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Algorithm for Singular Value Decomposition

D. C. ROSS

Electronics Division
r,os Alamos National riahoratory

?.0. BOX 1663, Los Alamos, New Mexico 07545

Abstract.

An :terative algorithm for the sinqular value decomposition [SVI)) of a non-zero mxn
matrix g is described and illustrated numerically. Derivations of the algorithm and sut-
Eicient conditions for convergence are outlined.

SVD is one of the most important procedures in digital processing of signa:s and images,
and in applied mathematics generally. SVD provides an eEfective way to find the rank of a
matrix, to compress data, to find the pseudo-inverse of a matrix and, in general, to cal-
culate with rectangular and square asymmetric matrices almost as easily as with square syrl-
metric matrices. The eigensystem of covariance m~trices and other symmetric matrices nf
the form A ~ may be found accurately from the SVD of ~. The kheory of the SVD is well

presented In-a famous 1958 paper hy Cornelius Lanczos in Americnn Hathematicril Nunthlv.
The basic facts are that any non-zero matrix M of rank r may he wl. ikten as the ~rr)riuct
of three factors: (1) m x r partial i=ometry g, (2) positive-definite r x r tllagonal
matrix Q, (3) r x n partial. lsometry ~.
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2. It is convenient to scale H initially so that the magnitude of its largest element
is near one and then to scale ~ a propriately at the end of the algorithm.
m-row (~ and a unit trial n-row ?

A unit trial
~ are needed to start the algorithm. The normal=

transpose of the largest column of ~ is ii reasonable ;hoice for (LJ along with the
normalized largest row of U for (~.

3. A trial sinaular value corre.spondinq to the trial :ows is then found hy

y= @~Fl) ..(y~~) (4)

which must be positive, by reversing the sign of one of the trial rows if necessary. The
squared norms of the residual rows

are then found by

(5)

.
If toth residuals are sufficiently small as measured by T, then (~} , y, (y)

closel:~ equals one of the sets of corresponding singular elements of ~ as can be seen
from the following theorems.

Y (u! \S the ~ projection of
u

Theorem 3:
Proof :

(Vlfil onto (IJI .
1~} (u[ i self-a joi t and idempotent.

y ‘u’ 1: c(i~:~;y ~u~h. ‘;!I*IW (u! = ~(w] ~1’d (“ 1]-f (U1
❑

Theorcm 4: Y {VI is the 1 projection of
Proof : !iimilar LO Theorem 3.

<UIMI onto {vi.

{(!! = (:~ ~ {1 - {v, ~ Y- YJ+{{E= {Q? {s= o}

❑
Theorem 5:

Proof : Substitut? premiseu i~~o Equation (1) .
❑

.
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m n

(9)

With these defin”tir$ns, o K problem reduces to solving E uation
the direct sum of (~ and ? ?

Q is given approximately by g.
(11) Eor

(za.+(~.-

(10)

and then

(11)

The method used here to locate a minimum of T is an example of the New:on-Raphson
algorithm which is analogous to the use of Newton’s Method to locate the vertex of an
erect parabola starting from any point on the parabola. As shown in Figure 1, doubli 9
the c reputed perturbation greatly accelerates convergence, assuming in our case

b t
?hat P

and are small. Applying this principle to our SVD algorithm, hs redefinm 2J as –
follows.

mm-l ={z= (, ,.~1-1,
(13)

AEter apprnxirnat~ perturbation rows (P and (Q ~~e found from Equation (13) anti added
respectively to (lJ and

(
~, the resultl~q sums are normalized and used as new trial rows

for the next iteration of he inner loop of the algorithm.

L
x
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5. The inner lrJop of th~ algorithm, defined in S~ckions 3 and 4, !,3 repeated until both
resilludl nolrnn arf? Sufflclont.ly nmall as meaqured hy thetr r!um ?. T!)e current ‘. of
t.r~til rown anti correnpondtnq trial slngulcir vnluP LrI then seler.tf?[! ilrl ~ C105P apL .uximatioll
to one of the Jf!trl of Currr?sporrdinq ninqulnr elcm(?ntri of M. Thii; ritup r!nds th~ pats kha~
ntarted with the nelection of initiill krlal nlngular rows ~nd returl~n control to t.be outer
loop of t.hc nlqorlkhm For the

$ y (x i$ f[JJ;’1 ::;:h
n~lt?ct.lon OF ,1 now pntr of trial sin ulnr row~ to IIGF (n rc-

ntatt,inq the ~nnrr loop. TO .nccomplinh hllln objcct,lve, the dynd
t.hm refll]lk,g Of the previous ptIrISI nuhtractcd from U to form n dc”~ titcd n,otrix
la thi?u IInmd t.o dnt~rmlnp n n~w pnlr nt Btilrl:inq rows
dpflriteri mt Lhe end of cnch pans. ‘1’I,c Orlqlnnl matrix ‘} ““[’‘Y N ‘n ‘roqr’’ntiv’”yin Uned Tnr all calcultitlonfl tn
th~ inner loop OE ktlo alqorit.hm In order to nvr)id llnnoc~?~nary ~crllmlllnr~~]n Or rolln(l-nff
t!rror.
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6. An ol:tline of the inner loop of the SVD algorithm is given in Table 1 ●long with a
measure of complexity of each step. For the sake of simplicity, only multipl~cations are
counted. The total number of multiplications in each iteration in which al!. Four tests are
passed is 4mn + 12(m + n) + 10. Tests 2-4 will be discussed later in this paper. Er?try
to the inner loop from the outer loop is at Step O and return to the outer loop follows
Step 5.
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Table 1 Inner Loop of Algorithm

C9mputirtions Multin lications

Given: mxn matrix 14, starting m-row (%

‘&iin:xrO~v P.- --

p2 and v2

y, including check

Test 1: Cc.mpare T with stopping limit of inner loop.

Test 2: Compare with previous iteration to ensure

({

3U stantial reduction ~n T
UM~y{~~,vz g, __

y{! Fj, P2{I, (Y3H

Assemble {~ and W-“

wfi and :/et [W~]-- —-

Test 3: Compare determinant with lower limit.

[y ~]-1

(’Z[y Y1-1

Test 4: Comuar, norm OE perturbation row with u~~er
limit to prevent-excessive overshoot. ‘-

(!! + {~ and {! + (Q

h’ormalizc to find new (~ and (~.

R,)Lut-n to St,!p 1.

L. ——-——

2mn

rl+n

m+n

1

2m + mn

2n + mn

3(m+ n)+.

3

4

2(m+n)

mtn

Z(m + n)

“1. Several nllmrrlcal uxamplcs rrf the application (Ii the SVD algorithm t.o nnme rela-
tively nmall matrices (3 x 5) have h~erl develop~d and st.urliqd. In npvt?ral of these ex-
amplcfl, the st.artinq ruLes normally employed w-lth the nlgorikhm were iqnored an”~ intention-
ally :]oor choiccii w~re mado for the startinq rown. In all Of thene Pxnmpleg, onc itcrakion
of the Innnr loop of the alqorithm rerru,lted in nuhntnntinl rt?rllrction nl’ the r,sidurIl norms
anll of the sum of t.ht? anglns between the trial vectnrn nnrl khe :!lnqlrlar pair to which thu
trial vectors were converging. In view of the t~dtum of the required calculations even f~r
nmall matrices, only rrne numorlcal r:xample in pr~rl~nke(l ll~re. In t-his ~xnmple, thn initial
trial rows nre deter;,:lncd by rea:~oltal)le srtnrtirv; rulcsm

r ‘
64[1 –.h4n 1.00 0 1[],4 640

(:1VPII I.ll,lk,M - - ..iflll _. 1{1) II1fl—-. .2UU .4tlr)
-..IIIU . J[)[l :)4[) .112[1 -. .1(111.: —.

Wo Ol)Lnin nl.artlng rown l~y notmallzinq thr! lar<lr?nl row and lnrgnst. column OK ~.



(;= l.oea I -l--II.816 .240
.9:72

(~=

{QUJ. .735691 -m7?56911 1.;Blo14 .6152001 .735691

(Vii= 1.6 1.2 10.0-- 4

Y = [{x~~ = 1.969567 Check : [(@) = 1.969567

Y2 - 3.a79194 ~z . 3m909394 V2 - 4.000000

{F@ -v2-y2-o.,20a06 (~~ =112 -y2=0.030zO0

T : -~~+ {g~ - 0.151006 {~ = [ .120806 ] .030200 1

. Oonoo .00000 -.69514
r

-.15101 .15101 .00000 .2516a
~-

-.15101

.02000 .00000 -.1737a -.11476 .11476 .06161 .77342 -.11476

(’r[w W]-h ---- m. 1=’JOO. . I . 00000 -. 1[-.01173 .011-/3 ]-.01994 ] -.00706 1 -.01173 1

After ridding these perturbation rows to the initial trial rows and normalizing, we have
a new pair of trial rows with which to start the next iteration.

(g= ~.79Wl I .59998 [ .n(15171

(~ = I .40000 1-.40000 I .613000j .239981 .40000

In this fnam~le, the SVD of I is kr,own exactly and we can deduce that the algorithm
is converairg to the following oet of corresponding singular elements.

1 .60 1 .00 1 Y1 - 2.00

1 -.40 I .6R I .24 ] .40 J

The angle between the trial row
$

~ and the singular row {U
the inner loop of the aiqorithrn rcm arccon( .9a4784) = ,Odo;f ;Zd~~ZZn;~.~~Z9; ;~r~t;y;Gz,
that in, by a factor of more than 20. The initial trial row (y waa chosen equal to (VA
and the efti;rt cif one lt~rnLion in to change the nnglm between {~ and (V1 From O“ tO
arcrori( .999995) = 0.177”. Thus, @vf!n wherl the alqorlthm in converging nfirinally, One of
the two anqles may Lncrzaoe by a nmall amount awl thle ●ffect la more than cancellml hy a
larqe reductinn in thm other angle. Thin Mhavlor is rmlated to the ziq-zag approach to
nolution c.~lled “hwnstitchlng 9 which la :ommon with algorlthm~ OE the Newton-llaphoon or
stmep~:lt-deucent type.

In norml unP of thn algorithm, we munt rmlY 011 T, the total residual norm aqumrnd,
to meaaurr dintlncp betwnnn our trtal nolution and Lhe final nolutlotl. lint un carry the
calculation of our numerical nxnmplu thrnuqh the! nncnnd Iternklnn an fnr an flndlng T.

(y”-l .“1!)04.) I -,79114.t ] 1.36120[ .4E4231 . 79U4J

(v~:- -,~!)~~] -.”=”7 “
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[(vqq =,.99993Check: _ _ _

IJ2 = 3.99982 V2 -.3m99994 T=. 00020 + .00008 = .00028

Note that one iteration of the inner loop has reduced= (~~) and (~~) , and that it
reduced = by a factor of more than 20.

0. There ate several special cases to consider.
~ has no SVD.

First, we note that the nu:.1 matrjx
If the socrce of matrices to be Eaccored by the alqorithm can possibly pro-

duce Q, then the outer loop of the algorithm must first test the given matrix to ensure
that it is not Q before proceeding. Second, it is important that the y found in
Step 7 of the inner loop be positive, so we need to consider situations where Y could

“ be zero. If (~ is orthogonal to all of khe singular rows (Uk, then ‘~~ = {0 and
y = 0. SimilarlY, if {x is orthogonal co all of the singular~ows
and Y-o. Another way that y can be zero is: (g =

(Vk, then(y~= (!
(%an.d (X-(vk ‘here ‘either

i nor k exceed r and i ~ k. Thus, the check in Step 3 musk ensure ~ha~ the two ways
of finding y agree within allowable round-off error and that

{

exceed zero by more
than allowable round-off error. If y= O, then eibher (~ or
before proceeding. If B2 < v2, replace

i
U:,if p~ > v2, replac ~ ~~~t %er~~~;~~~inent

ought to be orthogonal to all previous tri 1 rows. -

Let us consider cases in wtlch Det[W~] = O. The cases described above that lead to
y-o also lead to zero fur the determ~nant. The cure is the same as that described in
the preceding paragraph.
(~= (Vk, k <r.

Another way that the determinant can be zero is: (~= (Uk,
This case corresponds to normal convergence behavior and causes_iTo

problem,%ecau~e any iteration that would lead to Det[WW] = O with y ~ O would be
Germinated at Step 5 and the determinant calculation in”S~ep 10 would not be reached.
Further study may show that the check in Step 3 may eliminate the need for Test 3.

9. In order to study the behavior of the algorithm and sufficient condition~ for con-
vergence, let the trial rows be described in kerms of deviations from a pair of corre-
sponding singular rows (Uk and _& Mof~he given mxn matriX ~ of rank r. Let &

i - ‘k) Yk (VJ.the deflated matrix deEin@8 by: _ _

;::;, ~, N(+y $-forThe rows G may~~:yyny unit row:: s~ch that (~~(uk and (G~(V
in the Fit-st or third quadra~ts or

~, N~l and such
<o for

~n-the s~cond or fourth quadrants.
-—- -

u2= <UMfi~ =y~(l-x2)+x2(FN~~}---- —___

(F ~ 7) is necessary toAt this point, we can see that the condition on the sign of _ _
~ngure that Y 1s ponlt.ive for all (x#Y).

{@ =,12 -y2=y~(l-x2)y2+x2(F~~F) -X2y2(FN~)~.- ___

be

Note tl ‘:1 T(X,y) ~fl ilnd ~(o,n) = 0.
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In order to develop a geometric picture of the
few of its cro9s-sections:

T(x,y) surface, let us consider a
x = o; y =0; x = y.

(15)

(16)

Note that ~) (g, ~}~g) ~ ‘~}(gt and g- ~) (~ represent perpendicular projectors.

We see that Equations (15,16) represent parabolas and Equation (17) represents a quartic
that approaches a parabola for SIIIall X2 aa shown in Figure 2. Our algorithm was _
designed to work well with paraboloids, so we expeqt. convergence for almost any yz
when X2 is small and for almost any X2 when
initial ideas of conditions for convergence when
consider Equation (17) and its first derivative.

dT/dx = 2K[(2C2 + D2) - 2X2( 2C2)]

The stationary points of T(x,x) are at x-o

2= 2C2 + D2 > 1--- (sin 45”)2‘M 4C2
2

YL xiis sma 1. To obtain some
neither nor y2 are small, let us

(18)

and at x = *XM where

(19)

and T(xrn, Xm) = (2C2 + D2)2/8C2 while T(l,l) - D2. The stationary point at X=o is a
global minimum where T(O O) = O. The other stationary points are local maxima of T(X,X)
which do not occur if ‘C2 < D2m Note that the smallest X? is 1/2 corresponding to the
case where both trial vecto~s are 45° from one of the vectors in a pair of sinqular
vectors.

\

~.

T

. A

x
●

‘XM -0.5 Bo 0.5 NM 1

Figure 2.7(x,x) for D2 < 2C2.

A somewhat oversimplified view of the behavior of the algorithm can be seen by studying
Figure 2 where point A represents the initial choice of trial rows. One iteration OE the

inner loop of the algorithm would yield a new trial represented by the point B which would
lie at or near the origin if T(X,Y) were paraholoidal or nearly paraboloidal. Because
of the quartic nature of the T(x,y) surface, the point B will lie beyona the point
nearest to the origin along the direction of the perturbation vector. That i.;, the al-
gorikhm will overshoot

xi
The amount of overshoot will he sma 1 for small

i
x? but will be-

come very large for near X4. However, as long as xi < x , the algorithm will make
changes in the correct direction. This ohservticion suggests that the length of each
perturbation vector obtained, at least in the firSt iteratiOn in each pass, be checked and
reduced, if necessary, to some Preset MaXIMUIIIallowable len9th. Thus, Test 4 is included
at Step 15 of the inner 100IY just before the vector addition and renormalization steps.
Calculation have been made on the example of Figure 2 and on neveral other examples Eor
two values of the maximum length of the perturbation vector: l/~ and 1/2. Dost re-
~ults have been obtained with this llmlt set at l/fi.

IE x: exceeds xi , Ulc alqorlthm may make changes in the wron9 direction. Apparently,
many, if not all, of such cages may be detected by noting that th~~ new pair of trial rows
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does not yield a substantial decrease in T . It appears that such cases may be treated
reversing the direction OE the calculated perturbation via Test 2 at Step 6 of the inner
loop . Further study is needed to set the limitinq reduction ratio used in Test 2 and to
determine whether Teat 2 may be eliminated by selection of good starting rules.

The choice of the limit on the norm of the perturbation vector also requires further

by

study and computer testing.

‘n ‘rder :$:e::~::ge?TFYq:t$~~;~~ ““pa’s ‘o bedesirable to set this limit at about

One result of the analysis of the algorithm to date is Theorem 8 which leads to the
following conjecture: The algorithm converges for all starting points inside the square
S of side * centered on the origin of the (X,Y) plane, that is, for

x’ < 1/2 > yz

An alternative statemen~5& of the conjecture is: The algorithm converges if each trial
vector is less than from the corresponding vector in a singuiar pair.

Theorem C: The only stationary point of T(x,Y) inside the square S is the global minimum
at the origin.

Proof: Equate to zero the partial derivatives of r with respect to x and y .
Transfer radicals to the opposite side of the equals signs.
Multiply the resulting equations together to form one equation: f(x,y) = o .
Note that f(x,y) = o at the origin and at no other points inside S. m

Study of the effect of the ratio D2/2C2
u

on the T(x,y) surface leads to the further
conjecture that the algorithm converges for all (x#Y) if the fcllowing conditions are
satisfied.

[,+(SW] ~ {,EKE){FNT~} ~ $2---- (20)

These conditions are unlikely to be satisfied on the first pass of the algorithm but are
usually satisfied on subsequent passes associated with calculation of the smaller singular
values.

The al~orithm appears to be particularly applicable to the updating of the SVD OE a
matrix 05 observations as edch new set of observations is obtained and to the checking and
refinement of results obtained from other SVD algorithms. Further study and computer test-
ing is needed to put the algorithm in final form and to determine it~ rate of convergence
under various conditions. In the limited number of numerical examples developed to date,
the convergence Of the algorithm is surprisingly fast.
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