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ABSTRACT |

The problem of analyzing data from a multisphere neutron spectrometer to infer the energy
spectrum of the incident neutrons is discussed. The main features of the code MAXED, a
computer program developed to apply the maximum entropy principle to the deconvolution
(unfolding) of multisphere neutron spectrometer data, are described, and the use of the code is
illustrated with an example. A user’s guide for the code MAXED is included in an appendix.
The code is available from the authors upon request.
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INTRODUCTION

The multisphere neutron spectrometer (also known as Bonner spheres after one of the authors
of the original paper) was first described by Bramblett et al. (1960). Such a spectrometer is a set
of detector assemblies made of spherical moderators of different sizes, each one with a counter
sensitive to thermal neutrons placed at the center. Each detector is characterized by a response
function, which is the efficiency of the detector as a function of incident neutron energy. The
shape of the response function depends on the size of the moderator. As the size of the
moderator is increased, the peak of the response function shifts to a higher neutron energy.

The number of counts, N, measured by detector k is related to the detector’s response
function, R,(E), and the neutron spectrum, f(E), by an integral over the energy of the form

N, + €, = [ R(E)AE)IE _ (1.1)

where €, is the (unknown) measurement error in detector k. Figure 1 shows a set of response
functions for a multisphere neutron spectrometer that has been used by the Environmental
Measurements Laboratory [for more details see Goldhagen et al. (1996)]. The 12 detectors are
spherical 5.08 cm-diameter "’BF,-filled stainless steel pulse ionization chambers, one of them is
bare (unshielded), one is surrounded with a layer of cadmium, and the remaining 10 are
surrounded with high-density polyethylene spheres with diameters ranging from 7.4 to 30 cm.

To reduce the response to thermal neutrons and improve energy resolution, the moderator spheres
are surrounded with cadmium shells and then aluminum shells for safe handling. The sharp dips
in the response functions come from nuclear resonances in the cadmium and aluminum shells
surrounding the spheres and, for spheres 11 and 12, in the carbon of the polyethylene moderators.

The problem of deriving f(E) from a finite number of measurements [i.e., finding f(E) that
solves Equation (1.1) for all measurements] does not have a unique solution. This can be
understood intuitively -- without further assumptions it is clearly not possible to determine a
continuous function such as f(E) from a finite number of measurements. Non-uniqueness would
not be a serious problem if for all practical purposes the measured data was sufficient to force all
solutions of Equation (1.1) to be very similar. But this is not the case for multisphere




spectrometers, where the energy response functions are not sharply peaked and overlap over
many orders of magnitude (see Figure 1).

The process of choosing a particular solution spectrum from the infinite number of spectra
that fit the data is known as deconvolution (or unfolding) of the data. To make this choice, we
need to find additional criteria to supplement the set of constraints imposed by the measure-
ments. While many deconvolution algorithms use criteria that are purely mathematical, we
believe that to choose a physically relevant spectrum it is crucial to use a priori information.

In this paper, we take the point of view that deconvolution of data is best viewed as a
problem of inference. That is, to deconvolve our data we must take an initial estimate of the
spectrum (which encodes the a priori information that is available before the measurements are
made) and modify it using information from a set of new measurements. This new, improved
spectrum becomes our best estimate. If the method of deconvolution used is sound and we have
good a priori information available, we expect our final best estimate to be close to the true
spectrum. Which method of deconvolution if any is the correct one for this task? This question
will be discussed in the next section. We favor deconvolution based on the maximum entropy
principle. It has been shown that this principle provides us with a method of inference that is
both consistent and unbiased (in a mathematically well defined way). For a justification of this
claim, we refer the reader to the material in Appendix A, and the papers referenced therein.

DECONVOLUTION AS A PROBLEM OF INFERENCE

In most cases, when we make a neutron spectrometry measurement, we have some
information about both the neutron source and about the physics that governs the interactions of
the neutrons as they travel from the source to the spectrometer. This information is usually
derived from calculations or independent measurements. As we stressed in the introduction, we
need to incorporate all this a priori information into the deconvolution process. We refer to this
initial estimate of the spectrum that incorporates all the a priori information as the default
spectrum.

Suppose that we have chosen a default spectrum that incorporates the a priori information

that is available before the measurements. How do we modify that default spectrum to take into
account the new information contained in our measurements? To answer this question, note that
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a neutron spectrum is-a positive distribution that can be interpreted as a probability distribution
(in the following sense: asked for the probability that the next incoming neutron is in a given
energy range, all you need to do is look up the neutron energy spectrum, and the fraction of
neutrons in that energy range is the answer). This permits us to reformulate the question in the
following way: given a prior probability distribution (the default spectrum), which method
should we use to derive a new probability distribution (the spectrum which results from the
deconvolution) that takes into account the new information provided by our measurements? A
formal argument [due to Shore and Johnson (1980); see Appendix A for a brief discussion]
shows that the maximum entropy method is the only general method of choosing the new
distribution that does not lead to inconsistencies. A derivation of this important result is beyond
the scope of this paper, and we refer the reader to the original article for a proof. Instead, we will
try to justify the use of the maximum entropy principle using more intuitive arguments.

The default spectrum contains all the a priori information available. Therefore, any
deviations from the default spectrum that results from the deconvolution should be driven by the
new information provided by the measurements, otherwise we would be introducing structure
that neither agrees with our a priori information nor is justified by the measurements. In other
words, we want to take our default spectrum, and change it into a spectrum that fits the data but
remains “as close as possible” to the default spectrum. But what does “as close as possible”
mean when comparing two spectra? Once more, we interpret spectra in terms of probability
distributions. Given a prior distribution, p(x), and a distribution, g(x), we define the cross-
entropy, Scg, by

Sce =- [ {q(x) In (q(x)/p(x))} dx. 2.1)

The cross-entropy satisfies S < 0, and it equals zero only if q(x) = p(x). It can be argued
(Hobson 1969) that the magnitude |Sg| of thebross-entropy provides a measure of the amount
of information necessary to change p(x), which by assumption contains the a priori information,
into q(x). It seems reasonable, therefore, to use |Sc;| as a measure of how much q(x) differs
from p(x). From among all the spectra that fit the data, the maximum entropy method chooses
the one for which [Sc| is a minimum, and, therefore, the one that is “closest” to the default
spectrum.




MAXIMUM ENTROPY DECONVOLUTION OF MULTISPHERE
NEUTRON SPECTROMETER DATA

We now describe the main features of the computer program MAXED (maximum entropy
deconvolution) that we developed to apply the maximum entropy method to the deconvolution of
multisphere neutron spectrometer data. Note that the experimental errors for each individual
detector are taken into account during deconvolution, which is essential for the proper analysis of
the data. A user’s guide with practical recommendations for running the code can be found in
Appendix B.

In practice, the deconvolution problem will usually be formulated in discrete terms. To do
this for a multisphere neutron spectrometer with m detectors, we introduce an energy bin
structure with energy bins AE, (i = 1, ..., n and n > m), and replace the spectrum f(E) and the
response functions R,(E) that appear in Equation (1.1) with a (discretized) spectrum £, and
(discretized) response functions R,;. We define the set of admissible spectra using two
restrictions:

N, +¢=YRyf, k=1,..m G.1)
Y eXol2=Q (3.2

where the N, are the measurements, o, the standard deviations, and the left hand of equation (3.2)
is the familiar chi-square statistic. Typically, Q is set equal to the number of detectors. The set
of Equations (3.1) is the discretized version of (1.1). Equation (3.2) is a constraint for handling
the (unknown) errors €,, and assumes that the errors are normally distributed with zero mean and

variances 0,°. From this set of admissible spectra, we want to select the one that maximizes the
entropy S of the distribution,

=- % {f In (F/E7%) + £ - £} (33)




where the f; PFF ig the (discretized) default spectra. Equation (3.3) is in the form given in Skilling
(1989). For the relationship of S to S, see Appendix A and the references cited.

We now present the maximum entropy deconvolution algorithm, which is a modification of
the one in Wilczek and Drapatz (1985).

The Lagrangian associated with the maximization of (3.3) with constraints (3.1) and (3.2) is

of the form

L(£, € Ao W)=-Y {0 (/5 ") + £ - £} - T &, (TR £-N, - 6} 34
-1 {T(e/0Y - Q)

where A, , p are (m + 1) Lagrange multipliers. Variation with respect to f, e, and p lead to the set
of (n + m + 1) equations

-In (§/£ ) -Y A, Ry=0, i=1,..,n (3.5)
A -2 pe/0 =0, k=1,...,m (3.6)
Y elo? = Q. (3.7

We use (3.5), (3.6) and (3.7) to solve for the £, the €, and p in terms of the A,

f, = £° exp{- Y ARy } i=1,.,n (3-.8)
€=A0772p, k=1,..,m 3G9
1= (MOY/4 Q" (3.10)

Variation with respect to the A, leads to (3.1), and using (3.8), (3.9), and (3.10) we can write
these m equations as




N, + 40,7 ( Q/Z(A'joj)z)uz -y Ry f; DEF exp{-}.A Ry} =0, k

1, oy m. (3.11)

Thus, the initial optimization problem stated has been reduced to a system of m equations
with m unknowns A, ..., A,. The set of equations (3.11) can also be derived by maximizing the
potential function, Z,

Z=-3 £77 exp{-Y AR} - QY (40, ))"” - L N, (3.12)

with respect to the A,. Therefore, we can reformulate the problem in terms of the maximization
of Z.

We use a simulated annealing algorithm to maximize the potential function (3.12).
Simulated annealing is a global optimization method that distinguishes between different local
optima [see Press et al. (1992) for a brief discussion]. The algorithm makes very few
assumptions regarding the function to be optimized, and it is quite robust with respect to
non-quadratic surfaces. It moves both up and downhill (and can, therefore, escape from local
optimas), and as the optimization process proceeds, it focuses on the most promising area. The
method is, therefore, able to discriminate between “gross behavior” and finer “wrinkles.” Our
simulated annealing subroutine is a modification of the program SIMANN.F. This program is an
example of the Corana et al. (1987) simulated annealing algorithm for multimodal and robust
optimization, as implemented and modified by Goffe et al. (1994).

To start the optimization, the algorithm randomly chooses a trial point within a given step
length of the user selected starting point. The function is evaluated at this trial point and its value
is compared to its value at the initial point. In a maximization problem, all uphill moves are
accepted and the algorithm continues from that trial point. Downhill moves may be accepted,
and the decision is made in a probabilistic manner by the Metropolis criteria, which is based on
an analogy with thermodynamics -- specifically, the way metals cool and anneal [for a discussion
of the Metropolis criteria see, for example, Press et al. (1992)]. If the new point is rejected,
another point is chosen instead for a trial evaluation. As the optimization process proceeds, the
length of the steps is reduced and the algorithm closes in on the global optimum.




To initialize the parameters of the simulated annealing algorithm we took into consideration
the values suggested in Corana et al. (1987) and Goffe et al. (1994), and used the results of test
runs to find a set of optimal initial values. The only parameter that we did not initialize in this
way was the temperature (a parameter which enters into the Metropolis criteria), because the
optimal initial value of the temperature depends, in general, on the particular optimization
problem that is being solved. In most cases, an initial value for the temperature can be chosen as
follows. Note that simulated annealing first builds up a rough view of the surface by moving
with large step lengths at a high temperature. In our case, the function is convex in the large, and
has only one maximum at a large enough scale length. Therefore, choose an initial temperature
that is high enough so that no new maxima are found in the first set of iterations at constant
temperature. This corresponds to probing the surface to within a scale length that is so large that
we already are at the global maximum for the given scale length. Then, as the temperature is
decreased, the algorithm is given the chance to inspect the “fine wrinkles” of the function at
temperatures that are still high enough to escape from any of the local maxima. After searching
through the local maxima, the algorithm should arrive at the global maximum.

AN APPLICATION OF THE DECONVOLUTION METHOD

We now describe an application of the code MAXED in which we analyzed measurements
taken 120 m from the center of the Tokamak Fusion Test Reactor (TFTR) of the Princeton
Plasma Physics Laboratory. In this example, we used the multisphere neutron spectrometer
described in the Introduction to measure neutrons generated during deuterium-tritium (D-T)
fusion reactions, and, from these data, we estimated the spectrum for neutrons with energies
ranging from epithermal to 14 MeV. The data analyzed here were collected in 1996 using a
smaller set of eight detectors, corresponding to response functions 3, 5, and 7 through 12 of
Figure 1. We did not use detectors 1 and 2, which are normally used to infer the thermal
component of the spectrum. For the deconvolution, the 6, were set equal to the square roots of
the measured number of counts N, and ranged from 2.5% to 5% of the N,. We estimate that
these relatively large statistical errors dominated other sources of error.

The 14 MeV neutrons generated during fusion reactions travel through a substantial amount
of shielding before reaching the spectrometer. It is exceedingly difficult to create a detailed
model of the shielding at TFTR. Fusion reactor shielding simulations, especially those for
neutrons, are subject to uncertainties due to homogenized approximations of complex
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geometries, uncertainties in materials properties and distributions, and changes in configuration.
Most of the shielding is due to approximately one and a half meters of concrete in the walls and
the ceiling. We have used, therefore, a default spectrum derived from a calculation of 14 MeV
neutrons incident on a 1.54 m thick slab of type 4 concrete (Ku and Liew 1992). For the
deconvolution, we re-binned the default spectrum to fit the bin structure of the response
functions (20 bins per decade, of equal width in the logarithm of the energy) using linear
interpolation in the logarithm of the energy.

Figure 2 shows both the default spectrum and the maximum entropy spectrum that results
from the deconvolution. We can use the chi-square statistic as an indicator of how well the
spectra fit the data. The chi-square of the maximum entropy spectrum is 8, which equals the
number of detectors (this was one of the two restrictions used to define the set of admissible
spectra, see Equation 3.2). The maximum entropy spectrum, therefore, fits the data within
experimental error. The default spectrum has a higher chi-square of 262.

A priori structure that is consistent with the data is preserved by the deconvolution method.
The fine structure in the default spectrum (due to the physics of the transport of neutrons through
the shielding) appears in the maximum entropy spectrum, even though the peaks are sharper than
the resolution of the spectrometer. The overall spectral shape has changed, however, to account
for fewer higher energy neutrons: below approximately 0.4 MeV the maximum entropy spectrum
is above the default spectrum, otherwise the maximum entropy spectrum is lower than the default
spectrum. Features of the default spectrum that are not consistent with the data are, therefore,
corrected. Some small features in the maximum entropy spectrum seem to be due to structure in
the response functions. If we re-bin the maximum entropy spectrum so that its bin structure
matches the bin structure of default spectrum, the chi-square increases only slightly (from 8.0 to
8.1), indicating that the added structure is very minor.

D ISCUSSION

The problem of deriving the neutron spectrum from a set of multisphere neutron spectrometer
measurements has no unique solution, and many different spectra are consistent with the data. It
follows that the neutron spectrum cannot be derived from the measurements alone, and additional
conditions need to be introduced to choose one spectrum from all the spectra that fit the data. We
are faced then with a problem of inference, in which we want to provide our best estimate of the
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spectrum given all the information that is available, and not only the measurements. This is an
important point. In general, it has not been recognized that the deconvolution of multisphere
neutron spectrometer measurements should be treated as a problem of inference, but without
taking this into consideration it is difficult to choose a deconvolution method among the many
that are available. As a result, in many cases data are analyzed using deconvolution methods that
are not correct, either because they do not take into account @ priori information in a systematic
way (some even claim not to use a priori information at all!), or because they do not incorporate
the new informatidn derived from the measurements in a consistent way. The most popular
deconvolution methods are iterative algorithms which require a starting spectrum. While one can
argue that the starting spectrum can be used to encode a priori information, in general, the -
algorithms used to derive the final spectrum cannot be justified when examined as methods of
inference.

We have argued in this paper that the maximum entropy method is theoretically sound, and
that it should be used for the deconvolution of multisphere neutron spectrometer measurements.
The code MAXED described here provides a numerical realization of this method. Although the
conceptual difficulties associated with deconvolution are solved when the problem is approached
from this point of view, we want to point out that one difficult problem remains -- that of the
default spectrum. More attention needs to be devoted to constructing good default spectra from
the a priori information available.
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Figure 4. Input file of the example discussed in An Application of the Deconvolution Method.

8,21

3,638.0,25.26
5,1234.0,35.13
7,1479.0,38.46
8,1524.0,39.04
9,1432.0,37.84
10,1015.0,31.86
11,716.0,26.76
12,433.0,20.81
4.46684E-07,7.05203E-06
3.98107E~06,7.14895E-06
3.98107E-05, 6.28513E-06
0.000354813,5.67862E-06
0.003548134,6.37151E-06
0.035481339,6.35839E-06
0.177827941,2.19349E-06
0.316227766,2.46114E-06
0.562341325,2.05672E-06
0.707945784,2.30768E-06
0.891250938,2.06759E-06
1.258925412,6.18209E-06
2.238721139,6.50391E-06
2.818382931,2.05672E-06
3.548133892,2.31987E-06
5.011872336,1.83305E-06
6.309573445,1.0308E-06
7.943282347,1.16269E-06
11.22018454,1.08749E-06
12.58925412,9.69227E-07
14.12537545,0.0
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Figure 5. Output File *. TBL of the example discussed in An Application of the Deconvolution
Method.

Deconvolution Using the Maximum Entropy Algorithm
File with Input Data : DTKU9NU.CSV

File with Response Function: RF.CSV

Spectra is Stored in File DTKUSNUR. QUT

Response Function in Units of: cm**2

Chi Square Using the Default Spectrum = 2,62E+02

Final Chi Square (No Rebinning) = 8.00
Final Chi Square (Default Spectrum bins) = 8.10
Final Chi Square (Response Function bins) = 8.00

*%% RESULTS FOR THE THE FINAL SPECTRUM: ***

NUM/DET CTS/MEAS CTS/CALC (E-D)/S= (E-D)/D=
3 6.38E+02 6.27E+02 -0.443 -0.018
5 1.23E+403 1.21E+03 -0.641 ~0.018
7 1.48E+03 1.49E+03 '0.308 0.008
8 1.52E+03 1.46E+03 ~1.764 ~0.045
9 1.43E+03 1.43E+03 0.033 0.001
10 1.02E+03 1.06E+03 1.437 0.045
11 7.16E+02 7.05E+02 -0.407 ~0.015
12 4.33E+02 4.62E+02 1.400 0.067

**%* RESULTS FOR THE DEFAULT SPECTRUM: ***

NUM/DET CTS/MEAS CTS/CALC (E-D)/S= (E-D)/D=
3 6.38E+02 4.72E+02 -6.562 ~0.260
5 1.23E+03 9.85E+02 -7.098 ~0.202
7 1.48E+03 1.32E+03 -4.036 ~0.105
8 1.52E+03 1.398+03 ~-3.495 ~-0.090
9 1.43E+03 1.38E+03 -1.355 ~0.036
10 1.02E+03 1.17E+03 4.765 0.150
11 7.16E+02 8.72E+02 5.813 0.217
12 4.33E+02 6.21E+02 9.054 0.435

NUM/DET LAMBDA

3 ~6.211E-02
5 -6.454E-02
7 2.835E-02
8 -1.600E-01
9 3.097E-03
10 1.598E-01
11 -5.388E-02
12 2.383E-01

Scaling Factor/Default Spectrum for be
Scaling Factor/Default Spectrum used = 1.0740E+07

st fit = 1.0740E+07

Default Spectrum Format: n Fluence Rate per Bin

Bin Structure Used :

Response Function Bin Structure
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Figure 6. Output File *.OUT of the example discussed in An Application of the Deconvolution
Method.

Input File DTKUSNU.CSV

E (in MeV)
4.6529E-07
5.2206E-07
5.8576E-07
6.5723E-07
7.3743E~07
8.2741E-07
9.28375-07
1.0416E-06
1.1687E-06
1.3114E-06
1.4714E-06
1.6459E-06
1.8473E-06
2.0784E-06
2.3320E-06
2.6165E-06
2.9358E-06
3.2940E-06
3.6959E~06
4,1469E-06
4,6529E-06
5.2206E-06
5.8576E~06
6.5723E-06
7.3743E~-06
8.2741E-06
9.2837E-06
1.0416E-05
1.1687E-05
1.3114E-05
1.4714E-05
1.6459E~05
1.8473E-05
2.0784E-05
2.3320E-05
2.6165E-05
2.9358E-05
3.2940B-05
3.6959E-05
4.1469E-05
4.6529E~05
5.2206E-05
5.8576E-05
6.5723E~05
7.3743E-05
8.2741E-05
9.2837E-05
1.0416E-04
1.1687E-04
1.3114E-04
1.4714E-04
1.6459E-04
1.8473E-04
2.0784E-04
2.3320E~-04
2.6165E-04
2.9358E-04
3.2940E-04

fl/¢ (I)

3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.8812E+00
3.9977E+00
4.0798E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9863E+00
3.9341E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.7378E+00
3.8500E+00
3.9291E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.8390E+00
3.7375E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.4592E+00
3.562%E+00
3.6362E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.5528E+00
3.3744E+00

£f1/¢€ (F)

4.6778E+00
4.9088E+00
5.0914E+00
5.2466E+00
5.3542E+00
5.4288E+00
5.5198E+00
5.5601E+00
5.6003E+00
5.6035E+00
5.4934E+00
5.6768E+00
5.8068E+00
5.6811E+00
5.6958E+00
5.6898E+00
5.7110E+00
5.7086E+00
5.5862E+00
5.5175E+00
5.4991E+00
5.4871E+00
5.475%E+00
5.4758E+00
5.4566E+00
5.4718E+00
5.4708E+00
5.4534E+00
5.4378E+00
5.4152E+00
5.2519E+00
5.405%E+00
5.5232E+00
5.3771E+00
5.3628E+00
5.1781E+00
5.3167E+00
5.3455E+00
5.1567E+00
4.9168E+00
4.8931E+00
4.7868E+0C0
4.7406E+00
4.7804E+00
4.8459E+00
4.5525g+00
4.7687E+00
4.7635E+00
4.6699E+00
4.7550E+00
4.5958E+00
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Figure 6 (Cont’d)
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APPENDIX A. THE PRINCIPLE OF MAXIMUM ENTROPY

The entropy of the distribution f{x), in the form given in Skilling (1989), is given by
8 = - [ {f(x) In (Fx)/f(x)°F) + fx)° - f(x)} dx, (A.1)

where f(x)P¥ is the default distribution. This is a generalization of the usual cross-entropy
formula

Sce = - | {f(x) In (fx)/f(x)°™)} dx, (A2)

that appears as the first term in (A.1). The second term in (A.1) is an additive constant that
ensures that the global maximum of S (at f{(x) = f(x)"%) is zero, a sometimes convenient but not
essential requirement. The third term in (A.1) ensures that in the absence of any other constraints,
when S is maximized, f{x) = f(x)°F* (rather than just being proportional).

Before we go on, a note on terminology: some authors use the term entropy when referring to
what we call here cross-entropy, while others use the term cross-entropy for the negative of S,
and, as a result, end up with the principle of minimum cross-entropy. Other names for S (or its
negative) are relative entropy, direct divergence, expected weight of evidence, Kullback-Leibler
distance, and Kullback number. To keep the arguments as close to the standard literature as
possible, when discussing the maximum entropy principle in this section, we will be referring to
maximization of S, not of S. For an axiomatic derivation of S (rather than S.;) we refer the
reader to Skilling (1989).

The maximum entropy principle provides a rule for determining a positive, additive
distribution given definite but incomplete constraints. The probability distribution p(x) of a
variable x is an example of a positive, additive distribution. It is positive by construction, and it is
additive in the sense that the overall probability in a domain equals the sum of the probabilities in
any decomposition into subdomains. In our case, the positive, additive distribution to be
determined is the neutron energy spectrum, f(x), and the constraints are the measurements and the
experimental errors associated with them. The maximum entropy principle states that from all
distributions f(x) satisfying the set of constraints, one should choose the one for which S is
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maximal. A parallel procedure is used in statistical mechanics, where given constraints on the
total energy and number of particles of a gas, entropy maximization is used to infer a distribution
that is uniform in space and Maxwellian in velocity. There are several approaches that lead to the
maximum entropy principle. We summarize two of them below.

In the original derivation by Jaynes (1957, 1968), the use of the maximum entropy principle is
justified on the basis of the cross-entropy’s unique properties as an uncertainty measure.
Arguments originating in information theory show that the Shannon entropy,

Seu=- L fiIn (£ /£ ) (A3)

is the appropriate measure of the amount of uncertainty expressed in a distribution. These
arguments follow from requiring three consistency conditions that are generally accepted as
requirements for an uncertainty measure. Expression (A.3) for the case f, °¥ = 1 was originally
derived by Shannon (1948) for discrete distributions. Jaynes (1968) showed that (A.2) can be
derived by generalizing to continuous distributions, in which case f(x)°*F appears as an “invariant
measure” function (as well as playing the role of default distribution). Once a measure of the
amount of uncertainty is established, it then seems reasonable to choose from all distributions f(x)
satisfying a set of constraints the one for which S is maximal, since this is the distribution that
“assumes the least™ about the unknown f(x). While agreeing with what is known, it will be
maximally non-committal with regard to all information except the data, and, therefore, the most
unbiased estimate. ’

An independent justification that makes no reference to information theory is given by Shore
and Johnson (1980). Jaynes (1957) had already remarked that inferences made using any other
information measure than the entropy may lead to contradictions. Shore and Johnson (1980)
consider the consequences of requiring that methods of inference be self-consistent. They
introduce four axioms that are all based on one fundamental principle: if a problem can be solved
in more than one way, the results should be consistent. Informally, they state their axioms as
follows:

1. Uniqueness: The result should be unique,

II. Invariance: The choice of coordinate system should not matter,

II. System independence: It should not matter whether one accounts for independent information
about independent systems separately in terms of different densities or together in terms of a joint
density, and
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IV. Subset independence: It should not matter whether one treats an independent subset of system
states in terms of a separate different conditional density or in terms of the full system density.
They go on to show that given information in the form of a set of constraints on expected values,
there is only one distribution satisfying the set of constraints that can be chosen by a procedure
that satisfies the four axioms, and this unique distribution can be obtained by maximizing S..
Therefore, if a method of inference is based on a variational principle, maximizing any function
but S will lead to inconsistencies unless that function and entropy have identical maxima (any
monotonic function of the entropy will work, for example).
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APPENDIX B. A USER’S GUIDE TO THE CODE MAXED

INTRODUCTION

MAXED is a FORTRAN code that applies the maximum entropy principle to the
deconvolution of multisphere neutron spectrometer data. This guide describes the code in
sufficient detail to allow a user to prepare the necessary input files and to run it on a PC under
DOS. While most of the information needed to run the code is read from input data files, some
information is provided by the user at run time.

While developing the code, we added a subroutine that carries out a second, separate
deconvolution of the data using the SAND-II algorithm [see McElroy et al. (1967)]. This was.
done to allow us to compare the results of our code with the results obtained using the SAND-II
algorithm. While we favor using the maximum entropy method (for reasons given in the main
body of the text), we have decided to make the SAND-II option available. More information on
the SAND-II option is given below.

A package with a copy of the code and other related files can be obtained from the authors by
sending an e-mail request to mreg@eml.doe.gov or goldhagn@eml.doe.gov. This package
includes the following files:

1. MAXED.FOR, the source code;
2. MAXED.EXE, an executable code;

. RF.CSV, the response function file used for the example discussed in An Application of the
Deconvolution Method;

. INPUT.CSV, the input file used for the example discussed in An Application of the
Deconvolution Method; and

. LF90.ERR, the run time error message file.
MAXED.EXE is an executable code for use under DOS. To run the program, the response

function file, the input file, and the run time error message file must be in the same directory as
the executable file.




DESCRIPTION OF THE INPUT DATA FILES -

Running MAXED requires the user to create two files: one with information on the response
functions of the detectors (the response functions file), the other one with information about the
measurements and the default spectrum (the input file). These files are described below. The
format of the numbers that appear in these files (e.g., real or integer numbers) are indicated in
parenthesis, after a brief description of the quantity under consideration. Real numbers may be
written in either exponential notation (e.g., 6.385E+02) or in standard notation (e.g., 638.5).
Both files are comma delimited (the same format as spreadsheet programs’ *.CSV files).

An example of a response function file is shown in Figure 3. The response function file has
the following structure:

1. One line with the number of detectors (integer number).

2. One line with the number of energy bin edges (integer number).

3. One line with the units of the response function (10 characters or less).

4. One line with the lowest energy bin edge of the response functions, in MeV (real number).

5. Several lines with the upper energy bin edge of the response functions, in MeV (real
number), followed by all the detectors’ response function values for that bin (real numbers).

The response functions for all the detectors must have the same energy bin structure.

When the response function file is read in, each detector is assigned a detector number in the
following way. When the rows with the detectors’ response function values are read in, the first
number that is read in (column 1) is the upper energy bin edge of the response functions. Then,
the first response function value that is read in (column 2) is assigned to detector 1, the second
response function value (column 3) to detector 2, the third response function value (column 4) to
detector 3, etc.

An example of an input file is shown in Figure 4. The input file has the following structure:

1. One line with the number of measurements (integer number), followed by the number of
energy bin edges used for the default spectrum (integer number).

2. Several lines with information on the measurements, each line with a detector number
(integer number), the measured data for that detector, usually in counts per second (real
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number), and the error assigned to that measurement, in the same units as the measured data
(real number).

. Several lines with information on the default spectrum, each line with the value of the lower
energy bin edge in MeV (real number), followed by the value of the default spectrum for that
bin (real number).

. One line with the highest energy bin edge of the default spectrum, in MeV (real number),
followed by a zero.

We believe that the ability to incorporate the measurement errors in the deconvolution (many
deconvolution methods do not take errors into account) is one of the very useful features of the
code MAXED. However, we caution the user that it is important to assign realistic values to
these experimental errors. The errors assigned should take into account not only statistical
fluctuations in the number of counts, but also estimates of the contribution from other sources. If
the errors assigned to the measurements are too small, the solution spectrum will show an
excessive amount of fine structure. This can be easily checked by inspection, after which the
problem can be run again using better estimates of the errors. In this way, extraneous fine
structure can be avoided without applying smoothing.

RUNNING THE PROGRAM MAXED

To run the program, type “MAXED” at the DOS prompt. The following information is
entered by the user in response to prompting questions from the program:

1. The names of the input, output, and response function files;

. The form of the default spectrum (e.g., differential energy spectrum, lethargy spectrum or
fluence rate per bin).

In addition, the following options are available:
. A choice of energy bin structure;
. A choice of parameters for scaling the default spectrum;

. A choice of parameters for the simulated annealing subroutine; and




4. The choice of carrying out a second, separate deconvolution of the data using the SAND-II
algorithm.

Names of input. output, and response function files

The input and response function file names can be any legal DOS file name (up to eight
characters for the file name, followed by a period, followed by up to three characters for the
extension). The output file name is limited to eight characters in length (with no extension).

Form of the default spectrum
The default spectrum which appears in the input file can be in one of three formats in:

1. {neutron fluence rate per bin}/{width of bin in E(MeV)}, which is the discretized version of
the differential neutron fluence rate per unit energy, d®/dE;

2. {neutron fluence rate per bin}/{width of bin in In(E(MeV))}, which is the discretized version
of the differential neutron fluence rate per unit lethargy, EA®/dE = d®/d(InE); and

3. {neutron fluence rate per bin}.
Bin structure for the deconvolution

The code MAXED provides the user with four options for the bin structure of the
deconvolution:

1. a fine bin structure;
2. four bins per decade;
3. the bin structure of the default spectrum; and
4. the bin structure of the response functions.

If option (1) is chosen, the energy bin structure used for the deconvolution is generated by
overlapping the bin structures of both the default spectrum and the response functions, so that
there is a bin edge whenever either the default spectrum or the response functions have a bin

edge. If option (2) is chosen, the energy bin structure used is of equal width in the logarithm of
the energy (measured in MeV), and it has four bins per decade. If option (3) is chosen, the
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energy bin structure used is the same as that of the default spectrum. If option (4) is chosen, the
energy bin structure used is the same as that of the response functions.

The default spectrum and the response functions are rebinned to the final energy bin structure
whenever necessary, and the rebinning is done using linear interpolation in the logarithm of the
energy. In all cases, the lowest bin edge used for the deconvolution is the maximum of the
lowest bin edges of the default spectrum and the response functions, and the highest bin edge
used is the minimum of the highest bin edges of the default spectrum and the response functions.

No matter what energy bin structure is chosen, in all cases the output is provided in three
forms: using the chosen bin structure, and rebinned after deconvolution of the data to the bin
structure of the default spectrum, and to the bin structure of the response functions. We
recommend using option (1), and rebinning to either the bin structure of the default spectrum or
to the bin structure of the response functions. In general, the % of the rebinned spectrum will be
larger than the ¥ of the deconvolution that is done using option (1). In most cases, this is
acceptable. However, if rebinning results in an increase in ¥ that is unacceptably large, this can
be an indication that there is an excessive amount of fine structure in the deconvoluted spectrum.
This is usually due to having assigned unrealistically small errors to the measurements.

Scale factor for the default spectrum

While a suitable estimate of the shape of the default spectrum is often available, the
normalization (absolute magnitude) that corresponds to the conditions of the measurement is
usually unknown. Given the default spectrum, the code MAXED calculates the multiplicative
scale factor that provides the best fit to the data (that is, it calculates the multiplicative factor that
minimizes the chi-square of the default spectrum). The user is then given one of three options:

1. To scale the default spectrum, using the multiplicative scale factor calculated by MAXED;
2. Not to scale the default spectrum; and

3. To scale the default spectrum, using a scale factor entered by the user.

We recommend option (1) for most cases. If the default spectrum is the result of a reliable

calculation that is normalized to the conditions of the measurement, then option (2) might be a
better choice.

Parameters for the simulated annealing subroutine

The simulated annealing subroutine requires the user to enter two parameters:
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1. The temperature, T; and
2. The temperature reduction factor, RT.

Here, temperature does not refer to an actual physical temperature, but is just the name of a
parameter that regulates the algorithm. In most cases, an initial value for the temperature can be
chosen as follows. Note that simulated annealing first builds up a rough view of the surface by
moving with large step lengths at a high temperature. In our case, the function is convex in the
large, and has only one maximum at a large enough scale length. Therefore, choose an initial
temperature that is high enough so that no new maxima are found in the first set of iterations at
constant temperature. This can be determined by observing the value in the “NEW MAXIMA
THIS TEMPERATURE?” line, which is printed to screen under the heading “INTERMEDIATE
RESULTS BEFORE NEXT TEMPERATURE REDUCTION?” as the simulated annealing
subroutine is running. If this value is zero for the first set of iterations, the temperature that was
chosen should be adequate. For most of our applications, a temperature of 1000 has been large
enough to satisfy this requirement. This procedure corresponds to initially probing the surface to
within a scale length that is so large that we already are at the global maximum for the given
scale length. Then, as the temperature is decreased, the algorithm is given the chance to inspect
the “fine wrinkles” of the function at temperatures that are still high enough to escape from any
of the local maxima. After searching through the local maxima, the algorithm should arrive at
the global maximum.

RT must satisfy 0 <RT < 1. We recommend setting the temperature reduction factor to 0.85,
as suggested in Corana et al. (1987) and in Goffe et al. (1994).

The SAND-II option

The SAND-II algorithm is an iterative process that alters an initial trial spectrum so as to
obtain a solution spectrum that agrees better with the measured data. Here, we set the initial trial
spectrum equal to the default spectrum used for the maximum entropy deconvolution.

The user is required to enter the maximum number of iterations. In addition, the user has the
choice of using one of two convergence criteria:

1. A maximum fractional deviation in any bin; and
2. The value of the chi-square.

If option (1) is chosen, the SAND-II deconvolution is considered finished when either the
fractional deviation in each bin from one iteration to the next falls below the value entered, or
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when the maximum number of iterations is reached. If option (2) is chosen, the SAND-II
deconvolution is considered finished when either the chi-squared becomes equal to or less than
the number of measurements, or when the maximum number of iterations is reached.

DESCRIPTION OF THE OUTPUT DATA FILES
The output consists of some or all of the following files:

1. OUTPUT.OUT;
2. OUTPUT.TBL;
3. OUTPUT.SL; and
4. OUTPUT.TS2.

Here “OUTPUT” is the output file name set by the user. The first two files are always
created, and the last two files are only created if the user chooses the SAND-II option while
running the code.

The files OUTPUT.TBL and OUTPUT.TS2 contain information on the results of the
deconvolution using the maximum entropy method and the SAND-II algorithm. Figure 5 shows
an examples of an OUTPUT.TBL file.

The files OUTPUT.OUT and OUTPUT.SII contain the results of the deconvolution. The
first row lists the name of the input file used in the deconvolution. The second row labels the
columns. For each of the rows that follow, the columns list the following quantities:

1. The value of the lower energy bin edge, in MeV;
2. The value of the default spectrum for that bin, in {neutron fluence rate per bin};
. The value of the solution spectrum for that bin, in {neutron fluence rate per bin};
. The value of the default spectrum for that bin, in {neutron fluence rate per bin}/{width of bin

in In(E( MeV))}, which is the discretized version of the differential neutron fluence rate per
unit lethargy, Ed®/dE = d®/d(InE).

. The value of the solution spectrum for that bin, in {neutron fluence rate per bin}/{width of
bin in In(E(MeV))};




6. The value of the solution spectrum for that bin, in {neutron fluence rate per bin}/{width of
bin in In(E(MeV))}, rebinned to the response function bin structure;

7. The value of the solution spectrum for that bin, in {neutron fluence rate per bin}/{width of
bin in In(E(MeV))}, rebinned to the default spectrum bin structure; and

8. The ratio of default spectrum to final spectrum for that bin (column 2 divided by column 3).

Finally, the last row lists the value of the highest energy bin edge, in MeV.
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