.7)

Again, in writing Eqs. (H.2.6) and (H.2.7) the weight-multipliers are
separated from the moments. The conversion of Eq. (H.2.6) to integro-
differential form follows the same procedure as applied to Eq. (4.1.2.18)

in converting the latter equation to Eq. (4.1.2.23). Applying the same

steps to Eq. (H.2.6), the following equation is derived:

-H ’éaz‘ Fz,l(Z,H,W) + ZT Fz’l(z,u’w) = fdu” Z: 'E(Z,u N u,,)

X Fp 1 (2,07 7w) + HOWS(z - 29) E:"J;
1 m-y - 1 2
X ﬁI--Mz’zl(zl,u,w) + ——EGT—- '{Ml’zl(zl,u,w)} s (H.2.8)
where Fz’l(z,u,w) = 1/2T -Mz,l(z,u,w)
%2 2
and ZS = wg ZT .

For particles beginning their next flight in an interior region (i),

Eqs. (H.0.6a,c) may be rewritten for r = 2 as
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M, .(z,U,w) = w du”’ —— T(z »> =z ,u)“(z U > U
2,1 Iul

zZ5 <z+<z
X Mz’i(z"',u”,W) + Sz,i(z:u,w) > (H.2.9)
where
Sz,i(z,u,W) = H(WT(z > z;,U) '<§§) -Mz’zi(zi,u,W) + [1 -HW)]
m, -
X T(z > z3_1,M) *my_7 * My, zi- 1( —1:Wew) + HO\—F—
1
(H.2.10)

X T(z + z;,u) {M (z-,u,W)}2
i l,zi i

Again, the same procedure is followed in converting Eq. (H.2.9) as was

followed for MZ,l in Eq. (4.1.2,18), except that MZ,i replaces MZ,l in

the equations and all integrations over dzt are now restricted to the

range of starting locations z;_ 3 < zt < z;- The term 52 i also replaces
3

82 1 in the conversion. The resulting integro-differential equation is
3

written:

e,

a -, -,
W F (z,u w) + Z F, i(z,u,W) =fdu Z:'E(zzu > 1 )Fz,i(z,u SW)

" m -1
+ : - VY s b e = . —_—
H()S8(z ~ z;) 5 [mi Mz,z_(zi,u,W) +( - )

T i i

X {Ml zg (21,U W)}%] + [1 - H(W]id(z - zZ; 1) ljﬁ"m -1

x Mg,zi_l(zi_l,u,w) > (4.2.11)
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where F2 1 (zu,w) = l/ZT MZ - (Z,1,W) .

Finally, for particles beginning their next flight in region N + 1,

Eqs. (H.0.9a,c) are rewritten here for r = 2:

My w41 (251w = vy / dz fdu” L 1(z + 25F,W)E@ ,u > u™")
<z+<D
4 ,.
MZ,N+1(Z sH”T,w) + SZ,N+1(Z’“’W) Py (H.2.12)
where

SZ,N+1(Z’U,W) = {1~ HW)IT(z + ZN,U) 'mN 'Mz’zN(ZN,U,W)
+ HQ)T(z ~ D,p) = w2 . (H.2.13)
Following the same conversion steps as before, the integro-diffe—ential

form of the above equation [Eq. (H.2.12)] becomes

a ige * [l P
- F + E‘ sH, = ..E
H dz Z’N(Z,u,w) ZT 2’N(z H,w) -/rdu Zs (z,u >y )FZ’N(z,u »W)

[n

+ [1 - HWI1S(z - zy) -E;-mN 'Mz,zN(zN’“’W)

+ HQ)S(z - D) -f“—-w?- s (H.2.14)
T

where

FZ,N(Z’U’W) = 1/2T Mz,N(z,u,w) .
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Inspection of Eqs. (H.2.8), (H.2.11), and (H.2.14) indicates that
the homogeneous forms of these equations are all equivalent. In fact
(as in Chapter IV for a two-region problem), one integro-differential
equation may be written over the entire slab for all starting locations

not on the splitting surfaces, i.e., z # z; (1 = 1,2,°++,N):

-u 532 F,(2,1,w) + IF(z,1,w) = /dU" IF E(z,0 > W F, (2,07 W)

+ H(u)S(z - D) ~3:P_-w2 , (4.2.15)
T
where Fz(z,u,w) = l/ZT Mz(z,u,w)
and r* = w2 )
s s T

Moreover, the internal boundary sources at each splitting surface,
represented by the delta-funccion sources in Eqs. (H.2.8, 11, 14) are

accounted for by imposing the appropriate discontinuity on the second

moment solution at z = z; (i=1,2,**+,N). This discontinuity was

characterized in Eqs. (H.2.5a,b) for both positive and negative direc-

tions.
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APPENDIX I
MULTIPLE SURFACE DERIVATIONS
(TIME PER PARTICLE HISTORY)

As stated in Section 5.2, the development of the equations govern-
ing the time per particle history [Tp(z,u)] for the case of multiple
surfaces follows along the same lines as the derivation presented in
Section 4.2 (for the single splitting surface). Of course, the formu-
lations are now complicated by the fact that with N surfaces and N + 1
regions, the equations from case to case exhibit a different sec of
terms due to the particular set of next events characterizing a given
formulation.

Starting with the six cases represented by Egs. (5.2.7) through
(5.2.12), the next step in the development would be to substitute the
appropriate probability kernels (see definitions at the beginning of
Section 5.2) and the score distribution functions [Eq. (5.2.1)]. After
performing most of the indicated integrations, the procedure yields a
set of equations written explicitly with respect to (z,H) coordinates.
As an example, the substitution and integration procedure, when applied
to Eq. (5.2.7a,b), yields the following equation for particles starting

their next flight in region i (Zi—l <z < zi):

(see next page)



Tp,i(z,u) = / /du“ K(z, > 21 ,1" )T (z+,u")

z <z <z

1
+ [1 -HW]" ( 1) T(z > 25 4,0, (z;_3oW)
- i-1
+HQ *m, cT(z > 2,1 _ (z.,0) + azt
i i*7 p,z, 71
zi_1<z+<z
Ly +
x I T(z >z ,m) =1, + [1-HOW] Tz > 2; 4,10 Tp 5 4
+ H(WT(z zi,u) .Ts,i . (1.1

Similarly, the substitution and integration procedure applied to
Eq. (5.2.10a,b) yields the following equation for particles resuming

their flight from surface 1 (z = zi):

(see next page)
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= . + ~ o + o~y
Tp,zi(zi,u) f fdu K(z;,n >z ,u )Tp’i(z sH77)

z. <z <z

+ Py + . + L,
f dz /du K(zi,u >z ,U )Tp,i+1('z LU

z<z <z

+ [1 -HW] -(ml )T(z + z, 1,u)T .z (z; 151 +HOW
i-1 i-1

+ ZT
Z.,.,M)T (z.,,,1) + f dz —
i+l PsZy41 i+l |1J|

z, .<z <z,
i~1 i

Xmg gt Tz >

z
+ +
x T(zi -+ Z+,u) *T, t f dzT —— T(zi + 2z ,u) T,
[u]
z <z+<z
i i+l

L= HODT = Tz > 2y 3,0 " Tp gy + HODT(zg > 2,00

Ts,i+1 . (1.2

Also, by analogy to Eq. (I.l), the following equation may be written

for particles beginning their next flight in region 1 + 1, for

< < :
z; z zi_'__1

266



- +
= -~ P P
Tp’i+l(z,u) / /du X(z,u *> z LU )Tp,l_*_l(z U™

z <z <z

+ [1 -HW)] - (1) T(z + 2, ,u)T (zi,u) + H(y) - miy
my PsZy

Ly

+
X T(z + =z, wT (z. ) + f dz ——
i+l’ PsZ;41 i+l? lul

+
< <
2i%% %%

X T(z > 2,10+ 1+ [1 - BGDIT(z > 2,0 * Tp 4 + HQW)

X T(z > 2y 0 Ty i (1.3)

The derivation of the discontinuity condition at each spilitting
surface proceeds in the same manner as already shown for the second
moment of the transmission score (see Appendix H). To characterize the
condition at the i-th surface, the expression for T .z, from Eq. (I.2)
is substituted into the third term of Eq. (I.1}. Recail that only

terms in Eq. (I.2) which do not vanish for u > O contribute in the sub-

stitution. Thus, Eq. (I.1l) becomes:
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Tp,i(z,u) = f dz /du “K(z,u + z*,u ’)Tp ; (2 a7y + [1 - B

zZq. <z+<z

(m 1 )T(z > zl_l,u)r l(zi__l,u) tmoe f dz"'fdu
-+
zi<u <Zi+l

X

i-1

X

K(z,u ~ Z+sU”)Tp,i+]_(Z+,U”) + HQ) (mi mi+1)T(Z > Zi+l’U)

I
. + T
X Tp,zi+1(zi+l’U) + m, / dz IUI T(z +~ zT,u) *

+
2i<27<Z341

. + T
+ H(W) cmy e T(z > zi+l,u) Ts, i+l + / dz m

<zt<z,
1

251

x

T(z + z7,u) * T, + [1 - HWIT(z > z;_;,U) * R,i-1 F H(W)

X

T(Z -+ Zi,u) * Ts,i - (1-4)

Note that H(u) has been dropped from the third and fifth terms of
Eq. (I.4) because the restriction to positive U is implicit in the
definition of the transition kernel K(z,u > z',u””) in the third term

and implicit in the definition of the transmission probability

T(z ~» z+,u) in the fifth term. Recall that z;_ 7 < z < z; in Eq. (I.4).

Similar substitution of Eq. (I.2) into the second term of Eq. (I.3)
yields [with only terms of Eq. (I.2) that do not vanish for u < 0

contributing]:



z. .<z <z,
i~ i

1
+[1-H f—F—) Tz > 2z, .,WT )
[1 - 5G] <mimi—l) SR RUC LA PP
1 + Ip + 1
+(5—) ) / dz’ = T(z >z 1) =7, + [l_H(U)].(m—.)
i + |ul i
Z <z <z,

X Tz > 2y 05W) " Tp 50 FHOD *my 0 Tz > 2,00,

z
X ’rp 2 (zi+l,u) + f dz+ L T(z > z+,u) * T
22341 : ||

z,<z <z,
i i+l

+ [1 - H(u)]'_['(z > Zi,Ll) . TR,i + H(U)T(Z > Zi+1,U) * TS,i‘i‘l

(1.5)
Once again, we define the following limits:
T (z,,u) = lim T ,(2,u)
p i gog.  PoL
1—
(1.6)
Fz,,m = lim (
Tp 1240 H) = Tp,i41(2oH)
2>z

i+
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Then, taking the limit of Eq. (I.4) as z approaches z; from below and

the limit of Eq. (I.5) as z approaches zy from above, we find that

for 4 > O:
- +
Tp (zi,u) =m; 'Tp (zi,p) + Tg g (I.7a)
?
Also, for u < 0:
T ¥z = L.z “(z,,1) + T (I.7b)
p i7"’ m, P i’ R,1i )

Strictly speaking, the condition stated in Eqs. (I.7) applies to a

urfaces on either side. How-

124
%]

spiitting surface with other splitein
ever, the same condition may be derived at 24 and Zy» The discontinuity
at surface i presented in Eqs. (I.7a,b) holds for all splitting surfaces
in the geometry (i = 1,2,+++*,N). Moreover, the discontinuilty is a
generalization of the single~surface condition derived in Appendix C
[see Egqs. (C.2.6) and (C.2.7)].

The conversion of the formulations for Tp(z,u) to an integro-
differential form proceeds as in Section 4.2,2. In this case, however,
there are equations for N + 1 (rather than two) regions. As an example
of the conversion procedure, Eq. (I.1) may be rewritten as follows

[using identities (B.2.2) and (4.1.2.3)]:

+ + -~n + "~ + , ~,
Tp,i(z,u) = / dz' C(z >z ,u)fdu E(z ,n > u” )Tp’i(z s177)
L2417 5%y
+ dz+ c(z ~ z+ W+t +8 (z, 1) (1.8
’ c p,i s Y 3 . )
+
zi_1<z <zi



where

(zi__l,]J)

i-

— . 1 . ->
§,,1(z-1) = [1 - H(W] (m 1) I(z zi—l’U)Tp,zi_l

+HQW cmy s T(z > 23,107 5. (24,1) + [1 -~ HWIT(z > 2z3_1,1)

X TR’i_l + HQWT(z ~ zi,p) ‘Ts’i . (1.9)
Now, by defining
ctzt,w = fdu” EGEYu > )T, s + 1, (1.10)
Eq. (I.8) may be written as
Tp’i(z,u) = / dzt ¢c(z » zt, etz + Sp’i(z,u) . (1.11)

. .<zt<z,
zl-l zZ Zl

By following the same steps as in Section 4.2.2 [see Egqs. (4.2.2.2)

through (4.2.2.9)], Eq. (I.1l1) may be converted to the appropriate

integro-differential form:

- i - — P . P ,
Mo FT,i(z,u) + "TFT,i(Z’“) = fdu Zp*E(zu > u )FT,i(z,u )

+ 1+ [1- BWI8G - z; ;) -I—E-I-:(._l_)-'rp b, (Zi_aeW) * TR,i_l}

Zp \mi1 *¥1-1
- H .
+ HW)S(z - z;) = {mi T,z (2 + rs’i} , (1.12)
where FT,i(z’“) = 1/Zp 'Tp,i(z’U) .
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In the same manner, but starting with the integral equation govern-
ing Tp’l(z,u) for particles beginning their next flight at é in region 1,
an integro-differential equation may be derived for Tp’l(z,u). Before
the conversion, however, the substitution and integration procedure
(discussed at the beginning of this Appendix) should be applied to
Egs. (5.2.8a,b). This will facilitate writing the integral equation for
Tp’l(z,u) in a form similar to that of Eqs. (I.8) and (I1.9). From there,
the conversion to an integro-differential equation yields for 0 £ z < z1

[c.f. Eq. (4.2.2.9)]:

U o= Fy 4 (2o0) + IpFp (20 = j Qu™" Ip c ECzou > WFp 5 (2000

+ T+ [1-BGISGz = 0) izu;L f 1y + HOWS(Z - 2) _Z%

X {ml -Tp,zl(zl,u)+ Ts,l} ’ (1.13)

where FT,l(z,u) = 1/ZT-TP’1(z,u) .

Similarly, starting with Eqs. (5.2.12a,b), the following equation

may be obtained for starting locations z in the range zg <z £D:
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-H —;— FT N+1(2,11) + ZT T, N+1(ZQU) f “ 'E(Z,u * 11 )FT N+1(Z,11 )

+r 4 [1- HGIS(z - 2 —TL :( ) 2 g * T N}
[ 1_1_ .
+ H)S(z D) ZT TT . (I.14)

Inspection of Egs. (I.12),(I.13), and (I.14) reveals that the
homogeneous form of all equations (regardless of region) is equivalent.

In fact, as in Section 4.2, a single equation may be written for FT(z,u)

[= 1/Zy + 1_(z,1)] at all z ot on a splitting surface. Thus, for z # z,
(i=1,2,*--,N),
—_ ...?.. = LRl o] - - Py
W Frp(zol) + I (2,10) /du Zp s E(z,0 > W)FL (2,07 7)
+ 1 + [1~-HMI8(z - 0) lEl e 7.+ Hu)S(z - D) Moo .
c Zp 0] Tp T
(1.15)

At each splitting surface, z = z;, the discontinuities characterized by

Egs. (I.7) are imposed on the solution of Eq. (I.15).
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APPENDIX J

FORTRAN Code Listing:
MCSN

27k



LASL Identification
No. LP-3016

CROONOO LN —

-

@

SELITTING
CIRG

MR riPE
SURVIVAL BTA

SHLELD, SURITACT

C HOUMLGEINTOUS SLAR
C SHLYTTENG, s FELSTE sl w17

G OTALLY =t EAKAGE CUIREST PALT Z2-7 . N
c ’ : B
PROGRAM MCSMHOINAUT,TTY, TARES=1H i!‘UT TAPLC=TTY)
T OO CSCOIRE ¢ TIANT, THaide
connou/ogumx SURE (7)Y, SHIRLEL(6, 2)
COMMONZBRAME 7t VI T 1 00,9)
TCOLMON WNUTRM 2, mu Wi
‘UtMLNSION TITLL(I'J lhl(o)
C ;
TC!xt**lNIUT AND lNlTIAleAllnn TN
C
C R.‘;AD(S,b)inTI.E
5 FOLMAT(I2AGY . >
VADCS, D MMAK, WL STGT, NCL
6 FOLMAT( 2 2512 44,1120 . B
S REALCE,Z30SURCEL (], J),0521,2),1=1,NCL)
7 EOIHAT(ZETZ. 9) = e
READ(S, 8) CIMPLL) 15, NCL)
8 FOLMAT(6L 12 =
¢ s
¢ i
: N:=0O
THRANI =TRANZ=0.0
MENK =0 ’f‘
Do 10 J—1, IOO'
bo 10 J1=1,5 .
10 VLTS, Y= 0 0 L
MS1.E 2 NG+ 1
HURFT 1) =SB0, 1)
V] 12\L=2,NSNF" .
12 Sth S ) SURCA.(T=1,2)

CALL Tll‘1|:'(l'l““lO)

C .
C-**leOUt Al NEW Souict FARlILLE!*tll - L
C g

"N=N+1
Z2=0.0
XMU=1. 00
W=1.00
IcL=1 L .
SUBT=0. 00 B o

20

C k N
CxxxxxNODE B: RAMDOM WALK&xxsx
C . . - .
C DISTANCE TO COLLISION
21 RAMND=RANF{(0.0)
DC=(-1./S1GT) *ALLOG(RANDY
C DISTANCE TO SURFACE INTLRSECIION
CALL DSURF(O5,NX5) ‘
C COLLISLON. OR SURFACE INTURSECTION



o4 IF(DC .LT. D&¥» GO TO 30
o € SURFACE INTERSECTION

T Z=SUKF (NX3)

T 57 GosrsoNOLE 1 HATULE OF SURFACExssax
L4 IFINAS EG. NSHE) B6 1O 90
AT IF(MAS .EG. 1) GO TO 60

60 € SPLITTING SURFACE
61 C DIKLCTION CHECK

©,° LECRMU .BT. U 0IGD TO 22
vi . UPUATE CELL FLAG
64 1cen p=IcL
£ 1CNEW=1CL- )
6o ‘ GO YO 23
67 22 1CuLb=1CL
66 TCNEW= 1CL+1
69 23 ICL=1CNLW
70 XK= (FLOATCIMPCICNEW)Y ) ) 7 (FLOAT(IMP(1COLD)))
71 1F(XK .1.LT. 1.0) 6o TO 25
72 © INITIATE SPLIT
7 WMOD=1. /XK
74 WA WHMOD
75 XK =XIi+1,0E-086
76 KEFFIRK(XK)
77 K1=z=K-1
76 1F(KY .EQ. O) GO TO 21
79 C BANK (K-1) PARTIGLES
80 CAlL L. BANKITIKY)
81 C CONTIMIE TRACKING
2 GO TO 21
83 C

84 C RUSSIAM KOULETTE
85 =zb XKIL~RANF{O.0)

19 IF(XhIL LE. XK1 GO TO 28
Y C PARTICHE 1S KILLED

-3 GO To bU

859 C Falkottl € SURVIVES

[STE R ) [YIRIGTR RN By 8

1 W-ysyMon

G L CORTIMUEL TRACKE [NG

93 GO Ty 21

44 C

O CaraxaaNODE 2! COLLTISIOUNSxxxx
<19 30 SETHXMULDC -

7 YRS ERWR
Y . AN RENF (0. Q)
BH2 DIk 2, +RAND-1 O
100 W UK
101 C Ol IMuUf. TISAKCK I NG
Tue GU Yo 21
Tus C©

1040 CH+3+33TALLY UPDATE+xxxK
105 0. SUAT=SUBT+W
106 Cxrn+sixTRACK TERMINATION»»xnx



107
10¢
102
110
ER

112
113
114
115
116
w7z
118
119
120
121

-
QUANINDWN —

-
-

- r
AHh N

OCRNOARBLWON -

- d b -
@WN -0

60

IF(NPNK .EQG. O) GO TO 70

C RETRIFVI. NEXT TRACK FRO!1 BANK

CALL BAMKR
GO TO 21

C PROCFSS-HISTORY SCORE

70

CALL UPDATE(SURT)
IF(N . FQ. NMaX) GO TO 80
a0 1O 20

C CALCHt AT[OI! COMPILETE

a0

ALY TIMER(TIMF)

XE=FLOLT (HIIAX)

TIMF=(TIMC-TIMO)/¥N

CALL EDITONMLX, TIME, TITLE M5, SIAT, NORF Y
CALL TXET

LMD

SURNOUTINE DSURF(DS, NXS)
COMMCN/NUTRN/Z, XMU, W, 1CIL.
COMMIM/GEDM/SURI (7) , SURCEL (6, 2)

C ESTAPLISH CURRENT CELL

NSIL=1CL
NER=TCL+1

¢ CHECK rOR DIRECTION

10

IFO 6T, 0.0) BO TO 10
NXS=NSL
GO TO 20
NXS=NSR

C CALCULATE DISTANCE TO NEAREST SURFACE

20

10

DS= (SURF (NXS)-Z)/XMU
RETURN
END

SURROUTINE BANKIT(K1)
CAIMOM/NUTRN/Z, ¥HU, W, 16L

COPFTION/RANK ZMBNE VLT OIN0, S)
FORNMATOIX, SHExx =%, " RAMY. OVERMIAW * SH=svre)
TIE Y S HBMK 41

IF(NPME . GT. 100) WRITE(G, 107

VIL,TCNRNK, 1)=22

VLT (NRMIC, 2) = XMU

VLTONRME, 3) =W

VLT(MEMK, 4)=FLOATIKY )

VLTONRNK, 5)=1CL

RETURM

END
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SUEROUTIN. BAMNKEK

1
2 COMb o7 MU RN T, XMU, W, 1 CL
3 Colad s rpird , VET (100, D)
Y VLT, 1)
5 FAU=VL 1 GG, 2)
6 MEVLT(HEML., 3)
7 ICL=VLTO(NING ,S)
8 XOLD=VI.T Ll , 4)+1 . OE-06
9 KC=]1FIX¢tXOLD)
10 NKC=KC-1
1M 1F(NKC .EQ. 0) B TO S
12 XNEWzFLOAT (NILE )
13 VILT (RiZHIL, ) = ANEW
14 GO TO 10
i5 5 DO 8B IC=1.5
16 8 VLT(NDNK ,1C)=0.0
17 NUNICE NGINK ~ 1
18 10 CUNT I NUE
19 RE TURIN
20 END
1 SIBPOUTINE TIMER(T)
2 DIMNEMSION 12(2)
3 J=2008
q CALL SYCAILL(2404B,3,12,1)
) T=0.000001%12(1)
6 RETURN
7 END
1 SUNRROUITINE UPDATF(SIRT)
2 COMMON,/SCORE/ TRANT | TTEAN2
3 TRAN1=TRANI+SURT
a TRAM2=TRANZ2+SIRTx*2
5 RETUPN
6 END
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QOENOINDON =

10
15
20

25

30

35

40

42

SURRDUTINE EDIT(HNMAX. TIMF, TITLE NS, SIGT, NTRF)
CAMMON/SCORE / TRAMT , TPANZ
COLNON/GEDN/SURF (7) , SURCEL(6, 2)

DIMFHSION TITLE(12)

XM=FLOAT (NHMAX)

X=TRAMI /XN

X2=TRAN2/XN

VAR-XZ-Xex2

REL=SNRTIVAR/XN) /X

WRITE(G,5)

FOPHMAT(S( /), S(SX, “FEDIT))

WRITE(R,10) TITLE

FORMAT (10X, 12A6)

WRITE!G, 153 (SURF([), -1, MSRF)

FORMAT(Z2( /), 1X, "SURFACTS AT: "/ (3(3X,1PF12.41/))
WRITE! R, 207SI0BT, WS

FORMAT(IX, "TOTAL X-SECN: ", 1PE12.471%, “WS: ", E12.4)
WRITE (6, 25)MIMAX, REL
FORHAT(3(/), 1X, "MO: SOUPGCF PARTICLES=", 110/
+1X, "REL.FRROR ATTAIMNED-",1PE1Z2.4)

WRITE(G, 30)X, X2

FORFATCOIX, “FIRST MOMINT(TRANSMISSINNI =,
+1PE12. 471X, "SECOND HAMENT=", 1PE12.4)

WRITE(6, 235)VAR :

FORMATU1X, “SAMPLE VARIANCE=", 1PE12.4)
WRITE(G, 40)TIME

FORNATUIX, "TIME PER HISTORY=",1PE12.4," SEC")
CO5T=VARXTIME

WRITL(6,42) COST

FORMAT (12, "COST=", 1PE12.4," SEC",3(/1)

RETURN

END

% U.3. GOVERNMENT PRINTING OFFICE: 1980—-777-022/185
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