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REFLECTORS, INFINITE CYLINDERS, INTERSECTING 
CYLINDERS AND CRITICALITY 

J. T. Thomas 

ABSTRACT 

Calculations of the effective ntutron multiplicatiori 
factor of critical and subcritical infinitely long cylinders 
of aqueous solutions of fissile materials for various con­
figurations of water and concrete reflectors are presented. 
The results provide a basis for investigating the criticality 
of intersecting pipes with similar reflectors. An infinite?y 
long central cylinder with up to four intersections within 
each 0.46 m increment of length was examined. A method for 
evaluating the nuclear criticality safety of these configu­
rations is given and a margin of subcriticality recommended. 

INTRODUCTION 

Early nuclear criticality safety practices employed1 the terms 

minimal, nominal, and full reflection to describe reflector conditions 

and to provide corresponding subcritical parameters for use in process 

design and in evaluation of operations .-nth fissile materials. A nin<n.il 

reflector was defined as no more than a 3.2-mm-thick stainless steel or 

other common material such as iron, copper, aluminum, nickel, or 

titanium. A nominal reflector was described as one of water not more 

than 2.5 cm thick, or its nuclear equivalent. A full reflector was one 

of water at least 7.6 cm thick or its nuclear equivalent. The use of 

water as a reference refl?cting material stems from its effectiveness in 

small thicknesses, its extensive use in many critical experiments with 

fissile materials, and its unique specification and commonality. A 

recent redefinition of nominal reflection was reported2 in whicn an 

1 
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attempt was made to clarify app1ications and define safe limUs. The 

problem centers on what is meant by nuclear equivalence of the various 

thicknesses of water and its many interpretations in a plant environment 

where neutron reflection by concrete is more commonly encountered as in 

the walls and floor of a room or cell. 

The effect of a neutron reflector on the neutron multiplication 

factor of aqueous solutions of fissile materials depends upon the concen­

tration of fissile material, the geometry, the container, and on the type 

and location of the reflector material. The present study utilizes the 

geometry of an infinite cylinder and of systems formed by intersections 

of cylinders of finite length with the infinite cylinder. The complex 

geometries of intersecting cylinders of aqueous fissile materials have 

received considerable attention3"7 without achieving consensus of definition 

of magnitudes of reactivity associated with reflector conditions. Charac­

terization of these effects is developed for specific reflector geonietries 

of concrete and is employed as a simplified method of calculation which 

estimates the effective neutron multiplication factor of some simple 

intersections. 

METHODS OF CALCULATION 

Many basic configurations were studied with the one-dimensional codes 

ANISN8 and XSDRN9 while the complex geometries required the use of a 

Monte Carlo code. The KENO IV Monte Carlo code 1 0 was used to calculate 

other than the one-dimensional problems, although several of these were 

calculated to confirm compatibility of results and to provide a consistent 

data base in making relative comparisons. Further, the KENO IV code 



does provide options that allow estimates to be made of the neutron 

coupling between adjacent sections of infinite cylinders and with the 

reflector environment. Consistent with the recommendations of Ref. 11, 

the codes and cross sections used have been benchmarked against experi­

ments and these results have appeared in publications described below. 

The Hansen-Roach 16-group cross section sets 1 2 were used in all the 

calculations performed and in the cited references. 

Critical experiments with intersecting cylinders forming a "Y," "T," 

and cross were performed13 at the Oak Ridge Critical Experiments Facility 

prior to 1958. The fissile solution was U(93.2}02F2 at concentrations 

of 577 and 367 gU/-. Criticality was achieved only in the systems closely 

reflected by water, i.e., submerged. Calculations of these data indicate 

a bias of about -0.02 in k ~ within one standard deviation. This bias 

was also observed in the calculations of critical experiments13 with a 

22.8-cm-diam stainless steel cylinder having solution at 367 gU/£ and 

spaced at various distances from a 15.24-cm-thick slab of Oak Ridge 

concrete.1<+ Calculations of other critical systems with materials and 

configurations related to this study report 1 5 : 1 6 a similar bias. Ad­

ditional experiments of pseudo intersecting geometries were performed 1 7' 2 

by the critical experiments group at the Rocky Flats Plant in which 

U(93.2)0 2(N0 3) 2 at a concentration of 451 gU/i was used as the fissile 

material. A similar bias of -0.025 in k ,, was observed 1 8 in calculations 

of these systems. The most recent 1 9' 2 0 critical experiments with inter­

secting cylinders were performed with U(5)0 2F 2 aqueous solutions in the 

concentration range 745 to 906 gU/?.. Calculations of the submerged 

intersections accurately predict criticality. 
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Perhaps the most extensive application of the Hansen-Roach cross 

section sets has been reported by Stratton.21 The calculations of 

single units of fissile materials, rejected and unreflected, indicate 

the k «'s for 2 3 5 U , 2 3 3 U , and 2 3 9 P u as aqueous solutions would be 

within the already stated biases. Additional calculations of experi­

ments related to this work are reported in an appendix to Ref. 14. For 

the fissile materials described in Table 1 and extensively utilized in 

this work, it may be expected that an overall bias of -0.02 + 50% 

would be a reasonable and conservative value to adopt and to broadly 

apply to all results. The use of computed neutron multiplication factors 

as a substitute for experimental evidence implies some measure of approxi­

mation to natural behavior has been accepted. Since the purpose of the 

information developed is the reliable specification of suJcritical con­

figurations, there should be required an additional arbitrarily imposed 

margin of subcriticality in application of the information. 

Table 1. Concentrations and atom number densities 
of f iss i le materials used in calculations 

U(J0O)0..F; U(93.2)0,F; U(93.?)0 ;F; U(91_.2_)p_:_(_»0_: '" \'Wj?i Pu0;» H,0 11(93.2)0^ <J(5)0 ;F ; 

lU / . or qPu/; : 485 892 58 451 483 303 485 906 

H:l.l or H:Pu : 50 26.9 447 47.6 60 85 50 24.7 

; , , U 1.24284-3* 2.13049-3 1.38519-4 1.07686-3 1.15833-3 1.1752-4 

J " U 1.53380-4 1.0107-5 7.7690-5 8.34477-5 2.1771-3 

: " I J 1.05206-3 

; '"Pu 7.63590-4 

:H 6.21420-2 6.14361-2 6.64891-2 5.050057-2 6.31235-2 6.49047-2 6.20W.-2 5.6899-2 

'"» 2.74290-3 

'•'0 3.3566-2 3.52858-2 3.35418-2 3.78239-2 1 .36659-2 3.39798-2 3.352787-2 3.3038-2 

"F 2.48568-3 4.56774-3 2.97251-4 2.18.355-3 4.581(2-3 

*Read as 1.24284 * 10" 



INFINITE CYLINDERS 

The neutron multiplication factor of unreflected infinite cylinders 

was calculated as a function of the cylinder radius. The data are 

presented in Fig. 1 as a function of the fraction of the critical radius 

for the materials listed in legend. A number of the cases were calcu­

lated with and without a 3.2-mm-thick carbon steel container. Most of 

the fissile material concentrations are in a range embracing the minimum 

critical dimensions for unreflected geometries. The different fissile 

materials, the variation in solution concentrations, and the different 

cylinder radii show little dispersion in this representation of the data. 

Each material does respond similarly to the parameter r/r with the 

exception of U(5)0 2F ? where the neutron chain is being carried by a 

larger fraction of thermal neutrons (--0.9) than in the other materials 

(typically 0.3 to 0.5). 

The effect on the radius of an unreflected, critical infinite cylin­

der as reflector is added in increasing thickness was calculated using 

Oak Ridge concrete11* (̂ 2.3 g/cm 3) as the reflecting material. The data 

are shown in Fig. 2(a) where the fraction of the unreflected critical 

radius is shown as a function of the thickness of the closely fitting 

reflector. Similar data of calculated critical cylinder radii from 

Ref. 2 for water and for concrete (̂ 2.2 g/cm 3) as reflectors ?*-e also 

given for comparison. The effect of a reflector on the fractional radius 

is different for different concentrations of fissile materials. The 
A keff c o n t r " i b u t i o n of a reflector of given thickness to the criticality 

of an infinite cylinder may be estimated using Figs. 2(a) and 1, i.e., the 

•Similar results of critical experiments with finite geometries may 
be examined in Ref. 22. 
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0.3 0.4 0.5 0.6 0.7 0.8 
r / r 0 , FRACTION OF CRITICAL RADIUS 

Fig. 1. The neutron multiplication factor of unreflected in f in i te 
cylinders as a function of radius for various f i ss i le materials. 
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REFLECTOR THICKNESS (cm) 
Fig. 2. (a) Comparison of three different neutron reflecting materials 

on the critical radius of infinite cylinders as the reflector thickness 
increases, and (b) the comparison of various water reflector thicknesses 
on subcritical racMi of infinite cylinders, 
shell is present as a solution container. 

A 3.2-mm-thick carbon steel 
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reflector savings inherent in the rirQ value of Fig. 2(a) may be ex­
pressed as a r.k , f by Fig. 1. For example, the r/rQ corresponding to 
a water reflector thickness of 1.2 cm results in a Lk c c of about 0.09, 

ef T 
a 2.5-cm-thick reflector to a t.k ,, of about 0.15, and full reflection 
to about 0.33. These values would correspond to the loss in reactivity 
were the reflector removed from the cylinder. The values of the same 
thicknesses of concrete are approximately 0.05, 0.10 and 0.42, respective­
ly. Although the steel in these configurations acts as a neutron absorber, 
the magnitudes of the &k f f would be about the same without the steel. 
The fraction reduction in the unreflected infinite cylinder radius may 
be applied to subcritical radii as the data in Fig. 2(b) for k,*<l 
show. 

The amount of reactivity to associate with a nominal reflector 
condition is clearly sensitive to the thickness of water defining nominal. 

Several reflector conditions of infinite cylinders were calculated 
for U(100)0 2F 2 aqueous solution as a function of concentration. The 
critical radius of an unreflected cylinder and the radius of cylinders 
with successive additions of a 3.2-mm-thick carbon steel, 2.5-cm-thick 
water, and 28-cm-thick water were determined. These data are represented 
in Table 2. The final column in Table 2 presents calculations which 
determined the separation between surfaces of the 3.2-mm-thick steel 
container and the inside of a 0.4-iroi-thick annulus of concrete necessary 
to maintain criticality. The radiis of the contained solution is that 
of the preceding column, i.e., with the 30.5-cm-thick water reflector. 
Water is not present in this configuration. These calculations define 
the position of the concrete as a reflector equivalent to th-3 30.5-cm-
thick water. Solutions having concentrations less than about 0.13 gU/cm3 
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TaDle 2. Conparison of c i t i c a l cy l inder r^di. j> a ' „ . . ^ ' ion ,-v 
r e f l ec to r cond i t ion and f i s s i l e r v t e n a l concentrat ion 

Solut 
c 

an o'n re f l ee t ed 

t?£FLcC 

3.? -T-
Stee! 

T0P CONDITIO'. 

'.? ~r Sreei 
?.5 cr H^0 30 

' T ^ teel 
5 c r rTO 

Separation* of 
Inner Surface of 
Concrete Annulus 
And Solut ion 
Container 

3- 'c - H:;j CRIT :CAL CT- :NDS * wn::js. 'c- cm 

1. 346 1 = i ; .797 11.503 0.71? ? . n ' .3 ' 3.599 

K " % p i 11.33*. 11.047 5.32: 7.761 0.027 

0.4'-,5 50 11.052 10.744 9.054 7.677 2.175 

0.1296 200 ' 1 . 704 11.402 9.829 ft. 715 2.717 

" .15/ - : 500 13.294 13.605 12.109 11.135 l i . 131 

•).o26 3 1000 12.729 If1;. 450 17.009 16.124 16.713 

0.013? 200u 55.436 55.105 53.765 53.029 53.00 

aRadius o f so lu t ion satr.e as preceding column; thickness of concrete 
annulus i s 0.4 m. 

appear to require a separation about equal to the radius of the cylinder 
in order to correspond to the condition of a thick, closely fitting 
water reflector. A slightly greater separation is necessary for higher 
concentrations. Also observable in the data is the almost constant 
effect on the reactivity of the cylinders caused by the addition of the 
3.2 inn thickness of steel, being about 0.025 in Ak f f over the concen­
tration range 0.05 to 1.35 gU/cm3. The magnitude diminishes for more 
dilute solutions. 

Neutron reflection of infinitely long cylinders of solution, 
enclosed in 3.2-mm-thick steel, were further studied by calculating the 
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critical radius as a function of the radial separation of the reflector 
and the steel container. The reflectors examined were water and concrete 
annuli, 0.3 and 0.4 m thick, respectively. The critical radii an* 
presented in Fig. 3 for aqueous solutions of U(93.2) at three concen­
trations. The ordinate is the fraction of the unreflected critical 
radius and the abscissa is the separation, s, of the outer surface of 
the vessel and the inner surface of the reflecting annul us. The differ­
ence in the radial fraction due to a concrete reflector replacing one 
of water is about the same for the concentrated fluoride and nitrate 
solutions and is slightly less for the dilute solutions. Replacing a 
closely fitting thick water reflector with one of thick concrete 
requires a reduction of the critical radius by about 14%. It mey be 
expected that the data for the H:U = 26.9 material would serve as a 
lower limit for practical process operations. Smaller critical radii, 
however, have been calculated during this study for the case of s=0. For 
example, a 2 3 3U-metal-water mixture at an H:U = 3 gave an r/r 0 of 0.59 
and a 2 3 5U-metal-water mixture at an H:U = 1 gave 0.60 for the ratio 
with a closely fitting concrete reflector. These latter values are 
not typical of aqueous solutions but they would be applicable to the case 
of uniform slurries of fissile materials. 

Additional calculations of critical radii were performed for composite 
reflector of 3.2-mm-thick steel followed by a 2.54 cm thickness of water 
closely fitting the solution of fissile material as the annular reflectors 
recede to infin.ty. These data for U(93.2)02F2 solution at an H:U = 26.9 
are also shown in Fig. 3 where the separation is measured between the 
inner water reflector and the annuli. The addition of the layer of 
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(o) CLOSELY FITTING 2.5 cm-THlCK WATER 
s is measured from this inner water reflector 

I l 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

?, RADIAL SEPARATION CF CYLINDER AND INNER ANNULUS SURFACE, (m) 

Fig. 3. The effect of annular reflectors of constant thickness on 
the critical radius of an irfinite cylinder as the separation between 
cylinder and reflector increases. In the configurations with the closely 
fitting 2.5-m-thick water reflector ( Q a n d ^ ) , the separation is measured 
from this inner water surface to the inner surface of the reflecting 
annul us. 

water to the cylindrical vessel changes the characteristic leakage 
fraction and spectrum to those resembling dilute solutions, e.g., U0 2F 2 

solution at an H:U = 447. Also suggested by the data is the apparent 
worth of filling the 2.54 cm void between the solution and concrete with 
water. The radial fraction corresponding to a 2.54 cm void in the 

(.0 
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concrete annulus data is 0.64 giving r -•• 0.64 x 10.47 = 6.7 cm, while 

a radius of 6.71 cm was calculated to be critical with the void filled 
with water. In all cases shown, more than half the fractional changes 

in radii occur in the initial 30 cm separation of vessel and annulus 

surfaces. 

The effect of this reflector configuration on subcritical radii of 

fissile material is revealed in the data of Fig. 4(a) for a water annulus 

and Fig. 4(b) for a concrete annulus. The fissile material is U(93.2)0 2F 2 

at an H:U = 26.9 contained in carbon steel 3.2-mm-thick. The k ,,'s 

of the reflected systems are shown as a function of the k f f of the 

unreflected infinite cylinder and of the separation parameter, s. The 

data points were computed for solution radii of 8.90, 7.85, and 6.28 cm. 

The values shown for the k „ = 1 ordinate are taken from Fig. 3 in each 

case. An estimate of the Ak _~ addition to an unreflected cylinder may 

be obtained from these figures for various proximate concrete or water 

reflectors. The magnitude represented in the figures would be conserva­

tive for many practical plant operations. 

The representation of reflector effects on cylindrical geometry 

shown in Fig. 4(a) and 4(b) has general applicability, being useful for 

other fissile materials as well as composite reflectors. As an illus­

tration of the latter, suppose a vessel has a water jacket equivalent, 

by calculation of infinite cylinder geometries, to the effect caused by 

the 3.2-mm-thick steel and 2.54-on-thick closely fitting layer of water. 

The fissile material U(93.2)02F2 at H:U = 26.9 with a radius of 7.02 cm 

has an unroflected k f f of 0.67 from Fig. 2(b), and this is effectively 

increased to 0.84 on the addition of the layer of water. The latter 

value is shown in Fig. 5(a) on the s = » lir. . Calculations of the 
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k e f ( , UNREFLECTEO INFINITE CYLINDER 

Fig. 4. The effect of a 0.3-m-thick water annulus (a) and a 0.4-m-
thick concrete annulus (b) on subcritical infinite cylinders as the 
separation of cylinder and annulus increases. The critical data are 
represented by circles. 
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i n f i n i t e cyl inders centered in a 0.3-m-thick water annulus (a) 
0.4-m-thick concrete annulus (b) . 
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r = 7.02 cm vessel with the container and layer of water within a 
surrounding annul us as a function of the separation parameter, s, were 

performed and the data are reported in Fig. 5 where the lines of Fig. 4 

have been reproduced. It is apparent that a good approximation to inter­

mediate values may be had from the calculation of two points; the unre-

flected infinite cylinder with the layer of water only (s = <•>) and the 

infinite cylinder with a closely fitting thick reflector (s = o). The 

two points joined by a straight line would give acceptable estimates 

for nuclear criticality safety purposes. This procedure persists for 

other subcritical radii which were calculated and are identified in Fig. 

5. The total Ak -, controlled by reflector location is the difference 

of the two extreme reflector conditions which may be read from Fig. 2(b). 

The lines in Fig. 4 and 5 are applicable to infinite cylir*iers having 

container materials and other thin layers of reflector materials as 

these would be considered in the calculation of the configuration to 

define the appropriate abscissa value to be used. 

GEOMETRIES OF INTERSECTING CYLINDERS 

The effect of reflector conditions on intersecting cylinders was 

explored for specific configurations. Generally, the k ~ of such 

intersections is dependent upon the cylinder radii, the length and 

relative orientation of the cylinders, the material used as a container 

for the solution, and the proximity of neutron reflecting materials. In 

describing the intersections, the larger radius cylinder is designated 

as the column and those of smaller radius as arms. In these calculations, 

the cross-sectional area of a column is divided into quadrants; each 

quadrant contains no more than one arm centered in the quadrant. The 
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arms lie in a plane that is orthogonal to the column axis. The point 
of intersection of the plane containing the arms and the axis of the 
column occurs at the center of a 0.46 m length of the axis defined as 
a section of the column and the sections are repeated indefinitely. 

Some practical limitation to the length of the arms was necessary. 
Analyses of experiments have indicated that subcritical arms do not 
contribute significantly to the reactivity at the intersection when the 
arm length is more than a few diameters. The analysis of a parallel 
bank of long arms terminating in a single column is more properly con­
sidered as two separate problems. The intersections and the bank of 
arms are weakly coupled neutronically in that the interaction between 
the two is not significant. An exairple of this situation is contained 
in the data reported in Ref. 2. In the following calculated systems, 
all arms are 22.9 cm long. This limited length may result in a k ,, 
no more than 0.02 less than one would calculate for longer arms. 

The systems of repeating sections were calculated to determine the 
k f f for three different concrete reflector conditions. These are 

described as follows: 
I. the column with intersections is centered in a square concrete 

annul us, 0.4-m-thick, with an inside dimension of 2.0 m, 
II- the column is positioned at the center of one side of the annul us 

with a surface separation between the column and the annul us equal 
to 30.5 cm, and 

III. the column is located as in condition II but with zero separation, 
i.e., the column is in contact with one side of the concrete 
annulus. 
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Condition III is not applicable to intersections of 4 arms, i.e., when 

all 4 quadrants of the column have intersections. 

The calculations were performed without a containment vessel; i.e., 

the column and arms are of solution only. The addition of containment 

materials will cause an increase in the k *, of the systems. For a 

3.2-mm-thick steel container, the result* is an increase in the k f^ by 

about 0.025. Doubling this thickness would contribute an additional 
i keff °^ a D O u t 0-02. The effect would be less if aluminum were used in 

place of steel. 

The neutron multiplication factor for infinite cylinders, without 

arms, in the three reflector conditions, as well as for the unreflected 

cylinder, are given in Table 3 for the four fissile materials described 

therein. These data may be used with Fig. 4(b) to establish an equivalent 

reflector effect between these reflector conditions and one in which the 

concrete is uniformly spaced from the solution cylinder. Reflector 

condition I is comparable to a separation, s, of about 0.9, II tc s = 

^ . 6 and III to s = -vO.2 m. Further, the comparison reveals that for these 

subcritical radii, concrete appears to be most effective as a reflector 

for solutions of 2 3 5 U and least effective for solutions of 2 3 9 P u . 

Calculations of the repeating sections with each reflector configu­

ration began with equal column and arm radii and the effect of reducing 

the arm radius while maintaining the column radius constant was explored. 

In the limit, as the arm radius approaches and achieves zero, there 

results an infinite cylinder in the given reflector condition. Data for 

the confuted intersections are given in Table 4 for the U(93.2)02(N0 3) 2 

*This effect was examined in Ref. 2 and similar results occur in 
arrays of fissile material, see Ref. 23. 
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Tahle 3. The computed neutron multiplication fdctor of 
inf ini te cylinder*, <is .J function of reflector condition 

Cylinder Ridius, cm 

Unreflee ted I I I I I I 

IJ(91.?)0, (HO, ) , 11:11 47 .6 

H.O 6IS .711 .7?4 A'.?H 
7.1 .S4I .614 .646 . /6H 
t>.r, .411 V O .sn .667 
',.1? . 1S6 .441 .4',0 . SW 
S.OJl .?H0 .160 .16? .SIM 
4.46 ?\\ .?.'!6 .?04 .\n 
• i .B ! .140 .?V) -- . ISO 

/ .o 
6.0 
S.O 
4.0 
i.O 

U( 100)0. F.- 11:11 SO 

fi.O .704 .706 .MOO .9IM 
7.1 .619 . / l l .714 ..'!4I 
6. IS .r»04 .SO? .610 .740 
f , . J ? . 4? / .'.06 . V I . 6«,0 
'..OH .141 .411 .4?S .',11 
4.4S .?6? . 116 .14/ .404 
l.Ml .IMS .?S1 -- . <os 

I V ) , • 11,0, H:l'u J '.') 

7.0 .S /0 . 6 /? .1,11 .!!0M 
6.0 .469 . ' . 4 / .SSI .601 
' , .0 .111 .417 .416 s/s 
4.0 ./"I? . ? / » . ?>iil 4?6 
1.0 .106 -- -

•110 I . 11:11 - 60 

660 . 766 ./»14 .011 
SIM 6?S .644 . /". I 
MO Am . 4 0» 6S6 
?S1 . (16 .116 . 4MM 
111 

''Reflector conditions: 0.4-in-thick concrete square 
annulus, ? 111 insIde dimension. 

I: column centered in tumulus 
I I : column centered on one side of <innulus, 

lO.S cm surfdee sepdrdtion, 
I I I : column centered on one side of dnnulus, 

surfaces in contact. 
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solution and Table 5 presents the results for the PuO--water mixture 

and for the ?''U0 2F 2 solution. The Monte Carlo calculations of Tables 

3 and 5 have a maximum standard deviation of + 0.007. An examination 

of these data reveals that a number of the values appear inconsistent, 

i.e., larger or smaller than would be expected for a uniform variation 

in arm radius. This is as it should be for statistical results within 

one standard deviation. 

Forming tne difference between the k f , of the intersections under 

different reflector conditions allows an estimate of magnitude of ;.k ,* 

associated with changing the column location. A summary of these 

differences in k ,, is given in Table 6. It should be noted that only 

the column and two arms are in contact with the concrete, while the 

third arm is normal to the concrete surface. The largest effect appears 

to occur for the 2 3 3 U 0 2 F 2 solution. The average i k „ is seen to diminish 

with successive additions of arms. It is also evident that the variation 

in reactivity due to location is about 0.02 provided the system is at 

least 30 cm from the concrete and this difference is independent of the 

number of arms and the composition of the fissile solution. However, 

the average change in reactivity in moving the system the remaining 30 cm 

to the concrete surface is 0.129 + 0.020, the average of all 241 possible 

differences between conditions III and I or II of Tables 4 and 5. 

It is possible to extend the utility of these data and to derive 

more general conclusions by expressing the results analytically through 

empirical relations describing the results. Analyses within the 0.02 

tolerance allow reflector conditions I and II to be combined. Further, 

the data for the different fissile materials may be grouped if the k f f 
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. v •*•. " ".cite^ — 4 
i -^ -T* • ;r ' r : » « - ' . ' -• . 

I'. ' 
v.-

'94 

. « 5 . .644 .7»! 

.957 
n c 

. A l l 

.10* .?09 
.793 

' .14" 
1.1-s 
1 . 10T 

. 9 M 

.95?. 

.911 

.77?, 737 .949 =!M .171 1.010 

.717 . 7 1 * .15? .76* .7?.3 . w « 

.M4 .',7-', Sid 703 .711 2*5 
544 <:54 717 , < r i *«4 =14 

.993 

. 7 * - , 

.:«« 

.115 

.UK 
7",7 

W 
«43 
3?5 

.7X1 

1.19* 
1.12* 

964 
944 

.117 

.949 1.071 

.149 .16? 

.746 1*1 

. ' i * .an 

.044 

.144 

. K 4 

.009 
>W3 
751 

.*°* 
.4*4 41f! 65* 

.33* 336 . « M 

.*•/! . *? * 7 "ft *91 .710 35* 77* 7*1 

.517 . 5 4 ' 71", .519 611 .7*6 .411 S5* 

. " I I . S I ! .'.79 .5)0 .535 .701 54S .5*4 

.911 

.77? 
71* 

.7:7 

.=41 
* M 

.57* 

*Pe"ccCr;r Conditions: Q.4-m-tnic» concrete square annolus. 2 !" inside dimension. 
I : VOIJTJ I centered in annulus. 

I I : column centered on one side on annwlu;. 30.5 cm surface separation. 
H i . column centered on une side of annulus, surfaces in contact . 

5 ' .n l j t i i n ' . *•*** no contemner* vessel. 

'•T'4r'->r SMn-laM ^vU'ton i'. • 0 107. 

o-jMerl :<ted * e " **''«?s are ansrtssas used 'n plotttio dau in Figs. 6-9; e.g. 
«U dat« for 5.1-cn-radijs PuO; solutions are plotted <t kttf - 0.331. 
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Table 6 Statistical reactivity worth of reflector condition I I I 
relative to reflector conditions I and I I for - ' - U , : * -U and • '''Pu 

k e f f { M I ) - keff( I) k e f f C n ) - k e f f ' " / 

Overall 
1 Arm 2 Arms 3 Arms Ave. i 1 Arm 2 Arms 3 Arms Ave. Average 

U ( 9 3 . 2 ) 0 , ( N 0 , ) J , H:U = 47.6 

A k e f f 0.1374 0.1276 0.1120 0.1278 0.1299 0.1164 0.1048 0.1182 0.121? 

• : 0.0072 0.0084 0.0204 0.0151 0.0051 0.0115 0.0208 0.0155 0.0159 

?1- ,Pu0> • H :0, H:Pu = 85 

'keff 0.1336 0.1314 0.1114 0.1255 0.1250 0.1207 0.1036 0.1167 0.1210 

• T 0.0229 0.0099 0.0151 0.0193 0.0212 0.0119 0.0154 0.0188 0.0194 

'"UOjF:, H.U = 60 

A k e f f 0.1539 0.1522 0.1337 0.1469 0.1437 0.1379 0.1225 0.1350 0.1410 

• T 0.0174 0.0124 0.0163 0.0176 0.0143 0.0161 0.0163 0.0176 0.0185 

of an unreflected cylinder is used as a correlating parameter. Finally, 
we impose a constraint that only data for equal column and arm radii 
are considered. 

These conditions permit a least squares fit of the limited data 
base to the linear relation 

k e f f(R) = 3 0 * 3 ! k f i f f(u) (1) 

where the parameter R specifies the reflector condition I, II or III 
and (u) designates the unreflected cylinder condition. The determined 
coefficients a 0 3! are summarized in Table 7 for the reflector conditions 
and the number of arms, n, in the intersection. The standard deviation 
of the k ~ calculated from Eqs. (1.1) through (1.9) is given. 
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Table 7. Coefficients a c anJ ai of Equation (1) from the 
data of Tables 4 and 5 for equal column ind arm radii 

Reflector 
Condition 

Number 
of Arms §_=-

Coefficients k e f f 
+ -

Equation 
Number 

I , I I 0 0.063 1.058 0.013 1.1 

I I I 0 0.223 1.022 0.015 1.2 

I , H 1 0.153 1.151 0.011 1.3 

I I I 1 0.302 1.137 0.020 1.4 

I , I I 2 0.221 1.201 0.016 1.5 

I I I 2 0.368 1.149 0.019 1.6 

I , I I 3 0.254 1.258 0.029 1.7 

I I I 3 0.374 1.247 0.027 1.8 

0.302 1.303 0.019 1.9 

The equations give Ak -s results comparable to those of Table 6. 

For example, Eqs. (1.3) and (1.4) for one-arm intersections give Ak g^ = 

0.135 +0.019 at k e f f (u ) = 1.0 and 0.138 + 0.019 at k e f f (u ) = 0.8 for the 

difference between reflector conditions I or I I and I I I . Similar results 

may be obtained by taking the difference of pairs of equations in Tables 

7 for equal n. 

The data of Tables 4 and 5 are presented in Figs. 6 through 9 where 

the k ~ of the repeating intersections for the specified reflector 

condition is shown as a function of the k , . for an unreflected infinite 

cylinder with radius equal to that of the arm. The straight lines are 
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OMK.-OMS "- •»«»« 

0 0.1 0.2 0.3 0.4 0.S 0.6 0.7 
keff A R H "* A N UNREfLECTEO INFINITE CYLINDER 

Fig. 6. The neutron multiplication factor of an infinite column 
composed of repeating sections each with 1 intersecting arm. The column 
is located in a 2.0 m square, 0.4-m-thick concrete annulus: (a) olumn at 
least 30 cm dista from concrete surface, and (b) column in contact with 
and centered on one side of the annulus. Column radius is constant as 
the arm radii vary from column dimension to zero. 
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OMNL-0«G 77-17653 
T I 1 T T T ~~ 

k e f f , ARM AS AN UNREFLECTED INFINITE CYLINDER 
Fig. 7. The neutron multiplication factor of infinite column com­

posed of repeating sections each with 2 intersecting arms. The column is 
located in a 2 m square, 0.4-m-thick concrete annulus: (a) column at least 
30 cm distant from concrete surface, and (b) column in contact with and 
centered on one side of the annulus. Column radius is constant as the 
arm radii vary from column dimension to zero. 
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ORNL-OWG 77-17632 

EQUAL COLUMN AND" 
ARM RAOII 

A U(93 2)0 2 (NO 3 ) 2 ,H:U'47.6 
0 2 5 *PoO 2 +H 2 0 , H:Pu»85 

O 2 » y 0 2 F 2 . H : U « 6 0 

(0) REFLECTOR CONDITION:II 

0.5 0.6 0.7 
k e f f , ARM AS AN UNREFLECTED INFINITE CYLINDER 

F1g. 8. The neutron multiplication factor of an infinite column 
composed of repeating sections each with 3 intersecting arms. The column 
Is located In a 2 m square, 0.4-m-thlck concrete annulus: (a) column at 
least 30 cm distant from concrete surfaces, and (b) column In contact with 
and centered on one side of the annulus. Column radius is constant as 
the arm radii vary from column dimension to zero. 
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ORNL-DWG 77-17635 

Fig. 9. The neutron multiplication factor of an infinite column 
composed of repeating sections each with 4 intersecting arms. The 
column is centered in a 2 m square, C.4-:n-thick concrete annulus. Column 
dimension is constant as the arm radii vary from column dimension to zero. 



£0 

defined by the relations of Table 7 and the two light lines define the 
standard deviation. The darkened symbols are the data for equal col urn 
and a m radii. The data branching from the line toward the ordinate 
are those of reduced arm radii with the column radius at the constant 
initial value. The ordinate values are, of course, those of an infinite 
cylinder having the column radius and the reflector condition of the 
intersection. 

INTERSECTIONS IMMERSED IN HATER 

Calculations of single sections of 0.46 m length with the inter­
sections at the midpoint were performed with a closely fitting water 
reflector of effectively infinite thickness. These data are presented 
in Table 8. Except for the entries in one column of the U(93.2)0 2(N0 3) 2 

data, there is no container material between the solutions and water. 
Unlike the previous results, the introduction of carbon steel as a 
container does lower the calculated k f f values. These are sufficient 
data to interpolate radii appropriate to a margin of subcriticality 
corresponding to a k -, of 0.9 for practical applications. The dimensions 
of the U(100) and U(93.2) intersections are proportional to their unre-
fleeted critical radii as previously noted. Two additional calculations 
of a 3-arm intersection with the 3.2-nm-thick carbon steel container and 
the U(93.2) solution were performed with the section closely reflected 
by concrete. The 3-arm intersection of U(93.2)0 2(N0 3) 2 with a radius of 
5.70 an, an entry of Table 8,resulted in a k -- of 0.939 + 0.014 and a 
second calculation with a 4.56 cm radius gave a value of 0.793 + 0.011. 
The Ak eff of 0.07 in the first case is comparable to previous results 



Table 8. Calculattd ntutron multiplication factors for 
a submerged Intersection with 1, 2, 3 and 4 arms 

Number 
of Arms 

Radius* 
ki»ff 

U(93.2)0,(N0.).> 
H:U • 47 

6.46 7.60 
J.943 0.988 

6.96 b 

0.895 

PuOj « 
_H:Pu 
4,77 
0.797 

• H,0 -JJ5 
6.15 
0,f»14 

? , , U 0 
_H.:U..." 
3.97 
0.789 

.M 
5.00 
0.892 

l'(100)0;F. 
H:U • 50 

6.00 
0.926 

U(93.2)0 ;F H:U • 50 
1 r(cm) 

keff 
5.30 
0.812 

U(93.2)0,(N0.).> 
H:U • 47 

6.46 7.60 
J.943 0.988 

6.96 b 

0.895 

PuOj « 
_H:Pu 
4,77 
0.797 

• H,0 -JJ5 
6.15 
0,f»14 

? , , U 0 
_H.:U..." 
3.97 
0.789 

.M 
5.00 
0.892 

l'(100)0;F. 
H:U • 50 

6.00 
0.926 

6.00 
0.907 

2 r(cm) 
keff 

5.10 
0.817 

5.86 
0.941 

7.29 
1.054 

6.50 b 

0.919 
4.59 
0.822 

5.20 
0.902 

3.82 
0.800 

4.54 
0.925 >. --

3 r(cm) 
k*ff 

4.95 
0.898 

*.95 
0.889 

7.08 
1.089 

5.70 b 

0.870 
4.46 
0.887 

4.60 
0.890 

3.71 
0.892 

3.70 
0.842 ... --

4 r(cm) 
keff 

4.6 
0.861 

4.75 
0.914 

6.79 
1.102 

5.45 b 

0.891 
1.28 
3.903 

4.28 
0.889 

3.56 
0.913 

3.56 
0.875 

4.70 
0.929 

4.70 
0.91,? 

aRadius of column and arms 1s equal. Maximum a o' tce,..f is 0.025. 
^Solution contained In 3.2-mm-thick carbon steel. 
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for concrete replacing water i f the presence of the carbon steel is 

considered. The 4-arm intersection of 2" 3U0 7F 2 with the r = 3.56 cm 

of Table 8 was repeated indefinitely and was calculated to have a k -. 

of 0.890 + 0.010, indicative of neutron decoupling of sections in 

water. Although the arm interaction is totally suppressed ir. water, 

statistics obscure an expected increase in k f f of about 0.0? due to 

continuation of the column of solution. 

A more systematic calculation of U(5)02F2 solution at an H:U = 24.7 

is given in Table 9 for submerged sections. The maximum number of arms 

considered was 2. These data also c?n be represented graphically as in 

Figs. 6 through 9. For equal column and arm radii, the k _. appears 

rather insensitive to the number of arms and their orientation to the 

column, the total ik „ being less than 0.05 in these data. As further 

illustration, consider a submerged critical infinite cylinder. There 

is: 

a) a slight increase in reactivity i f the cylinder has a 90° bend, 

b) a Ak increase of ^ 0.02 i f an arm of equal radius interacts 
eff 

the cylinder, 
c) a A k

e f f increase of 0.03 if an added arm of equal radius is 
inclined 30° to cylinder, and 

d) an increase of Ak ^ - 0.04 if two arms are added. 
If the infinite cylinder is subcritical submerged with k ~ ^ 0.9, 

there is: 
a) no detectable gain in k ~ for a 90° bend, 
b) a positive Ak -- of 0.04 if an arm of equal radius is added, 
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Table 9. Calculated neutron multiplication factors 
for submerged repeating sections of U(5)0 2F 2 

intersections for configurations shown 

Radius, cm 

Arm 

Configurati on of Intersection 

Column 

cm 

Arm U L! I T 
Calculated k e f f D 

15.24 15.24 1.027 1.041 1.019 1.059 — _ 
12.73 1.011 1.024 0.990 1.031 - -
10.14 1.002 1.011 0.990 1.002 - -
7.70 
0 

0.998 1.002 0.988 0.998 
1.008 

12.73 12.73 0.947 0.979 0.908 0.972 - -
10.14 0.928 0.937 0.898 0.934 — 
7.70 
0 

0.926 0.921 0.901 0.926 
0.911 

10.14 10.14 0.851 0.867 0.795 0.874 _ _ 
7.70 
0 

0.816 0.821 0.791 0.836 
0.803 

7.70 7.70 
0 

0.705 0.716 0.645 0.736 
0.676 

aArm axis inclined from the column axis by an angle of 30°. 
Standard deviation <_ 0.005. 

c) a positive 4k „ of -v* 0.07 if an arm of equal radius in 
inclined 30° to the cylinder, and 

d) a A l ceff * n c r e a s e o f ^ ° - 0 6 ̂  2 arms of equal radius form a 
cross with the cylinder. 

The k 's are less if the arms have radii less than the column, eff 
The addition of carbon steel as a container material will also decrease 
the k e f f . 

APPLICATIONS AND DISCUSSION 

Equation (1) may be extended to include the dependence of k ,, on 
the number of arms, n, for the reflector condition I or II. Examination 
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of the a 0 values of Table 7 shows that a 0 is augmented by about 0.95 
per arm as n increases from 1 through 4. The additional observation 
that the coefficient &i can be expressed approximately as (1 + a 0) 
results in the following relation, 

k e f f(n,II) = 0.05 (n + 2) + [1 + 0.05 (n + 2)] k e f f(o,u) , (2) 

where n = 1, 2, 3 or 4. Comparison with corresponding equations for n 
in Table 7 defines the maximum differences in k ~ (n,II) at k f f(o,u) 
= 1.0 and these combined with the associated a, yield an expected error 
in k f f for Eq. 2 of + 0.03 for all n. Application of Eq. 2 to n = 0 
values, i.e., infinite cylinders, would result in conservative estimates 
of k e f f (0,R). 

Since the effect of changing intersections from reflector condition 

II to III augments the k g f f by about 0.13 for subcritical radii, this 
value may be added to the result of Eq. (2) to estimate the neutron 
multiplication factor of intersections against a concrete wall, k f f(n,III). 
Applications of these data and results to practical design problems 
require an adequate margin of subcriticality be adopted for planned 
operations. Considering variations in chemical concentrations (Ak f f 

^ 0.03), the bias in calculating solution systems (MJ.02), the influence 
of container materials (-\fl.05) and the requirement for a minimum margin 
of ijbcriticality (0.05), a Ak f , of 0.15 is required and a limit for 
Eq. (2) would be k e f f (m,II) ̂  0.85. Similarly to yield k g f f (n.III) 
<_ 0.85 would require k f i f f (n,II) <_ 0.72 as a limit for Eq. (2). These 
limits are consistent with Ref. 7 and are prudent. 

file://-/fl.05
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These criteria allow an estimate of the dimensions of intersecting 

pipes applicable to plant design problems. Explicit ly, this may be 

accomplished by rewriting Eq. (2) for k f f of an inf ini te cylinder as 

k e f f ( n , I I ) - 0 . 0 5 ( n + 2) 
k e f f ( o , u ) 1~r O.05(n + 2) 

giving, for example when k ,,(n,II) = C.85, the maximum k ,,(o,u) equai 
to 0.608, 0.542, 0.480, and 0.423 corresponding to n = 1, 2, 3 and 4, 
respectively. These k * f's are readily expressed as dimensions through 
a relation typified by data in Fig. 1. Similar dimensions can be defined 
for k «(n,III). The range of ke**(o,u) values illicits the following 
two remarks concerning design of pipe intersections. The first is that 
the dimensions to be considered are such that the infinite cylinder 
having a thick water reflector be subcritical. The second is an evident 
rule that may be useful in the field (away from calculators) which is 
that k *Ao,u) is conservatively approximated in Eq. (2) by the relation 
k x, = r/r as demonstrated in Fig. 1. 

The representation of data in Figs. 6 through 9 suggests a method 
for estimating k rr(n,II) for arms of reduced radii. The loss in k ,* 
(n,II) due to a reduction in the arm radius is conservatively approxi­
mated by the linear relation 

Akeff(m,II) =/1 - ̂ f | ^ V k e f f ( n , I I ) - k^f(o,II)J ( 3 ) 

where the superscript *a' refers to the arm, 'c' to the column, and 
kexx(o,II) is the effective neutron multiplication factor for an infinite 
column in the reflector condition of the intersection. 
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As an example; consider tne 3-arm intersection of ' " ' 'U0jF ? in 

Table 5 having column and arm radi i of b.O and 4.0 cm, respectively. 

The kg f f (o ,u ) is 0.538, k £ f f ( o , I l ) is 0.644 and k * f f ( o , u ) is 0.253 

from Table 3. The k e f f ( n , I I ) from Eq. (2) is 0.923, giving a Lkeff of 

0.148 by Eq. (3 ) , or an approximate k ^ for the intersect ion of 

0.92 - 0.75 = 0.78 which is to be compared to the calculated value of 

0.746. This intersection in contact with the concrete surface (an 

additional Ak f f -UJ.13) would y ie ld the conservative estimate of 0.91 

to compare to the calculated k f i ^ of 0.861. 

An example of the estimated k , , for a 2-arm intersect ion of 

U(100)02F2 at an H:U = 50 with column and arm rad i i of 6.2 cm, and a 

3.2-mm-thick steel shell was calculated by the KENO IV Monte Carlo code. 

The application of Eq. (2) gave 0.80 and t h i KENO IV resul t was 

C.789 + 0.006. The same intersection containing U(93.2)0 2F 2 a t H:U = 50 

would be expected to be proportional to the unreflected c r i t i c a l rad i i 

as i n f i n i t e cyl inders, because of the correlations of F ig. 6 through 9 

and the behavior of data in Fig. 1 . The ra t io of r a d i i i s about 0.97 

and the expected k g f f would be 0.78 (= 0.8 x 0.97). The KENO IV resul t 

for th is configuration and f i s s i l e material was 0.769 ;* 0.006. 

Consideration of the subcritical-submerged intersect ion data suggests 

that i t is permissible to dispense with the Ak - - margin of 0.05 as 

compensation for the introduction of container mater ials. An acceptable 

upper l i m i t for the k - , of submerged intersections may, therefore, be 

taken as 0.9, again consistent with Ref. 7. I t may be noted in 

Table 8 that estimated dimensions corresponding to k - - = 0.9 are about 

equal those of similar intersections 'n Tables 4 and 5 for re f lec tor 
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condition I I I having with k e f f = 0.35; th is comparison is indicat ive of 

simi lar margins of subcr i t i ca l i t y when 3.2 mm thickness of steel is 

introduced as a container mater ial . 

The data of Table 9, for 11(5)0^ solutions serve to i l l u s t r a t e 

the appl icat ion of an allowance factor 2 ' ' to the dimensions of U(93.2) 

solutions for lower 2 3 5 U enrichments. The diameter of i n f i n i t e cyl inders 

of solutions with thick water ref lector may be increased by a factor of 

about 1.6 when the : 3 5 U content of the uranium is 5 wt -'. I f we 

consider the 2-arm intersection in Table 8 with rad i i of 7.29 cm of 

U(93.2)0 2(N0 3) ? having a k g f f of 1.054, then by the allowance fac tor , 

the rad i i may be increased to 11.66 cm. This is a smaller dimension than 

either of two entries of Table 9 for 2-arm intersect ions; those with 

rad i i of 15.24 and 12.73 cm, confirm a loss in reac t i v i t y and substan­

t i a te the conservatism in the use of the enrichment allowance factor for 

intersect ions. 

The resul ts presented for plutonium oxide-water mixtures are 

applicable to plutonium n i t ra te solutions a t the same densit ies and 

H:Pu atomic ra t ios since the presence of n i t ra te ions in solutions 

causes a reac t i v i t y loss. 

Two points suggested by th is work would benefit from fur ther 

calculat ional study: 1) the use of allowance factors applied to 

i n f i n i t e cyl inders and intersections of uranium of intermediate and 

low 2 3 5 U content should be examined for ref lector conditions I I and I I I , 

and 2) cylinders with intersections embedded in concrete should be 

examined. 
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The time may have arrived when it would be sensible to allow the 

concept of nominal reflection in nuclear criticality safety to fade 

from use. For the specification of subcritical values, it is ambiguous 

in application and, therefore, restrictive. 
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