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To calculate the rate of x-ray production or backscattering a knowlpjge 
of the distribution of electrons in depth and velocity is needed. The oehavior 
of the electron distribution function (the probability of finding an e^ctron 
at a given point with a given velocity) is governed by the Boltzma'in transport 
equation 

IJh'j l f + y ^ g r a d f = / / / v 'o 1 (yj ,v_) f ( v 1 , r' t ) - vo'(y,y_') f (v,r_,tldy_r (1) 

where a(v/,v) is the probability per unit distance of an electron with initial 
velocity v_' being scattered to a final velocity v_. Rather than solve this 
integro-differential equation directly the usual approach has been to simulate 
the behavior of many electron trajectories by Monte-Carlo methods (see for 
example Shimizu,et al. [1]). The transport equation can be simplified by 
assuming solutions are stationary with respect to time and that the electron 
beam has infinite extent in the x,y plane (parallel to the specimen surface). 
Integrating over the azimuthal angle removes it from the equation as the 
cross section is a function of the difference in azi'nuthal angles of the 
incident and scattered states. Dependence on it can easily be calculated 
by fourier transformation with respect to this variable. It is also convenient 
to rewrite the equation in terms of fluxes which c;in easily be related to 
observed currents 
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Ke.E.z) = v f(e,E,z) 
7t E „ 

C0S8 ̂  (8,E,z) = I I [a(6,E;e'E') I(6',E',z) (£-) 
"0 -'O 

-a(e,E';e,E) I(6,E,z)] s'ne' d6' dE' 

In many treatments further approximations are made at this stage. Bethe 
et al. [2] derive the corresponding Fokker-Plank equation and this has been solved 
by Brown, et al. [3] numerically using a grid in angle, depth,and integrated path 
length. It is also usual to expand in Legendre polynomials [4], [5], [6],but 
applying the boundary conditions is not easy and sometimes only spatial moments 
in an infinite foil with a source at the center were calculated [4], [5]. 
Integrated path length was nearly always used instead of energy to describe the 
electron state and this means that energy distributions were calculated assuming 
a continuous loss law. This has also been a problem with earlier Monte Carlo 
calculations [7]. 

Equation 3 is put into a matrix form by segmenting the angle and energy 
variables 

dl 1 

**• = y A1-- i j + y c i j i 
dz -O fim \n + 4- umn nj 

mn 

where 

n i J 

A " 
m 

r-'J = 

Jm = ^ V ^ 5'a> 
a' ei' Em' ej' En) s i n 6 j s e c e i A 6 A E i * j 

(o{61.,Em;6i,Em) - Z a(6.,E S B ^ E J ) sinS^ sec6i A M E 5(b) 
nj' 

a(e i,E m;e j,E n) sine^ sec6i 5(c) 

Dashen [8] uses a similar approach but derives a nonlinear equation for the 
matrix relating forward and backward traveling fluxes. As electrons only lose 
energy and it is also a good approximation to assume that they are only scattered 
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from one energy level to the next equation 4 can be rewritten as a coupled 
supermatrix differential equation. The diagonal matrixes represent the elastic 
scattering and the "absorption" due to inelastic scattering and those on the 
next lower off diagonal represent the coupling between the energy states due to 
inelastic scattering 

_d_ 
dz 

! 0 A o ° 0 . . 'o 
h - C 10 A l 0 . . •l 
h 0 C ? A ? . . h 

A further simplification is to assume only one energy loss equal to the 
incident energy and this means that absorption from the incident state is the 
only effect of the inelastic scattering. The resulting matrix differential 
equation has a simple solution 

I(t) = exp At 1(0) 7. 

which can be evaluated by diagonalizing the matrix. As there is a symmetry 
between forward and backward scattering before applying the boundary conditions 
the eigenvalues and eigenvectors can be partitioned 

exp Xt 0 VI V2 -1 I F(0) 8 

0 exp-Xt V2 VI I R(0) 
I F(t) 
I-(t) 

VI V2 
V2 VI 

This can be solved for I D ( 0 ) , Ir(t) subject to the boundary conditions 
I F(0) = 6 i > i , I B(t) = 0 and gives 

I F ( t ) (V2 - V1V2 _ 1V1) exp-Xt V 2 _ 1 ( I + VI exp-Xt V2" 1 VI exp-Xt V2" 1 ) 9 ( a ) . 

I B ( t ) = (V1V2" 1 - V2 exp-Xt V2" 1 VI exp-Xt V 2 _ 1 ) ( I + VI exp-Xt V2" 1 VI exp-Xt V2" 1 ) 

9 ( b ) , 

As can be seen i f t tends to i n f i n i t y the backscattered f l u x becomes 

I B ( 0 ) = V1V2"1 I F ( 0 ) 10. 
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and this is the solution matrix of Dashen's nonlinear equation. The forward 
and backward traveling fluxes at depth z are: 

IF(z) = V2 exp-Xz V2" 1 Ij-(O), Ig(z) = VI exp-xz V2" 1 I p(0) 11. 

The solution for the supermatrix differential equation (6) where many energy 
levels are considered proceeds in a similar way. The supermatrix is diagonal!zed 
in two stages. The first step is to bring it to a block diagonal form analogous 
to an eigenvalue matrix with the matrices A along the diagonal. This can be done 
by solving matrix commutator equations involving these matrices by diagonalization. 
The supermatrix eigenvalues and eigenvectors are found by expressing the diagonal 
matrices A in terms of their eigenvalues and eigenvectors and a numerical pro­
cedure was devised where the solution for each energy is found using the eigenvector 
elements of the previous energy. The time taken to diagonalize the supermatrix 
by this method is proportional to the number of energy levels. The partitioning 
can then be done and the solution is similar to that given previously except that 
the matrices now have indices corresponding to energy. The backscattering at 
energy i is given by 

iJ(o)= S v i ^ v ^ J i°(o) iz. 

From the energy distribution of electrons at different depths various other 
quantities such as the rate of x-ray production, the secondary electron and 
Auger yield can be calculated. If x-rays with absorption coefficient u are 
produced at the rate *i by electrons at energy level i and the detector makes 
an angle e n with the specimen normal the observed rate of x-ray production 
would be 

S v v i i j + V2u> rcjift0' 1 3 

As the depth integration is analytic there is no extra e f for t in calculating 
x-ray y ie ld as opposed to backscattering. 

In calculations using this theory i t was found that 10 angle elements in 
90° were necessary for convergence at 10-15 energy intervals were needed for 
energy distr ibut ions of backscattered electrons. For the elastic scattering 



5 

a screened Rutherford cross section was used and for the inelastic scattering a 
cross section was derived from the Bethe loss low using the formula 

°<VEn--Vy " E ^ df (^) 
was used. 

It was found that the results were not very sensitive to small changes in 
screening parameter or ionization potential. However the theory is quite general 
and other cross sections could be used. For calculations of distribution of 
backscattering with atomic number and angle the single energy step theory where 
only absorption is considered was found to be quite adequate. Probably the 
most important parameter affecting backscattering is the ratio of elastic to 
inelastic scattering. This is illustrated in Fig. 1 which shows a plot of 
backscattering as a function of atomic number. The density was assumed to be 

-3 .234Z gm cm and the mean ionization potential 11.5Z eV. The agreement 
between calculated points and experimental points is good, the discrepancy 
being mainly due to the simple expressions assumed for density in the calcula­
tions. To investigate whether single large angle events are more important than 
many small angle events the cross section was cut off so that electrons were 
only scattered by 20° or less. Large angle events appear to be more important 
in light elements as the inelastic scattering is stronger and so there is less 
chance that electrons which have been scattered many times will leave the speci­
men. Fig. 2 shows the variation of bacicscattering with angle of incidence for 
50 kV electrons. At grazing incidence the backscattering is more or less 
independent of atomic number. This agrees with the experiments of Kanter [7] 
and Monte Carlo calculations. In Fig. 3 polar plots of backscattering for 
30 keV electrons at normal incidence are presented. For thin specimens the 
flattened distribution dominated by single scattering is apparent, for bulk 
specimens the distribution follows a cosine law. 

The energy dissipation of 30 keV electrons for copper as a function of 
depth can also be calculated using this approach and this is shown in Fig. 4 
with the results of Spencer's [5] calculations scaled to 30 keV. The main 
discrepancy is that the single energy step calculation decreases too slowly 
at large depths and is too low at small depths. This is to be expected as 
there is too much absorption of electrons near the incident energy and not 
enough absorption of the lower energy electrons at greater depths in the 
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specimen. If more energy levels are considered this can be corrected and 
about 5 energy levels are needed for convergence the remaining discrepancy 
probably being because Spencer did not use the correct boundary conditions. 
Similar effects due to the treatment of absorption can be seen in calculations 
Of forward and backscattered fluxes from specimens of different thicknesses 01 
of fluxes at various deaths in a semi-infinite specimen. 

In Figs. 5, 6, and 7, the energy distribution of backscattered electrons 
for copper, alunrinum,and gold is plotted and compared with the experimental 
results of Darlington [10]. The agreement is good and the calculations show a 
broadening of the peak of the distribution with a shift in the maximum to lower 
energies for lower atomic number. This is a result of the ratio of inelastic 
to elastic scattering, the greater inelastic scattering for light elements 
giving rise to more energy dispersion. 

One advantage of these methods over Monte Carlo calculations is the reduced 
computer time. For a CDC 7600 angular distributions assuming the single energy 
low approximation can be calculated in 0.2 sec, energy and angular distributions 
or x-ray production in 3 sec. and detailed energy spectra at 20 different depths 
in about 30 sec. This method is readily applicable to layer problems ar.d 
perturbations can be easily handled. It is also possible in principle to 
invert the equations to calculate quantities of interest (e.g. thickness of 
an overlayer) from backscattering observations. 
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Fig. 1 Backscattered fraction n„ as a function of atomic 
number Z. The open circles V are calculated points, the 
crosses 'x' are experimental points and the dots'.' are 
calculated points for scattering of 20° or less. 
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Fig. 2 Backscattered fraction 
n B as a function of angle of 
incidence s„ 

Fig. 3 Angular distributions of 
backscattered electrons. 
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