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ICRF Oscillations of an Inhomo~cneous Plasma Cylinder*.— —— ——.

T. E. Cayton and H. R. Lewis
Los A.la_mosNational Laboratory

University of California
Los Alamos, New Mexico 87545

ABSTRACT

We have derived a dispersion differential equation suitable for studying
free and forced oscillations of a radially inhomoceneous plasma cylinder in the
ion cyclotron range of frequencies (ICRF). Solving the differential equation,
subject to appropriate bound.lry conditions, yields global eigenmodcs of the
cylindrical configuration; thus, our description embraces boti~the geometry and
the physics relevant in the ICRF. The derivation beginfiwith the equations of
the Vlasov(ion)-fluid(elcctron) model. An approximate solution of the ion
VliIsov equation is obtained analytically for a general screw pinch equilibrium
by restricting the ion gyroradius to small, but finite values. However, the
frequency of oscillation is not assumed to be small compared with the ion
cyclocron freqyency, and the pit=-of the magnetic field lines Is not restricted
to large values. Thus, we hove generalized and extended the theory of finite
gyroradius effects by including ion cyclotron damping, arbitrary diffuse
cylindrically symmetric equilibrium profilee, and other effects. The
approximate solution of the ion VlasrJv equntlon together with the Ampere
equation yield the dispersion differential equation. The solutions of the
equation explicitly exhibit two different length ~:calcs:a MID length ~c:lle,the
pinch rild~US; and a microscopic sc~llc,the iou gyrorudiuu, In tilelimit of
vanishing]y small ion ~yrorndli, our model reduces to the guiding culltcr plasma
model.

INTRODUCTION
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cylindrical surface located between the plasma column and the conducting shell.
The idealized excitation coil divides the ~acuum region Ir:totwo annular
voiumesm

The unexcited plasma is inhomogeneous. Plasma density, p, pressure, p, and
the magnetic field components, ‘e and Bz, are functions only of the radial
coordinate, r, in cylindrical polar coordinates. The equilibrium quantities
satisfy the equations of ideal magnetohydrostatics, a property of the
Vlascv-fluid mode12 which we use to describe the plasma. Current in the
unexcited inhomogeneous plasma is carried solely by electrons. The macroscopic
ion current density and the flow velocity vanish. But because of this, tile ion
guiding centers must be drifting, and there is a correspo,ldingelectric field in
the stationary reference frame. The electron fluid transfers momentum to the
ion fluid via the electrostatic field. In this respect, tr:eseequilibria differ
from the usual description found in ideal MHD or guiding cenicr plasma theory
where the guiding centers are a rest, and there is no equilibrium electric
field.

To determine the eigenmodcs, we solve the equations of the Vlasov-fluid
model whtch have been linearized about the (inhomogencous)equilibrium. The
model equations,are

1-3

4,5

Ion macroscopic qunntitics nre defined by appropriutu momontu of tlw ion
dlstrlbut[on f~luction, f. [Equation (2) ia the mumc!l~turn cquution for u cold,
mas~less fluid, hut it is pos~ible to include moru ~optlistlcntcd eluctrou
mndcls, e.g., finite electron prcstiure,~uidlng cuntrr electrons, etc.]

(())* l~$[))/r)/l~(”)l;kl - (kl!z kl - (ml\$”)/r-klJ$()))/l~((])l ..
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‘l)L”Ji~~ ‘d~r~vative operator.
ion Vlasov equation reads [(1 + LILO where the linear operators
LO and L] are components of the total In our
description,

LO = -f)ci~- i(ul- ‘Hvll- klvE) ,

where @ is the gyro-phase angle. The inverse op rator
T

LO-l is known
explicitly.3 We assume that t!e operator inequality LIL ‘“ << 1 , is valid with

?respect to operations on the $Aependcnt part of the so ution. This fundamental
assumption allows calculation of the inverse of the total time derivative

‘1(1 + LILO‘1)-1 = LO-l(l - LILO-l + ● .. ) .operator by the formal expansion LO
Application of this inverse operator yields an analytic approximation for the
perturbed ion dist

ti!
ution function, fl, from which is obtained the perturbation

current density, J .
i

Substituting this curuent density Into Eqs. (3)-(5)
ylclds a dis~er~ on differential equation which the cylindrical modes must
satisfy. For diffuse screw pinch equilibria, this prescription has been
accomplished With the MACSYMA symbolic manipulation computing system (M~tllli~b
Group, M.1.T. Laboratory for Computer Scicncc).q

The basic perturbati ; quantity Is ~1, tile displacement of the electron
fluid perpcndiculilrto B?) ; it is related to the pcrturbe

?05;;:tt!;:;c1::,c,:Cusc the representation ~~ = ~rf + ~ g, where 9=BXP, and D=u
satisfy a pair of coupled, scco&ordcrordinarydif fercutial-equatio~~. Th:
coefficient in these cquatlons arc uxtremcly complicated in the general CUSC.
Numerical methods are being developed to solve thu system. A FL)KTKANcode
produced by MACSYNA has been compiled. Some features of tllu solution nrc:

1) The basic rudial wuvelcngth is of the order of tllccy,lindcrradius, u.
2) The modes cxllihitfeiltlir~~ tll;lt vary rapidly with r -- il skilldepth t.)fthu

ordrr of thr ion p,yrorudiusnppc:lrs.
3) Ion cyclotron ru~~nilncc( fulldill]l~!ntal :Ind Ilurmonics)and Ccrcukov ruson~lnce

(n=U subharmonic) drc lnclildlldin the ion response.
4) TIIC ion dynilmlcs COUplC tlw ~hunr Alfv6n ilnd filst milfiilc’ttj,lf:t)li~tlc wilve~.

Tllcru Is no AICvdn coutilwum ‘- W(J llilV[l illl [011 kj.llutt~~\lfVdll WilVl!.

(A+A,)V12N - (k2-K;)u - A2VL2(IV) - @iV) -(),

2-K~)(lv) + A5V1211A6VJ2(IV) + (k K;u -(),
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A1 = (B/4)@(Q) +Z(L1) +z(~+l) +Z(C+2)]>

AZ= -(!3/4)co[Z(C-2)-Z(K-l) +Z(L+l) -Z(C+2)] ,

A5= -(B/4)Go[z(c-2)+Z(c-l) -Z(C+l) -Z(IZ+Z)] ,

A6= -(13/4)@(c-2) -Z(g-l) -Z(C+l) +Z(C+2)] ,

(K2+) =k2 - (Qc;k:ho[uc-l) +Z(c+l)]n ,

*/cZ)[M/Qci -K; m (f’ici A ?&(g-l) - z(L+l) ]/2] ●

LIMlci
Here, Z(x) is the plasma dispersion function and Ct,l= (

k“th
)*

k

Note that the ion skin depth, (cA/~ci ), the Cerenkov resonance, CO, and the ion
cyclotron resonances, C-2, q-l, C+l, and C+2 are included in this description.
By taking proper limits these equations reduce to those given in Ref. 1, and
finally, to the guiding center plasma result. At the perturbed plasma-vacuum
interface we must match tl~is plnsma solution with the TN and TE components of
the vacuum elcctroma~nctic field. Jump condiLtons nrc hcing evaluated.
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