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Algorithm for Singular Value Decomposition
D. C. Ross

Electronics Division
l.os Alamos National lLaboratory
P.0. Box 1663, Los Alamos, New Mexico 87545

Abstract

An terative algorithm for the singular value decomposition !SVD) of a non-zero m X n
matrix M is described and illustrated numerically. Derivations of the algorithm and sut-

ficlent conditions for converqence are outlined.

3VD i3 one of the most important procedures in digital processing of signals and images,
and in applied mathematics generally. SVD provides an effective way to find the rank of a
matrix, to compress data, to find the pseudo-inverse of a matrix and, in general, to cal-
culate with rectangular and square asymmetric matrices almost as easily as with square synm-
metric matrices. The eigensystem of covariance matrices and other symmetric matrices of
the form A K may be found accurately from the SVD of A. The theory of the SVD is well
presented in a famous 1958 paper by Cornelius Lanczos in American Hathematical Monthly.
The basic facts are that any non-zero matrix M of rank r may be wiitten as the product
of three factors: (1) m x r partial isometry !I, (2) positive-definite r x r diagonal
matrix D, (3) r x n partial isometry V.

UT =vVv=-1 n=um
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=Ty
The psendo-inverse of M {s then: mnt =V p-ly.

Fach pass of the algorithm » —duces one met of correspnond.ng sinqular elements; that is,
one diagonal element of D alonqg with the cnrresponding rows of U and v. Fach pass

starts with a tricl row ef U and a trial rov ot V. A trial sinqular value corresponding
Lu the antarting rows is then found along with measures of error. The algorithm then findg
a new palr of trial singqular rows Lo start the next lteration. The patrix M is proqros-
rlvely deflated and the deflated matrix is used to start each pass, bhut the nriglnal matrix
lg used for all computationa within ecach pans to avoid unnecessary accumulation of round-

okl error.
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1. An lmportant procedure that (g otten uned in the diqgital proceasing of aignals and

f maqea, and {n applied mathematica gqenerally, (s the singular value decomposition (8VD) ol
GO non-dero m X n omatecix Moof rank v,

]
1 ~THy =~ O} ) UT -1 vy ¥ 1
! RN k);:l _.;;) Yy ( k vy (1)
b-unv Y (U 1Y) UN -y MV - Ton (2)

D oa posfitive-definite r x 1 diagopal matrix and 1 the ¢ x r itdont Lty matrix
(Lanczon 195%1) . Bach ant

ﬁjk) © Tk '(v_k I P .

o callod a net of correaponding singular olepentst of the mavpix M qnll Ahedp prodoct s
anm X nomatrix called vtae corteaponding Jdyad. . Tthe nxm matedix M7 - v =l qn e
pacudo-inverae of M, The m xm malrix M H+ =T and the wxn matrix Mmtn =Ty
roprogent perpendicalar projectorn on the ¢olum npaca and on the row apace, renpectively,
of Lthe matrix M.

The maln purpone of thin paper {n to preaesnt an fterat{ve alqgortthm for the v, The
Fuclidean norm fo uned thronghont , along with the standard fnner produst and Dirac notatfon
(Hugginn 1908}, A vector KI in a primal apace (a apace of algpaln for example) (o yepre-
uented by a jow (y. A vector F) dn the dual space (tor exampls, the ge! of inear meanur -
Lo devicen appropriate for the qiven aiqualn) o pepreaented hy o column I-‘) . Nanen are
arthonoimal unlean ol herwine {ndieated,  Though our renult s may be eoxtonded eanlly to com -
Plex vector apacen, we contine atteptfon aon thia paper to aeal apacen no that = meann
trannponilion of rowa and columnnn,



2. It is convenient to scale ¥ initially so that the magnitude of its largest element
is near one and then to scale D appropriately at the end of the algorithm. A unit trial
m-row (U and a unit trial n-row (V are needed to start the algorithm. The normalized
transpose of the largest column of M 1is a reasonable “hoice for (E along with the
normalized largest row of M for (V.

3. A trial sinqular value corresponding to the trial :-ows is then found by

y= (unV) = (yuu) (4)

which must be positive, by reversing the siqn of one of the trial rows if necessary. The
squared norms of the residual rows

RE& (¥-v(u- {s #@n-vy{y
are then Eound by
(RR) = v? -+ vV i (vunV)
($T) =¥ - ¥ W A (unHT) td BR)Y+ {s%) (5)

If toth residuals are sufficlently small as measured by T, then (U) Y <!)
closely equals one of the sets of corresponding singular elements of M as can be seen
from the following theorems.

Theorem 1: {(R| L (ul

Proof: (R[M = (RT) = (YET) - (uu¥) (UT) - (uw¥) - (guy) -0 _
Theorem 2: sl (V[ - - ~ —~ -~ —~
Proof : m SV) = (UHMV) - (UMV) (!x>-<gnx)-(gux>-om
Theorem 3: y {U] is the L progectxon of VIF| onto (u| .
Proof: Y (U] is collinear w.th iT se'_l_f—a 13!: and idempotent.
Lol TR G QT i TS 867 -

Theorem 4: y (VI is the L projectioa of <U|M[ onto (Vl
Proof: &Himilar to Theorem 3.

Theorem 5: ((u= (Uk' (v = (Vg y-yk .§{<R= —" (s = (g} a

Proof: Substitut> premiseu into Equation (1) -

O
Theorem 6: {T] . Y . (!? 13 one of (g s an eigenrow of M E
the - ‘tg of corfesponding =2 { helonging to eiqenvalue y<4;
fing. 'ar elements ot M. {v is an eiqenrow of M M
bhelonging to Flt‘l"‘nV?lUL Y
Theorem 7: {(.t = (0, (_.'i n (g}.-y{(y - (U ' (V a V P Y ™ Yk}

4. If clthar renldual differs apprecliably from zero, then the algorithm is repeated
with the trial rown perturbed in a direction interded to reduce the reaslduals. Let U
and (Vv be replaced with normalized versions of (U + (P und (Vv + (Q where (P and

are nmall vecturbations., The realdual norme squared then becone

. ; s ~ 2
T [y + (QJM mlvy + Q)l [(u (v] M _g) ¢ Q)]
RIR) = - s - - -
L —[ v'r g] t 7S ';5)] T_u ]['ITS ]
s T [(U_ - (PJ MW -L”) v p)] {(u + (p ) " Q
"i -_li - . r T —r o
WU L] [ 7 M (Ch Z"][“TS a1
Setting both “eniduals to zoro and dropping terma in (._[: and of nprond and higher
order yieldn
Mor2@We®) v 2 ] - [y e n T w2y (gw'r)] =0
-~ (7)
[vZ v )(lvMM.)\ boav? <Q v)] - [YZ | 27(_!3B1V> b2y (Q M u)] -
which ¢an be rewrf{'ten in parcitlioned matrix form.
n i - — . -~ C— e~
| gli " (v | MYy -U) Y mY)y- M i} U_Z = 5 il
| HU)y-WuT MU )y - V)l (8)
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vy(uE- v (u

— Jr — bw (9)
v (- {und || v{un- B

Vo2 2 - 2 A('I (101

With these definjtions, oyr problem reduces to solving Equation (11) for (g and then
the direct sum of P and Q 1is given approximately by 2.

(17-1G ()

63 L]= ( (12)

The general solution for ({2 in Equatiop (11) is (1/2) (T(W Wi-ly + ¢(5 where
gé_ is any unit row orthogonal to (1 [E'Ei' W. Clearly, the solution of least norm is
the one with ¢ = 0.
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The method used here to locate a minimum of t is an example of the New:on-Raphson
algorithm which is analogous to the use of Newton's Method to locate the vertex of an
erect parabola starting from any point on the parabola. As shown in Figure 1, doubling
the cgmputed perturbaticn greatly accelerates convergence, assuming in our case that ?_g
and are small. Applying this principle to our SVD algorithm, we redefine Z
follows.

z as

m n
¢ (2 = (z=( 1w Wil (13)

After approximate perturbation rows (g and (Q are found from Equation (13) and added
regpectively to U and V, the resulting sums are normalized and used as new trial rows

for the next iteration of the inner loop of the algorithm.

SLOPE =f'(x)
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Fiqure 1. Acceleration of converqence,

5. The inner loop of the algorithm, defined in Sectlons 3 and 4, is repeated unt.1l both
residual noima are sufflicliently omall as meanured hy their sum t. The current . of
trial rowa and corresponding trial singular value ia then selected aa a close ap, coximation
to one of the sets of corresponding aingular elements of M. This step ends the pass that
started with the nelection of initial trial singular rows and returnas controi to the outer
loop of the alqorithm for the selectlon of a new palr of trial sinqular rowa to use ({n re-
ntarting the inner loop. To accomplish thin objectlve, the dyad y{(V 1s found from
the results of the previous paas, subtracted from M to form a deflated neteix N which
Ls then vsed to decermine a new pair ot astarting rows (U and (V. N {5 progresrively
deflated at the end of cach pans. The orlqginal matrix M i3 used for all calculationa in
the {nner loop of the algorithm In order to avoid unneceusary accumilatlon of round-off
error.

A reoanonable atopping rule for the outer loop of the algorit'im can be hased on the com-
putation of the Kuclidean norm of the deflated matrix N at the end of each pasa and
atopping the alqorithm when the norm of N s sufFficiently amall. Additioual measuresn of
crror In the SVD representatign of M may be obtained from Lthe Fuclidean norm of any of
the following matricen: M -U DV, D -1 vV, uvu - I, vV -1, Thene measures are rela-

mn-ubyv,b-Unuy, Ul yuy
tive Lf applied to the acaled veraion of M and abrolute if applied to 1.
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6. An outline of the inner loop of the SVD algorithm is given in Table 1 along with a
measure of complexity of each step. For the sazke of simplicity, only multiplications are
counted. The total number of multiplications in each iteration in which all four teats are
passed is 4mn + 12(m + n) + 10. Tests 2-4 will be discussed later in this paper. Entry
to the inner loop from the outer loop is at Step 0 and return to the outer loop follows
Step 5.

Table 1 ‘Inner Loop of Algorithm
Step Computations Multjplications
0 Given: m X n matrix M, starting m-row (g,
starting n-row &x

1 (UM and (VX 2mn

2 u2 and v2 n+n

k| Y, including check m+ n

4 (RE). (s5)., 1

5 Test 1: Ccmpare T with stopping limit of inner loop.

6 Test 2: Compare with previous iteration to ensure

~ 3upstantial reduction in t

.7 y(uH, v2{y, (uuH 2m + mn
' 8 Y(Eﬂ' “2<‘_" (!Eﬂ 2n + mn
; 9 Asscmble <g and W.
i 10 WWand vet [WW) (m + n) + .
1
! 11 Test 3: Compare determinant with lower limit.

12 (W W-1 3

13 {rw W-l 4

L]
14 (¢ [[{a ] « (rziwWi-lu 2(m + n)
15 Test 4: Compare norm of perturbation row with upper m+ n
limit to prevent excessive overshoot.

16 (u+ (P ana (Vv+ (@

17 Normalize to find new (g and (!. 2(m + n)

18 Return to Step 1.

7. Several numerical cxamples of the application o the SVD algorithm to some rela-
tively small matrices (3 x 5) have bheen developnrd and studied. In several of thesge ex-
amples, the starting rules normally employed with the algorithm were iqnored and intention-
ally poor choices were made for the starting rown. 1In all of these examples, one iteration
of the inner loop of the alqorithm reaulted in subatantial reduction of the rraidual norms
and of the sum of the angles hetween the trial vectors and the alnqular pair to which the
trlal vectors were converging. In view of the tedium of the required calculations even for
amall matrices, only one numerical example ia presented here. In this example, the infitial
trial rows are deterwined by reasonable startineg rules.

. 040 -.040 1,000 I , 0410
Given that M = L. 440 ~-.4u0) LULe . U8 . 480
=.J0u 300 240 820 -0

We obtaln ntacting rows by notmalizing the largest

row and largeat column ot

M.



0
(o= [t0ea | .sl6 | .240 ]“.9372
{(u= [e4n J-.640 J1.088 | .384 | .e40 L

{um= [.735691 J-.725691] 1.781014] .615200] .735691]

(vE~- [ 1.2 lo.0 |
v= (vHT) - [(9_!]'2) = 1.969567

¥2 = 3.879194 v2 = 4,000000
(sE) = u2 - y2 = 0.030200
{z = [L120806 ] .030200 ]

1.969567 Check :
uZ = 3.909394

(RE) = v2 - y2 = 0.120806

t= RB)+ (T = 0.151006

[.oonoo .00000 ~.69514 -.15101 .15101 .00000 .25168 ~-.15101

Wa
- .02000 . 00000 -.17378 -.11476 -11476 .06161 » 27342 -.11476
.614974 .241605 -~ -1 1 .148263 -.211605

LA (¥ 817" = o505
.241605 .148263 : -.241605 261497
(e W1-lw = | (e (a
= (ZE0000 ] .00000 |-.16863 J-.01173 ] .01173 |-.01994 ] -.00706 ] -.01173 ]

After adding these perturbation rows to the initial trial rows and normalizing, we have
a new pair of trial rows with which to start the next iteration.

(u =

(u -
In this examp-le, the SVD of 4 13 kroown exactly and we can deduce that the algorithm

18 converairy to the following oet of corresponding sinqgular elements.

| .79998 | .59998 | .n0517 |
| .40000 J-.40000 | .68000 ] .23998| .40000]

L .e2 |
| -.40 |

] .00 |
.68 |

" 2.00

.40 |

(% -
Mo

The angle between the trial row ‘g and the singular row (U is reduced by one iteration of
the inner loop of the aiqorithm from arccon{.984784) = 10-U08® to arccoa(.999972) = 0.429°,
that ia, by a factor of more than 20. The inltial trial row (! was chosen equal to (v1

and the efrtuct of one iteralion is to change the angle hetween (! and 1 from 0° to =
arccoa(.799995) = 0.177". Thus, even when the alqorithm L8 canverqing normally, one of
the two angqles may incr:ase by a amall amount and this effect is more than cancelled by a
large reduction in the other angle. Thin behavior is related to the ziq-zaq approach to
nolution cnalled "hemstitching" which is common with alyorlthms of the Newton-Raphson or
steeperat-descent type.

.40 .24 ]

In normal uae of the algorithm, we muat rely on 1, the total residual norm sguared,
to measure distance batween our trial nolution and the final solution. Let us carry the
calculation of our numarical example through the second lteration an Far as flnding r.

(v
(v

= [ .79843 | -.79844 ] 1.36120]

.48423] 79843 |

-~ [.599% [ 1.19980 | —.onnnz)
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[(_q _rg]'_\'_l') = 1.99994 Check: [(g‘_ﬁ_’]':q') = 1.99993
u2 = 3.99982 v2 = 3,99994 T = .00020 + .00008 = .00028

Note that one iteration of the inner loop has reduced both (5‘3) and <§'E) , and that it
reduced ¢~ by a factor of more than 20.

8. There are several special cases to consider. First, we note that the null matrix
0 has no SVD. If the source of matrices to be factored by the algorithm can possibly pro-
duce 0, then the outer loop of the algorithm must first test the given matrix to ensure
that it is not 0 before proceeding. Second, it 1s important that the <y found in
Step 1 of the inner loop be pogitive, so we need to consider situations where could
be zero. If (g is orthogonal to alil of Lhe singular rows (Uk, then ’g M =(0 and
Yy = 0. Similarly, if (¥ 1is orthogonal co all of the singular Tows (Vk, then (VT = (0
and Y = 0. Another way that Yy can be zero is: (U - (U' and v'= (Vk where neither
i1 nor k exceed r and i ¥ k. Thus, the check in Step 3 Thus*® ensure R4t the two ways
of finding Y agree within allowable round-off error and that exceed zero by more
than allowable round-off error. If y =0, then ejither U or V must be replaced
before proceeding. If u2 < v2, replace (U: if u? > v2,'replacé (V. The replacement
ought to be orthogonal to all previous trial rows.

Let us consider cases in whtich Det(W W] = 0. The cases describe@ above that lead to
vy = 0 also lead to zero for the determinant. The cure is the same as that described in
the preceding paragraph. Another way that the determinant can be zero is: (U - <Uk'
( Ve (Vk, k <r. This case corresponds to normal convergence hehavior and causes o
problem, Because any iteration that would lead to Det (W E] = 0 with vy # 0 would be
Lterminated at Step 5 and the determinant calculation in Step 10 would not be reached.
Further study may show that the check in Step 3 may eliminate the need for Test 3.

9. In order to study the behavior of the algorithm and sufficient conditions for con-
vergence, let the trial rows be described in terms of deviations from a pair of corre-
sponding singqular rows (Uk and Vg of the given m x n matrix M of rank r. Let N be
the deflated matrix definéd® by: N=TM - Uk) Yk (Vk-

(g=41-x2<%+x<§ 0 2x2 <l
<! = 1 - y2 <!5 +y <g 0 <y2 <1

The rows <§ and (g may be any unit row: such that'(F.L<Uk and <G_L<V and such
that (F N >0 for (x,y) 1in the first or third quadrants or i&) <0 for
(x,y) in the second or fourth quadrants.

| ]

)
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—
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< | x
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<

b

-+

>
P

m

P
|
1=l 1=
]
e
c
= 1
+
L<
~~
<
1z 1=

2 -

1z}
I 1=

(ME'Q') -vﬁ(l-ﬂ)HZ( NEF)
vz"(\_’E'M'V) = TR(1 -y2) +y2{cANT)
vy= (un¥) = (VET) = v AL - x2(1 - y2) + xy{ENT)

At this point, we can see that the condition on the sign of <£ N g) 1s necessary to
ensure that Yy 1Is positive for all (x,y).
) 2

(RE) = v2- yievgr -y2x2+y2{cTNT) - xH2(p
_ - 29/ - x D1 - vy (E n T)
() =@ - v = vg1 - xy?2 + x2(FENTF) - x2y2 (g NT) 2
- 2y - xO(1 - y )y (E N T)
T = (_@'fj) ' (’;'E) = yg(x? + y2 - 2x2y2) + x2 (F Nﬁ?) + yl(g

~xy2 (e NG 2 - axy AL - x) (1 - yOv(EN

1al

=

!
1z
al
~

o} 1=

) (14)
Note &bt t(x,y}) > 0 and x(0,0) = 0,
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In order to develop a geometric picture of the <t(x,yY! surface, let us consider a
few of its cross-sections: x = 0; y = 0; x = y.
0 t=[vh+ (cTNT)] v (15)
0> r=[yg+ (e x ‘g‘)] x2 (16)

X

lzllz

Yy

x =y 1= 2vf(x2 - x4) + x2(ENNTF) - x4 (FNT)2+x2(GTNNT
& -4x(1-x2)_1k(§§§§__ ’ (eXrf)
= x2(2€2 + p2) - xd(2c2) here €2 = (yg - (FNG))2 (17
) bt s B NI - g) (QTEE’E)L+ zgﬁ(z -F) (a1 T)
Note that TF) {E, :E_) (9, I - 'E) <g, and I - €) (G represent perrendicular projectors.

We see that Equations (15,16) represent parabolas and Equation (17) represents a quartic
that approaches a parabola for small x2 as shown in Figure 2. Our algorithm was
designed to work well with paraboloids, so we expe%r convergence for almost any vy
when x2 is small and Eor almost any x2 when is small. To _obtain some
initial ideas of conditions for convergence when ne1ther X< nor y are small, let us
consider Equation (17) and its first derivative.

dt/dx = 2x[(2€c2 + D2) - 2x2(2c2)] {18)

The stationary points of 1T(x,Xx) are at x = 0 and at x = txy where

2 2
x2 2 2E 4 D21 i) 4502 (19)
M 4C2 2

and T(xy, Xp) = (2C2 + p2)2/8c? while 1(1,1) = D2. The stationary point at x = 0 is a
global minimum where r(OEO) = 0 The other stationary points are local maxima of <T(x,X)
which do not occur if Note that the smallest xq is 1/2 corresponding to the
case where both trial vectors are 45° from one of the vectors in a pair of sinqular
vectors.

—e Lt
XM -0.5 B O 0.5 TT] 1

Figure 2. 7%(x,x) For D2 < 2c2,

A somewhat oversimplified view of the behavior of the algorithin can be seen by studying
rlgure 2 where point A represents the Initlal choice of trial rows. One iteration of the
inner loop of the algorithm would yield a new trial represented by the point B which would
lie at or near the origin if T(x,y) were paraboloidal or nearly paraboloidal. Because
of the quartic nature of the 1(X,y) surface, the point B will lie beyond the point
nearest to the origin along the direction of the perturbation vector. That i, the al-
gorithm will overshoot The amount of overshoot will he small for small KR but will be-
coume very large for X4 near xﬁ However, as long as xi < X the algorithm will make
changes in the correct direction. This obhservucion suggests that the length of each
perturbation vector obtained, at least in the first iteration in each pass, be checked and
reduced, 1f necegsary, to some preset maximum allowable length. Thus, Test 4 15 included
at Step 15 of the inner loon just before the vector addition and renormalization steps.
Calculations have heen made on the example of Figure 2 and on several other examples For
two values of the maximum lenqgth of the perturbation vector: 1//7 and 1/2. Best re-
gults have been obtained with this limlit set at 1//7.

1£ xﬁ exceeds xﬁ the alqgorithm may make changes in the wrong direction. Apparently,
many, Lf not all, of such cages may be dctected by noting that the new pair of trial rows



does not yield a substantial decrease in 7T . It appears that such cases may be treated by
reversing the direction of the calculated perturbation via Test 2 at Step 6 of the inner
loop. Further study is needed to set the limiting reduction ratio used in Test 2 and to
determine whether Test 2 may be eliminated by selection of good starting rules.

The choice of the limit on the norm of the perturbation vector also raquires further
Study and computer testing. In order to speed convergence in most cases, it appears to be
desirable to set this limit at about 1/42 , that is, 2 5 s1/2 .

One result of the analysis of the algorithm to date is Theorem 8 which leads to the
following conjecture: The algorithm converges for all starting points inside the square
S of side <f7 centered on the origin of the (x,y) plane, that is, for

xz < 1/2 > yz

An alternative statemens of the conjecture is: The algorithm converges if each trial
vector is less than from the corresponding vector in a singular pair.

Theorem &: The only stationary point of T(»,y) inside the square S is the global minimum
at the origin.
Proof: Equate to zero the partial derivatives of T with respect to x and vy
Transfer radicals to the opposite side of the eguals signs.
Multiply the resulting equations together to form one equation: £(x,y) =0
Note that f(x,y) = 0 at the origin and at no other points inside S.

Study of the effect of the ratio D2/2C2 on the T(x,y) surface leads to the further
conjecture that the algorithm converges for all (x,y) 1if the following conditions are

satisfied. (ExEE) > [ka +(EN G)z] < (c¥x73) (20)

These conditions are unlikely to be satisfied on the first pass of the algorithm but are

usually satisfied on subsequent passes associated with calculation of the smaller singular
values.

The al3jorithm appears to be particularly applicable to the updating of the SVD of a
matrix of observations as each new set of observations is obtained and to the checking and
refinement of results obtained from other $VD algorithms. Further study and computer test-
ing is needed to put the algorithm in final form and to determine its rate of convergence
under various conditicns. In the limited number of numerical examples developed to date,
the convergence of the algorithm is surprisingly fast.
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