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ABSTRACT

The linear properties of lower hybrid, drift cyclotron, and drift 

cyclotron loss cone instabilities are calculated including shear, beta, 

and distribution function effects. Transport runs including these effects 

are carried out for experiment-sized and reactor-sized devices. Non­

linear effects on the DC mode due to frequency and wavenumber shifts 

are calculated.
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1. INTRODUCTION

It is generally accepted'*' that micro instabilities affect both the 

heating and loss (of particles and heat) in many plasma containment 

devices. The modeling and prediction of the behavior of linear theta 

pinch, reversed field pinch (RFP), imploding liner, and magnetic mirror 

machines all require knowledge of the linear and nonlinear behavior 

of the lower hybrid (LH), ion cyclotron drift (DC), and drift cyclotron 

loss cone modes (DCLC), including such realistic features as finite 

beta, magnetic shear, and the full set of particle and temperature 

gradients. In this paper, we give many of these properties (Sec. 2) 

and show how they affect the time evolution of various experiments (Sec. 3). 

Further, we formulate and examine the effects of the nonlinear frequency 

shift on the drift cyclotron mode (Maxwellian) and determine the spatial 

and temporal evolution of the spectrum of such modes in a flute 

approximation (Sec. 4). The latter calculation bears on mirror loss 

cones with a warm plasma stream.

2. LINEAR PROPERTIES OF LH, DC, AND DCLC INSTABILITIES

The linear theory of these three modes have been widely discussed 

in the low P, no-shear, constant temperature limit. * In summary, their 

properties in this limit are (L^ is the scale size, a^, the ion gyroradius)
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In this section, we extend these conditions to include various

magnetic geometries, and distribution function effects, using both analytic

and numerical solutions of the dispersion relation, extended for non-local
2effects to the form A«p + Q(co, k, r)<p = 0, and for finite P effects to a

2
2x2 dispersion matrix. The details of the analytic and numerical 

techniques, along with further graphs and results are presented elsewhere. 

This section summarizes the results. The definition of shear and notation 

are standard. ^

3
2.1 Lower Hybrid with Shear, Weak Inhomogeneity

In the low P limit, an analytic estimate of shear stabilization can be 

made. The result is LH is stable if

4Ln co 2v*
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2 2The last mode to stabilize has wavenumber K a = (T /T.(l + T /T.e e i e i

To include finite 0 and also the effect of strong inhomogeneities
i

[1 > a^L^ (me/m.) A ] requires numerical analysis. We present two

examples.

2. 2 Lower Hybrid with Shear and Finite J3.(T /T. -*0)6
1 © l

The analysis uses a fully electromagnetic, non-local, Weber-like 

dispersion equation to include finite ion as well as magnetic shear. The 

results of numerical integration of this equation are shown in Fig. la. 

Although for shear much too weak to stabilize the LH mode increasing 8^ 

tends to decrease the growth rate, the ultimate effect is that increasing 

somewhat increases the shear needed to stabilize. The curve below 

a^/Ln = i agrees with the analytic calculation Eq. (1).

g
2. 3 Lower Hybrid with Shear, Strong Inhomogeneity

As shown in Fig. lb, numerical integration of the £ = 0 dispersion 

equation shows that increasing T /T. reduces the amount of shear needed to 

stabilize in the weak gradient limit, in agreenent with Eq. (1) - Eq. (2);
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however, increasing T /T. increases the shear for stability in the© 1
strong gradient limit.

2. 4 Lower Hybrid with Temperature Gradients

The problem of linear stability of the LH mode in low A can be 

generalized to include temperature gradients. Such a calculation has 

been carried out and the results are, in summary: the LH mode is 

unstable only for wavelengths such that (r?^ = dAiT^/d^nn)

coce1>b ----------^
e 2T. 1 " ^Ti \ Wpe

2\ -1
(3)

K ^ Tb > e e
(X - ^Te) 1 (4)

(1 - ivTi)(l * Te/Ti * beo;ce /Upe )

Note that whereas without ion temperature gradients (tjt^ -* 0) all long

wavelength modes are unstable, the unstable spectrum is reduced for

positive. Eqs. (3~4) are also necessary for the DC mode, where

co =co . = kV~ determines the wavenumber, ci D

2. 5 DC with Shear3

In a calculation similar to that described for the LH mode, we have 

obtained an analytic solution to the non-local dispersion equation, by
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solving the Weber-like equation for the perturbed potential Atp”
2

+ (B-Cx )cp = 0, where B(xo, co, k) is the local dispersion relation. 

In this case, in contrast to LH, shear reduces the growth rate 

rather than stabilizing the mode. The condition for shear to reduce 

the growth of all wavelengths of the DC modes is

(A somewhat weaker value of shear affects the very short wavelengths, 

ka^ » 1.) Since the LH mode can be shown to merge with the DC mode
i

for (L /a.) s:(m./m )A, Eq. (5) is clearly the same as the condition for n i 1©
stabilizing LH modes, Eq. (1) at this value of L^. Note also that the

i
linear stability condition Ln < a^im/m ) " bounds the righthand side of 

Eq. (5).

2. 6 DC with Finite ft

A detailed numerical study of the linear dispersion matrix for DC

instabilities, including electromagnetic perturbations, allows study of this
o

mode for finite P = 8im(Te+T^)/B , as well as the transition to the LH mode 

discussed above. The results are shown in Fig. 2a and Fig. 2b. For

6



P «(m^/W)4 all effects are small. For larger values, P becomes

a significant stabilizing effect, due particularly to resonant v B orbit

modifications from finite P as oc/kV ■* 1, where V_ - (c T/eBL )p.d -D n
Fig. 2a and Fig. 2b show the reduction of the growth rate for various T^/T^

and for T =0. The double curve is because y - y „ for two different e max
values of k^, when p gets sufficiently large. As usual electromagnetic

effects prevent the "self-dug well" of the electrostatic term from

stabilizing the mode. Similar though less detailed results have been

obtained analytically in an earlier publication. We conclude that although

finite P slows the instability, it may still persist until diffusion broadens
the profile to the linear stability limit a^/Ln ^(m^/rm)^. In a sufficiently

large device, this may be unimportant compared with classical effects.
7

More details are contained elsewhere.

2. 7 DCLC with Warm Plasma^

Although linear theory predicts that the DCLC mode in a mirror 

machine will be unstable over a broad band of frequency and wavenumber,9 

experimental observation indicates only narrow bands of instability at the 

lowest harmonics of the ion cyclotron frequency. A detailed linear 

analysis is made of the transformation of the DCLC instability into the 

DC instability as the loss-cone of the ion distribution is filled by a warm
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5
Maxwellian component. In particular the loss cone distribution is

modeled by the difference of two Maxwellians with different temperatures 
2 2TH = /2, /2 and the warm component by a Maxwellian

2
with temperature T = m.V /2 with a the relative fraction of warm ^ w i w
component. In general, it is found that the addition of warm plasma (A / 0)

reduces the growth rate of the DCLC and breaks the broad band wavenumber

spectrum into a discrete banded structure when y~ The detailed

features of the spectrum are strongly dependent on the parameters, a,

Tw/Th characterizing the ion equilibrium. A particularly

interesting result is that when the ion velocity distribution is ’’doubled

humped, " some parametric combinations (e.g., a.H/LN = 0.2,

A = 0. 025, T./T^ - 0. 05, T /T„ = 0. 025) result in the lowest unstable ’ h H ’ w H
harmonic having the largest linear growth rate. This result is consistent 

with experimental observations and agrues that these persistent observations 

of only the lowest harmonics may possibly be explained, linearly, by 

means of a partially filled loss cone. Further details, including the 

effects of temperature gradients and warm plasma component on the 

instability threshold condition, may be found in Ref. 5.

3. MODELING OF SHEAR- AND BETA-STABILIZED PLASMAS 

In order to determine the practical importance of many of the 

effects discussed above, we have included those results for the LH and
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DC instabilities, including finite £ and shear effects, in a simulation 

of this effect on cross field plasma diffusion. We want to determine 

(a) the necessity of using realistic linear stability estimates and (b) the 

time evolution of a system in which only part (usually the central part) 

of the profile is stabilized by these effects. Further, we try to show 

whether the instabilities will produce the same results in a large, 

reactor-size device as in a smaller laboratory experiment. Fig. 4a 

shows a plasma of experimental size which is, at t = 0, ^-stabilized 

except near the boundary. By 1 ms the stable region has eroded away 

and the plasma is nearly lost, showing that finite £ stabilization is not very 

persistent in this configuration. In contrast, a partially shear stabilized 

case is shown in Fig. 4b of the ZT-1 type configuration, at t - 0 and at 

1 ms. For contrast n(t = 1 ms) is also shown in a calculation neglecting 

shear stabilization. Note that shear seems a much more persistent 

stabilizing mechanism than finite P. The other side of the coin is that 

ZT cannot tolerate too much profile change without losing MHD stability. 

Finally, Fig. 5a and Fig. 5b show the same calculation as in Fig. 4a and 

Fig. 4b, but on a reactor-size scale. The finite P system (Fig. 5a) is 

still eroding, but the rate has been considerably scaled down. The ZT-40 

example (Fig. 5b) exhibits little diffusion at all on this time scale. Work 

in progress will include longer runs and comparison with MHD stability

conditions.
9



4. NONLINEAR THEORY

While drift-unstable ion cyclotron waves (DC) are expected to

reduce the containment properties in any magnetic configurations,

they are particularly important in mirror devices where the breakdown of

adiabaticity can induce rapid particle end losses and where their existence

has, in fact, been observed to be correlated with containment degradation.
12As it has been established that particle containment in a mirror trap 

including DC waves critically depends on the spectrum and amplitude, 

nonlinear calculations are important to obtain the saturated spectrum 

characteristics so that a fundamental understanding of mirror machine 

containment and its extrapolation to larger, hotter devices can be 

synthesized. In order to model the mirror loss cone plus injected warm 

plasma stream, we examine the effects of the nonlinear frequency 

shift on the DC instability (Maxwellian velocity distribution) and determine 

the spatial and temporal evolution of the spectrum of such modes in a 

strictly flute approximation.

13 -16It has been shown 0-0 that for fixed wavenumber of the ion

gyrofrequency is effectively nonlinearly shifted by the ion cyclotron

wave which thereby detunes the resonance - co . ^ kV_. ThisJ ci D
16stabilizes the DC instability when the nonlinear frequency shift is 

comparable to the linear growth rate. Since, however, a wavenumber

10,11
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shift might again allow the proper resonance for instability, we here 

determine these shifts self-consistently.

Consider the DC instability in an inhomogeneous plasma with

a density profile given by N = + Y/L). The electrostatic wave

potential is assumed to be of the form <p(x, t) = $(x, t)expi(kx-cot) where

♦ is the slowly varying amplitude and x is the direction of the ion

diamagnetic drift VD = (cT^/eB^N) B x W. We examine only the

resonant cases of ojwco^. ^nco .. To obtain the effects of the nonlinearDi ci
frequency and wavenumber shift, we solve the Vlasov equation to the 

third order in e<P and find the resonant ion density fluctuation is

(6)n,3

The nonresonant terms can be shown to be of order (ka^) * smaller.

The only important electron nonlinearity is the usual quasilinear 

spatial diffusion effect which can be shown to maintain charge neutrality.

The resulting nonlinear wave equation for the slowly varying ^(x, t) can then 

then be obtained as

a $ - d * + - v2<s> = 0
tt XX

(7)
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where

y = n to . 7 ci
B

4tmmc

Rescaling r - vt, X - vx and setting $ = ya we normalize Eq. (7)
17into the standard nonlinear Klein-Gordon equation. For travelling- 

wave solutions, we may set the dependence of on r,X only through 

£ - X-Vt and then Eq. (7) has standard elliptic function solutions. In 

the limit of infinite period, there are the solitary-wave solutions, which, 

however, are either localized but unstable:

$ =v/2 sech

or stable but not localized:

cAyv -1 (V>1)

tanh /JVi1 - V‘ (!vl<i)

A particular solution of physical interest is the spatially-uniform solution: 

^(X, t) = 4>o exp(-ia.'ot) with loJ* = |<E>ol^ - 1.

Perturbing this solution with 5$exp[ikX - i(6 + wo)t], we find

62 = (to 2 + A) ± 74Ao) 2 + I* I4
v o 0 o

2 2 2 2 4where a = k - 1 + 2|$ | . As (w -a) > I* | , this solution iso o o
stable to all perturbations. For u)o = 0, this is in fact the minimum-
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energy state corresponding to being at the bottom of the effective 

potential well (see below) and we expect that the system would eventually 

evolve into this state through either radiation or dissipation. This is in 

fact borne out by the self-similar solution and numerical solution of 

Eq. (7). With the similarity variable £ = - X^, Eq. (7) becomes

4f(54>?)f+ | *r -1 <!>= 0 (8)

Setting £ - exp 77, Eq. (7) can be cast into the following oscillator 

equation with nonlinear and ’’time-varying" spring constant:

d2$
dr?2

4>!2 - 1 $ (9)

Eq. (8) is solved numerically and the solution is shown in Fig. 6a. 

Note that initially the amplitude grows exponentially with the 

linear growth rate then it saturates and oscillates around 4* = 1 with 

oscillation frequency = <72” in the present dimensionless units. The 

saturation amplitude for the first harmonic is found to be

We have also solved the full space time Eq. (7) numerically, as 

shown in Fig. 6b. A localized pulse is applied at x = 0 at t = 0, the

pulse propagates outward with dimensionless speed 1.0. At t = l,

13



the response is still growing close to the dimensionless linear growth 

rate 1. 0. However, the curves at r = 4 and r = 9 show a nonlinear 

saturation at the valve 1.0, corresponding to the bottom of the 

pseudopotential well discussed above. The function ${X = 0, t) as 

observed in this numerical calculation, not shown, is found to be in 

precise agreement with the self-similar prediction of Fig. 6a.

Therefore, within the framework of the assumed Maxwellian 

state, and for the wave numbers in question, we have found very low 

amplitude saturation of the drift cyclotron waves which is consistent 

with the experimental observations. **
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FIGURE CAPTIONS

Figure 1(a)

Figure 1(b) 

Figure 2(a) 

Figure 2(b) 

Figure 3

Figure 4(a) 

Figure 4(b)

Figure 5(a) 

Figure 5(b) 

Figure 6(a)

Figure 6(b)

Effect of Magnetic Shear on the LH Drift Instability 

for Finite j3 and Cold Electrons.

Shear Stabilization of LH for j3 = 0 and Various T /T..e i

Effect of Finite P on the DC Instability for Te/Ti = 1*

Effect of Finite P on DC Instability when Te = 0.

Warm Plasma Effects on DCLC Instability for Various 

Ion Distributions (see text).

Time Development of a (partially) P Stabilized Experiment.

Time Development of a (partially) Shear Stabilized 

Experiment.

Time Development of a /3 Stabilized Reactor Prototype.

Time Development of a Shear Stabilized Reactor Prototype.

Self-Similar Solution of the Nonlinear Klein-Gordon 

Equation.

Space Time Solution of the Nonlinear Partial Differential 

Equation.
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Space—Time Solution of the Nonlinear Partial Differential Equation


