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ABSTRACT

At the Second Regional Workshop, held at Argonne National Laboratory 23-
24 June 1986, fifteen participants from four countries heard ten presentations
on Problems 1, 2, and 6. This technical memo Includes the text of
presentations, summaries of the results for Problems 1 and 2, and information
about the workshop.



1. INTRODUCTION

1.1 The Workshop at AM.

The Second International Electromagnetic Workshop was held at ANL 23 and

24 June, 1986. There were fifteen participants from the U.S., Canada, U.K.,

and Japan. Chris Emson of the Rutherford Appleton Laboratory (RAL), U.K.

described the first workshop at RAL In March and distributed proceedings of

that workshop, RAL report RAL-86-049. There were four presentations on

Problem 1, the FELIX Cylinder experiments; four on Problem 2, a cylinder in a

sinusoidal field; and two on Probelm 6, a hollow sphere.

A change Introduced after the RAL workshop was to provide a table for the

presentation of results. The table makes it easier to compare results. After

the oral presentations, the presenters for problems 1 and 2 met and prepared

summaries of the results for the two problems. Preparing the summaries took

each group two hours of Intense work, largely because they wished to include

the results from the RAL workshop, which were not in the tabular form. The

summaries comparing results were seen as very useful, but the suggestion was

made that In the future workshops, results not presented in the tabular form

should not be Included in the summaries.

Discussions also included the question of how to encourage more

presentations on Problems 3, 4, and 5, and the suggestion that a future

problem (after the Graz workshop) Include the coupling of magnetic effects to

mechanical and/or thermal effects.

1.2 Problem 2

At the RAL VIorkshop, 0. Biro presented an analytic solution to Problem 2,

and U. Hamm and R. J. Lari had prepared solutions using PROFI and PE2D

respectively. At the ANL Workshop, C. Emson reported on those solutions. R.

J. Lari described further PE2D computations. Quadrupling the number of

elements and/or using quadratic elements rather than linear elements did not

improve the accuracy of the solution appreciably.

T. Mori sue used the boundary integral method to find the vector potential

on the Inner and outer conductor surfaces, then used a finite element method

to find the potential and fields in the conductor.



1.3 Problem 1

L. Turner described the FELIX experiments with cylindrical test pieces on

which Problem 1 Is based. C. Emson described the solutions to Problem 1 which

were presented at the RAL Workshop.

D. F. Ostergaard solved problems 1A and IB with ANSYS fn the 2-D
approximation, using a vector potential. Solutions with 4-node and 8-node
Isoparametric quadrilateral elements were compared.

K. Davey solved the problem In 3-D by using the U-V method to replace the

vector Helmholtz equation with two scalar Helmholtz equations-- The

eigenvalues of the resulting matrix were found. More than one eigenvalue were

required to give good agreement with the experimental results.

1.4 Problem 6

Nathan Ida calculated the hollow sphere with the code EDDY3D, which is

designed to calculate impedances for NDT. To avoid flux-normal boundary

conditions, he calculated one quadrant of the sphere.

T. Morisue presented a 3-D eddy current method using the vector potential
A and including the gauge condition implicitly through Interface conditions on
the normal component of A. he applied the method to a cylinder with constant
conductivity and permeability and to a solid sphere.
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1
A one day meeting was held at Rutherford
Appleton Laboratory on Thursday 27 March.

There were about 30 attending, including
3 from USA. The rest from UK and Europe,

7 presentations made, covering problems
1,2,3 and 5. + 6

SUMMARY

This will include outline of the presentations
including points not in the Proceedings.

Plus report of discussions at the workshop
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PROBLEM 2 - Infinite Cylinder

1) ANALYTIC SOLUTION
0 Biro, Budapest

Details in proceedings. These are the analytic
solutions used as comparison with numerical
results in tables.

2) PE2D
R Lari, Argonne

Using PE2D, a 2-D steady state and transien
code.

This shows some interesting features, eg usini
slightly different meshes, different boundary
condition implementations.

Results will be presented later in this
workshop.



3) PROFI
U Hamm, Darmstadt

Thfs is 2—D finite difference code.

PROBLEM 1 - Finite Cylinder (transient)

1) PROFI

J Gerstenberger, Darmstadt

2—D approximation.

Using backward Euler for time domain

M
=

dt dt

with constant dt=5ms.



Figure 1 : Hesh
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4
2) NONAME
P Leonard, Bath, UK

2—D approximation.

1ms time steps used. Solving for update
to solution rather than new solution.
Theta method, with theta=2/3.

Analytic solution presented due to single
sheet representation.

3) UNISH
G RubEnacci, Salerno

Solve finite length arc of torus, with
large major radius.

Thin sheet model of cylinder. Results for
single sheet, for long cylinder.
Results for 1,2 and 3 sheet model for
short cylinder.
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PROBLEM 3 - Bath Plate with Holes

1) NONAME
D Rodger, Bath, UK

Experimental results as well as numerical
results were presented, for a plate with
2 holes.

PROBLEM 6 - Sphere

1) PROFI
M1 Schaefer, Darmstadt

2—D axisymmetric solution.

Not using the specified mesh, but 2400
grid points as shown in diagram.

12
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PROBLEM 5 - Bath Cute

1) TRIFOU
J Verite, E D France

Boundary Integral program. FE for
conductors, and Bl to model air outside.

Results for three cases of geometry, with
varying number of -degrees of freedom.

Difficulty with getting field at requested
pofnts, so tried few ways of getting round
this problem.

13
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7

DISCUSSIONS

Format of Workshop —

- tabulate results, and collate before

the workshop

- use finer meshes

- ambiguity of FE / Bl comparison

Additional Problems

— realistic excitation

— higher frequencies
— velocity terms
— discontinuous conductivity
— sharp corners
— non—linear materials
— conical test pieces

15





3.0 Workshop Problem 1

3*1 Summary of Results

The following tables summarize the results for Problem 1A (the FELIX long

cylinder) and Problem 1B (the FELIX short cylinder). The codes refer either

to the presentations that follow or to those that appear in the proceedings of

the RAL workshop (RAL-86-049).

ANSYS Dale F. Ostergaard - below, Sec. 3.3

BIE Kent R. Davey - below, Sec. 3.2

BATH P. Leonard - RAL p. 27

PE2O C. Emson - , Sec. 3.4

UNKI1 6. Rubinacci - RAL p. 15

Fel Ix Long Cyl Imtor Exparlmnt
(Problw 1A)

Induced Field By (t)

2, (m)

0

0.4

0.5

.01

.0137

.0114

.0113

.0132

.0141

.0114

.0119

.00518

Time
.02

.0155

.0128

.0166

.0148

.0162

.0128

.0130

.00508

.04

.0113

.0098

.0115

.0107

.0121

.0098

.0092

.00328

Time

.0175

.021

<.O2
.0186

.0193

.02

.0175

.0164

.0187

Peak
Value

.0156

.0128

>.O16
.0128

.0119

.013

.0097

.00896

.00514

Code

ANSYS (2-D)
BIE

BATH (2-D)
PE2D (2-D)

UNISH
EXPERIMENT

BIE
UNISH

EXPERIMENT

BIE
UNISH

EXPERIMENT

17



FELIX Long Cylinder
(Problem 1A)

Total
J

Power
Loss

Force
Fx

0.01

2941
2550
3111

418

474

241
244
253

Time

0.02

3442
3450
3445

573

548

225
220
223

0.04

2537
2450
2467

311

298

102
100

97.4

Peak

3449
3470

575

250

Peak
Value

.01875

.018

.01875

.0125

Code

ANSYS (2-D)
BATH (2-D)
PE2D (2-D)

ANSYS (2-D)

PE2D (2-D)

ANSYS (2-D)
BATH (2-D)
PE2D (2-D)

Felix Short Cylinder Experiment
(Problem 1B)

Induced Field By (t)

Z, (m)

0

0.05

.004

.0390

.037

.0328

.035

.0263

TSme(s)
.008

.0495

.048

.0387

.042

.0298

.010

.0494

.047

.0371

.0375

.0282

Time

.0088

.009

.008

.0077

.00739

Peak
Value

.0498

.048

.042

.0432

.025

Code

ANSYS (2-D)
BIE

BATH (2-D)
PE2D (2-D)

UNISH (3-LAYER)
EXPERIMENT

BIE
UNISH

EXPERIMENT

18



3-D nuunxMt MOOT canon FIELDS USING ZNRCMU.
IQOBS «MD CUUWCIMUMIC

Kent R. Davey
School of Ilectrical Bngintering
Georgia Institute of Technology
Atlanta, Georgia 30332-0250

The three-dimensional eddy current transient field problem is formulated
first using the O-V method. This Method breaks the vector Helmholts equation
into two scalar Belmholts equations. Eigenvalues are found by equating the
determinant of the identification matrix (the matrix for determining the
problem unknowns) to sero. When the initial forcing function is Fourier
decomposed into its respective spatial harmonics, it is possible to associate
with each Fourier component a unique set of eigenvalues by this technique.
The technique is applied to the Felix medium and large cylinders and compared
to data. Inclusion of higher order eigenvalues for each modal shape is seen
to yield a substantial improvement in the field prediction correlation to
data. The effect of these higher order eigenvalues/modes is of specific
interest in this paper} the necessity of including the higher order eigen-
values indicates a drawback of this eigenvalue approach.

XNTMOOCTKM

A general theory involving the use of null field integral equations
determining 3-D eigenvalues is developed. The theory is applied to the
Argonne Felix cylinder experiments [1]. The general formulation preceding the
null field integral technique involves the use of a second order vector
potential, a method discussed by (2-3] but as far as the authors are aware of,
never implemented here to date. After the null field integral technique
predicts the eigenvalues associated with the problem, the total transient
field solution is realised through a convolution of the impulse response with
a particular external field decay generating the transient.

BASIS FUNCTIONS M B I B NOLL FIKLD

The vector Helmholts equation for the magnetic vector potential is

Assume that X * Ae~ . The parameter "X" is a key eigenvalue of the problem
representing the characteristic temporal decay time of the field. It is,
of courser a function of the forcing function (shape) giving rise to the
transient. It is this eigenvalue X (actually a set of them) that we seek.
Defining k2 - yeX, (1) is written as

0 (2)

where 5 - 7 x A. It is useful to represent A in terms of a second vector
potential W,potential W,

19



A - 7 x W (3)
where A

W - eu + e x Vv (4)
* A A A

and e is a fixed unit vector (a .a .a.,...).

Figure 1 depicts the geometry of the problem. The cylindrical shell
(inner radius "a", outer radius "b", length "I") is stressed by a y directed
field. At time t • 0, this external field collapses to sero with a tine con-
stant T (5 to 40 msec). It is appropriate to think about this as a three
region problem (note ay. three regions oone in contact at X • * i/2). In
regions 1 and 3, we let H • -7f and solve

- 0 . (4)

In region 2, we solve (2) in light of (3) and (4) which gives [3,4]

72u + k2H - 0 (5)

72v + k2v « 0 . (6)

The integral solution of (4)-(6) is respectively

B(r) i e t V

^ - | r surface

0 i r t V
where *

if 8 - * , G(r,r«) - | V
4*|r-7«|

else 8 - u or v , O(r,r«) - •xp(jk|7-7l|)/4ir|7-7ll i v -

We choose to solve the system equations using (7c). The approach is as
follows:

1. Assign appropriate basis functions to the interfacial fields f, u,
'•:, and their normal derivatives.

2. Pick arbitrary null field points outside the volumes of interest.
3. tnpose the boundary conditions that tangential H and normal B be

continuous across each interface.
4. Set up a matrix, the identification matrix, using the equations from

(7c).
5. Determine the eigenvalues k for which the determinant of the identi-

fication matrix is sero.
6. Reconstruct the transient response in terms of these eigenvalues.

Both 3. and J( can be expressed as a combination of sinusoidal functions
as follows?

nw

20



J • E C coi 7 * i sii?6 (9)
s sn *

The appropriate baais functions on u, v, and t follow directly from these
expressions for J and are auimarised in [4].

Solution proceeds by assuming a nodal surface shape for the unknowns f,
u, and v and their normal derivatives. For each nodal shape, the Matrix
deterainant defining these unknowns is set to sero giving us the eigenvalues
for each node.

TOTAL TMonxmr W B W B

Nhich sodal eigenvalue is used is dictated entirely by the initial field
causing the transient. In general, one Must decompose the initial field into
its spatial Fourier components (to a flat stimulus at t • 0 (H - H Q for all

we have

8- I M^^cos^s) . (10)
n»1,odd n* *

Thus, the response to each component of the initial field is calculated sepa-
rately (each with its own decay time) and weighted by the value "-—". Mote
the higher order Modal surfaces decay rapidly. But since the higher order
Fourier components contribute Most significantly to the skirt regions of the
field (near s • * t/2), one expects these regions to fall off More quickly due
to the higher k values associated with the higher order Modes.

A plot of the predicted induced fields for both the MediuM and large
cylinders is shown in Figures 2 and 3. As evident in the above plots, the
results agree reasonably well, but there* is room for improvement, especially
as regards the large cylinder field predictions. As Mentioned above, the
results were obtained by treating the problem as a three region problem,
employing 6 null field equations to derive the identification Matrix.
Borrowing on some techniques from the scattering research community, we
suspected that a better approach would be to use equations (7b) to yield 6
boundary equations, as well as (7c) to give an additional null field equation.
Thus, we formulate 7 equations for 6 unknowns. The Matrix (now 7 x 6 ) Must be
Multiplied by its transpose before searching for the eigenvalues as the
determinant of this Modified Matrix. This numerical trick greatly stabilises
the problem. In fact, with this change, the problem can indeed by solved as a
two region problem without artificial interfaces.

A second surprise resulted after this Modification. In addition to the
base resonances found for each Mode as before, additional resonances (eigen-
values) appeared. For the 2-D problem we found 2 eigenvalues (k • 51 and
k • 150). The second value is quite far removed and it so happens that the
weighting constant Multiplying the second eigenvalue (based on the initial
conditions) is nearly xero.

The 3-D eigenvalues for Mode 1 (cos j x) are k - 57, 107, 128, 151, 178.
He seek the eigenvectors for each eigenvalue Mode by Mode exactly as explained
above.

21



(for nod* \t cos(j *) or «in(|-1))

"xia* "ha.* "
+ c A * + " cn3*

(for nod* 2» COS(|* •) or •in(|i s))

+ higher order Modes in s space (16)

Each eigenvector is weighted with a constant o chosen to satisfy the initial
conditions. Constant "en" »t 9 • 0. i • 0, must be equal to that part of
the.initial,.field which has a cos(-j— s) dependence which happens to be
H- — M ) ' for a uniform field -Trow tha spatial Fourier decomposition.
Kiti?w2 eigenvectors/mode, we can use these conditions to specify the weighting
constants in (16).

By way of testing how important these additional eigenvalues/mode
actually are, the additional eigenvalues for node n • 1 were included (recall
n • 1 has the lowest eigenvalues and strongest weighting). A dramatic
improvement is evident in Pig. 4 for the large cylinder (T • 39. C msec) as an
additional eigenvector is Included. As a check, we see that when reasonable
agreement exists using one eigenvalue as is the case for the medium cylinder*
adding an additional eigenvalue to the problem does not disturb th« agreement.

O0HQUMX0MI

Areas of future work includei

1. Selection of smart basis functions for generalised problems.
2. Assessment of the effects of the higher order eigenvalues (> 150)

ignored in this work.

It appears that the more complicated is the structure, the more likely
each mode chosen will have significant higher order eigenvalues. For these
cases an accurate, concise answer using the eigenvalue approach may be very
costly.

[11 L. R. Turner, et al., "Results from the Felix Experiments on Electro-
magnetic Effects in Hollow Cylinders," Fifth Compumag Conference, Fort
Collins, Colorado, pp. 356-359, 1985.

(2) P. Hammond, "Use of Potentials in Calculation of Electromagnetic
Fields," IBB Proceedings, Vol. 129. Part A, NO. 2, pp. 106-112, 1982.

(3) C.R. I. Bmatn, C. W. Trowbridge, and J. Simkin, "Further Developments in
Three Dimensional Eddy Current Analysis," IEEE Trans. Magnetics,
Vol. hK~-21, Mo. 6, pp. 2231-2234, November 1985.
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t4] a. Han, K. Davey, and L. Turner, "3-0 Transient Bddy Current Fields
Using the U-V integral Eigenvalue Formulation," accepted for publication
in IBBB Ttana. Magnetic*, 1SSC-1SS7.
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RESULTS FOR EOOY CURRENT WORKSHOP PROBLEMS 1A AND 1B
FELIX CYLINDER EXPERIMENTS

By

Dale F. Ostergaard
Swanson Analysis Systems, Inc.

INTRODUCTION

The commercially available finite element program ANSYS was used to
model the magnetic field problems 1A and 1B of the Eddy Current Workshop
problem series. The analysis uses a two-dimensional vector magnetic
potential formulation. Two elements were investigated for each problem,
the STIF55 4-node isoparametric quadrilateral element and the STIF77
8-node isoparametric quadrilateral element. The meshes used in the
analyses were identical to those prescribed in the problem statements.
The STIF77 runs included additional mid-side nodes.

FORMULATION

The transient magnetic field solution is formulated from the
following two-dimensitonal diffusion equation:

Jx )x Jy

where: v • reluctivity
A z • magnetic vector potential
<r • material conductivity
Js • source current density

The distribution of the vector potential. A, in each element is
given by:

A - Alx.y) - ( N f t V (2)

where: {N} * vector of shape functions
{ } nodal potential vector

The equations for A for the STIF55 and STIF77 elements are shown in
Figure 1 and 2 and are given in terms of s-t space. Derivation of the
element matrices and load vectors can be found in references [1], [2].

The complete set of equations in matrix form can be written as

24



iC]{A} • [K][A} - {0} (3)

The time-integration procedure used to solve equation (3) is based
on a modified Houbolt implicit time integration scheme in which a
quadratic instead of a cubic order is used [2]. In addition, a variable
time-step is allowed. The resulting equation solved is:

Figure 3 illustrates the parameters defined in equation 4.

Eddy current density is obtained for each conducting element from
the element nodal potentials at the n*n and (n-1) time step through the
following equation,

(1 A ** -ft *n-1)
s At0

where: s » number of nodes per element

Output parameters such as eddy current, power, and forces arc based on
the eddy current calculations in equation (5).

RESULTS

Results for problems 1A and 1B for each element formulation ar«
given in Tables 1-4. Plots of desired parameters for the STIF77 results
are shown in Figures 4-11. The time stepping procedure for problem 1A
used 96 equal time steps while for problem 1B 100 time steps were used.
Although an automatic time-stepping procedure could have been used, it
was decided that accuracy of the eddy current calculations was best
performed with equal time increments.

References

1. Cook. R.D.. "Concepts and Applications of Finite Element Analysis".
John Wiley and Sons. New York, 1981.

2. Kohnke. P.C., "ANSYS Engineering Analysis Systems Theoretical
Manual". Swanson Analysis Systems. Inc.. Houston, PA. 1985.
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(A
PROBLEM tt RESULTS

Felix JhtTrt Cylinder Experiment

.Mil
.«»• .MM 1141 .ill.•121

Figure 8 Total Eddy Current (Ampere)

TINE
. M O I .Mltl

.fl2« .•3d .MM TIRE

Figure 9 Power Loss (Watt)

IV FX

.MM

.•7M

.tSM

.MM

.t3M

.I1M
• 1 ' I ' I • I '

.K4«l .Mill .*n»t .«S«< .12*
.t36t .MM .M4» .111 TIRE

Figure 10 Total and Applied Magnetic
Field - By (Testa)

. • ! » .I3g| .MM .1141 .1*1 TlflE

Figure 11 FX on Cylinder (Newton)

27



PROBLEM 4* RESULTS

Felix Long Cylinder Experiment
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Table 1

RESULTS TABLE FOR PROBLEM 1A

ANSYS STIF5S 2-D 4-NODE ISOPARAMETRIC ELEMENT

Quantity Units Value at Time
Peak Time of
Value Peak

Vakie(s)

a) Current A
Crossing
Z ' O m

b) Current *
Crossing
z - 0.5 m

c) By at

2 • 0 m T
2 « 0.2 m T

z » 0,45 m T
z - 0.5 m T
z - 0,55 m T
2 - 0.6 m T
z • 0.7 m T
z - 0.9 m T

d) Power W

e) Total
stored J
energy

f> Stored
energy from J
induced
field

9) Fx N

Fy N

0.00S

0

0

0

2420.05

0

0

0

0.01S

-2941.16

.013737

418.325

1464.46

2.160

241.19

-13.8889

0.02S

-3442.15

.015537

572.914

886.345

2.762

224.621

-18.3947

0.04S

-2537.29

.011310

311.292

324.068

1.463

101.563

-9.87364

0.08s

-967.318

.00430

45.2445

43.2166

0.2116

14.1B87

-1.4317

0.12s

-353.797

.0015731

6.05252

5.73278

0.02832

1.89503

-.191505

-3449.66

.015609

575.420

2420.05

2.785

249.923

-18.5121

.01875

.0175

.01875

0

.01875

.0125

.01875
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Table 2

RESULTS TABLE FOR PROBLEM 1A

ANSYS STIF77 2-D 8-NODE ISOPARAMETRIC ELEMENT

Quantity Units Value

0.00s 0.01s 0.02s

at Time

0.04s 0.08s

Peak
Value

0.12s

Time of
Peak
Value(s)

a) Current A
Crossing
z - O m

b) Current A

Crossing
z - 0.5 m

c) By at

z - O m T

z - 0.2 m T

z - 0.45 m T

z » 0.5 m T

z . 0.55 m T

z - 0.6 m T

z - 0.7 m T

z - 0.9 m T

d) Power W

e) Total
stored J
energy

*) Stored
energy from J
induced
field

9) Fx N

Fy N

N

0

0

0

2420.05

0

0

0

-2895.44

.013819

400.886

1464.49

2.190

238.456

-13.6943

-3451.9

.015845

569.616

666.472

2.889

226.870

-18.7372

-2569.98

.011716

320.633

324.165

1.580

104.706

-10.399

-995.747

.00449

47.392

43.237

0.232

14.7687

-1.53249

-364.465

.0016434

6.34918

5.73278

0.02832'

1.97413

-.205261

-3453.29

.015689

570.063

2420.05

2.905

249.419

-18.7953

.01875

.01875

.01875

0

.01875

.01375

.01675
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Table 3

RESULTS TABLE FOR PROBLEM 1B

ANSYS STIFS5 2-D 4-NODE ISOPARAMETRIC ELEMENT

Quantity Units

0.000
s

0.002 0.004
S

Value at Time

0.006 0.008
s s

0.010
s

0.020
s

Peak
Value

Time of
Peak
Value(s)

a) Current A

Crossing
2 - 0 m

b) Currant A

Crossing
z - 0.06 m

C) By «t

Z " 0 m T

z • 0.5 m T

z • 0.10 m T

z • 0.15 m T

d) Power W

e) Total
stored J
energy

0 Stored
energy from J
induced
field

9) Fx N

Fy N

*z N

0

0

0

701.671

0

0

0

-2471.12

.024299

260.723

394.459

1.4810

204.262

-18.7112

-4035.43

.038972

642.700

223.814

3.7220

275.855

-49.136

-4854.51

.046614

917.346

128.552

5.2870

274.819

-70.8596

-5172.57

.049528

1036.69

74.9847

5.9490

242.796

-80.3416

-5163.09

.049356

1031.16

44.5599

5.8957

201.177

-79.9961

-3379.04

.0322007

440.803

4.63044

2.49993

52.6427

-34.236

-5200.27

.049756

1047.05

701.670

5.9983

281.226

-81.179

.00880

.00880

.00880

0

.00880

.00480

.00680
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Tablt <t

RESULTS TABLE FOR PROBLEM IB

ANSYS STIF77 2-D 8-NODE ISOPARAMETRIC ELEMENT

Quantity Units

a) Current A

Crossing
z • 0 m

b) Current *
Crossing
z « 0.06 m

c) By at

z » 0 m T

z - 0.5 m T

z - 0.10 m T

z - 0.15 m T

d) Power W

e) Total
stored J
energy

0 Stored
energy from
induced j
field

9) Fx N

Fy N

*z N

0.000
s

0

0

0

701.671

0

0

0

0.002
S

-2370.54

.024152

238.651

394.447

1.4690

197.419

-17.4B26

0.004
S

-3933.62

.038881

605.006

223.806

3.7140

272.100

-47.3117

Value

0.006
S

-4768.6

.046853

675.679

128.579

5.3140

274.346

-69.2653

at Time

0.008
s

-5110.51

.049759

1001.15

75.0595

6.0238

244.895

-79.4338

0.010
S

-5127.30

.049782

1005.67

44.6810

6.0168

204.938

-79.893

0.020
S

-3436.51

.0331647

450.718

4.79379

2.66328

86.4321

-35.8415

Peak Time of
Value Peak

-5151.14

.050076

1015.90

701.671

6.0937

279.137

-60.6655

vaiue(s)

.0090

.0090

.0090

0

.0090

.0050

.0090
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4.0 Workshop Problem 2

COMPARISON OF RESULTS, INFINITE CYLINDER IN UNIFORM FIELD

(Problem 2)

The results reported here are a compilation of data
presented at the Electromagnetic fforkshop at Rutherford Appleton
Laboratory in March 1986 and at the Workshop at Argonne National
Laboratory in June 1986. A total of six solutions to problem No.
2 are presented and compared directly in tables. Because of the
large amounts of data available, only representative points were
compared. For results at any other point, reference can be made
to individual contributions. These can be found either in this
document or in the proceedings of the RAL Workshop.

Some of the results available were not included in the
comparison because they were available in a form which did not
allow direct comparison. For example, the field values from PROFI
were presented as r <~ad 9 components rather than x and y
components. In addition, not all field and phase angle data were
available at all required points. In such cases, the results were
not included.

Table 1 presents a comparison of results for the x component
of the field and the associated phase angles.

Table 2 is a similar comparison for the y component of the
field and associated phase angles. In both cases, some of the
phase angles are off by 180 degrees.

Table 3 presents the global values calculated.
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Table 1.

IN
1 r \_
1 \

1 .0

1 .05842
1
1

1 .06858

I .1 1

i . 2 i

Comparison of results foi

1
1 Bx (Tesla)

1 0
1

1 .0
1 .0

1 .o

1 .0

1 .0052
1 .0013

.0

.0009

.0

.0205

.0211

.0

.0010 ]

.0

.0119 I

.0139 1

.0 I

.0043 |

.0 |

.0028 |

.0033 I

.0 I

.0013 I

.0 I

I 20

1 .0
1 .0

1 .o

1 .0

.0068

.0026

.0059

—————
.0501

.0485

.0198

.0504

.0341 1

.0273 |

.0268 |

.0274 I

.0078 |

.0068 !

.0081 |

.0068 |

1 45

1 1
1 *o
1 .0
i _ _ — _ i
1 .0

1 .0 |

1 .0111 I
1 .0076 |

! .0106
.0101

1 .0091

.0782

.0772

.0752 |

.0740 |

.0783 I
1
1

.0516 |

.0444 |
1

.0425 |

.0440 I

.0426 I

.0141 j

.0109 I

.0106 I

.0096 |

.0106 I

: the x component of the field.

0

-48.0
-166.0

.0

1 .0

1
.0

I 3.0

1 .0
I -22.8
1 .0

1 -11.0
-10.2

.0
-10.4

.0

-14.0 !
-14.4

. 0 i
13.7 I

.0 |

1 1
-14.0 I

1 -14.3 I
• ____ i

1 .0 |
13.7 I

.0 |

1 x (Deg.

I 20

1 -48.0
I -166.0

1 .0

1 .0

2.6

-158.6
-15.0
175.2

-11.4

-175.7
-11.5
-170.2

-14.3 j
— — _ i

-166.8 |
13.8 |

-166.8 |

-14.3 |

-166.8 |
13.7 |

-166.8 |

)

1 45

1 -48.0
I -166.0

1 .0

1 .0

1 0.0
I 2.7

I -158.6
-11.5

1 175.2

-11.0
-11.4

-175.7
-10.4

-170.2

-14.0
-14.3

-166.8 I
13.7 I

-166.8 I

-14.0 |
-14.3 j

-166.8 |
13.7 I

-166.8 |

I PROG.

1 A
1 B
1 c
1 _? 1
1 *- 1
1 F |

1 A |
1 B |
1 C |
1 D |

E I
F |

A |
B |
<•> i
v» 1
D |
E I
F |

A |
B |
C |

o I
E 1
F I

A |
B |
C |
D |
E |
F |

A -
B -
C -
D -
E
F

PE2D, Chris Emson, Rutherford Laboratory.
PE2D, Robert Lari, Argonne National Laboratory.
PROFI, U. Hamm, Technische Hochschule Darmstadt.
No Name, Toshiya Horisue, Tokushima University.
EDDYNDT, Nathan Ida, The University of Akron.

- Analytical Solution, Oskar Biro, Technical University, Budapest



Table 2. Comparison of results for the y component of the field.

1

.0

.05842

.06858

.1 1

.2 I

By (Tesla)

0

.0233
1 .0222

1 .0212

1 .0211

1 .0363
1 .0293
J *M

1 .0222
1 .0295
1 .0028

.1736

.1648

.1630

.1740 1

.1667 1

.1464 |

.1478 |

.1418 |

.1440 |

.1418 |

.1136 |

.1138 |

.1104 |

.1131 I

.1104 I

I 20

1 .0233
I .0222

1 .0212

I .0211

1 .0359

1 .0210
.0220
.0027

.1531

.1457

.1606

.1485

.1312 |

.1319 |

.1333 |

.1319 |

.1101 |

.1079 |

.1036 (

.1080 |

1 45

| .0233 I
I .0222 I

I .0212 |

1 .0211 |

I .0261
I .0270

1 .0187
1 .0195
1 .0023

.0904

.0953

.0890 |

.0920 |

.0896 I

.0968 |

.1035 |

.0999 |

.1000 |

.1000 I

.1000 |

.1032 I
_____ |.1000 I
.1000 |
.1000

1 #y (Deg.)

0

-86.0
I -86.2

I -95.0

-95.0

1
-137.0
-123.9

-35.8
-33.8
•"53.8

176.0
177.8

-3.1
-14.2 i
2.1

1 1

1 175.0 |
175.3 I

2.9 |
2.7 |

1 3.9 |

178.0 |
178.2 |

1 1.3 |
1.8 |
1.3 |

I 20

1 -86.0
I -86.2

I -95.0

I -95.0

I -138.1

I -41.5
1 -36.6
1 -57.3

177.1

-4.0
-3.3
1.2

176.6

3.2
2.1 |
3.2 I

178.7 I

1.0 |
.9 |

1.0 I

1 45

1 -48.0
1 -86.2

1 -95.0

1 -95.0

I -115.0
I -118.4

1 -64.2
1 -64.2
1 71.2

-175.0
-176.4

9.4
-15.4
-4.6

-179.0 I
179.5 |

.0 |
1.8 |
.0 |

-180.0 |
179.5 |

.0 I
1.8 |
.0 |

I PROG.

1 A 1
1 B j
1 C 1
I D j
1 E |
1 F 1

1 A ]
1 B j
1 C |
1 D I

E
P

A
B |
C |
D |
E I
F 1

1

A |
B I
C I
D I
E I
F I

A |
B 1
C |
D I
E 1
F 1

A - PE2Dr Chris Emson, Rutherford Laboratory.
B - PE2D, Robert Lari, Argonne National Laboratory.
C - PROFI, U. Hamm, Technische Hochschule, Darmstadt.
D - No Name, Toshiya Horisue, Tokushima University.
E - EDDYNDT, Nathan Ida, The University of Akron.
F - Analytical Solution, Oskar Biro, Technical University, Budapest.
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Table 3. Comparison of global quantities.

1 Total Eddy
I Current in
1 the Whole
1 cylinder.
1 [A]

1 Power Loss
1 (1/4 Cylin-
1 der)

1 [Watt/m]
1

1
1 Stored
I Energy
1 (1/4 Cylin-
1 der)
1 .05715<r< 1
1 .06985 i
| fJoule/ml|

1 Stored
I Energy 1
1 (1/4 Cylin-|
1 der) I
1 r<.05715 |
1 [Joule/m] I

1 Stored 1
I Energy 1
1 (1/4 Cylin-|
1 der) |
1 r>.06985 1
1 [Joule/m] I

1 Stored I
1 Energy of 1
1 Induced I
I Field j
[Joule/m] j

1 Time Average

1 .0
1 .0

1 .0

I 2688.0
1 2613.0
I 20578.0
I 2177.0

2288.0

1.74
1.69
.04

1.92

1.60
1

.276 1

.270
2.130 I
.229 I

.228 !

362.9 |
265.0 |
2365.0 |
273.5 I

273.6 |

12.3 |

.0 I

j Amplitude

I 11385.0
I 11239.0

1 10325.0
1 10511.0
1 10569.0

1 2413.0
I 2346.0

I 1949.0
1912.4
2043.0

1.54
1.49

1.20
1.25
1.41

1

.271

.260

.229 1

.230 I

.228 I

362.2 |
264.0 |

273.8 |
286.2 I
273.1 1

10.9 I

2.6 I
2.8 |

1 Phase (Deg.)

1 164.4
1 166.5

12.4

-30.1
-29.6

1 27.0

1 27.6

7.1
7.5

-27.7

-8.8
1

-176.6
-175.8

169.9

180.0

-1.0 I
-1.3 |

.6 I

.5 |

-1.2 |

117.0 |

I PROG. 1

1 A I
1 B |
1 c I
1 D I
1 E |
1 P 1

1 A I
1 B I
1 C |
1 D j
1 E |
1 F 1

1 A |
1 B |

C |
D |
E 1
F |

1

A
B
C
D
E I
F |1

I
A |
B !
C j
D |
E |
F |

A |
B I
C |
D |
E j
F 1
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Table 3. (Continued)

1
Force on
1/4 Cylin-
der [N/m]

Fx

1
1 Force on
I 1/4 Cylin-
1 der [N/mJ

1 Fy

-386.0
1 -375.0

-314.0

-333.0

-196.0
-190.0

-157.0
_ _ _ _ _ _ _ 1

-167.0

1
407.0
396.0

348.0
-343.7
352.0

375.0
363.0

164.0
155.7
166.0

1
171.5
172.0

-175.0

-173.6

163.2
163.6

-158.0

-155.8

A |
B 1
C 1
D |
E |
F 1

A |
B |
C |
D 1
& 1
F 1

1

A -
B -
C -
D -
E -
F -

PE2D, Chris Emson, Rutherford Laboratory.
PE2D, Robert Lari, Argonne National Laboratory.
PROFX, Technische Hochschule, Darmstadt.
No Name, Toshiya Moriaue, Tokushima University.
EDDYNDT, Nathan Ida, The University of Akron.
Analytical Solution, Oskar Biro, Technical University/ Budapest.
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International Electromagnetic Workshop
Problem 2 : Infinitely Long Cylinder in a Sinusoidal Field

T. Morisue, University of Tokushima, Japan

Introduction
In this report, Problem 2 is solved using the magnetic vector potential

and integral equation method. The computing process consists of two phases:
in Phase 1 the boundary values of the vector potential and its normal deriv-
ative are calculated, and In Phase 2 thfe magnetic field and eddy current at
the specified points are computed using the finite difference method (in the •
cylinder) and the integral equation method (both inside and outside the cyl-
inder). The results coincide well with the analytical solution. J

The Field Equations

in the cylinder: div ( grad Az ) - jwuoAz • 0

inside the cylinder: div ( grad Az ) * 0

outside the cylinder: div ( grad Az ) + uJzo * 0

The Interface Conditions

Azl * Az2, Az2 * Az3

n.grad Azl * mgrad Az2, jwgrad Az2 * jn.grad Az3

where 1 * inside, 2 * 1n, 3 • outside the cylinder, and n * a unit vector
normal to the interface. ~"

The Boundary Condition

Az3(r) * 0(l/r) at infinity (0 * order of)

Note: Az3 is the induced vector potential.

The Boundary Integral Equations

for conductor: 1/2 Az(r_) « /(n.grad Az(r'))j/4 H(k|r - £'|)ds'

- /Az(r')(n.grad{j/4 H(k|r - £'D)ds'

for nonconductor: 1/2 Az(r) « /(n.grad Az(r'))l/2ir log(l/ |r - jr«l)ds'

- /Az(r')(n.grad(l/&r log(l/ |r - jr'lJds1

+//pJzo{£") l/2ir l o g ( l / | r - r"|)dv"

where j *f-T, k - (-1 + j),/uua / 2 , H(w) is the first kind Hankel function
and the integral form representation of i t is as follows.

H{w) * -2j/irjfexp(jw.cosh(t)) dt
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Note: For this problem,

// yOzo(r") 1/2TT log(l/|jr - jr"|) dv" = 0 on the inner interface,

• -Bo.Rcos 6 on the outer interface

where Bo = external uniform magnetic field, R = outer radius of the cylinder.

Description of the Boundary Elements
The inner and outer surfaces of the cylinder are divided into 40 identi-

cal elements, respectively, as shown in Fig.l. The vector potential and its
normal derivative are assumed to be of constant value on each element.

From the interface conditions and the fourfold symmetry, total number of
variables is 40.

Calculation of the Vector Potential in the Cylinder
After the calculation of the boundary values of the vector potential,

the values in the cylinder can be calculated using the following equation as
a Dirichlet type boundary-value-problem.

3*Az/& r2 + 1/r 3 Az£ r + l/r» £Az/G8 2 + k*Az = 0

The computation is carried out using the finite difference method and
the iterative method. The finite difference mesh shown in Fig.2 is used.

Calculation of the Vector Potential inside and outside the Cylinder
The values of the vector potential both inside and outside the cylinder

are calculated using the integral equations given above. (The coefficient of
Az(r) should be changed from 1/2 to 1.)

Calculation of the Magnetic1Flux Density
The values of the magnetic flux density are calculated from the values

of the vector potential using a central difference of the first derivative.

Analytical Solution

Problem 2 has an analytical solution which 1s expressed as follows.

In the cylinder: Az(r, e) * (aJl(kr) + bNl(kr))cos 6

Inside the cylinder: Az(r, 8 ) * crcos 6

outside the cylinder: Az(r, 6} * Bo(-r + d/r)cos 0

where a •= 2BoR(Nl(kRl) - kRl.Nl'(kRl))/D, b * -2BoR(Jl(kRl) - kRl.Jl'(kRl))/D
c * 2Bo.kR(Jr(kRl)(Nl(kRl) - kRl.Nl'(kRl)) - Nl'(kRl)(Jl(kRl) - kRl.

'()))

R ( l •• 2(Jl(kR)(Nl(kRl) - kRl.Nl'(kRl}) - Nl(kR)(Jl(kRl) - kRl.

or (kRi )))/o)
0 - (Jl(kRl) - kRl.Jl1(kRl)).(Nl(kR) + kR.Nl'(kR))

- (Nl(kRl) - kRl.Nl'(kRl)).(Jl{kR) + kR.Jl'(kR))

01(w) = the first order Bessel function, Nl(w) = the first order Neumann
function, 01'(w) * dJl(w)/dw, Nl'(w) - dNl(w)/dw. Rl « inner radius of the
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cylinder. The computed result is as follows. (R - .06985, Rl * .05715, Bo • 0.1,
f = 60, u * 4TT E-07, p « 3.94E-08.)

a = -0.1240 - JO.03237, b - 0.03243 - jO.1240

c » 0.002024 + JO.02094, d - 4.141E-03 + J9.702E-04

Calculation of the Stored Energy

Stored energy in the volume Rl< r <R :

<Bx(r, 9, t)« + By(r, 8, t)*)rdrd8rR rut
) Rl) 0

Stored energy tn the volume 0< r< Rl :

( *" Az(Rl, 8, t)(Bx(Rl, 8, t)s1n 8 - By(Rl, 8, t)cos8 )Rld8
) 0

Stored energy in the volume R< r< Rb (Rb • 0.42) :

Az(Rb, 8, t)(Bx(Rb, 8, t)sin 8 - By(Rb, 8, t)cos 8)RM8/2u

• 1
- f 2 i TAz(R,e, t)(Bx(R,8, t)sin8 - By(R, 8 , t)cos 8)Rd8/2u

0

AO



Fig. l
Boundary Elements and Nodes
for the Integral Equation Method

Boundary Element
Node

Fig.2
Grid for the Finite Difference
Method



Fig. 3 Comparison of the numerical solution with the analytical
solution

(The vector potential on the inner and outer surface of
the cylinder) - -
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T.Morisue, University of Tokushima, Japan

Table 2.1

Results for Problem 2
Field Calculations

Field Points at Mesh Points

R
(H)

.00

.01

.02

.03

.04

.05

.05842

.06858

.075

.10

.15

.20

.25

.30

.35

.40

.05

.05842

.06858

.075

.10

.15

.20

.25

.30

.35

.40

e
(OEG)

0.0
0.0
0.0
0.0

0.

0.

0.
0.
0.
0.
0.
0.

0.
0.
0.

0.

45.

45.

45.
45.

45.
45.
45.
45.

45.
45.
45.

B

{"ft
0
0
0
0

Field Points

0

0

0
0

0
0
0
0

0
0
0

0

.0001509

.01058

.07522

.07546

.04253

.01890

.01063

.006805

.004725

.003472

.002658

(D&)

-
-
-
-

on Mesh

-

-
-
-
-
-
-
-
-
-
-
-

- 95.04

-158.6

-175.7
-166.3
-166.8
-166.8
-166.8
-166.8

-166.8
-166.8
-166.8

B
if)

.02120

.02120

.02120

.02120

Lines

.02120

.02102

.02222

.1630

.1737

.1418

.1185

.1104

.1066

.1046

.1034

.1026

t-

.02120

.01873

.08897

.1004

.09993

.09998

.1000

.1000

.1000

.1000

.1000

<D&)

-95.04
-95.04
-95.04
-95.04

-95.04

-95.04
-35.84
-.3.117

6.431

3.930
2.087
1.260

.8344

.5907

.4391

.3388

-95.04
-64.17

-9.376
- .4000
- .008924

- .001788
- .0005586
- .0002551

- .00009338
- .00006337
- .00003502
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Table 2.2

Results for Problem 2
Field Calculations

Field Points Inside of Elements (R < .07)

R
(K)

.Ul

.02

.03

.04

.05

.05842

.06858

.01

.02

.03

.04

.05

.05842

.06858

.01

.02

.03

.04

.05

.05842

.06858

.01

.02

.03

.04

.05

.05842

.06858

e
(DEG)

/.5
7.5
7.5
7.5
7.5
7.5

7.5

14.

14.
14.
14.
14.
14.
14.

20.
20.
20.

.20.
20.
20.
20.

45.
45.
45.
45.

45.
45.

45.

to
0
0
0
0

.0001155

.002738

.01947

0

0
0
0

.00002887

.005012
.03565

0
0
0
0

.0001357

.006819

.04850

0
0
0

0

.0001509

.01058

.07522

-
-
-

•95.04
-158.6

-175.7

_

-
-
-

• 95.01
•158.6
-175.7

_

- .
-
-

- 95.05
•158.6
-175.7

-
-

-

- 95.04
-158.6
-175.7

By

.02120

.02120

.02120

.02120

.02105

.02204

.1606

.02120

.02120

.02120

.02120

.02155

.02162

.1650

.02120

.02120

.02120

.02120

.02098

.02099

.1457

.02120

.02120

.02120

.02120

.02120

.01873

.08897

(DVG)

-95.04
-95.04
-95.04
•95.04
-95.04
-36.60

- 3.230

•95.04

•95.04
•95.04
•95.04

-95.04
-38.39
- 3.506

-95.04
-95.04
-95.04
-95.04
-95.04
-41.49
- 4.003

•95.04
•95.04
-95.04
-95.04

-95.04
-64.17
- 9.376



Table 2.3

R

<M)

.075

.10

.15

.20

.25

.30

.35

.40

.075

.10

.15

.20

.25

.30

.35

.40

.075

.10

.15

.20

.25

.30

.35

.40

Field

e
(OEG)

7.5

7.5

7.5

7.5

7.5

7.5

7.5

7.5

14.

14.

14.

14.

14.

14.

14.
14.

20.

20.

20.

20.

20.

20.
20.

20.

Results
Field

for Problem 2
Calculations

Points Inside of Elements

(T)

.01951

.01097

.004886

.002750

.001760

.001222

.0008985

.0006880

.03523

.01991

.008863

.004988

.003193

.002218

.001630

.001248

.04865

.02727

.01214

.006830

.004372

.003037

.002231

.001708

•x
(OEG)

-167.3

-166.8

-166.8

-166.8

-166.8

-166.8

-166.8

-166.8

-166.0

-166.8

-166.8

-166.8

-166.8

-166.8

-166.8
-166.8

-166.7

-166.8

-166.8

-166.8
-166.8

-166.8

-166.8

-166.8

(R > .07)

By
(T)

.1722

.1404

.1179

.1100

.1064

.1045

.1033

.1025

.1647

.1369

.1163

.1092

.1059

.1041

.1030

.1023

.1589

.1319

.1141

.1079

.1051

.1035

.1026

.1020

•y
(OEG)

5.464
3.834

2.027

1.221

.8076

.5714

.4246

.3275

5.899

3.593

1.877

1.125

.7421

.5242

.3891

.3000

3.439

3.231

1.659

.9865

.6485

.4571

.3389

.2610
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Table 2.4

Results for Problem 2
The Infinite Cylinder

Global Results

t> - 2*f

Tine Average Amplitude Phase
(degree)

b) Total current (A)
1 • Io cos (wt + +)

c) Power losses (W/n)
P • Pa + Po cos (2wt + •)

d) Stored energy .05715 < r < .06985 (J/m)
E • Et + EQ cos (2ut + f)

e) Stored energy' r < .05715 (J/m)

f) Stored energy r > .06985 (J/m)

g) Stored energy of induced field (J/m)

h) Force on one fourth of the cylinder (N/m)

8707,

7.678

.9151

1094.

Fx ' Fxa
cos(2wt + •>

cos (2ut + 4

-314.1

-157.5

20650.

7795.

4.801

.9151

1095.

10.34

348.1

163.9

12.11

26.97

-27.73

169.9

.5908

117.0

-175.0

-158.0



Recalculation of Teat Problem 2
for the International Electromagnetic Workshops

Robert J. Larl
Argonne National Laboratory

May 27, 1966

Summary

Teat Problem 2 was calculated using PE2D^ ' and reported at the
Rutherford Appleton Laboratory Workshop on March 27, 1986. It has been
recalculated using a closer approximation to the specified oesh. In addition,
quadratic elements were used in the specified mesh to compare with the linear
element solution* Finally, a finer mesh using both linear and quadratic ele-
ments has been calculated. All of these results are reported here.

Problem Description

The desired aesh is shown in Figs, la and 1b with specified potentials at
the seven mesh points on the circular arc of radius 42 cm to produce a uniform
field of 0.1 Tesla. In the previous calculation, the mesh was extended out-
ward from a radius of 42 cm because PE2D can o%Ly assign potentials to element
sides and not nodes* Since that calculation, John Simkin of Vector Fields has
shown me how to "cheat" on the program and assign a potential at a node. This
Is done by defining a very small quadrilateral region with only one node coin-
cident with the desired potential node and the other three nodes not coinci-
dent with any other nodes* This is Illustrated in Fig. 2a by the regions 10
through 15 and In Fig. 2b where region 13 is shown enlarged. The assigned
potential of the left side of region 13 now assigns a potential to the lower
left corner node. This method can be used on interior nodes as well. This
mesh has 12 more elements and 18 more nodes than the specified mesh but the
potentials are assigned at the specified points.

Results of the Calculation

The results of the calculation are given In five sets of tables as
defined below.

Table Mo. Mesh Used

2.1.1 These calculations were for the mesh described above and
to 2.4.1 linear triangular finite elements.

2.1.2 These calculations were for the mesh described above and
to 2.4.2 quadratic triangular finite elements.

2.1.3 These calculations were for four times the number of
to linear triangular finite elements In the mesh described
2.4.3 above. This mesh is shown in Figs. 3a and 3b.

2*1.4 These calculations were for four times the number of
to quadratic triangular finite elements In the mesh described

2.4.4 above. This mesh is shown in Figs. 3a and 3b.



-2-

2.1.5 Thla is the analytic solution as reportsd by A. IVANY.I,
to I. BARDI, and 0. BIRO u ;, at the Rutherford Appleton

2*4.5 Laboratory Workshop in March 1986.

An asterisk (*) in the tables Beans that the value calculated was very such
wrong.

Co—ents and Conclusions

These calculations were made using version 7.0 of PE2D installed on a VAX
780 computer. The largest errors in the field calculation occur inside the
conductor at r » 5.842 cm where the calculated field is about 10 times the
analytic value. At a radius smaller than 5 cm the error is about +9 percent.
For radii 7.5 cm and larger, the error is about four percent.

When quadratic eleaents are used, the error in the field calculation
changes sign and is reduced slightly for r < 5 en. Inside the conductor, the
error becomes slightly larger and for r > 7.5 ca it doubles. It appears as if
the error is not always reduced by going to quadratic eleaents.

Quadrupling the nuaber of linear eleaents reduced the error for r < 5 by
a factor of two but did not reduce the error significantly for other radii.
Using quadratic eleaents resulted In aoae reduction in the error.

References:

1. Obtained froa Vector Fields, Ltd., Keap Hall Bindery, Oaney Mead, Oxon 0X2
. OEE, United Kingdom.

2. A. Ivanyl, I, Bardi, 0, Biro, "Analytical Solution to Problea 2 of the
International Electroaagnetic Workshop," Departaent of Electromagnetic
Theory, Technical University of Budapest, H-1521 BUDAPEST, Hungary.

RJL:ehr
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TUU l.i.i

t Vttui tlw HHti Oaicrltad Akow ami l lMir TriMfuUr t l m n t i .

a
on

.00

.01

.02 (

.03 1

.04 (

.03 (

t
[DCO

).O
9.0
>.O
).O

).
).

.05*42 0.

.04*51 0.

.075 0.

.10 0.

.15 (

.20 C

.25 C

.30 C

.33 C

.40 0

).
.

.05 45.

.05*42 45.

.04*5* 45.

.073 45.

.10 43.

.15 45.

.20 43.

.25 45.

.30 43.

.3) 45.

.40 45.

m i * i

1 •
(H) (DEC)

.01 7

.02 7

.03 7

.04 7

.03 7

.03*42 7

.OMM 7

.01 14.

.02 14

.03 14

.04 14

.05 14

.05*42 14

.04*5* 14

.01 2(

.02 2(

.03 2(

.04 2C

.03 2C

.05*42 2C

.04*5* 2C

.01 43

.02 43

.03 43

.04 43

.03 43

.05*42 43

.04*5* 4]

>.
>.
>.
>.
*.
».
).

•

n%u r«iiti

(if

.0000

.0000

.0001

.0002

tun Point*

,000*
.0010
.00)3
.0211
.0205
.013*
.0042
.0C33
.0021
.0014
.0010

.0007

.0134

.0772

.0M4

.0444

.0202

.0109

.004*

.004*

.0033

'•Uta Itil*. I

.0000

.0001

.0002

.0005

.0004

.0004

.0313

.0000

.0001

.3002

.0004

.0003

.0053

.03M

.0000

.0001

.0002

.0004

.0002

.0074

.0501

.0000

.0001

.0002

.0004

.0007

.0134

.0772

at Haak rolat*

<DES)

-164.5
-14*.*
-175.5
-179.4

oa Mtih Line*

171.)
175.6
3.0

-10.2
-13.4
-14.4
-14.3
-14,3
-14,3
-H.3
-14.3
-14.3

-174.1
2.7

-11.4
-13.4
-14.3
-14.3
-14.3
-14.3
-14.3
•14.3

* Uawata (1 <

4

-1M.7
-173.9
-177.4
-179.*
16*. 1
4.0

-11.5

-l«7.t
-172.6
-174.0
-177.9
174.5
3.2

-11.2

-147.0
-171.5
-174.7
-174.2

4.5
2.4

-11.4

-163.4
-1*3.9
-164.5
-171.*
-174.1

2.7
-11.4

ft
.0222
.022*
.0229
.0230

.022*

.0230

.0293

.164*

.1**0

.147*

.1231

.113*

.10*6

.1073

.1040
*

.0231

.0270

.0953

.1024

.1033

.1043

.1032

.1029

.1027

.1024
t

.07)

.0229

.0229

.0230

.0230

.023)

.0344

.1472

.0229

.0229

.0230

.0230

.0231

.0334

.15*4

.0229

.0229

.0230

.0230

.023)

.0359

.1531

.0229

.0229

.0231

.0230

.0231

.0270

.0953

(DEC1)

-16.1
-16.3
-(6.4
-16.1

-*7.7
-93.5
-123.9
177.*
174.9
175.3
177.2
178.2
178.7
179.0
171.2
179.3

•4.1
-111.*
-176.*
-179.9
179.5
179.4
179.5
179.4
179.4
179.4
171.0

-•6.3
-•4.4
-•4.7
-•7.2
-93.4

•139.
174.

-W.
- » * . <
- * * . <

-91 .<
-134.1
177.*

-*6.;
-a*.:
-*6.<
-»*.(
-90.1

-13*.]
177.1

-K.3
-IJ.I
-15.!
•5.3
•4.1

-111.4
-176.4
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T«tla 2.3.1

K
OO

.073

.10

.15

.20

.25

.30

.35

.40

.075

.10

.15

.20

.25

.30

.33

.40

.075

.10

.15

.20

.25

.30

.15

.40

run
*

<DCC)

7..
7.
7..
7..
7.!
7.!
7.1
7.1

14.
14.
14.
14.
14.
14.
14.
14.

20.
20.
20.
20.
20.
20.
20.
20.

la iu l t t
run

for Fratlaa 2
CaleulatlaM

Folutt l*M\4* af llaaaatt (1 >

.02*1

.0220

.00**

.0050

.0031

.0021

.0013
*

.03*0

.0244

.010*
.005*
.0037
.0025
.0011

•

.0474

.0341

.0141

.0071

.0041

.0033

.0024
•

( K G )

-13.
-14.
-14.
-14.
-14.
-14.
-14.!
*

-13.1
-14.:
-14.:
-14.:
-14.:
-14.:
-14.:
•

-13.1
-14.2
-14.3
-14.3
•14.3
-14.3
•14.3

.07)

' *
( i j

.1*31

.1421

.1213

.112*

.10M

.10**

.1057
*

.1*03

.1411

.12M

.1122

.10M

.10*7

.1035
*

.141*

.1312

.11*5

.1101

.1073

.1051

.104*

(DEE)

175.0
175.7
177.5
171.4
171.1
179.1
179.2
17».«

175.2
175.S
177.5
17*.4
171.*
171.1
171.2
179.9

175.1
17*.*
177.*
171.7
179.0
179.2
171.3
171.1

Taala 2.4.1

teaulta lar rratlaa 2
Ttw Uflmlta C/lUfer

Glakal towtlci

Tlat i n i i | < Aaplltata Ffcaaa

• ) Total curtate (A)
I • l 0 eaa («K • • ) 0

e) Famr laeeaa (H/a)
t • tm • * , eaa (2tt • • ) 2*13

• ) tiara* aaercr .05715 < r < .0*9*5 (J/a)

• • t , * C, eat <2«t * • ) l . t*

a) Stara* aaerfr r < .05713 (J/a) .27

1) Stera* eatrgy ' > '<**> (<>/•> 2*5

g) Stara4 aaergr af l«4«c*4 li*U (J/a) 12.3

h) Farca aa aat faartk af tka cyllaaar (N/a)

Fy - • Fye coa (2»t • -1*0

1123*

234*

1.4*

.2*

2*4

10.*

3*6

3*3

1M.S

-2*.t

7-5

-175.*

-1.3

-1.2

172.0

1*3.6
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TA1U 2.1.2

2 U H « | tin Huh Daacrtb** art Quadratic Triangular llratnti.
Half Calculatloai

Hald Polnt« «t Haah Pointa

t
(N)

.00

.01

.02

.03

.04

.05

.051*2

.0*151

.075

.10

.15

.20

.25

.30

.33

.40

.05

.05142

.0*151

.075

.10

.15

.20

.25

.30

.35

.40

a
00
.01
.02
.03
.04
.05
.05142
.0*151

.01

.02

.03

.04

.05

.05142

.0*151

.01

.02

.03

.04

.05

.05142

.0*151

.01

.02

.03

.04

.05

.05142

.0*151

1
(DEC)

0.0
0.0
0.0
0.0

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

45.
45.
45.
45.
45.
45.
45.
43.
45.
45.
43.

Plaid

1
<DEC)

7,
7.
7..
7.
7.i
7..
7.'

14.
14.
14.
14.
14.
14.
14.

20.
20.
20.
20.
20.
20.
20.

45.
45.
45.
45.
45.
45.
45.

.0000

.0000

.0000

.0000

Flald Palnta on

.0000

.0000

.0013

.0037

.0021

.0001

.000*

.0003

.0002

.0001

.0102
•

.0002

.00*1

.073*

.0***

.0431

.0111

.0101

.00*4

.004*

.0070
*
Tatla 2

taiult* f*r 1

<Dt8)

131.1
*3.l

-41. S
174.0

Itoah llnaa

-17«.»
-171.*
1*7.3
-22.7
-27.3

-107.1
1**.4
lit.4
Itl.t
171.0
171.4
171.4

-0.7
3.4

-10.7
-13.*
-13.*
-13.6
-13.4
-13.*
-13.0
-t,5

•110.0
2.2

Praklaa 2
Pl*ld Calculation*

Potnta lnaffa a(

<;*

.0000

.0000

.0000

.0000

.0000

.0021

.0201

.0000

.0000

.0000

.0000

.0000

.0050

.034*

.0000

.0000

.0000

.0000

.0001

.0071

.04*1

.0000

.0000

.0000
•opoo
.0002
.00*1
.073*

•iawat* (R <

(Mi)
•1.5

-3* .4
-103.0
-173.7
-177.*

5.1
-12.7

21.3
-33.4
-10.7
-ltl.2
-1*5.7

3.2
-11.3

7.1
-34.7
-H.7

-1*5.5
-0.1
3.1

-11. S

-22.7
-34.7
-11.5
-7.0
-0.7
3.4

-10.7

*y

.01*7

.01*7

.01*7

.01*7

.01(7

.01*7

.0217

.154*

.1*00

.1344

.1015

.1017

.0112

.0*71

.1073
a

.01**

.0217

.0130

.0*11

.0*13

.0*15

.0*11

.Otlt

.0*17

.0*11
a

.07}

ft
.01*7
.01*7
.01*7
.01*7
.01*7
.0322
.1571

.01*7

.01*7

.01*7

.01*7

.0117

.0277

.1471

.01*7

.01*7

.01*7

.01*7

.01*7

.0305

.1433

.0117

.0117

.01*7

.01*7

.01*7

.0217

.0130

-IS.t
-15.«
-15. t
-I5.t

-15.4
-M.I

-12*.*
17*.*
174.1
17*.*
177.*
171.4
171.*
179.1
17*.J
17*.*

-15.4
-111.4
-17i.3
171.7
171.1
171.1
171.1
171.1
17*.7
17*. 7
110.0

-IS.*
-IS.*
-IS.*
-IS.*
-M.7
-131.1
175.5

-*5.«
-IS.*
-»5.t
-IS.*
-M.t
-131.3
17*.*

-IS.t
-IS.*
-IS.*
-15.*
-M.4
-134.2
17*.2

-IS.*
-IS.*
-15.*
•«5.«
-15.9
-111.4
-17C.3

54



Tabla 2.3.2

Raaulta for froblaa 2
Calculation*

Hald Fotma laalda ef flaaaata ( I > .01)

K
(H)

.075

.10

.IS

.20

.15

.30

.35

.40

.075

.10

.IS
.20
.15
.30
.35
.40

.07}

.10

.IS

.20

.2$

.10
OS
.40

•
(DEC)

7.S
7.S
7.5
7.S
7.S
7.S
7.5
7.5

14.
14.
14.
14.
14.
14.
14.
14.

20.
20.
20.
20.
20.
20.
20.
20.

A
.0206
.01*3
.0058
.0030
.0018
.oooa
.0040

•

.0325

.0206

.00*2

.00*4

.0030

.0021

.0104
*

.0446

.0304

.0111

.00*3

.0042

.00M
•01M

a

Tttla

<DES)

-14.0
-13.7
-13.6
-13.6
-13.(
-19.8

-177.«
110.0

-13.1
-13.7
-13.6
-13.6
-13.4
-10.0
-2.4

•17f.»

-13.7
-13.4
-13.6
-13.4
-13.4
-10.2
-2.)

•1M.0

2.4.2

A
.1S34
.129*
.1077
.1001
.0)76
.0*66
.10*0

•

.1315

.1291

.1073

.1005

.0*74

.0U0

.1004
a

.131*
,1111
.1040
.0H7
.01*3
.0M2
.0t»3

a

(DES)

174.4
175.8
177.1
178.5
171.0
179.2
171.9
171.1

174.5
175.9
177.8
178.6
179.0
179.2
179.4
110.0

175.2
176.6
178.2
178.8
171.1
171.)
179.4
180.0

Ufultt far rraalaa 2
Taa laflalta Cjllattr

Glaaal laaulta

» • 2lf

Tlaa Avcraf* aayUtada Fhaat
(aaftaa)

k) Total currant (A)
I » Io eoa Cut • «) 0 1**4 167.2

c) Fowar laaaaa (W/a)
t - », • f0 eoa (2nt + •) 1933 1729 -28.4

4) Storat aaarfy .03715 < r < .06985 (J/a)
t • E. • l0 eoa (2<tt * «) 1.37 1.21 7.5

a) SterH aaarty r < .05715 (J/a) .20 .11 -171.8

f ) Stata* aaargy r > .06985 (J/o) 232 232 -1.1

I ) Itara4 aaariy af ta4uca< tUU (J/a) 9.2 «.] -i.i

•} faica aa aaa (eartk af tka eyllaaar (M/a)
* « " ' „ • » w eaa (2«t + •> -287 302 172.6

» , - » , . • »^> «oa (2«t • • ) -143 27* 164.7
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TMU 2.1.3

fr«kl«a 2 Vtlof four Tlati At tuny MM«T Iltaract
MtM CriciiUctans

rt«» ratm« «t Wwk

t
(H)

.00

.01

.02

.03

.04

.05

.05*42

.04151

.075

.10

.15

.20

.25

.30

.35

.40

.05

.05(42

.0*151

.075

.10

.15

.20

.25
.30
.35
.40

t
(M)

.01

.02

.03

.04

.05

.05*42

.OUM

.01

.02

.03

.04

.05

.05142

.0**51

.01

.02
.03
.04
.05
.05*42
.0**51

.01

.02

.03

.04

.05

.05(42

.0M5I

(DEC)

0.0
0.0
0.0
0.0

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

45.
45.
45.
45.
4 ) .
4 ) .
43.
45.
43.
43.
4 ) .

run
*

(DEO

7.5
7.
7.!
7.!
• J i

?!:
7.!

14.
14.
14.
14.
14.
14.
14.

20.
20.
20.
20.
20.
20.
20.

45.
45.
45.
45.
45.
45.
45

.0000
.0000
.0000
.0000

n,x* roin

.0001
.0004
.0003
.0110
.0110
.0062
.0027
.0015
.000*
.0007
.0005
.0003

.0002
.0102
.0114
.0737
.04)2
.01*0
.010*
.00(1
.0047
.0033

*

(Oti)

-135.5
-1M.3
-172.*
-175.*

» •« NMh U m

171.5
171.4
21.1
-* .*

-14.0
-13.7
-13.7
-13.7
-13.7
-13.7
-13.7
-13.7

-174.3
4.3

-11.0
-13.7
-13.7
-13.7
-13.7
-13.7
-13.7
-13,7
-13.7

Ttklt 2.2.3

tttultl
run

»Ol«(t iMl.

JTJ

.0000

.0000

.0000

.0001

.0002

.001*

.021*

.0000

.0000

.0000

.0001

.0002

.0043

.0311

.0000

.0000

.0000
.0001
.0002
.00*4
.0520

.0000

.0000

.0000

.0001

.0002

.0102

.0114

fti rrtklta 2
CtlenlttltM

la «f UtaHtt (R

(M!)

-1*7.1
-171.5
-174.*
•177.*

17*.*
( .7

-10.*

-1W.7
-170.*
-174.0
-174.2
•177.*

4.2
-10.7

-1(5.7
-1M.7
-173.1
-J74.»
-175.2

3.*
-10.1

-1*2.*
-1*2.7
-1*3.0
-161.4
-174.3

4.5
-11.0

<I*

.0220

.0220

.0220

.0220

.0220

.021*

.0212

.1701

.1*01

.14*4

.121*

.1132

.10*3

.1072

.105*

.0*57

.0220

.0245

.0*43

.104*

.103*

.1032

.1021

.102*

.1025

.1025

C .07)

<??
.0220
.0220
.0220
.0220
.0220
.021*
.1**1

.0220

.0220

.0220

.0220

.0220

.02*0

.1(31

.0220

.0220

.0220

.0220

.0220

.0211

.15*1

.0220

.0220

.0220

.0220

.0220

.0245

.0*43

(til)
-(5.5
-15.*
-*5.i
-»5.7

-«5.»
-•*!•

-125.7
177.*
173.*
175.4
177.5
171.4
171.1
17(.l
17V.2
171.3

-M.I
-111.2
•174.7

17».4
17».»
17*.*
17*.*
17f.t
171.*
171.7
110.0

4

-U.«
-*5.t
-W.7
- • 5 . 1
-**.O

-12t.J
177.3

-15.4
-»5.t
-*5.(
-(5.7
-(5.7

•12*.1
177.4

-IS.*
-IS.(
-15.4
-M.7
-15. t

-124.3
177.1

-15.3
-15.5
-15.5
-15.3
-14.1

-111.2
-I7*.7
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(N) q

.07) 7

.10 7

.1) 7

.20 7

.2) 7

.30 7

.3) 7

.40 7

.075 14

.10 14

.15 14

.20 14

.2) U

.30 14

.3) 14

.40 14

.073 20

.10 20

.1) 2U

.20 20

.2) 20

.30 20

.3) 20

.40 20

Ttklt

Miult* f»r

2.3.)

rrtklta 2
.llWttWM

H»U Ptliti l u i l * *f IlMcuti (t >

* >«
*C> (TJ

5 .020*
5 .011*
5 .00)2
) .0029
) .0011
5 .001)
) .000*
3 .0007

.03*7

.021)

.00*)

.00)2

.00))

.002)

.0017
•

.04*1

.0211

.0127

.0070

.004)

.00)1

.0023
' *

Ttkl* 1

Miult* f»r
Th» Ufl ittt

<K2>

-13.7
-13.7
•1J.7
-1J.7
-13.7
-13.7
•13.7
-13.7

-13.7
-13.7
-13.7
-13.7
-13.7
-13.7
-13.7
-13.7

-13.7
-13.7
-13.7
•13.7
-13.7
-13.7
•13.7
-13.7

.4.)

rttkiM a
C»UM«r

•V)

ft
.1770
.1441
.1211
.112*
.10*0
.1070
.1031
.0*17

.1700

.1401

.11*3

.UK

.10«4

.10**

.1055
•

.1*0*
!l3H
.lit*
.110)
.107*
.10*0
.10)0

*

4

174.0
175.7
177.*
171.4
17i.l
179.1
179.2
179.3

174.3
17*.0
177.7
171.5
171.9
179.1
179.3
179.*

174.1
I7».4
174.0
170.7
179.0
179.2
179.3
179.1

CUlMl Miulti

TIM Avartgi <wlltn4«

k) Totil eurttnc U)
1 • 1, CM ( « • »)

c) trnnx IMIII (H/a)
t • \ * tt m <2»t «)

4) «t«t* —to .0)711 < r < .MN5 (J/»)
I • I, * l t CM (2iK • »>

•) Ifn4 m r o r < .0)71) (J/»)

O ttfi awci/ c > .0*915 (j/a)

| ) St*n4 m i R •! ia*M*4 tUU (J/»)

k) h r n •• mm (wrcti •( tk* cyll*4«T (»/•)
», " »M • » w e»» (2»t • t)

», * »,, • »„ ••• (2(K • •)

P

2434

l . *7

.25

277

12.1

-35*

-179

10933

21*4

1.41

.2)

27*

11.4

37*

343

1*7.1

- 2 1 . *

( .0

-171.9

- 1 . 2

- 1 . 2

172.7

1*4.*
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TAKE 2,1.4

?ro»l» 2 Uiln( Four TIM* At Kuy Quifritlc EltMit*
TltU Calculations

Folnu »t M«ih Point*

t

.00

.01

.02

.03

.04

.05

.05(42

.04(51

.075

.10

.15

.20

.25

.30

.35

.40

.05

.05(42

.06151

.07}

.10

.1}

.20

.23

.30

.35

.40

1
(M)

.01

.02

.03

.04

.OS

.05(42

.04(51

.01

.02

.03

.04

.05

.05(42

.04151

.01

.02

.03

.04

.05

.05(42

.04151

.01

.02

.03

.04

.05

.05(42

.04(51

1
(DEC)

0.0
CO
0.0
0.0

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

45.
45.
45.
45.
45.
45.
45.
45.
41.
45.
45.

1
(DEC)

7.5
7.5
7.5
7.5
7.5
7.5
7.5

14.
14.
14.
14.
14.
14.
14.

20.
20.
20.
20.
20.
20.
20.

45.
45.
45.
45.
45.
45.
45.

C!T

.0000

.0000

.0000

.0000

Pllll Points on

.0000

.0000

.0001

.0007

.0001

.0003

.0002

.0001

.0000

.0000

.0004
*

.0000

.0014

.074*

.0737

.0422

.0115

.0104

.00(6

.0046

.0034
•

Tiki* 2

faaults r*r 1

(DEC)

1(0.0
((.1
11.4
11.6

i Hash Unas

-101.7
-174.17
170.0
-23.4
-167.7
166.6
166.1
167.1
167.4
161.6
171, (
171.4

45.4
4.5

-10.2
-13.5
•13.5
-13.5
-13.S
•13.5
-13.5
-13.2
•

.2.4

Fr*M*a 2
71«M Calculations

1 Point* laalff •(

.0000

.0000

.0000

.0000

.0000

.0026

.0200

.0000

.0000

.0000

.0000

.0000

.0047

.0362

.0000

.0000

.0000

.0000

.0000

.0063

.0416

.0000

.0000

.0000

.0000

.0000

.0014

.0761

tlaaant* <X <

(DtS)

(2.0
146.0

-101.0
-33.1
-1M.6

4.3
-10.4

-(4.6
-12(«6
-107.6
-52.0
-141.4

4.3
•10.4

-M.2
-114.3
-114.4
-(1.4
-162.7

4.3
-10.S

-10I.0
•125.1
-144.3
-152.7
45.4
4.5

-10.2

A
.0206
.0206
.0206
.0206

.0206

.0206

.0271

.1630

.1617

.13(4

.1133

.1074

.1031

.1011

.1010

.1101

.0206

.0226

.0174

.0*72

.0170

.0*72

.0*7)
;o*7)
.0*7]
.0*7)
*

.07}

A
.0206
.0206
.0206
.0206
.0206
.0276
.1604

.0206

.0206

.0206

.0206

.0206

.0276

.1S4(

.0206

.0206

.0206

.0206

.0206

.0273

.1444

.0206

.0206

.0206

.0206

.0206

.0226

.0(74

toll)

-(5.4
-(5.4
-(5.4
•(5.4

-(5.4
-(5.3
-127.1
177.5
174.0
175.7
177.6
17(.4
171.1
171.1
171.3
171.4

•(3.4
-101.1
-175.1
171.7
179.*
171.7
171.7
171.7
171.7
171.7
110.0

(DEC)

-(5.4
-(5.4
-(5.4
-(5.4
-(5.4
•127.2
177.6

-(5.4
-(5.4
-(5.4
-(5.4
-(5.4
-127.2
177.7

-(5.4
-(5.4
-(3.4
-(5.4
-(5.4
-126.5
171.0

-(5.4
-(5.4
-(5.4
-(5.4
-15.4

-10!.!
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K
CM)

.075

.10

.15

.20

.25

.30

.33

.40

.075

.10

.15

.20

.25

.30
•35
.40

.075

.10

.IS

.20

.15

.30

.35

.40

1
CMC)

7.
7.
7.
7.
7.
7.
7.
7.

14.
14.
14.
14.
14.
14.
14.
14.

20.
20.
20.
20.
20.
20.
20.
20.

TtkW 2

iMultt f»r
MtM Ctlct

r*uti l u u i of

, » ,

.01(1

.010*

.0047

.002*

.0017

.0012

.0012
A

.0342

.011*

.0015

.0041

.0031

.0021

.0019
•

.04*7

.0270

.0117

.00*5

.0042

.0021

.002}
t

Till* 2.

.1.4

rrttlta 2
ilttlott

UtMlt*

(MS>

-13.*
-13.5
-13.3
-13.3
-13.5
-13.3

-1.0

-13.5
-13.5
-13.5
-13.5
-13.5
-13.5
-11.1

•

-13.5
-13.3
•13.3
-13.3
-13.5
-13.3
-11,5
*

4.4

Cl > .07)

.1*73

.1371

.1147

.1071

.1033

.101*

.1007

.110*

.1*01

.1334
.1131
.10*2
.1030
.1012
.1004

*

.1521

.1212

.not

.1050

.1022

.1007
.Otlf

*

(DEC*)

174.1
175 .1
177.7
171.5
171.9
179*1
179.3
179.4

174.4
17*.1
177.1
171.*
179.0
179.2
179.3
179.1

174.9
17*.3
171.1
171.7
179.1
179.3
179.4
179.9

(•Mitt l « Tfkim 2
The Ulliitt Cjliatar

CUtol Utvlt*

« • 2lf

TlM

V) Total currtnt (A)
I - l 9 coo («c * 4)

e) PWIT 1MM* («/•)
t • \ * t9 co« (2wt • •)

i) Itot.d *Mrir .05715 < r < .0*115 <J/a)
t • I4 • r0 cot tint * •)

•} Ifni «Mrf? r < .05715 (J/a)

() Sfni <Mr|y t > .0**15 (J/a)

| ) Jtort* «Mro of U*<if* fl*M (J/a)

0

214*

1.52

.22

2*1

11.3

taalltiMit ttttt
(•tint)

10270 1*7.2

1935 -21.3

k) Toxct on OM fourth of tlw cjrlltftr (H/a)
r - «•__ • r^ cot i*« ^ f/ -^t/

ry • • r
yo

(2« • •) -143

.22

2*0

10.1

302

274

-170.1

- l . l

-1.1

172.*

1*4.7
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TA1U 2.1.)

FraklM 2 Analytic Salutlaa(

n*U CatcuUtlMt

I
(H)

.00

.01

.02

.0)

.04

.0)

.05142

.OtIM

.07)

.10

.13

.10

.2)

.30

.»

.40

.0)
•05**2
.0*131
.073
.10
.1)
.20
• 2)
.30
.))
.40

1
(N)

.01

.02

.03

.04

.0)

.0M42

.OMM

.01

.02

.03

.04

.03

.03*42

.OMM

.01
•02
.03
.04
.05
.03*42
.OtIM

.01

.02

.03

.04

.03

.05**2

.OMM

1
(DIC)

0.0
0.0
0.0
0.0

0.
0.
0.
0.
0.
0,
0.
0.
0.
0.
0.
0.

43,
43.
43.
43.
43.
43.
43.
43.
43.
43.
4),

f4*M
I

(DEC)

7.
7.
j

7.
7.

i
5
i
I
I
i

7.3

14.
14.
14.
14.
14.
14.
14.

20.
20.
20.
20.
20.
20.
20.

45.
45.
45.
45.
43.
43.
45.

<!*

.0000

.0000

.0000

.0000

r;«M 'out* c

.0000

.0000

.0000

.0000

.0000

.0000

.0000

.0000

.0000

.0000

.0000

.0000

.0000

.00*1

.0713

.0737

.0421

.out

.010*

.OOtl

.0047

.0033

.0017

ftkla

Miulta far
fl«U C«l<

(DES)

0.0
0.0
0.0
0.0

w Utah U H I

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.0
173.11

-170.12
-llt.l
-Ut.l
•llt.l
-Ut.l
•Itt.l
-Ut.l
•Ut.l
•Ut.l

2.2.)

IKMM I
ulttlMI

fainta I M 1 4 * af llaaaata (1

1
(if
.0000
.0000
.0000
.0000
.0000
.0024
.0203

.0000

.0000

.0000

.0000

.0000

.0043

.03*1

.0000

.0000

.0000

.0000

.0000

.0031

.0304

.0000

.0000

.0000

.0000

.0000

.00*1

.0713

(DEC)

0.00
0.00
0.00
0.00
0.00

175.11
-170.20

0.00
0.00
0.00
0.00
0.00

173.11
-170.20

0.00
0.00
0.00
0.00
0.00

173.11
-170.20

0.00
0.00
0.00
0.00
0.00

173.1*
-170.20

1.
<TJ

.0211

.0211

.0211

.0211

.0211

.0211

.0021

.1**7

.1743

.1411

.1115

.1104

.10**

.104*

.1034

.1021

.0211

.0023

.Oltt

.1000

.1000

.1000

.1000

.1000

.1000

.1000

.1000

< .07)

•

.0211

.0211

.0211

.0211

.0211

.0021

.1*40

.0211

.0211

.0211

.0211

.0211

.0027

.1375

.0211

.0211

.0211

.0211

.0211

.0027

.1415

.0211

.0211

.0211

.0211

.0211

.0023

.0M(

(di)
-M.OI
-M.OI
-M.OI
-M.OI

-M.OI
-M.OI
-53.11

2.12
5.tl

3.M
2.0)
1.2*
0.13
0.51
0.44
0.34

-M.OI
-71.17
-4.3*
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

(DEC)

-M.OI
-M.OI
•M.OI
-M.OI
•M.01
-S4.2t
2.00

-M.OI
•M.OI
-M.OI
-M.01
•M.OI
-55.50
l.*7

•M.OI
-M.OI
-M.01
-M.OI
-M.OI
-57.27

1.17

-13.01
-15.01
-M.OI
-M.OI
-M.OI
-71.17
-4.SJ
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INFINITELY LONG CYLINDER IN A SINUSOIDAL FIELD
(Problem 2)

Nathan Ida

Electrical Engineering Department
The University of Akron

Akronr OHIO 44325

GENERAL

The results presented here were obtained with a 2-D (and
axisymmetric) eddy current program called EDDYNDT. The program
uses the magnetic vector potential formulation and was
specifically designed for the calculation of coil impedances in
NDT applications. For normal applications, flux densities,
forces, eddy current densities and stored and dissipated energies
are not calculated. The program required minor modifications to
calculate these quantities form the magnetic vector potential.

In its present form, program EDDYNDT cannot handle flux
normal boundary conditions. To avoid this, half the cylinder was
modeled<as in Fig. l\' as oposed to the quarter cylinder in the
mesh recommended in the problem outline. This increased the
number of elements and nodes but did not change their density or
location. .,

^?<r*" ,_3—
.Figure 2 presents, a solution without the cylinder and FigureJ

3 presents the) solution with the cylinder. '1V' 4i <-<• c: #/-•**. <A

The fields presented are calculated at the center of each
element. For this reason, the values presented are interpolated
between neighboring elements. This creates a problem, particularly at
discontinuities where the errors are largest.
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R
(m)

ANGLE Bx
(T) (a«g)

By
(T)

fry
(dtg)

Pi«ld Pointa In»id« of El«««nt« (»<0.07)

0.01
0.02
0.03
0.04
0.05
0.05842
0.06858

0.01
0.02
0.03
0.04
0.05
0.05842
0.06858

20.0
20.0
20.0
20.0
20.0
20.0
20.0

45.0
45.0
45.0
45.0
45.0
45.0
45.0

.0010

.0009

.0010

.0016

.0022

.0026

.0198

.0018

.0022

.0041

.0062

.0088

.0101

.0740

-95.1
-15.0
-11.5

-95.1
-11.5
-10.4

.0212

.0212

.0212

.0212

.0210

.0220

.1606

.0223

.0233

.0224

.0224

.0218

.0195

.0920

-95.1
-95.1
-95.1
-95.1
-95.1
-36.6
-3.3

-95.1
-95.1
-95.1
-95.1
-95.1
-64.2
-15.4

Field Pointa Inaid* of Blaaanta ftt>0.07)

0.075
0.10
0.15
0.20
0.25
0.30
0.35

20.0
20.0
20.0
20.0
20.0
20.0
20.0

.0446

.0268

.0133

.0081

.0044

.0038

.0025
0.40 20.0 .0023

13.7
13.8
13.7
13.7
13.7
13.7
13.7
13.7

.1623

.1333

.1138

.1036

.1024

.1008

.1008

.1007

3.5
2.1
1.7
.9
.6
.5
.4
.3
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Global Reaulta

Time Average

Total Current (A) — —

Power Losses (W/m)

Storred Energy 0.05715<R<0,06858

Stored Energy R<0.05715

Stored Energy R>0.06985

Stored Energy of Induced Field

Force on one fourth of Cylinder

Fx

Amplitude Phase

21022.0

7649.0

4.988

.9166

1144.6

11.4

-343.7

155.7
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Tabl* 2*
Mtulti for Problta 2
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Total Eddy Current (A)
I-I cost (ut + • )
(for i&Ww cylinder
cross section)

Power loss ( u/«)
/ r P iii

Stored energy (J/a)
0.05715 < r < 0.06985
f \ BH da
(Hhseevcylinder)

Stored Energy (J/a)
r <0.O5715

^cylinder)

Stored energy (J/a)
r > 0.06985

Stored energy of,
Induced field (J/a)
(

Force on quarter of
cylinder (If/a)

/ r ^ detx -

Fy - d.

Table 2e
Results for Problca 2

Infinite Cylinder

Time
Average

0 s'

^^ o

Amplitude

J<2.2« ^p-x-^**^

Phase
(degrees)

- 3 o . o 6 ^ S ^

^ S ^ 27-63
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SPHERE IN UNIFORM MAGNETIC FIELD
(Problem 6)

Nathan Ida

Electrical Engineering Department
The University of Akron

Akron, OHIO 44325

GENERAL

The results presented here were obtained with a 3-D eddy
current program called EDDY3D. The program uses the magnetic
vector potential formulation and was specifically designed for
the calculation of coil impedances in NDT applications. For
normal applications, flux densities and eddy current densities
are not calculated explicitly but the stored and dissipated
energies are calculated. The program required minor modifications ,
to calculate forces, eddy currents and flux densities. '

In its present form the 3-D program cannot handle flux
normal boundary conditions. To avoid this, half the cylinder was
modeled as in Fig. 1, as oposed to the quarter cylinder in the
mesh recommended in the problem outline. This increased the \
number of elements and nodes but did not change their density or
location.

The program uses eight node elements. The mesh has a total /
of 992 elements and 1242 nodes (3726 variables). The solution /
time is approximately 2 hours on an IBM 3033 computer.

The results presented here are partial and preliminary. This
particular problem has an analytical solution. Those results
presented were compared with approximate analytical calculations.
The data not presented is omitted because the program needs to be
modified to get it in the form necessary. For this reason, the
results are presented in a somewhat ^different format than
required. This data and a complete analytical solution will be
presented in the future. /

The field as well as the eddy current densities are
calculated as total values rather than as components. In
addition, these are found as average values at the center of each
element and are interpolated to get the values at the required
points.



RESULTS

a. Total Eddy Current (A)

b. Magnetic Field (T)

X
(m)
0
0.01
0.01
0.03
0.03031
0.03
0.065
0.1
0.1

(

0
0
0
0
0
0
0
0

y
•)
0
.0
.01
.025
.03031
.031
.0
.0
.11

z(m)

0
0
0
0
0
0
0
0

0
.0
.01
.02
.03031
.032
.0
.0
.12

c. Current Density (A/m )

Bt
magnitude phase

1.2678
.9096

1.0107

2.12
.5
.0

X
(m)
0,
0,
0,

.0525

.03031

.01345

y

(m)0.
0.
0.

0
03031
0233

z
(ro)
0.
0.
0.

0
03031
0466

Jt
magnitude
.2457E+09
.1740E+09
.1586E+09

phase
-88.
-88.
-64.

0
0
0

75



pro I

76



3-D EDDY CURRENT CALCULATION USING THE MAGNETIC VECTOR POTENTIAL

Toshiya Morisue
University of Tokushima, Japan

Introduction

To formulate the 3-D eddy current problem as a boundary value problem
using the magnetic vector potential, the gauge, interface and boundary con-
ditions of the vector potential should first of all be defined clearly.
Without the* the boundary value problem could not be solved uniquely and
accurately. ,

This contribution presents a new method for calculating 3-D eddy cur-
rent problems, rigorously defining the Interface and boundary conditions
of the vector potential. The new field equations do not include the gauge
condition explicitly and take a form of the diffusion equation. The gauge
condition does appear in the interface and boundary conditions. This method
yields a unique solution to the eddy current problem.

A New Formulation for the Magnetic Vector Method

Field Equations : in Conductor

curl ( v curl A ) • o ( 3A/3t 4 grad f ) - v grad ( div A + uo* )

- 0

div ( o( 3A/3t + grad + )) - o 3/3t ( div A + po • ) - 0 (v « 1/u )

in Nonconductor (Space) div ( grad A )+ pqjp • 0

Interface Conditions :

n_ x Al • n x A2
Interface Conditions

n x (v curl Al ) « n x ( vo curl

} B, H-
A2 ) J

n.Al * n.AZ
Gauge Interface Conditions

jn.grad (n.Al) + uo • • n.grad (n.A2)

where 1 • Conductor, 2 • Nonconductor, and n * a unit vector normal to the
Interface.

Boundary Conditions :

A2(r) * G(l/r*) at Infinity (0 * order of )

JJ.grad + * -n.3A/3t on the Interface

Note: The Lorentz gauge condition (div A + po$ • 0) is automatically satis-
fied in the above formulation. ~
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Under a Constant Permeability and a Constant Conductivity

The Conventional Formulation

Field Equation :

in Conductor div ( grad A ) - uo 3A/ 9t • 0

div ( grad <> ) - yo 3*/ 3t - 0

div ( grad A ) + poJo • 0

div £ + pa • > 0 (Lorentz gauge)

in Nonconductor

Gauge Condition :

Interface Conditions

Boundary Conditions

ni x Al • n x A2

n x ( v curl Al ) » n x ( vo curl A2 )

A2(r)

ji.grad -n. aAl/

at Infinity

on the inttrfact

The New Formulation

Field Equation :

Gauge Condition :

Interface Conditions :

the same as the conventional formulation

not necessary

£ x £1 • n. x A2

j i x ( v curl ,A1 )' » j> x ( vo curl j& )

rugrad (n,«Al) + yo <|> • jugrad (»>.A2)

Boundary Conditions : the same as the conventional formulation
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Coefficient Matrix of the Discretized Boundary Integral Equations:

F»G : dense matrix
d : diagonal matrix
dd : bidiagonal matrix

Boundary Integral Equations
on the Conductor-side
Interface

Interface Conditions
of the Magnetic Field
Intensity

Gauge Interface Condition

Boundary Condition of
the electric scalar potential

Boundary Integral Equations
on the Space-side Interface-

RESULTS

Fl

1 dd

dd

d

F2

Fl

dd

dd

d

Fa

Fl

dd

dd

d

F2

Fl

d

Gl

d

d

d

Gl

d

d

d

Gl

d

d

d

Gl

d

d

d

d

G2

d

d

d

G2

d

d

d

G2

The new formulation was applied to

a test problem, an infinite length cylin-

drical conductor having » constant perme-

ability and a constant conductivity, ex-

cited by an infinite length rectangular

solenoid, which has an analytical solution

against which the numerical results could

be compared.

The problem geometry is shown in Fig.

2.

Analytical Solution

The eddy current distribution in the

conductor is given as follows.

Fig. 2 The problem geometry

Solenoid

-3
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vbere r1 • x 1 + y 1, r, : radius of the cylinder,

Ln(s) : the first kind, the n-th order Bessel function (s:complex number)
Remark. Solenoid current I (ampere/meter) is assumed to be /t,I = 1.

numerical Solution

In this problem, the magnetic vector potential has two components:

A(x,y,s) * (Ax(x,y), Ay(x,y), 0 )

The fwndaasntal solution or the Green's function of the 2-D field is

(jA)Hl(kr)

where Hl(s) : the first kind Bankel function whose integral-fora repre-

sentation is as follows.

Hl(s) « -2J/1C I exp(js.cosh(t)) dt

The interface (the surface of the cylinder) is derided into kO saae-

»ise boundary-eleaents.

The coaputed result of the eddy current is shown in Fig.3> The

computed result of the magnetic vector potential is shown in FigA.

(There is a four-fold symmetry inAx(xj).) The computed result of the

electric scalar potential is shown ia Fig.5- (There is a eight-fold anti-

symmetry in ^(x,y).)

Froa the results we can conclude that the new formulation is valid.

1 T.ltorlsae: "A new formulation of the magnetic vector potential atthod

for three dimensional aagnetostatic field problems", IEEE Trans, on

Magnetics, Tol. HAG-21, Mo.6, Bov. 1985, pp. 2192-2195.
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Fig. 3
along the-radial direction

... '.

xl;0E+8"

A/m*

1.0-

. . . n •;

-

o •<

-0.5

• • . .

—

-• o

radius
-r-*~50

o • 1.

• . • '

• • i — - ^ - ' - • • — .

analyticaltreal
analytical(iaag

numerical

- 0.025 a
K* "

0E+7 /fki

• - -

— • — • • •

• • • - • - ' -

- — • —

part)
inary part)

/

/ - •• •

i
5 |

i

f" "/ "'//

' • - •

! . . . .

*

/ I
. . . i _. ..

j

i
» • •

i •

i

' i" ~

i

i
#

i

2.5 ca

- • -

• • : — -

— - -
- •

81



, Fig. k\ Magnetic Vector Potential (Ax)
1 | along th« interface
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A IH0

C 0 , 0 , Ho )
= 1 • cos wt
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INTERNATIONAL ELECTROMAGNETICS WORKSHOP

ARGONNE NATIONAL LABORATORY
Building 360, Room L-119

23-24 June 1966

Monday 23 June

8:30
9:00

Registration and Coffee
Welcome

9:20
9:40

10:00
11:30
1:30
3:00
3:15

3:15
4:00
5:30
7:00

The International Workshops

Report on the First Workshop at

Rutherford Appleton Laboratory, UK

Problem 2 Presentations and Discussion

Lunch Cafeteria Room 0

Problem 1 Presentations and Discussion

Break

Preparation of Problem Summaries

by Presenters

Tour of FELIX and ALEX

Short Presentations

Adjourn

No-host Dinner

C.C. Baker, Director,

Fusion Power Program

R.F. Mattas, Head,

Blanket Technology Program
L.R. Turner

C. Emson, RAL

Tuesday 24 June

9:00 Other Problems: Summary, Presentations,

and Discussions

10:00 Problem 2 Summary and Discussion

11:00 Problem 1 Summary and Discussion

12:00 Lunch Cafeteria Room F

1:00 Discussion:

Procedure for Future Workshops,

Changes in Problems, Additional Problems

3:00 Short Presentations

4:30 Adjourn 9 4
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