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Abstract

The beam tatget fusion reactivity for a monoenergetic beam in a Maxwellian

~ target is approximately evaluated for nonresonant reactions. The approxi-
mation is accurate for the DD and TT fusion reactions to better than 4% for
all beamn energies up to 300 keV and all ion temperatures up to 2/3 of the
beamn energy.
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1. Introduction

A series of recent experiments has led to improved determinations of
the cross sections for the DT{1,2], DD{3-5}, DHe® 1.6 {see discussion in
7). and TT (3] fusion reactions. The present work exploits the simple
energy dependence of nonresonant reaction cross sections to calculate the
beam target reactivity. The methad is parallel to that used by Bahcall[8] to
calculate the thermonuclear reactivity.

A similar method has been used by Core|[9] to develop formulae for the
DT reaction. Unfortunately, the resonance in that reaction {2t a center
ol mass energy of 50 keV) complicates the energy dependence of the cross
section. As a result, the Bahcall and Core expressions for the thermonuclear
reactivity are inaccurate for ion temperatures above ~ 15 keV (at 30 keV
the approximations are 530% too large). Core’s beam target reactivity is also
accurate only for relatively low values of the ion temperature. While simple
fits to the numericallv calculated thermonuclear reactivity of the resonant
DT and DHe® reactions exist[10], there are apparently no similar fits to the
beamn target reactivity which are valid for the full range of beam voltages
and target temperatures of interest.

The absence of a resonance-in the DD and TT reactions permits an accu-
rate, simple evaluation of the thermonuclear{5} and beam target reactivities
(below).

2. Approximate beam target reactivity

The beam target reactivity for a monoenergetic beam at a speed », =
V2 Eb/my, reacting with a Maxwellian target with a thermal speed o, =

V2Ti/m, is(11)

1 ®
(ov)oe = mj; ov

[er(y&“l:h)z - e-(v"-"‘ )2 dv. (1)

The complete beam target reactivity is obtained by averaging (av)u over the
beam energy distribution.
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The evaluation of the integral can be simplified by defining the *astro-
physical S function’ as the slowly varying part of the cross section:

o Een) = S(Een)/ | Eemexp { =5/ Ecn) | (2)

where b = maZyZ\/2u = 31.4/2u/mp VkeV, Ean = pv?/2, and p =
mym, /{my + m, ) is the reduced mass.

The second exponential in Eq. (1) is ignored below because direct calcu-
lation shows that it makes a negligible contribution in all cases of interest,
i.e., En <1 MeV and T, < 2F /3. This can be easily understood by noting
that since o(Eg,) is a strongly rising function of energy, the complete inte-
grand is maximized at a speed of v > , 50 ((v + »,)/owm)? > 4(vu/ o), and
if E, > 37T;/2 the second exponential is of order e~% in the region where the
first exponential is of order }.

Using Eq.(2) we rewrite the dominant term of Eg.(1) as

(v = #—v;;‘“:mf: S(Eem) exp [— (% + (";m"")z)] &, (3)

where B = 2xaZ,Z,c. The rapid energv dependence of the integrand is
isolated in the exponential, the argument of which

Flv)= B/v+ (K;Tvb)z

is maximized at a speed v., where
vy, — ) = o}, B/2.

The solution is

v.=w([l/3+ VR+ D+ YR - D], 4)

where R = 3/2+1/27, D = /B(B/4+1/27), and 8 = (own/ )2 B/ 2wy,
Letting
v =1, + it

and expanding F(v) we have
F(v) = F(v.) + v*[1 + 2(v. ~ v,)/{v. + o)} (5)
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Expanding F(r) and 5(E.,) in a Taylor series in u about v, (and ne-
glecting higher order derivatives of §) we are led to

a ac

(redpr ~ ——= S{E.) - S(E)p(v.omu - ofu®/2) exp -F(v.)
HU'T -V /0,
x exp(—1u?) 1 = 2v. - w)oar’ (1 ~ oguie)du. (6)
where E. = p?/2. vy = 1 = 2(v. - w)/v., and we have assumed 2(v, -

vp)owmu® ‘v? & 1.
Very small additional errors are incurred by extending the lower integra-
tion limit to —o¢ and keeping only the terms of order u®. u®. and u* 1o give

the final result

Teh 1+

exp [~ (2522 )?] (v./m) { 4o S'(E.)

ov)y ~o(E.)v.
(av)s (E.) A 17S(E.)
(v, — vy) [nad S(E.) Im\?
MR [ Sh(E-) - (v- ) J} @

Although Core's 9] beamn target reactivity included the smaller exponen-
tial in Eq. (1) and did not extend the integral in Eq. (6) to —oc. his result
differs from the lowest order term in Eq. (7) by much less than {%.

3. Application to the DD and TT reactions

The DD and TT fusion reaction cross sections are well approximated by
S(Em) = So + SIECI'rn

for By < Eax Where {S;, 51, By ) are (53.55 keV barn, 0.3282 barn, 700 keV)
for the D{d, njHe? reaction(5], (55.72 keV barn, 0.1868 barn, 3 MeV) for the
D(d,p)T reaction{5], and (190 keV barn, -0.2 barn, 700 keV) for the TT
reaction|3).

The new cross section measurements for the D(d, n)He? reaction are 5%
lower thah Duane’s fit(12] for 100 keV < Ey, < 150 keV, and 10-15% higher
than Peres’ fit[10].

A simple estimate of the importance of the target temperature is given by
the lowest order correction to the cold target reactivity: o(Ean = Eb/2)vs.
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For the D{d.n)He® reaction at E,=120 keV', ov ~ E'™. E. = Ey(1 - 8)%.
3 = 2T /jEy. and

exp [ {Sn® ] (. m0)

7 ~ (1 - 23),

SO

(av)ee > a(Bo/2}ns(l + 3T/ Eb).
This shows that even when T, = 0.1E,, the finite temperature enhancement
of (ot)y is significant. The enhancement [calculated from Eq. (1) for a
range of beam energies and temperatures is given in Table 1.

Far both DD reactions the first two terms of Eq. (7) approximate (ov)y
as calculated numecically from Eq. (1)) to 4% for Ey < 30D keV and
T, < 2E,'3. The negative slope of S(E.,) for the TT reaction leads ta less
cancellation in the third term of Eq. (7) and all terms are required to achieve
a 1% level of accuracy over this range of beam energies and temperatures.

If the target temperature is restricted to be no higher than 30 &eV, how-
ever, the first teim of Eq. (7) is accurate to 3% for all three of the reactions
considered here over the entire range of E}, for which the cross sections fits
are valid (see Fig. | for Ky <200 keV}. In most circumstances, therefore, the
lowest order approximation provides a convenient, computationally inexpen-
sive evaluation of Eq. (1) for the DD and TT reactions.
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Table !: Beam target reactivities for the D(d.n)He® reaction

i E, ovy, Enhancement: (o )p; Oy

(ke\') (10°%m*sec) T =35 keV T, =15 keV T, = 30 keV
) 1.01 1.8 ' 3.3 56

100 5.11 : 1.2 1.6 2.1

150 10.5 ; 1.1 1.3 1.5

Figure caption

Figure 1. The relative error for the first term of Bq. {7} compared to numer-
ical integration of Eq. (1). The relative error of the D(d,p)T reaction
is less than 1% for all T; less than 30 kel’.
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