
A major purpose of the Techni-
cal Information Center is to provide
the broadest dissemination possi-
ble of information contained in
DOE’s Research and Development
Rqwrts to business, industry, the
academic community, and federal,
state and local governments.

Although a small portion of this
report is not reproducible, it is
being made available to expedite
the availability of information on the
research discussed herein.



9

Los Names NSIIOnal LdbOf MIOrY 10 OpWrdlOd by WVo Unwermry 01 (Mifornm W the Urmed Slates Deparlmanl of Energy under contract w. 7405. ENG. M

LA-uR--88- 3851

DE89 003493

TITLE DETERMINATION OF MOMENTUMDISTRIBUTIONS FROM DEEP INELASTIC
NEUTRON SCATTERING EXPERIMENTS - A BAYESIAN STUDY

AuTHOR(S) D. so Sivlap l’-ll/LANSCE

R. N. Silver, T-11/LANSCE

SUBMITTED TO Proceeding@ of the Momentum Diecributione Workshop, Argonne
National Lab, Oct. 24-26, 1988, to be published by Plenum Press

Tbia rqxm wu prqardea~n WXJUnt nfwwkqronaorwd by-n eeencyof tbc UrriMStala
Cikwwrnmwnt,NcitkriklJnitdSlala(hrnmnl normrya gmcytfwrmf,mrrnnyoftbwir
cmpio~, maka ●ny wnrrmrty, cxprwanuv implial, or uuma any b~d liability or rwapMvci-
Yrility for the accuracy, amrplet~,m umfulnaa danyinfwnrnth, ●pperatuo, product, or
~dimlrd, DV rwprcunts Ih-t ih u= would - irrfrirr~ ~ivalely owwxf righin, Rafer-
C- Ywmin tomryqvccifiiar mmarcinl pvcwluct,prmmM,w mwicw by trerknmwq trademark,
msnufacturwr, ov dwwim * M# ~rily amstllulc or imply ill edovarnenl, ~-

rwwndAorr, w fwrwine by NM [Jrritd Statm (hwernmwrrt or wry a~ncy Ibwrmf Tbm vwwo
and opinionn d ●utborn eaprwad hwrein da nuI nec-erily Slmle or reflect Ibvm of the
Ihrild Wla (icwarnrrnerrlIW ●Fv ●ewwcyIbeti,

Los
MAshJ)

NaIiinlosLos Alamos National Laboratory
Los Alamos,New Mexico 87545

About This Report
This official electronic version was created by scanning the best available paper or microfiche copy of the original report at a 300 dpi resolution.  Original color illustrations appear as black and white images.



For additional information or comments, contact: 



Library Without Walls Project 

Los Alamos National Laboratory Research Library

Los Alamos, NM 87544 

Phone: (505)667-4448 

E-mail: lwwp@lanl.gov



DETERMIFJAT1ON OF MOMENTUM D1STR1BUTIONS FROM DEEP INELASTIC
NEUTRON SCATTERING EXPERIMENTS - A BAYESIAN STUDY

D. S, Sivia, R. N. Silver

Theoretical Division and Los Alamos Neutron Scattering Center
MS B262, Los Alamos National Laboratory
Los Alamos, New Mexico 87545

ABSTRACT

A Bayesian analysis show that the determination of momentum dismibulions in quantum fluids
and solids by deep inelastic neutror scattering is an extremely ill-posed problem. The argument is
illustrated with the issue of the B( se condensate fraclion in superfluid ‘He.

INTRODUCTION

There is a long history of experiments [ 1] aimed at measuring the momentum distributions in
quantum solids and fluids by neutron scattering at high energy and momentum transfers, which is
termed “deep inelaslic neutron scattering” (DINS). Undeniably experiment can distinguish between
various theoretical modeb for the neutron scattering law. However, the goal of [he present paper is to
show [hat [he inverse problem of extracting n(p) from !ha experiment is exmemely ill-posed. For
example, alialyses of such experimancs on superfluid ‘He [2) have claimed to confirm the existence of
a Bose condensate fraction, n~, and m determine iw value. We show that available data are also

consistent wiLh nod, and that available determirwtions of no should be regarded as mr)del-depend-
enl.,

BAY ES’ T}{ EOREM

All dam analysis me[hocis for determining n(p) are, at Iehst implicitly, based on Bayes’ theo-

rem. This is expressed in terrm of the probability density function (p. d.f. ), f’[n(p) I D(n 1, which is

(he conditiorml probability of the mcmentum distribu~ion. n(p), given [he data, D(Y). Bayes’ theorem
states ~hnt

~[n(p)[.o(nl @ f[~(~lrr(p)l x P[n@)l (1)

}Iere, [’[n(p)] represenui our stato O( knowledge about n(p) (or the luck of it) heforc we hnve i~rl~
data - Lhis Is referred to as (ha Ptio~ p.d. f Ttle data modify our prior stnte of knowledge IIlrouyll [he
term P1/}(Y)ln(p)] , which Is th~ probability of obtaining the measured cfnta for a given m[)men(t]m
cflstribulmn - thirn is referred I() at [he Likr/ihmd function. In [he limit of lndcpendcn~ (i,I(I\sIiII~

s[il[l$tic~, tile [.ikclihoocf function reduces u) tile familiar form

}’[1)(}’)lrr(p)j ~cxp(--$) (4?)
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For example, the conkentloml procedure LOdetermme nfi m ‘He [2] assumes a parucular mGdei for
n(p) wrth a few parametem based on the physics of the problem, ●.g. the terms m n fpj propormonal to
no mvnlv~ a delta function plus assocmted 1 IF and I/p smgufarmes. Another procedure rs to arbl-
trarl]y ~s~ume a functional form for n(p), such as a sum of two GaussLam. In either case, the parame-

ters are ●smnated by maximlzmg the Posterior p.d f. P[nf@JID(YJ]. If the Prior p d. f., P[n I&I], IS
a~sumed to lx a uruforrn function of those parameters, thu M equmalent to the famlhar procedure of

mmlmlzmg # (1.e maxrmum hkehhood). Such data amlyms procedures beg !he quesoon of whether
[he choice of Prior p d f was correct. For example, how far out m p do the f lpz and 1Ip smgularnles

extend [3], or IS there physical Jusuficatlon for n(y) to be the sum of Gausslansq If the # for either
method 16 acceptable, then the data shed no hght on such questions. An alternate data analvsls
procedure IS LOdecontolve the data to ~btam n(p) which uses a different Prior p d.f For example. In
the maximum entropy method [4] the Prmr pd. f. rs tahen to be the ●xponermal of [he entropy of
n(@j relauve to a deladt model, which may for ●xample be a numencal simulation of n(p).

Regardless of the choice of Prior. N u the Llkehhmd fhnclion which mcorpora[es ihe informa-
uon contained In the data and it is the Llkelhoocf function wh:ch can be evaluated ●xactly m terms of
the experimental parameters. If Lhe Llkeh.hood functmn rrra sharply peaked funcuon of n(p), then N
*II1 dommate the Posterior. i.e no matter what cur prror state of knowledge, the data force us to-
wards the game choice of n(y). If the Llkehhood funct.on rs a broad funcucm of n(y), [hen the data

have htde elfect on our state of knowledge and hence, thePosterior Will depend crucially on the Prior
Fig. 1 shows a secuon through a schematic Likelihood function. The data constrain the dumlbuuo,~
well m some directions (e. g rt(p~} but fxiurly m others (e. g n(p,~). The gocrd direcuons are associ-

ated with large elgenvalues of the Log-Likelihood matrix ( Vv#). and the bad dwections with small

elgenvalues. In order to see how much mforrnauot, DIN!t data contain, we cmtwder the sharpness, or
otherwise, of [he DINS Llkehhood function.

ANALYSIS OF DINS EXPERIMENTS ON “He

[n deep Inelastic rmutron scattering (D .~’S) expenmen~. the momentum dlstnbutmn n(p) Is
related to the ●xperimental data, D(Y~, by

Here ‘“ @ “denotes convoluumt,

(4)

(3)

I YI

L~ the Impulse approximation (IA] [-redlctlon for the neutron scattering law (the Compmn prrrfllel,

II Ihg scaling variable, RcHP((~ is the spectrometer trroadermrg funclmn, RF.SE(}I Is the broadening

rliIa m correctmns [o the impufae approxlma[ion wch as firml s[ate ●ffec[s (~SF) which may iIlwJ
depend on Q. H(YJ LSbackground. and N(Y) IS nowe. The problem u to mfe! n(p) given D(}”J

[ l~lng Eqs (J-!) one may calculate the Likelihood function Fig 2. $ho~ the qMcmIrn nf
elgenvahwn for the D’ N5 I.lkelihood function for 4}le under [he conditmns of ihe recent cxperlmcnts
of S(]sr]ick, ~t al I ● 1, wlllch •pllt)rrrl~e:ha~urrent~ia[e-d-!he-a,timI) INS rneawrement.. I he

N} i} I}? wn{ takel. fr(]nl [he recent theory hv Silver [6] The cnm~nuourr n(pf w;I~ LiIKII17Cd In[m u2

‘1

.
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Lkel,hood Function prob[[1301a lln(D, ),n(P2)]

FIGURE 1- A section thiou~h a schematic Like-
lihood function. The data constrain the distrib-
ution n@) weU in some directions but poorly in
others. The good directions are associated with
large eigenvalues of the Log-Likelihood function
and the bad directiotu with stroll ones.

FIt to Data

,
0
0
al

Y (A-’)

FIGURE l(a) - Simulated DINS data ‘using the
GFMC n(p) (Whhlock & Pancfl, 1988) shown aa
the dotted line in Figs, 3(b) & (c)., having a Bose
condenaato of 9, 2%, with 100 times better stati-
r]cs than that achieved in [ha state-of-the-art ex-

periment of Sosnick, et al,
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FIGIJRE 3(c) - Solid Ilne is an n(p,) which fits
Ihe ~imul~~ed data In F 4, ~(a) with a 070 BrMa
condensate. Dashed i,w is GFMC,
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FIGURE 2 - The spectrum of eigenvalues for
the Deep Inelastic Neutron Scatte+ng (DINS)
Likelihood function. Most of the eigenvalues
are ve~ small, indicating that the Likelihood
function is flat in many directions.
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FIGURE 3(b) - Solid line u an n(p) which fi~
tho simufated data in Fig. 3(a) with a 9.870
Borne condensate. Dashed line is the GFMC
prediction, which warI used to create the simu-
lated data.
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FIGURE 4 - The classical decrease O( ttia
f30M condemata (ractmrr as 4}{e IS warmed

~hrough [ha A-!ransltmn (empara Lure. r-llc
[) INS data were ohtalned by S{)snwk, CI Jl,

( i’JHH) and analy7ed us!ng an cr~troplc prlt~r
wl(h (jFhlC n(p) al T’=[) K as default model.

.



duce almost identica! predictions for ./(~ = ~IA(~ @ R,IP,(}? @ RF.9E(~.

The ambiguity in inferring n(p) from DINS data is illustrated graphically in Fig. 3 by a :,lmu!a-
tion. The mock data shown in Fig. 3(a) were created for the experimental conditions of Sosriick, et
a!. [5] with 100 times the number of neutrons achieved experimentally ([en limes the slatistica 1 accu-
racy) using the GFMC n(p) [7,9] as input. Figs. 3(b) and 3(c) show two very different n(.~) (conIinu-
ous lines), both of which fit the data in Fig. 3(a). These were obtained by maximum entropy c!econ-
volution [4] using as default models a best-fit Gaussian plus delta function for Fig, 3(,b) and z. best–fi[
Gaussian for Fig. 3(c) (which allo~ no J30se condensate). The GFMC had an nO of 9,2%, to oe
compared with 9.870 for Fig. 3(b) and OVOfor Fig, 3(c). Thus, data with statistical accuracy t:n times
better than currently achieved can no[ unambiguously establish the existence of a Bose condensate,

However, not all distributions allowed by the data make physical sense. Thus, we have extra
prior knowledge, in the form of Physics, which constrains the allowed n(p) much more lightly than the
data alone. Fig. 4 shows such a determination of no, where the temperature dependent DINS data
obtained by Sosnick, et al [5] was deconvolved using an entropic Prior with the GFMC n(p) (T=O K)
as the default model. The fact that no is found to be slightly greater than zero even above the
k-transition (although consistent Wilh zero within errors) can be understood as a consequence of the
bias of the default model toward the existence of a condensate.

CONCLUSIONS

The experimental DINS data [5] on Cf-fe show an obvious sharpening at small Y as the tempera-
ture is decreased below the k-transition. Nevertheless, our counterexarnple shows thai, despite prior

claims Lo the conwary [ 1-2], the present generation of DINS ex~rirnents have not, and cannot be
expcted to, unambiguously establish the existence of a Bose condensate in ‘He. Prior knowledge in
the form of a physical model is required to adequately constrain [he inversion m determine nO, and
the available models [ 1-2] involve uncertainties [3] which would show IJp as systematic rather than
statistical errors. The strangest evidence we have for the existence of a Bose condensate in 4He is that
ab illi(io calculatio. ~ of J(Y), including final state effects [6] and simulations of n(p) [7–8, 10], are in
excellent agreement with DINS experiments [5] with no adjustable parameters, tind these calculations
predict the existence of a Bose condensate in 4He at temperatures below the k-transition,

More generally, the inversion of Comp:ln profile data to extract n(p) in any system is an
extremely ill-posed problem, particularly at small p as can be seen from Eq. (4), Exceptional statis-
tics, minimal final s~te broadening, and accurate instrumental resolution functions are required. For
DINS on helium systems, i! appears that significant final state broadening is unavoidable 16].
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