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Mathematical Models of the AIDS Epidemic:
an Historical Perspective

lNTROlXJC710N

Researchers (’developing mathematical models of the sprmding of HIV, the Human
Irnrrmnodefi,l. iency Virus that cauaes AIDS, hope to achieve a number of gods.

These gozs may be classified rather broadly into three categories: understanding,

prediction, and control. Understanding which are the key biological and sociolog-

ical prccrsaes spreading this cpidernic and leading to the deaths of these infected
will al, ow AIDS r~~chem to collect better data and to identify ways of slowing

the e~ldcmic. Predicting the groups at risk and future numbers of ill people will
allcw an appropriate allocation of he~th-c~e reao”~rces. Analysis and comparison

of piopoaed control methock will point out unexpected consequences and allow a

b,’t.er design of these programa. The proceasea which lead to the spread of HIV
xre biologically and aociologic~y complex. Mathematical models allow uo to orga-

uize our knowledge into a coherent picture and examine the Ioxicd consequences,
therefore they have the potential w be extremely useful in ths search to control

this disemw.
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AN HISTORICAL CAUTION

However, we need to be cautious about what it is po.ss:ble to achieve with -plderrric
models [f we exarrline the history of rnodellng of Infectious diseases, we can learn
quite a lot about what can and cannot be done with models4’3. \lodels have
been developer-i to study the mechanism behind diseae spread and predict the
spread of a large number of infectious dkaaes. bfany insights have been g.tined by
studying epidernica using models, some of which have been useful and acrme of which
have been mrskading. However, models have been largely unsuccessful at predicting
future cliseme spread. Only models which have been built on a solid knowledge of the
specific diseaae of interest have proved useful in the actual prevention and co,ltrn!
of dkease. For the moat part, even the succeasfui models have primaiiiy P:UVided
some key epiderr~o!ogical concepts, which tend tc XC III obv IouJ once they’ve been
pointed out.

one of ;he b~ic concepts behind epidemic modeln, the maaa action law, was

formulated by Hamer in 1(9061~. This principle, that the rate tl.at people are infected
is proportional to the number of susceptible individuals times the number infected
times the contact rate, ia a key insight into the transmiaeion of infectious agents and
explains the shape of rncrat epidemic curves: initial exponential growth, followed by

a slowdown aa the population saturates, and a di~off m :he infecteds all recover or
die.

Sir Ronald Ross wrote down the first equationa baaed on transmiaaion dynami.vt
in 191124. His simple malaria model showed that malaria can be cc,ntrolled without
killing OK every mosquito, a p~int that waa hotly debated at the time. Although

RCXWJ’conclusion WM not accepted until malaria WM actually controlled in t},a t’reld,
his concept of a threshold below which a disease dies out became one of the fun-
(iarnental concepts in epidemiology ROM further developed his model to ~how that

malaria cart be controlled in a region despite mosqul.o diffusion from neighboring,

uncontrolled, regions. \fac Donald ~0 found that control of adult moaquikxn IS more

effective than larval control, using transmiaaion rnodeln that took account of the

efrects of immunity. Since then, models of malaria have been used to examine mole
(Ietmled questions of annual cycles, insecticide use, age.dependent immunity, etc.,

but none have had the impact of th~ early studieaa.
Jfodels trave probably been used the moat in the control and prevention of

Inalaria. I{owcvcr, there are ● number of other examplea where they have nad

w]me irr]pact on public health pdiciea. Hair~ton showed the importance of rati aa
rcwrvmra for schlstoaomiaau and gave s coherence to tne epidemiological data* 1.

Iirthcote, Yorke and Nold*3 showed that a core group of highly prommcuous het-
rr(mcxuals could maintain gonorrhea, and that contact tracing ia a more efficient

rlwans of controlling ita spreti than routine screening: this has changed the focus
of control prograrna in the U.S. and allowed thti diacaae to be controlled in many

groups Andcrw-m and May’s age-structured rnodela of mead-l were uruxi to guide

the (Ieslgn of vaccination prograrm in Great 13ritain.
lfo({rls which have brrn useful for public health policy hnve primarily he?n

SIIIIplC III()(lrlrn that prfwlded useful qualitatit< insights, one rcaaon for this u that
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epi~tPrnIOIOKIStS rarely care to deal with conlplicated mathematics, and nlathen]atl-
c],ms rarely understand enougtr about epldermo}ogy to build useful rnodek Another

re:won ‘w that the more deta:led and sociologically correct a mudel becomes, the
1,,ss robust to changes In parameter values It WI1l tend to be This bt~s toward over-
sIIIIpl Ified models can be a problem when some of the more lrnpor t,mt elfects are
,Ieglected For example, even though models indicated that it would be posalble to
ellm]nate smallpox by vaccinating a large fraction of the population, this herd im-

munity approach had to be abandoned in favor of the nlore ad hoc procedure of case
fintiirrg and of vaccination of visitors to a regmn. It is believed that heterogeneities
in population Jensitlea and contact patterns, neglected in the model, caused predic-
tions to be ]n}alld. Hethcote and Van Ark14 argue that the core/ noncore concept
uf the gonorrhea model need to be applied, with the two groups being cities and
villages with nonproportionate mixing between them. The same neglect of spatial

heterogeneity proved a diaaater for the abovementioned malaria models of Mac-
Donald; despite the useful qualitative insight, hia predictions that malaria co~<ld be
t’llmirtated proved incorrect.

(?ne intriguing characteristic ofepldemic models haa been their ability to almoat
explain the nearly periodic (slightly chw)tic) nature of many diseases. Invariabt~”,

the model exhibits damped periodic (rr chaotic) behavior. The periodic nature of

Jlseaaes u thus an alrnoat obvious =p.’ct of the dise~ transmission and recowzj
process. Finding the key to undamped, c~~~.irluous oacil!a!ions haa been nontrivial.
t{ec:ntly, Schenzle 22 showed that the variation of contact rates with the school year

WIII give stable oaclllations for meaales in an age-structured population, with period

1 )car for England and z years for Germany. Thus a slightly more complex, but
\ery r?=allstic, rnocfel waa able to provide a likely explanation for a phenomenon that
slrr~ple nmdels could not explain.

one exception to the rule that models ru,: primarily useful for qualitative in-

sights Into the sprcadlng of a cfisemm is the influenza models of Baroyan, et al.s.
I’hme nwdels, which include extensive work on contac, rates between cities, agree
rt-rl]rwkably well with epidemics in Ruaaia, and have been s;~cceasfully applied to the

spred of the Hong Kong flu in 1!)68 69. A review of this \York, and presentation
19, This ia a very hopeful instance where goodof the model, are given in Longiru

r[l(l(ielers workln~ in conjunction with epidetiologiats have betrr able to do both

~iu,ahtative (and quantitative predicti~u~
“~hLs ~bhrcviated history shows that models can be useful if they go hand-m-

1,,,{%:11i with s streng understarrc!ing o!: the diwm. They WIII primardy allow us to

,}trck that (~ur ~umptions about ● diaeaae proccm lead to Iogicd and reasonable

c{)ncluswns, and thus provida us with umeful insights into the rnechaninma bchlnd

II I+eMe q)r~ad. This WIII be best achieved if there ia a good inter= tiorr between

rll~),lelers ,sn(i epidcmiologtata.



AIDS, SOME BASIC CONCEPTS’3

Ink’ is spr+.,id b> wxual contact, blood and blood products, and from mother to
child during pregnmcy o, breut-feeding. Because the virus Is spread by blood, IV
drug users spread ic by sharing needles and other equipment, and it Is also spread by
accidents Ieadinq to blood injection A number of studies of household contacts of
111V Infected people, and of people living in regions with high mwquito populations
have been unable to document a single c~e where the virus could only have have
b~~en spread by insects or by normal, nonsexual contact. However, there have been
a few cases where the virus haa been spread by skin or eye c,>ntact with blood.

Except for cases when large amounts of blcmd or blood products are tr~sferred,
the average probablllcy ot’ becormng infected from a ~ingle contact with an infected
person is small, on :he order of 10- 3-10-~ for a SeXUaI contact or needle-stick

injury A mother WII1 transfer infection 20-50% o: the time to her fetus. There is
growing evitit’nce that the infectivity of people is extremely variable, however. Not
only can the presence of genital ulcers increa~e infectivity (and susceptibility?), but
Infeccivlty and/or susceptlbdity may vary wi; h diseaae stage or strain of the virus,
be, ween circumcised and unclrcumciged men, with the use of birth control pills,
and between Individuals for many unknown reasons.

Once infected, the immune system .md/or the nervous system of the infected
person ‘s slowly destroyed, leading eventually to AIDS and death. The time from

Infection to major symptorna ia different for each Individual. Adults take at least 2

ye:~rs to develop AIDS, and about 50% develop AIDS by 10 years afce: infection,
with most of the rmt having serious immune deterioration at th t point, It is not

krlown lf some small fraction (at moat l(lof people are resistant to the virus and WIII
nvver []evelc~p Wrious problems. once AIDS developm, the average time to death is

.lbout 11) months, with Az’r prolonging life for 6 months to a year in those who

can toierate It.
[t IS not known why the time from infection to AIDS, and the infectivity of

people, are so I ariable, Despite all that haa been learned about this virus, the

processes Lhat lead to immune and brain deterioration are still poorly understood.

TWO SIMPLE MODEM FOR THE SPREAD OF HIV

I.rt us now consider the transminaion of HIV by sex and nemllesha. ring. I WIII start
hy prrscnting two very silnplilied modeic of this spread, and then proceed to discuss

I,,)w ~hcy can be expanded to include 00rna of the special feature- of AIDS.
()[i~ wriy of modeling t~e epidemic i,a shown ma the m<~del 1 flow chart In Figure

I \VF c~n IIlvlde the at-rink population into uninfected surnceptiblcrn, .S((), pre-

;\lllS irl[rrtr(l i)e[)plr, /((), mnd AIDS cases, A(f). A~urmng that AIDS CM- slt,p
sl~ro,~(lrl]g 1[IV, qllq(”{.[)L[h[{i3 bccornc ;nfecte(! ‘hrough contwto with in fecte(ls
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FIGURE 1 The flow of paople in tho simplo models (1) and (2)

at some rate A(t) per mmeptible. Infected people develop AIDS at a rate 7.,.
per Infected, and AIDS CCUMSdie at a rate 6 per penron. There is also some rate

background rate of ageing or dying, u per person, that takes people out of the
~l]sceptlble and infected populat-ions, and some maturation rate, jASO, that brings

~l]sceptlbles Into the population (if there were no HIV present, then the popl Ila-
tl,)n WOUM rvlullibrat~ at .SO suxeptible.). Under them conditions, we obtain the

(LS
— = /4(.s. – .S(f
(ii
(11
— = A(t).\’(t) --
(it

) - J(f)s(tj , (1(1)

p +y)l(t) , (lb)
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Tt’ = y~(t) –A.-l(t) (lC)

Infections are transferred by either sexual or needle-sharing contacts between what
wc shall l~rm partners. \Vhen a new partner is chosen, there is some probabil-
ity, f(t)/ (.5(t) + l(t)), that that partner is infected. There will then be c contacts
between the two people, and probability i of transferring the infection with each
contact. If we are dealing with a population which has a high partner-turnover rate
and few contacts per partner, then the fact that the probability of transferring HIV
per contact is small (i < 1) implies that we can use

A(t) = icp
f(t)

/(t)+S(t) ‘
(id)

where p LS the average number of new partners per unit time for an individual in
our

population. The above model, which has been used by many groups aa a bzwia
for model building, focuses on the risk to an uninfected individual. Another per-
spective haa been taken by Klaus Dietzg, who suggests that we should focus on the

transmission within partnerships. Mudel 2 in Figure 1 shows the flow chart for this
model. Dietz divides the population into six basic claaau. Before AIDS there are
2 classes, those in partnerships and those not in partnerships. With the introduc-
tion of HIV, there can now be infected, V(t), and uninfected, U(t), people who are

not paired, uninfected pairs, mu(t), disparate pairs, l%v(t), and infected pairs,
Pvv(t). There can also be AIDS c-s, A(t), and we shall assume that pairs dissdvc
wt, en one person gets AIDS, People form paim at a rate p per person, and dissolve

tk,em at a rate ~ per pair. Infection is transferred within the disparate pairs, at a

rate cai, where cu is the frequency d conta . within the pair. This then gives the

system

Liu
— = p.s. - (P +P)u(~) + 2(a +P)fi/rJ(~) + (P+ ~+ 7) RJv(~) !
dt

(f\”
— = -(p +p+7jv(t) +2( f7+p+7)fiv(t) +(P+c)R/v(~) ,
(it

d P(J u u~(t)
— = 2p———

(it U(f) +v(f)

dPu v cr(t) v(t)
i(t = ‘%(t)+ v(t)

dPv v
—=2p

v~(t)

(it U(t) +v(f)

- (a +v)ftlu(~) ,

-(a+2p+ y+icu)Puv(~) ,

-(a+2p+2y)%v(f) +kuhv(f) ,

(1,4
— = Y(v(t)+ l%v(t)+2Pv v(t)) – 6!’t(f)
(it

(21a)

(2b)

(2C)

(2d)

(2e)

(2f)

‘1’hlg formulation takes better account of the transmission within long-term
r,.l,atlonships th,an does system ( 1). It becomes, however, more complex than is

r(”:tlly n( cessary when wc start dlvldlng people up into groups, iM we shall do in the
tlrxt scctton
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A MORE COMPLEX MODEL

There are a number of features of AIDS that neither of the above systems accounts
for. There is. for one thing, a highly variable duration of infection. The constant
rate of conversion from infection to AIDS, y, leads to an exponentially decaying
distribution of time from infection to AIDS, c(t) = ye-?’, But the data ~how~
that c(t) gradually incre-s for the first 61O years after infection, and a Weibul
distribution c(t) = mtne-mt”, with n = 2.4 and m = 0.11 is a gmd fit to current
data. There is some evidence that infectivity may vary with disease stage, with
a short infectious period early in infection, a long noninfectious period, and then

people becoming more infectious the ciwer they get to AIDS. There is a large
variation in behavior, even among homosexual men. Some men have very many

partners and some have few: if we examine the distribu~ion of ,men according to
numbers of partners in some time interval, we see that the variance is large compared
to the mean squared, with the distribution decaying roughly as p-n, n about 3 or
4, for p large. Similar distributions presumably hold for heterosexual people and
for intravenous needle-sharing. The transmission rates for different sex acts may be
different, age may play a strong role in how people choose partners, and who they

choose, distance may be important, etc.
Noting that the high variance to mean-squared ratio in the numbers of partners

implies that this is an important variable, Anderson, et ala introduced the notion

of distributing the population according to the partner change rate, r. Thus suscep-
tlbles now become a population density, S(t, p), etc. To account for the time from

infection to AIDS, they distributed the infected population according to time from

infection to AIDS, r, giving /(t, r, p), which haa the units people per partner/year

per year (people per partner). AIDS caaea can sirniliarly be distributed by time
since AIDS, which we also designate r, giving A(t, r, p). Note that this is ~omewhat

confusing notation: S(t) is the integral over p of the density S(t, p); {(t, p) is the
integral of l(t, r, p) over r; etc.

As soon as we introduce the distribution of people according to risk, we have to
start worrying about how people mix. This problem would also arise if we introduced

sex, age, type ~jf contact, distance, etc. The age/sex problem is a clasaical problem in

i,’rtility analysis (how are marriages distributed, who makes the partnering choice).

‘1’ht:e are two obvious extremes that we can talk about: people choose their partnem

solely based on availability, with no regard to who they are; and people choose

partners who are identical to themselves. Reality, of coume, lies in the middle, arid
there may, under some ~ircumstances, even be a biaa of high and low for each other

( for example, with pratitution).
Determining contact patterrta becomes a difficult mathematical task in itself

a couple of constraints must be satisfied. When a person with risk p has a partner

with risk q, the opposite must also happen. A person with p partners per yeeu should
have p partners per year. A person muet have a nonnegative number of partners

from all groups.
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If p(p, q)dq is the fraction of partners of a
have between q and q + dq parti~ers per year
thc~ the constraints on p are

person with p partners per year that
(p is a probability density function),

1. when a person with risk p has a partner with risk q, the reverse must happen,
or p(p, q)p,V(p) = p(q, p, )q.V(q), where .V(p)dp is the total number of people
with risk between p and p + dp,

2. the rate of partner choice of a person should be the value specified, or

/

w

~ P(P, qMl = 1 ,

m d

3. p(p, q) k strictly positive.
AIthuugh satisfying these constraints will not give a unique result, it is non-

trivial to find families of p(p, q) that satisfy all three constraints. Anderson, et al.2
chose to assume random partner choice, for which these constraints can be easily
satisfied. Colgate, et al,’ postulated the otner extreme, which just gives independent

epidemics. I have developed a family of solutions to this mixing problem, which al-

lows a fairly wide range of mixing to be specified. It is based on the assumption that
there is a way of ordering the population in terms of desirability, and has both of
these extreme cases as limiting possibilities, If this ordering goe from lowest risk to

highest risk, then those of lowest risk decide how their partners will be distributed
among all risk groups baaed on availability, qN(q), and acceptability, normalized by

the availability and acceptability of all possible partners. The partnerships chosen
by this group are removed from circulation using the symmetry constraint (1.) and
then the next lowest risk group chooses partners fiorrl themselves and all groups at

higher risk than themselves. This formulation, which satisfiea ail the constraints,

Is

{

P(qtP)q~(q) forq>p

POr’’’’ed(Pl q) = (1 - Jj’’P(P!~)~~)
* ‘“’”p ‘3”)

f(P, q) i$ MI arbitrarily ch~n acceptance function. There iS nothing partic-
ularly special about the lowest group; we could use any ordering that we want.

By chcming different acceptance functions, we can mimic a large range of mixing
patterns. If f(p, q) = 1 then we recover proportionate mixing, while if ~(p, q) is a

-(”-~)2/~(S+Q)2 &hen ~e~f-~elccti~n OcCU~s. Once W&hx~”enarrow function such as e w
~ny set of formulation of p(p, q) we can take a limar combination of them, with

coefficients that add up to 1, and still satisfy the three constraints.

‘rhis then carI be put into A(!, p), which now becomes

/

m
A(f, p)=p ~(t, p,q)p(t, p,q)dq , where

o
(36)

(3C)k(t, p,q) = C(p, q)
/“

f(~! rlq)dri(r)
o N(t, q)
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LVe then obtain a system which L? a modified version of ( 1):

(3s— = /J(so(p) – S(t, p)) – A(t, p)s(t, p) ,
dt

(4a)

l(f, o,p) = A{t, p)s(t, p) , (4b)

(31 al
~+~=- (7(7) +P)~(~!r!P) ! (k)

/

m
A(t, o,p) = Y(r)z(t, r,p)~r , (-id)

a.4 &
~+~= -6(r)A(t, T,p) (-te)

Note that now people become infected (or develop AIDS) at r = O and convect

along ore year of infection (or AIDS) for each year of time.
\Vhat does this complicated system mean? It is possible to make some estimates

for the situation of initial growth of the epidemic. First note that the virus is
spreading much faater than people are developing AIDS or than the population is
being replenished. In other words, p and 7(T) are small compared to icp, at leaat

for the first several years, and we can neglect birth/death terms. Now, suppose that
mixing ia very narrow and given by the above exponential, with c very small. As
c — O, asymptotic analysis of integrals can be used (Laplace’s method) to see that

A(t, p)
(

— p[k(t, p,p) + ~((z + a)2z~V(t, z)dk(~~’=))]tiX=P ,
2(p + a)pN(t, p) 8X

to O(t). If we then alao take c(p, q) and i(r) to be constants, and .?V(p) to be Nop-”

for p large, we obtain a very simple diffusion equation for the number infected:

dl(t,p) = ic
— ~(,vop-” -

&
I(t, P))P(P’’~(tt P) + ;P”-a $(P’-”qyN

for large p and small c. This equation haa similarity solutions which are wawa
moving from high risk to low risk of the form pnu(pt). The total number infected

then grows as tn-*, which ia very interesting. Meet epidemics grow e:.potentially,

at least at first, but this one has grown in a polynomial faahion from very early on

(AIDS caaes have grown aa t3)7. SO this model provides a plausible explanation for
this growth.

A typical simulation with the fuU model is shown in Figure 2. The effect of
\ arying the mixing function is ~bown m Figure 3. Note that aa mixing gets wider

there is Iesa and Ieaa of a sharp vvavefront. The growth alao become more exponential.

Note that the epidemic alao eventually decimatea the sexually active population,

despite continuous replenishment. This u plausible, but not necessarily correct.

\Ve must be very careful about the quantitative predictions - too many of the

pat arneters are too poorly known, and we have neglected a large number of
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Tma (years)

0.14 r 1

Ilr

lima (yws)

I(t,?)

Risk kmnrwrsfvout
..

IImaSinca Irtkdal fvawll. . “—-.-,

FIGURE 2 A typical calculation of tho mrxfel in Eq. 4, with ● variable inactivity, fairly nar.

row mixing function, and ona cxmtact por partnar, Uppar M: changes in each population
over time. Uppar right: total numw ovar infect~ or with AIDS. T50 increaso in both pop-
ula!kms h roughly @yncymi~, W~ ● pOWOr ~OUI 2 and 5, for tho first 10 yearn. Lower

ten: mfactlons tjigtn&faj -ovgf r* W.fy ~ yo~a ~wgf right: infmions cjistribkj ovof ~

every 5 years.

characteristics thaf. ho!ate peoplc socially. A more detailed discussion of this model

and the parameter choices, along with more simulations, can be found in Hyman
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FtGURE 3 What happens as th. loixing width i~oasaa. (a) stun. aa in tiguro 2 (b) f(p,q)

fwti aa wide. [c) ranckmr mixing. Tho @om& gats fmtor ad rnadlos tier risk groups
much oartkr th. gro~ar tho mixing.

and Stanley ls’16

~CUSSION

[ have presented sevmal models of the AIDS epidemic. These modeia are sirr,plified.

They neglect age structure, spatial heterogeneitiea, the difference between sexca,

contact-type, etc. But we can learn much about the mechanianm behind the diseam

spread from these simple modeia. We can aee that the rionexponential growth of this

epidemic M probably due to population structure and the contact networks within

this structure. DifTercnt models can and will anawer different queationa. This ia a

field in which tk.sre u ● flurry of research that u likely to revolutionize our approach

to rnociciing in~cctioua ~iae~. It will AID &rige the way that parameter, such

as ]nfcctivity, are meaaured. But many puzzl~ remain, and much work can still be

1{ one,
}fost of the work on AIDS mdeli.lg isvery recent, Wd the oapcrrr on the

~ubject, other than tb~ already cit~, are still in pr~, Exciting papera that wlil

won ap:ci: i,, ~iude a couple by a group at the Univcmity of Michigan that are
very concernrd with mixing queationa’””, a more theoretical paper on time delaya

I)y (’astlll~(’havez, et ala, and a paper that examines the question of replacing
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the continuomq distribution }.ith a small number of risk groups, asking how can we
choose the groups optimally, by Blythe and Andersons, A paper by \lay, et al.2i ,
starts to look at the question of age-structures models and their implications.

\fodels of the immune system, on many levels (cellular, systemic), could also
be extremely useful to help provide a structure to the confusi[lg bits of information
that are being assembled. Little work hm been done to date, possible because the

information haa been so confusing, so this is a field that is wide open for discavery.
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