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The spin system analogues of n c e n t  studies of the s t r i n g  tension 

and A parameters of Sum) gauge theories i n  4 dimensions a r e  carried out for  

the SU(N) x SU@) and Om) models i n  2 dimensions. The relat ions between the 

A parameters of both the Euclidean and Hamiltonfan fornulation of the l a t t i c e  

models and the A parameter of the continutnn models a re  obtained. 1-le calculate 

the one loop f i n i t e  renormalization of the speed of l i ~ h t  i n  the l a t t i c e  

Badltonian tornulatiom of the Om) and SDW) x SU@) models. Stran8 counlinpl 

calculatians of the mass gaps of these spin models a r e  done t o r  a l l  ?I and the 

constants of proportionality between the gap and the A parameter of the 

continuum models are  obtained. 'L7iese resu l t s  a re  contrasted with aimilar 

calculations fo r  the Sum) gauge ntodels in 3+1 dimensions. Identifvfnp; 

sui table  cocmling constants fo r  discuasiag the N + limits. our ntmerical 

resul ts  suggest that  the cronsover from weak t o  strong coupling in the l a t t i c e  

Om) models becomea less abrupt as N increases while the cracrsover f o r  the 

Sum) x Sum) models becomes more abrupt. The crossover i n  SIJO?) gauge theories 

alao hecomes nore abrupt with i n c r e a s i n ~  N, however a t  an even weater  r a t e  

then i n  the SUd) x SU(M) spin models. 
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1. Introduction 

Considerable progress has been made recently tovards w d e r s t a d i n g  

the dynamics of asymptotically f r e e  f i e l d  theories. The l a t l i c e  zegulated 

vereione of these w d e l s  have been studied using Monte Carla computer simu- 

lations', Monte Carlo renomalization groups2*3, s t r o q  ccupling sxpansione 

4n5m6 etc. m y  of the models have beep shown t o  ex i s t  In a slqle phase f o r  

a l l  coupling and estimates of a few physical quantities, such aa correlation 

lengths, characterizing the continuum l imits  of the models have benn made. 

Other approaches t o  the  same physics have been made direc-.ly i n  the continuum 

f o n d a t i o n s  of the models. These include d i lu te  instanton gae e~proximation 
7 

9 
d-e instanton calculations8, loop space approaches , N --, - IzrnitslO, etc. 

These approaches may eventually expose the physics 3 t m  modelspare clearly 

than the l a t t i c e  forplulations and they may lead t o  some useful analytic resul ts .  

However, t o  t h i s  date  only the l a t t i c e  approach can claim tJ have produced hard, 

numerical results. 

Lat t ice approaches consist of several steps. Alttocgh diffarent  calcu- 

l a t iona l  schemes vary i n  the i r  detai l@, one typically must f i r s c  compute the 

renormalization group t rajector ies  of the theory's bare eokpling constant, h d ,  

sewnd, properties of the continuum l imi t s  of the 1att:ce regulated theory a r e  

extracted and i n  some cases, compared with experiment. The f i r ~ t  s tep i n  this 

program has shown that  several of these models, asymptotically i r e e  spin 

sys tem i n  two dimensions and gauge theories in four dfmeosions, experience a 

sharp crossover phenomenon: a t  emall coupling ordinarp Fenman diagr- a r e  

adequate but aa the coupling 6ncreases a point is reached ahere the renormall- 

zation properties of the theory abruptly change t o  those elf the strong coupling 

l i m i t .  Altwugh interesting I n  the i r  own r ight ,  such r e s d t s  a re  o t  lamitea 

us* because they refer  t o  a ps r t i c r la r  l a t t i c e  formulatior of the model. The 

reaormalizaxion group t ra jec ta t ies  a r e  uuiversal - independent of the regulari- 

zation procedure - only near the c t i t i c a l  polnt a t  zero coupling. The inter-  

mediate and strong coupling farm of the t ra jec tor ies  depend on de ta i la  such a s  

the l a t t i c e  approximation t o  the  cantinam darivative, the presence of i r re le -  

vant operators i n  the l a t t i c e  a c t b n ,  the degree of asymmatry of the l a t t i c e  

i t s e l f ,  etc. For th i s  reason, the second step i n  the program is actual ly more 

sfgnificant. Once the a ~ p r 0 S ~ h  of the l e t a c e  theory t o  its renormalized &n- 

tfnuum limit is maetered, re1atiorm between physical quant i t ies  independent of 

t l e  l a t t i c e  scaffolding ran be focnd. It is, these r e l a t i . ~ n s  t h a t  allow one t o  

compare different  theories i n  a l~caningful way. 

To carry out the second s tep  of the program one must s e t  the sca le  of 

l a t t i c e  calculations in - , e m  ofaphysical l+ meaningful scale  of the continuum 

f o d a t i o a  of the theory. One such qwnti=y which has been used i n  the context 

of gauge theories is t h r  A parameter characterizing the scale  of the weak 

:oupling dwiat ions from tha f ree  f i e ld  beiavior. The precise meaning of A 

w i l l  be aLscusaed b e l a  And on:e A i s  En hand, other mass scales of the 

tontinuure l imi t  can be measued &n t e r m  of it. These include maes gaps (inverse 

r o r r e l a t i a  length) whkh must be calculated with aon-perturbative methods and 

a r e  t h e r r h r e  accessible t c  l a t t i c e  aIx3lysis. The proportionality between mass 

and A t r  a pure number characmrizing the continuum lWt of the theory and 

i t  is useful t o  study i t  fa- vatious families of modela. Calculations of A 

paramote-s and mega gaps f o r  St(N) x Sum) and O(N) *in Systems i n  two dimen- 

sions d the i r  c m p a r i s ~ n s  to  analogcue calculations ia SU(N) gauge theories i n  



where CL and GR are two arbitrary members of the group SU(N). 

four dimensicns constitute the major portion of the present work. 

One of our findings will te the following. The vector models and 

matrix models have different systematics as N varies. If we consider 

the ratios $?aass/A for each model, then it is observe6 that CN decreases 

for the O(N) models as N increases, but increases for the matrix models. 

The analogue of C for the gauge models also increases a€ N increases at N 

an even swifter rate than for the spin systems. These results and possible 

explanations for them have been presented recently in a ~hort summary of the 

11 
present rather lengthy analysls . 

Our calculations of mass gaps ard A parameters will be presented in 

considerable detail for the SLI;(N) x SU(N) spin systems. Discussion of the 

O(N) models will be briefer because shey are considerably simpler. Rksults 

on the SU(N) gauge theories will be taken from other recent contributions 

in the literat~re.~ However, ;re have included Appendices on SU(N) group 

theory so that the lattice calwlations in the matrix models can be verified 

to the precision we have done them and so they could be extended by the 

interested reader. 

The lattice action of the SU(N) x SU(N) spin systms is, 

The model has the global SU(N) x SU(9) symmetry because Eq. (1.1) is invari- 

ant under the transformation, 

The O(N) models have the action 

where Y (x) is an N- component unit vector. And finally, the action - 
.of SU(N) lattice gauge theory is, 

where U(p) is the product of SU(N) matrices around the boundary of the 

plaquette p. 

The first indication that the dynamics of the models Eq. (1.1) and 

12 (1.4) should be similar came from the Midpal recursion relation . In this 
approximate scheme the coupling constant renormalization problem is identi- 

cal in both models. A puzzling feature of this suggestion is that the gauge 

model has instantons for all N while the matrix spin systems do not. 

Since instantons are a natural disordering mechanism one might expect that 

this difference would appear in'the renormalization group flows in ttie cross- 

over region. We shall find that the systematics in the spin and gauge systems 

are similar, but the crossover phenomenon in the gauge systems is, in fact. 

more abrupt. This may be due to instantons but it may also be due simply to 

the higher space-time dimensionality or other disordering mechanisms such as 

vortices, etc. Another similarity between the two classes of models is the 

possible presence of a cross-Witten13 third order phase transition in their 

N + (. limits14. This singularity may also be contributing to the sharp 

crossover found in these models at large but finite N. The recent suggestion 



t h a t  roughening15 i n  the  f l u x  tuhe sec to r  of the  gauge model cont r ihutes  t o  

t h e  rapid crossover phenomenon seems unlikelv i n  view of s eve ra l  recent cal-  M = Paul i  V i l l a r s  cutoff mzss 

f  - bare coupling constant cula t ions .  In Ramiltonian l a t t i c e  aauge theory the  on-axis f l u x  tuhe roughens 

i n  t he  weak coupling region and not  i n  the crossover rep;ionL6. And recent 
Eor the  O,F)  oodels one shocld l e t  

Efonte Carlo inves t iga t ions  of the  s p e c i f i c  heat of :he SIJ(2) models show 

11 
rapid  crossover i n  t he  bulk thermodynamics of t he  m,~del . f - i t (N-2) g 

and 
20 

We have a l so  carr ied  out our ca lcula t ions  f o r  the  Om) models hecause 

they have i n t e r e s t i n g  oroper t ies .  Their  H + OD l i m i t  i s  m l u b l e  and a well- 

defined 'IN eGansion e x i s t s  f o r  t h i s  family of models1*.. No so lu t ion  is 

y e t  i n  hand f o r  t he  N + - l i m i t  of the matrix models a t d  S t  appears unlikely 

For the  C h i r d  models one hzs 21 
t h a t  a 'IN expansion e x i s t s .  I n  t he  context of our 1ett:cs ca lcula t ions ,  we 

s h a l l  f ind  s i n g u l a r i t i e s  of the  detlit - 't Rooft type1' sh j ch  ind ica t e  t h a t  the 

1 
a n a l y t i c i t y  needed f o r  a /N expansion does not appear t o  e x i s t  here.  of course. 

such s i n g u l a r i t i e s  do not  e x i s t  f o r  the  Pol) models.. We w i l l  compare our nu- 

mer ica l  r e s u l t s  with tfonte Car10 renormalization croup szudies of the  0(3? 

model and the  exact s o l r ~ t i o n  f o r  the  N -+ - l i m i t  and fKnd good agreement. I t  
Po in tegraze  eq.(1.5) t h e  s ca l e  *f the  cutoff mass M must be s e t .  This 

Ls done by introducing a maw pazameter A , 
is amusing tha t  the  O(3)  model has the most abrupt cross>v.=r reaion i n  t h i s  

c l a s s  of models and only it has instantons.  

Now l e t s  introduce the  idea of the  A paramezers drce thev nlav a c e n t r a l  

r o l e  i n  our ca lcula t ions .  A convenient way t o  commre two fl.efinitions of coup- 

Inregrat* eq.  (1.10) and cl~oosina tire i a t eg ra t ion  constant appropr ia te ly  l i n g  constants i n  the  weak coupling l imi t  i s  i n  terms of the  A narameters. For 

one o b t a h s  the  two loop r e s u l t ,  

1 

bare coupling constants these parameters appear a s  follcws. Consider t he  two 

loop Callan-Symanzik function f o r  t he  ccntinuum models. 



The <articular choice for the integration constant in eq. (1.11) has the 

virt~e that the two locp contribution does not add a constant to the de- 

nomirator of eq. (1.11) and so does not affect the couplicg constant used 

in tt.e one loop approximation. With this convention the A parameter, the 

bare coupling' f and the c;toff mass M are related by 

Note that for >> 1 it is perfectly adequate to replace (1.11) by, 

1 
f (M) a - M 

B O L T  

The same procedures that took ua from eq. (1.5) to (1.13) can also be 

carr-ed out far the lattice regrlarized theory and one introduces in this 

way a lattice AL . The cutoff mass M is replaced by the lattice cutoff 

'/a and instead of f(M) one tas the bare lattice coupl-ng constant f (a). 
L 

Also eq. (1.1;) is replaced by Irecall that 6, and I31 are universal 

conssants independent of regularization scheme) 

>> 1 one has again in analogy to eq. (1.13) In tie limit - 
a At 

The relazion between A and AL is fixed by requiring that the re- 

nonralized theories give the sane physics independent of the regularization 

scheme. The renormalized contixuum theory is vritten in terms of the 

renormalized coupling 
f~ 

where we have written, zl , 1 + B ( ~ ) ~  

Similarly for the renormalized lattice theory one has, 

Regularization scheme independence requires 

z l ~  - - -  
(a) (M) 

Inserting (1.13) and (1.15) , 

A - A~ - .H exp [i0(~oi) - B~(;) 

In the next two sections we will calculate B(M) - BLia) through 

one loop and hence also hiAL . We consider both a Euclidean as well as a 

spatial lattice regularization scheme. The impdrtance of the number 'A/Ai 

becomes clear when one recalls that pl~ysical masses, being renormalization 

group invariants, obey relations sucl~ as eq. (1.12) and eq. (1.14) the o111y 



d i f f e r e n c e  being t h a t  t h e r e  a r e  p r o p o r t i o n a l i t y  constanzs C and CL 

on t h e  R.H.S. of t h e  two r e s p e c t i v e  equa t ions .  Ia othez  words 

Mass = CA = CL\ (1.20) 

The cons tan t  C cannot be ob ta ined  w i t h i n  t h e  f ramexar l  of o rd inary  

continuum veak coupling p e r t u r b a t i o n  theory.  The l a t t i c e  s e t u p ,  however, 

a l s o  l e n d s  i t s e l f  t o  "non-perturbative" ana lyses  (e.g. s r r o n g  coupling o r  

Monte Carlo)  and one can e s t i m a t e  CL . Once CL is kmovn t h e  q u a n t i t y  

of  i n t e r e s t ,  t h e  C of t h e  continuum theory,  c a r  be o b r ~ i n e d  from eq.  (1.20) 

and previous c a l c u l a t i o n s  of 
A 

/AL . 
The r e s t  of t h i s  a r t i c l e  is organized a s  fo l lows .  Sec t ion  2 d i s c u s s e s  

A / ~ E  , where "6" s t a n d s  f o r  "Euclidean l a t t i c e  regular -za t ion" .  For t h e  

su (N) @SU(H) C h i r a l  models we use  t h e  Backgrounc F i e l d  methodz2). This  

method was adapted r e c e n t l y  i n  r e f .  (23) t o  l a t t i c e  theor -es  involv ing  mat r ix  

degrees  of freedom. For t h e  O(N) models A / ~ E  has  bee. c a l c u l a t e d  pre- 

v i o u s l y  by C. p a r i e i Z 4 ) .  Sec t ion  3 p r e s e n t s  c a l c r l a t i o = s  of '1% , where 

"H" denotes  " s p a t i a l  l a t t i c e  regular iza t ion" .  Sir.ce ou: class gap c a l c u l a t i o n s  

a r e  c a r r i e d  o u t  v i t h i n  a Hamiltonian framework i t  is  thLs r a t i o  '/A,, t h a t  

w i l l  be requi red  t o  r e l a t e  t h e  p h y s i c a l  mass t o  tt.e A parameter of t h e  con- 

t inuun  theory.  Sec t ion  4 d i s c u s s e s  t h e  mass gap ca lcu l .a t lons  themselves. We 

u s e  t h e  r e s u l t s  of t h i s  s e c t i o n  both t o  o b t a i n  t h e  va1u.s f o r  t h e  "C" 's a s  

w e l l  a s  t o  i n v e s t i g a t e  t h e  c rossover  from s t r o n g  t o  weax .:oupling behavior i n  

t h e  s p i n  models. F i n a l l y  a l l  our  21) r e s u l t s  a r e  couparzd w i t h  previous c a l -  
-. 

c u l a t i o n s  ') on SU(1;) gauge t h e o r i e s  i n  4D.  

2. Regular iza t ion  of SUIA) x 5U(N) C h i r a l  Models. 

The Back~round F i e l d  Technique. 

The background f i e l d  r e g u l z r i z a t i o n  method has  proven to  be a n  e f f i -  

c i e n t  and c l e a r  technique f o r  c ~ r r y i n g  out t h e  one loop,  p e r t u r b a t i v e  

renormal i sa t ion  progran f o r  man) contlnuun f i e l d  t h e o r i e s .  I t  has  been ' 

2 3 appl ied  se SU(N) l a t t i c e  gauge. theory in 3 + 1 dimensions and quant i -  

t a t i v e  r e l a t i o n s h i p s  t o  con-inurn renormal iza t ion  p r o c d u r e s  ob ta ined  by 

25 
more s t ra igh t -Eomard  tedic-us me.thods have been reder ived .  I n  t h i s  s e c t i o n  

we s h a l l  apply t h e  method Lo the. continuum a n d l a t t i c e  v e r s i o n s  of t h e  SU(N) 

c h i r a l  s p i n  systems i n  two Zuclj.dean d immsions .  The analogous c a l c u l a t i o n s  

f o r  t h e  l a t t i c e  Hamiltonian =ode1 w i l l  be presen ted  i n  t h e  next  s e c t i o n .  

Our c a l c u l a t i o n s  w i l l  Lol lcx  t h o s e  of Ref. (23) q u i t e  c l o s e l y .  We 

begin wi th  t h e  l a t t i c e  a c t l o n  ol  Eq. (1.1:- 

The p a r t i - i o n  fur-ct ion is given by 

and dU = i n v a r i a n t  Haar mSsur.1 over  t h e  group SU(N) . 
Sinc? we a r e  going to  appl? o r d i ~ a r ~  p e r t u r b a t i o n  theory here ,  we want 

to  s e p a r a t e  t h e  f l u c t u a t i o x  of t h e  3(x1 i n t o  two p a r t s :  "low frequency" 

f l u c t u a t i ~ n s  %hose dynamics a r e  renornalLzed when t h e  "high frequency" f  luc-  

t u a t i o n s  s r e  i n t e g r a t e d  ouZ of :he p a r t i ~ i o n  f u n c t i o n  Eq. ( 2 . 2 ) .  This  

phys ica l  i d e a  -- t h e  b a s i s o f  a l l  r e l u r m a l i z a t i o n  programs -- i s  n i c e l y  



implmented by t h e  background f i e l d  meihod. Write, 

cl 
where U (x) so lves  t he  c l a s s i c a l  eq- ati ions of motion o f  t h e  l a t t i c e  theory 

and ,+(x) parametrizes t he  quaxum f l ~ c t u a t i o n s  of U(x). It i s  convenient 

to  de f ine  

2 
+(x)  =Aaaa(x) , 3 = 1 , 2  ,..., N - 1  

where, the  Aa matrices provide a representa t ion  of t he  Lie Algebra 

with t he  normalization conditic& 

Subst i tu t ing  3q. (2.3) i n t o  (2.1) gives 

where the  terms have been organized i n  a convenient fashion. The exponentials 

i n  Eq. (2.7) can be expanded i n  powers of g ,  

where V u  denotes t he  d i s c r e t e  l a t t i c e  d i f ference .  S imi lar ly ,  t he  in tegra-  

t i on  measure should be expanded, 

2 2 
The O(g $ ) correc t ion  to  the  measure does not a f f e c t  one loop ca l cu l a t ions  

and can be ignored. This f a c t  cons t i t u t e s  one of severa l  advantages the  back- 

ground method has over o ther  renormalization methods. Next, i t  is convenient 

to  parametrize Ucl(x)~cl lx  + p) appearing i n  Eq. (2.7) a s  

uC1cx)UC1{x + u) = exp( i ru  (x))  (2.10) 

where F i s  a hermitian matrix u 

Expanding Eq. (2.10) i n  powers of F (x) and subs t i t u t ing  the  r e s u l t  along u 
with Eq. (2.7) i n to  Eq. (2.8) we have, 



And, f i n a l l y ,  using Eq. (2.4) and (2.11) we can wr i t e  S a s  t h e  sum of t h ree  

p i eces  appropr ia te  f o r  per turbat ion  theory 

where 

and 

It w i l l  a l s o  prove convenient t o  give the f i e l d s  $a a s n a l l  mass m so 

t h a t  all the  i n t e g r a l s  encountered i n  t h e  p e r t u r b a t i o ~  x i c u l a t i o n s  a r e  fnf ra-  

red f i n i t e  

We s h a l l  s ee  t h a t  all t h e  physical  quan t i t i e s  of in teyeat  t o  us a r e  ac tua l ly  

i n f r a red  f i n i t e  and the  l i m i t  m -+ 0 w i l l  be taken a: :he end of our calcula- 

t i o n s .  However, to avoid poss ib le  ambiguit ies i n  in ts -media te  s t eps  the  

modirication Eq. (2.14) w i l l  be employed. More impor-antly, t h e  per turbat ion  

theory ca l cu l a t ions  w i l l  a l so  require  renormalization.  The square l a t t i c e  

w i l l  provide the  cutoff  i n  t he  formulation Eq. (2.13). Phis  r egu la r i za t ion  

proced-lre w i l l  be compared w i t t  t he  continuumPauli-Villars method which we 

w i l l  .discuss now. The cont inum form of Eq. (2.13) i s  q u i t e  c l ea r .  The 

l a t t k z -  d i f ference  operator becomes the  d i f  Eerent ia l  ; and Eq. ( 2 . 1 3 ~ )  
Y 

s imp l i f i e s  t o  

where 

and "a" is t h e  Euclidean l a t t i c e  spacing. It is c l e a r  from Eq. (2.10) 

' t ha t  F' (x) i s  proportional t o  a , so gY (x) has a f i n i t e  continuum l i m i t .  
P P 

Note s l s o  t h a t  the  f i r s t  term of Eq. t 2 . 1 3 ~ )  vanishes in the  continuum model 
- - .  

s i n c e  ~t becomes proportional t-. t h e  h t t i c e  spacing a i t s e l f .  

Now we can eas i ly  perform the  one lcop renormalization on the continuum 

p a r t i l l o n  function.  From Eq. (2.13) 2nd <2.15j. 

= e - i n t  

The tsrm <Sid> vanishes i den t i ca l l ?  b ~ c a u s e  of the  gradient i n  E q .  (2.15a). 

The Ert cerm can be evaluated 



' where we have used t h e  i d e n t i t y  faPYfapy' = N6 and G is a s c a l a r  
Y Y '  

propagator  of =he f r e e  a c t i o n  So O F  Zq. (2.14), 

The two terms of Eq. (2.17) can '5e combined i f  we in tegra t .e  by p a r t s  and 

u s e  t h e  requirement t h a t  t h e  background f i e l d  be slowly vary ing ,  

where t h e  coupling cons tan t  renormal iza t ion  Z1 is i d e n t i f i e d  

then  

Now t h e  s p a t i a l  v a r i a t i o n  of i s  n e g l i g i b l e  compared tc. t h a t  of t h e  Green's 

functions i n  E-q. (2.20). Therefore can be replaced by yY (y ' )  and 
IJ U 

t h e  ? - in tegra t ion  performed over t h e  Green's  func t ions .  Then only t h e  terms 

i n  t : ~ e  u  and v sums w i t h  u =  v c o n t r i b u t e  t o  t h e  i n t e g r a l  and Eq. (2.20) 

becomes 

F i n z l l y ,  s u b s t i t u t i n g  back i n t o  Eq. (2.16) and exponent ia t ing ,  

. r' 

Eq. (2.23) is a formal express ion  u n t i l  we s p e c i f y  t h e  continuum r e g u l a r i z e d  

d e f i n i t i o n  of G(0) . I f  t h e  P a u l i - V i l l a r s  scheme is  used,  then t h e  usua l  

a n a l y s i s  shows c h a t  G(0) is rep laced  by 

where M is t h e  r e g u l a t o r  mass. Then Eq. (2.23) becomes 

2 
Z 1 = l -  

P.V. 
4 (0)  

2 
= 1 - lln(M/m) 

Eq. (2.25) conta ins  some i n t e r e s t i n g  phys ics .  The minus s i g n  is c h a r a c t e r -  

i s t i c  of asymptotic  freedom. I t  i s  c l e a r  from Eq. (2.23) t h a t  t h e  renormal- 

i zed  coupling cons tan t  is 

Thus i n t e g r a t i n g  o u t  t h e  "high frequency" f l u c t u a t i o n s  has increased  t h e  



c o u p l i n g  between t h e  "low frequency" components of  t h e  f i s l d .  Descr ib ing  

t h i s  i n  terms o f  a  Callan-Symanzik B f u n c t i o n ,  we c a n  r s q u i r e  t h a t  gR 

be  f i x e d  a s  t h e  u l t r a v i o l e t  c u t o f f  M i s  v a r i e d  

a 2  ~a g2 = 0 = M aM g +L+ h i g h e r  o r d a r j  
aM R 8n 

which a g r e e s  w i t h  t h e  conven t iona l  r e s u l t  t o  t h i s  ord.?r. W e  chosen t o  

write t h e  r e n o r m a l i z a t i o n  group t r a j e c t o r y  i n  t e r n s  oE t h e  b a r €  coup l ing  

and t h e  u l t r a v i o l e t  c u t o f f  r a t h e r  than  t h e  renormal iz=d  c o u p l i r g  and a  scb- 

t r a c t i o n  momentum. T h i s  c a l c u l a t i o n  a l s o  i l l u s t r z t e s  s J n e  of ;the b e t t e r  

f e a t u r e s  of  t h e  background f i e l d  method -- i t  l e d  u s  d i r e c t l y  to t h e  coup l ing  

c o n s t a n t  r e n o r m a l i z a t i o n  c o n s t a n t  wi thou t  any a d d i t i o n a l  wave f u n c t i o n  r e -  

n o r m a l i z a t i o n  c a l c u l a t i o n s  needed. 

Now we t u r n  t o  t h e  Eucl idean l a t t i c e  c a l c u l a t i o n  us ing  Eq. (2.13) .  We 

must a g a i n '  compute t h e  terms i n  Eq. (2.16) .  The f i r s :  is 

The second term i n  Eq. (2.29) v a n i s h e s  i d e n t i c a l l y  s i n c e  It is t h e  average  

v a l u e  of  a  v e c t o r  q u a n t i t y .  The SU(N) i n d i c e s  c.f t : ~ e  Edrs t  t e rm =an be 

s i m p l i f i e d  by us ing  t h e  i d e n t i t y  

Only the. f i r s t  term of  Eq. (2.30) c o n t r i t u t e s  t o  Eq. (2.29) when a and B 

a r e  c o n t r a c t e d ,  a s  one  can  s a s i I y  show u s x g  t h e  t r a c e l . e s s n e s s  of  t h e  faBY 

and t h e  icBY symbols. Yow 

where G denores  a  l a t t i c e  p rocaga tor  

Using th* amusing i d e n t i t y  

whish cax e a s i l y  be checkec. Eq. (2.31)  b ~ c o m e s  

where we t.ave i d e n t i f i e d  t h e  c l e s s i c a 3  l a t t i c e  a c t i o n  axd t h e  q u a d r a t i c  

Casimir  of t h e  fundamer.ta1 ~ e p r ~ s e n t a t i o a  CN = ( N ~  - l ) / 2 N .  

The l a s t  t e r n  i n  Eq. (2.16) r e q u i r e s  more c a r e ,  



where we used the  i d e n t i t y  fxBYfaBY' = "6 
Y Y '  ' 

It i s  convenient to  wr i te  the  

prcepagators i n  momentum space using Eq. ( 2 . 3 2 ) . d e ; i n e  

2  2 A (k) 7 4 - 2 ~ 0 s  k., - 2cos k2 + m a  (2.36) - 

Th? background f i e l d  FY(y')  is  slowly varying, so t h e  y '  summation can be 

done by simply ignoring its s p a t i a l  va r i a t i on  

The momentum in t eg ra l  vanishes unless u = v ,  so  

Tt.e momentun in t eg ra l  here is, i n  f a c t ,  a  disguised Corm of G(1). We show 

t h i s  and discuss  o ther  rz levant  proper t ies  of l a t t i c e  Fropagators i n  Appen- 

d i x  A. Granting t h i s ,  Eq. (2.39) becomes 

Collecting Eq. (2.161, _(_2.34) and (2.40), we have t h e  p a r t i t i o n  function 

with the  f l uc tua t ions  in tegra ted  out 

with 

where the  superscr ip t  L reminds us t h a t  these  a r e  l a t t i c e  quan t i t i e s .  It is 

d e a r  t ha t  we can in fe r  t h a t  the  l a t t i c e  theory i s  asymptotically f r e e  and 

obta in  t he  Callan Symanzik function a s  i n  Eq. (2.28). Now, nowever, g r e f e r s  

t o  t h e  bare coupling on t h e  l a t t i c e  of spacing "a" which replaces  t h e  i ~ e r s e  

of t he  Paul i -Vi l lars  reguJator mass M. 

Now we wish t o  go beyond the  B functions and r e l a t e  t he  length  sca l e s  of 
, 
t h e  continuum a n d ' l a t t i c e  models a s  well .  This  i s  done along the  l i n e s  d is -  

cussed i n  t he  introduction.  A E  and a r e  introduced and t h e  require- 

ment tha t  the  long dis tance  physics be the  same i n  both descr ip t ions  f i x e s  

t h e i r  r a t i o  according to  Eq. (1.19). Using (2.25) and (2.42) one ob ta ins  

and a  l a r g e  change of s c a l e  i sobse rved .  For comparison, we wr i t e  down the  

analogous A-ratio f o r  t he  O(N) vector models 



Note t h a t  t he  O(4) r e s u l t  and t h e  SU(2) x SU(2) ca1cula:ion agree a s  

they must. One a l s o  no t i ce s  t ha t  the  exponential  fzc toz  LTL Eq. (2.43) has 

a  f i n i t e  non- t r iv ia l  N -t - l i m i t  i n  d i s t i nc t ion  tc. t h e  a3 :N) model. 

The matrix vs.  t h e  vector character of t h e  two modeas mnsc be rhe reason be- 

hind these  d i f f e r e n t  l imi t ing  fea tures .  

3 .  Spa t i a l  La t t i ce  Regularizatio7 

In  t h i s  sec t ion  we discuss  t.ie r e l a t i cnsh ip  between coupling cons,tants 

i n  t he  Haniltonian and the  Eu-lidsan vers icns  of the theory. 

F i r s t ,  r e c a l l  t h a t  rh2 Bsmi1:onian is obtained from the  p a r t i t i o n  func- 

t i on  of the  Euclidean l a c t i c e  t y  Letting the  t imel ike  l a t t i c e  spacing a t  
tend 

t o  zero In  the  t r ans fe r  natr-x. This corresponds t o  introducing couplings Kt 

and Ks f > r  t imelike and 3pa.:elike l i nks  and then taking a  very an i so t rop ic  

So, w? begin with t he  acr ion ,  

s = -C ( K t  t r ( ~ ( r ) ~ ~ ( r + ; ~ )  + h.c.) + K= tr(u(r)ut(r+LS) + h.c.) (3.1) 

s i t e s  

where i s  a  un i t  l a t t i c e  vector i n  t h e  time (space) d i r ec t ion .  Standard 

me th~ds  re7eal  the  t r a n s f e r  matrix,  

= sum over a l l  s i t e s  i n  a @ven time s l i c ?  

E~ = a t h  ger-erator of l e f t  SU(5) ro t a t i ons  ( r i g h t  SU(N) 
r 0 t a t i c . n ~  could have keen used equally wel l )  

= F8' = cuadra t ic  Cssimfr operator of SU(N) 

Fcrthermare, we a r e  working in a  space of s t a t e  n Ic> diagonal i n  U. 
l inks  

?' at? 1,. = uL;)~C> 



II v ' 1  l a b e l s  representa t ions  of;.SU(H) and we omit t h i s  superscr ip t  when we a r e  

using the  fundamental representa t ion .  

2 
Next we require  t h a t  T p, 1- atH + O(at) a s  a t  is taken t o  zero. Inspect- 

i ng  Eq. (3.?),  we see  t h a t  both l [ K t  and K should be proportional t o  a t  t o  

i n su re  this. .  Therefore, i t  is convenient t o  def ine ,  

Note t h a t  when a = a these  de f in i t i ons  of g: and gi match.bnto ;he usual  
t 

. convention K = l / g 2  . However, l e t c ing  a + 0 i n  Eg. (3.2) and (3 .4) ,  we obta in  
t 

t h e  Hamiltonian, 

where 

It i s  impor-ant t o  note  the  presence of two coupling coas tants  i n  the  l a t t i c e  

2 
Hamiltonian - one (gt) s e t t i n g  the  s ca l e  of e l e c t r i c  ( s t a t i c )  e f f e c t s  and 

&other (g2'l governing magnetic (k ine t i c )  e f f e c t s  . 
S' 

2 In  t he  remainder of t h i s  sec t ion ,  we s h a l l  r e l a t e  and gH t o  the  coupling 

constant gL used i n  a continuum. Pauli-Villars r e g u l a t e  version of t he  theory 

in  t he  l imic  t h a t  a l l  g 2 ' s  a r e  small. Only a s l i g h t  modification of the  back- 

ground f i e l d  method described i n  se-t ion 2 w i l l  be needed. Going through the  

same s t eps  t h a t  led t o  Eqs. (2.13) and using the  def inLt ions  Eq. (3.4) fo r  gL 
t 

and g: one f inds  t h a t  the  ac t ion  Eq. (3.1) is  the  sum of two pieces ,  
' 

H H 
= 'cl. * 'eff 

where 

In these equations we have made the subs t i t u t ions ,  

1 F; + Fa 
t (a  d i f f e r e n t  nota t ion  was used in .  

at sec t ion  2, where 13 
a v + F v )  

appropriate t o  t he  a + 0 l i m i t  and have a l so  introduced t h e  parameter, 
t 

The f r e e  piece of SZff i s  

which leads ro  a f r e e  propagator of the  form. 

- dk ikot ikz  
dk e e 

2 
-m -n/a + +(2-2coska)h a ] 



Cnllec t i rg  these r e s u l t s  and substi tutir .g ir. Eq. (3.14) we have, A s  i n  t h e  Euclidean ca l cu l a t ion  we must introduce ar: inf rared  r e . g l a t c r  mass 

2 
m2 i n  our formulas and check t h a t  t he  l i m i t  m + 0 J E  snoot t  whe? one calcu- 

l a t e s  quan t i t i e s  of physical  s igni f icance .  

H 
The l a s t  two terms i n  Seff cons t i t u t e  sYnt ar.C we must no-; ca lcula te  a s  

i n  t h e  Euclidean analys is ,  
Compacin~. 3.. (3.20) with Eq. (3. E.) ve find! the  following couplj.ng constant 

rsnornal jzs t ions ,  

One obta ins  
2 

N -1 H = -  -<Sint>o 2N .Il( GH(0) - GE(l)) 

Y 

where we use the  nota t ion ,  

Following Eq. (3.5) and (3.611 we def ine ,  

and 

a7d note  t ha t  

With t2ese r e s u l t s  we h m e  eEfective1: ca lcula ted  the  logarithm of the  

p a r t i t i o n  f ~ n c t i o n ,  en Zx, tirrougi O(L) and can compare v i t h  a s imi l a r  calcula- 

t i on  fo r  t he  continuum theory us i lg ' ,  f o r  ins tance ,  a Paul i -Vi l lars  regula tor  

mss M ,  

Manipulations s imi lar  t o  those employed on the  EuclLdea  caLculatlon enable 

us t o  i den t i fy  the  momentum i n t e g r a l s  i n  Eq. (3.17) a s  ZH(02 and *:"(I) , 

and. 



. where we have defined, 

Now we take the  continuum l i m i t  of t he  Hamiltonian expression a 4  such 

t h a t  n +1 and, 
R 

thus insur ing Lorentz invarianc'e of t he  renormalized theory. The condition 

rlR+l a s  a 4  is simple t o  gusrantee. Note tha t  i f  g is s e t  t o  gt so  t ha t  

n = 1  and the  bare  theory i s  Lorentz invar iant ,  then Eq. (3.21) s t a t e s  t h a t  the  

d ivergent  p a r t s  of t he  one loop correc t ions  t o  zlt and zls a r e  i den t i ca l .  

This implies t h a t  nR = 1 a s  a+Cl and the  one loop renormalized theory i s  a l so  

Lorentz i nva r i an t  i n  t he  continrum l i m i t .  This i s  c l e a r l y  an important prop- 

e r t y  of these  spin. systems. It is a l s o  a fea ture  of SU(N) Hamiltonian l a t t i c e  

gauge theory i n  3 + 1 dimensions. 

F ina l ly ,  i n  or& t o  obtair- t he  same physics from the  Hamiltonian p a r t i t i o n ,  

funcrion ZH and the  continuw. p a r t i t i o n  function Z we must require ,  

We introduce the  A-parameters A and a s  discussed i n  the  introduction 

and wr i t e  t he  e x p l i c i t  form f o r  Eq. (1.17) 

-28- 

G (0) and GH(l) a r e  ea s i ly  evaluated,  
H 

- m nla 

where K i s  a complete e l l i p t i c  i n t eg ra l .  Using the  asymptotic expansion l i s t e d  

i n  Appendix A we have, 

Similarly we ca l cu l a t e ,  

n la  

= I / a d k  
s i n 2  (kal2) 

2n 2 2 2 
-n/a d 4 s i n  (ka/2)4m a 

1 
Collecting a l l  these r e s u l t s ,  r e c a l l i n 5  t h a t  G(0) = - ln(M/m), and sub- 2n 

s t i t u t i n g  i n t o  Eq. (3.29) we have, . 

A - - 8 

a M A ~  
- exp [In - tn  (:I] exp ($) 

A 2 '  
2(N-1) ' 

/7i ~ ~ ( 0 ) - G ( c ) ]  . exp n [ , ~  (-----i-- - II ( ~ ~ ( 0 ) - C H ( 1 ) ) ]  (3.29) 
N L  8 .  



A few comments abou t  t h i s  r e s u l t  a r e  i n  o r d e r .  We observe  a  l a r g e  

change i n  s c a l e  when p a s s i n g  from t h e  H m i l t o n i a n  l a t t i c e  t o  t h e  continuum 

theory .  On t h e  o t h e r  hand, t h e  r e l a t i o n  between t k e  Euc l idean  and H a m i l t m i a n  

s c a l e s  f o l l o w s  from Eq. (2.43) ,  

and t h l s  r a t i o  on ly  v a r i e s  from .94065 ... a t  N = 2: t o  L 2 5 1 3  ... a t  

N = - .  

We have a l s o  c a l c u l a t e d  A / A H  f o r  t h e  O(N) v e c t o r  models by g e n e r a l i z i n g  

t h e  Euc l idean  c a l c u l a t i o n  of r e f .  ( 24 ) t o  an a s y u m e t r i r  L a t t i c e .  One f i n d s  

and 

Eqs. (3.34) ,  (3 .35) .  (3.36) and (3.37) w i l l  b,s useC e x t e n s i v e l y  i n  l a t e r  

s e c t i o n s  of  t h i s  a r t i c l e .  

5. H a m i l t o n i m  L a t t i c e  C a l c u l a t i o n s ,  Cont:nuum R e s u l t s  f o r  t h e  SU(N) x SU(N) 

Models an3 Comparisons v i t h  O(N:) Spin Systems and SU(N) Gauge Theory 
- 

We wish t o  c a l c u l a z e  t h e  mass gaps of each of  t h e  SU(N) x SU(N) s p i n  

systems.  Th is  w i l l  a l l o w  us  t o  ~ b t a i n  each model's 0 - func t ion  f o r  a l l  

,:oupling a ;  w e l l  a s  t h e  numerical  r e l a t i o r .  between each mode l ' s  s c a l e  break-  

ing  A p a r a n e t e r  and t h e  renormalized s c n g l e  p a r t i c l e  mass of  t h e  continuum 

L i m i t  of t.ne l a t t i c e  moje l .  

We b e z i n  v i t h  t h e  3amiLtonian in t roduzed  i n  Sec.  3 ,  

2  2 2 
r h e r e  g2 s t a n d s  f o r ' t h e  pH >f t h e  p rev lour  s e c t i o n  and s = gt /gs  a s  b e f o r e .  

I n  ~ q .  c.4.1) we t&e II t o  t e  a  fixed c o n s t a n t  number, Th is  e n a h l e s  us  

2 
t o  perforo:  a  s ing le -coupl ing  s t r o n g  c o ~ ~ p l i n g  a n a l y s i s  i n  l / g  . The a c t u a l  

v a l u e  f o r  .q is  f i x e d  by t h e  reqoirement  t'rrat a t  t h e  matching p o i n t  o n t o  weak 

coupl ing  t e h a v i o u r  t h e  rencrmalized 1 - 1 ~  of Eq. (3.25) become e q u a l  t o  one and 

'Lorentz i r v a r i a n c e  be r e s t c r e d .  IF. the c m t e x t  of a  moze s o p h i s t i c a t e d  c a l -  

c u l a t i o n a l  f r a m e w ~ r k  o r e  c c u l d  imagine e x - l o r i n g  t h e  g -gt p l a n e  f o r  c u r v e s  

which minimize t h e  l a t t i c e  b reak ing  o f  Locentz i n v z r i a n c e  i n  t h e  i n t e r m e d i a t e  

and s t r o n g  coupl ing  r e g i o n s .  However,, Eq. (4.1)  has  t h e  advan tage  t h a t  f a i r l y  

r e s ~ e c t a b l e  s t r o n g  coupl ing  s e r l e s  can b e  d e v e l o ~ e d  f o r  i t  and ana lyzed  i n  a  

t r a d i t i o n e l  f a s h i o n .  Eere we s h a l l  c a l c d a t e  m a t r i x  e laments  of  Eq. (4.1)  

t o  and match o n t o  known weak coupl ing ,  Loren tz  i n v a r i a n t  p e r t u r b a t i o n  

t h e ~ r y  t o  c a l c . ~ l a t e  p h ~ s i c e l  q u a n t i t i ~ s .  

To c a l c u l a t e  t h e  mass gap us ing  s t r a n g  coupl ing  methods we must ca lcu-  

l a t e  t h e  er:e:gy of  t h e  vacuum and t h e  f i r s t  e x c i t e d  s t a t e ( s )  of t h e  model 



and take the difference. At strong coupling (llg4 = 0) the vacuum must 

minimize the first term in Eq. (4.1) 

Then the mass gap series have the form, 

The lowest lying excited states constitute a  fold degenerate subspace. A 

member of this subspace at zeromomefitumis described by the wave function 

Since the quedratic Casimir operator for the fundamental representation of 
2 

N -1 
SU,(N) is 2~ , the mass pap at strong coupling is, 

The higher order corrections to this trivial result are obtained by system- 

atic application of Rayleigh-Schrlidinger perturbation theory. All of the 

ingredients in this calculation are routine and have been illustrated else- 

where except for the SU(N) group theory. The group theory techniques needed 

to :any out the perturbative calculations can be found in Appendices B and 

C. The resuLts recorded there are also useful in computations of SU(N) gauze 

thexy. These methods could be extended so that higher orders in the mass 

gap series could be calculated. 

To organize the weak and strong coupling calculations most efficiently 

7 
one scales the coupling constant g-, 

with co = 1. Then by direct calculation one finds that the coefficients c m 

have finite limits as N is taken to infinity. A proof of this observation 

can be made most simply using the Euclidean version of the model and following 

the arguments of ref. 19 for gauge theories rather closely. We have collected 

the values of c for various N in Table 1. 
m 

There are several ways of extracting the physics of the continuum limits 

from these calculations. In one method we choose to renormali.ze the theory . 

so that M is fixed, independent of a, the lattice spacing. A familiar argu- 

ment then leads to an expression for the theory's Callan-Symanzik 6 function, 

where W is the series Ccmxm of Eq. (4.6). Eq. (4.7) will be useful in the 

strong and intermediate coupling regions. We also can calculate the 6 func- 

tion in the weak coupling region. The one loop calculation was done.in 

Sec. 2 and the two loop result is known, 
2 1 



2  
Note t h a t  w i t h  t h e  d e f i n i t i o n  X = g  N t h e  second l c o p  ~f  Ec.. (4.8) becomes 

independent  of  N. Th i s  is i n  s h a r p  c o n t r a s t  wi th  t h e  @(ti) models where on ly  

t h e  f i r s t  loop  s u r v i v e s  t h e  l i m i t .  However, i t  is  t h e  same behav ior  a s  t h e  

SU(N) gauge t h e o r i e s .  

One can now p l o t  Eq. (4.7)  and (4.8) and s e e  i f  t h e z e  is  a  r e g i o n  i n  A 

where t h e  e x p r e s s i o n s  match. I n  F i g .  (1)  we show s.uch a  pLot f o r  t h e  SU(?) 

model. There is c l e a r  ev idence  f o r  a  match X = 4  s o  t h e  c u r v e s  s u g g e s t  

t h a t  t h e  model has  a  B f u n c t i o n  whose on ly  z e r o  i s  a t  ze:o coup l ing .  Thus, 

t h e  continuum l i m i t  of  t h e  theory  is  expected t o  r e a l i z e  t h e  SU(2) x  SU(2l 

symmetry a l g e b r a i c a l l y  and p o s s e s s  a  non-vanishing renormaLiz2d mass gap. 

S i n c e  SU(2) x  SU(2) = O(4) p l o t s  s i m i l a r  t o  F ig .  (1) have appeared i n  t h e  

l i t e r a c u r e  and we n o t e  t h a t  t h e  low o r d e r  c a l c u l a t ~ o n  p r e s m t e d  h e r e  i s  i n  

good agreement wi th  t h e  more e x t e n s i v e  s t u d i e s .  6  

I n  F i g .  (2)  we p r e s e n t  t h e  B f u n c t i o n s  f o r  N = 2,  6  axd i n f i n i t y .  Sir.ce 

o u r  s e r i e s  a r e  r a t h e r  s h o r t  we have had t o  make t h e  a s s u n p r i o n  t h a t  t h e  B 

f u n c t i o n s  f o r  a l l  of  t h e s e  models on ly  have z e r o s  a t  z e r s  zoup l ing .  S i n c e  

t h e  B f u n c t i o n s  descend v e r y  r a p i d l y  i n  t h e  c r o s s o v e r  r e g i ~ n  s h o r t  s e r i e s  

a r e  n o t  c a p a b l e  of  d e s c r i b i n g  t h e  match w i t h  weak c o u p l i n g  i n  any d e t a i l .  

However, t h i s  working assumption is c e r t a i n l y  p l a u s i b l e  s i n c e  t h e  SU(2) x 

SU(2) model is almost  c e r t a i n l y  a  s i n g l e  phase m o d 4  and t h o s e  models wi th  

l a r g e r  N a r e  expected t o  be  more d i s o r d e r e d  a t  t h e  s a r e  v a l u e  of A .  Although 

t h e  d e t a i l s  of  t h e  strong-weak coupl ing  match f o r  she l a r g e  N models i s  n o t  

a c c e s s i b l e  by t h e s e  c a l c u l a t i o n s  t h e  bu lk  of t h e  c r o s s o v e r  r e g i o n  a p p e a r s  t o  

be  we l l -desc r ibed  by o u r  s h o r t  s e r i e s .  One can check t h z t  t h e  h i g h e r  o r d e r  

terms i n  t h e  s e r i e s  of  Table 1 a r e  smal l  compared t o  t h e  low o r d e r  t e n s  

throughout  t h e  i n t e r m e d i a t e  and s t r o n g  coupl ing  r e g i o n s .  

It i 3  i n t e r e s t i n g  t h a t  che c rossover  r e g i o n s  o f  t h e s e  models become 

s h a r p e r  a s  N i n c r e a s e s .  S l m i l a r  behavior  h a s  been n o t e 3  f o r  SU(N) gauge 

t h e o r i e s  I n  3+1 d i m e n s i ~ n s . ~  This  phenomer.on has  l e d  t o  t h e  s u g g e s t i o n  

t h a t  t h e s p  l a t t i c e  r e g u l a t e d  models e x p e r i e n c e  t h e  Gross-Witten t h i r d  

o r d e r  phase t r a n s i t i o n 1 3  i n  :heN+= licit, and t h a t  a t  f i n i t e  N t h e  near -  

n e s s  of  t x o s e  s i n g u l a r i t i ~ s  i n  t h e  complex A-plane c a u s e s  t h e  a b r u p t  

d e p a r t u r e  from xeak couplin;  behav ior .  One can check t h a t  t h e  Gross- 

Wit ten ne-hanisrr o c c u r s  i n  s e v e r a l  i i n l t e  s i z e  SU(N'lxSU(N) s p i n  sys tems ,  1 4  

s o  o u r  o b s e r v a t i o n  t h a t  t h e  systematics of t h e  s p i n  and gauge models a r e  

s i m i l a r  seems q u i t e  sens ib ln .  If we had l o n g e r  s t r o n g  c o u p l i n g  s e r i e s  we 

cou ld  f o l l o w  t h e  pa th  of t h ?  s i n g u l a r i r i e ~  i n  t h e  Pad6 approximates  t o  t h e  

model 's  6 f u n c t i o n s  a s  14 v a r i e s  and v e r i f y  o r  r e f u t e  t h e s e  remarks.  

There i s  one o t h e r  i n t m e s t i n g  t e c h n J c a l  f e a t u r e  ir t h e  s t r o n g  c o u p l i n g  

calculation. It is easy  t o  s e e  t h a t  t i e  c l a s s e s  o f  g raphs  f o r  a  p a r t i c u l a r  

o r d e r  of  p p r t u r b a t i o n  t h e o r y  depends 01 N e x p l i c i t l y .  For  example, i n  t h e  

SU(?)xSU(3) model t h e  vacuurn e x p e c t a t i ~ n  v a l u e  f o r  t h r e e  U m a t r i c e s  i s  non- 

v a o i s h i x g ,  w h i l e  i n  t h e  SU@)xSUl:2) model i t  is i d e n t i c z l l y  z e r o .  The 

: a l c u l a t i o a s  done h e r e  t o  o ( ~ - ~ ~ )  r e q u i r e d  s p e c i z l  c a s e s  f o r  N= 2,3,4 and 5. 

3n ly  f o r  N t 6  does  t h e  c l s s  of  g raphs  n o t  change wi th  N.  Such complica- 

t i o n s  have beer. noted f ~ r  F u g e  t h e o r i e s  a s  w e l l .  I n  a d d i t i o n ,  n o t  on ly  

does one have t o  i n c l u d e  ncs s e t s  of  g raphs  a s  one comes down i n  N ,  one 

must a l s c  modify some g r z p k  t h a t  a l r e a d y  e x i s t e d  f o r  l a r g e  N ( l a r g e  com- 

pared t o  t h e  o r d e r  of p e r h r b a t i o n  theor?) i n  o r d e r  t o  avoid v a n i s h i n g  

energy d c ~ m i n a c o r s  a t  smal l  N. These z e r s  energv d e n o n i n a t o r s  would appear  a s  

s i n g u l a r i t i e s  i n  t h e  s t r o n g  coupl ing  coef F i c i e n t s  i f  one ;ere t o  n a i v e l y  

-cont inue i n  N. These f a c t s  i n d i c a t e  t h a t  i t  'is no t  p o s s i b l e  t o  e x t r a p o l a t e  

be tveen  d i f f e r e n t  SU(N) g rcups  i n  any sim?le f a s h i c n .  
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The a p r e a r a n c e  of  s p e c i a l  graphs i n  t h e  O(g ) c o e f f i c i e n t s  f o r  N = 3,4 

and 5 render  t h e s e  s e r i e s  r a t t . e r  i r r e g u l a r .  Th i s  is t h e  reason  we have n o t  

p l o t t e d  t h e i r  0-funct ion i n  F i g .  112). It h a s  been no ted  i n  r e f .  26 t h a t  

such  i r r e g u l a r i t i e s  occur  i n  s imple  models. However, s h o r t  s e r i e s  f o r  t h e s e  

models w i t h  N s u f f i c i e n t l y  l a r g e  do ,  i n  f a c t ,  w e l l  approximate t h e  known 

e x a c t  r e s u l t s .  Thus, we b e l i e v e  t h z t  our  s h o r t  s e r i e s  r e s u l t s  f o r  N = 2 and 

a l 1 N  2 6 a r e  good gu ides  t o  t h e  r e d  behav ior  of  t h e  SU(N)xSU(N) models. 

The e x i s t e n c e  of  t h e s e  compl ica t ions  shou ld  be  c o n t r a s t e d  w i t h  a  fami ly  of 

models ,  l i k e  t h e  O(N) v e c t o r  models ,  which p o s s e s s e s  a  s imple  s o l u t i o n  i n  

t h e N + - l i m i t .  I n  t h e s e  c a s e s  t h e  c l a s s  of  graphs f o r  each o r d e r  of per-  

t u r b a t i o n  t h e o r y  is independent  of  6 ,  t h e r e  a r e  no s i n g u l a r i t i e s  i n  t h e  

s t r o n g  coupl ing  expansion c o e f f i c i e n t s  f o r  N > 1 and s i m p l e  1/N expansions 

e x i s t .  Th i s  w i l l  be  d i s c u s s e d  f u r t h e r  below. 

Next It is  i n t e r e s t i n g  .tc u s e  t h e  asympto t ic  sca1ir:g laws t o  s e t  t h e  

s c a l e  of  t h e  mass gap c a l c u l a t i o n .  As d i s c u s s e d  i n  Sec.  1 t h e  mass s c a l e s  

o f . t h e  t h e o r y  can  e i t h e r  be set by s t u d y i n g  t h e  d e v i a t i c n s  from f r e e  f i e l d  

behav ior  i n  t h e  v i c i n i t y  of  t h e  c r i t i c a l  p o i n t  A = 0 ,  or  by renormal iz ing  

t h e  t h e o r y  h o l d i n g  t h e  mass gap f i x e d .  I n  a  p roper  rencrmal ized  continuum 

l i m i t  t h e s e  p rocedures  must be r e l a t e d  s i n c e  one mass s c a l e  de te rmines  a l l  

the. s c a l e s  in t h e s e m o d e l s .  k can  compute t h e  c o n s t a n t s  CH r e l a t i n g  t h e  

gaps  N t o  each t h e o r y ' s  A paramete r ,  
H 

by p l o t t i n g  t h e  s t r o n g  coupl ing  c a l c u l a t i o n  f o r  ?I and f i t t i n g  i t  w i t h  t h e  

wesk coupl ing  s c a l i n g  law f o r  
%I 

a s  d i s c u s s e d  i n  Sec. 1. Such p l o t s  a r e  shown i n  F i g .  (3 )  f o r  N = 2 , 6  and 

i n f i n i t y ,  and t h e  r e s u l t a n t  v a l u e s  of  C a r e  c o l l e c t e d  i n  Tab le  2. To com- 
H 

p l e t e  t h i s  e x e r c i s e  t h e  n paramete rs  of  Eq. (4.1)  were determined t o  e n s u r e  

Lorentz i n v a r i a n c e  of t h e  l a t t i c e  models a t  t h e  matching p o i n t s  of  t h e  weak 

and s t r o n g  coupl ing  expans ions .  R e c a l l  from s e c t i o n  3 t h a t  t h e  one  loop  r e -  

normal iza t ion  of  n was found t o  be,  

and nR must be f i x e d  a t  u n i t y  s o  t h a t  Loren tz  i n v a r i a n c e  is  r e s t o r e d  on t h e  

l a t t i c e  of f i n i t e  l a t t i c e  s p a c i n g  and f i n i t e  b a r e  c o u p l i n g .  The v a l u e s  of  X 

a t  t h e  matching can be  s u b s t i t u t e d  i n t o  Eq.  (4.11) and n c a n  be  computed. 

The p h y s i c a l  s i g n i f i c a n c e  of  n be ing  d i f f e r e n t  from u n i t y  is  t h a t  t h e  s p a t i a l  

l a t t i c e  induces  a  f i n i t e  c a l c u l a b l e  r e n o r m a l i z a t i o n  of  t h e  speed of  l i g h t .  

The e f f e c t  is n o t  l a r g e  numer ica l ly .  For  example, 6 = 1 . 0 8  f o r  N = 2 and 

i n c r e a s e s t o  fi = 1 . 1 5  f o r  t h e  N -+ - l i m i t .  

It is  p a r t i c u l a r l y  i n t e r e s t i n g  t o  use  o u r  c a l c u l a t i o n  of  AH/A from 

Sec. 3  and w r i t e  Eq. (4 .9 )  i n  t h e  form 

because Eq. (4.12)  i s  f r e e  of  l a t t i c e  s c a f f o l d i n g - - i t  i n v o l v e s  q u a n t i t i e s  

de f ined  i n  t h e  renormalized continuum l i m i t  of  t h e s e  model. The v a l u e s  of  C 



f o r  var ious  N a r e  a l s o  l i s t e d  i n  Table 2 .  Eq. (4.12) i s  th<s  model's ana- 

logue of t he  gauge theory r e l a t i o n  between s t r i n g  tension and the  sca le-  

breaking parameter of deep i n e l a s t i c  s ca t t e r ing .  The e x o r  bars i n  Table ? 

r e f l e c t  our uncer ta in ty  i n  t he  f i t s  of Fig.  (3) .  It is i n t e r e s t i n g  tha t  

t h e  Taylor s e r i e s  f o r  t he  gaps su f f i ce  f o r  the determinatioe of the constants  

C. I f  the  mass gap s e r i e s  were replaced by Pad6 approxLmatcs our estimates 

of C change by only a few percent.  This s t a b i l i t y  r e f l z c t s  the  f a c t  t h a t  a t  

t h e  match between strong and weak coupling expansions Fi:. (3) ,  t he  high- 

e r  order s t rong coupling terms a r e  considerably smal ler  t h a ~  the  low order 

terms. 

We f e e l  t h a t  tabula t ions  of t h e  constants C ar.2 a p a r t i c u l a r l y  c l e a r  

way t o  compare d i f f e r e n t  models. The 6 functions t iemselz-e a r e  only u n i w r -  

s a l  near t he  c r i t i c a l  point  X 0, and the  various shapes in Fig.  (2) i n  t he  

intermediate coupling region can be changed by c h a q i n a  t h e  l a t t i c e  formula- 

t i o n  of t he  model. However, t he  constants C a r e  invar1ar.t t o  such technical-  

i t ies- - they a r e  proper t ies  of the  continuum l i m i t  and &re  po ten t i a l l y  measur- 

a b l e  quan t i t i e s .  A l a rge  value of C indica tes  t h a t  nor-perturbative e f f e c t s  

occur abrupt ly  a t  a r e l a t i v e l y  small coupl'ing of a 'regularized continuum 

vers ion of the  mode. It is in t e re s t i ng  t h a t  C increases  s ign i f i can t ly  a s  N 

increases  and t h a t  t he  N = 6 r e s u l t s  a r e  very c lose  t o  t h r  N = - l i m i t .  

We have a l s o  ca r r i ed  through t h i s  c a l c u l a t i o n ~ l  program f o r  the  O(N) 

sp in  systems. A great  deal  is known about these models. Their N + -. 

i s  t he  soluble  mean sphe r i ca l  model whose continuum limi: descr ibes  a massive, 

f r e e  s ca l a r  f i e l d .  They possess a well-behaved 1 / U  ex?a~sLon. Detailed 

s tud ie s  of the O(3) model using s t rocg coupling6 and b3nte Carlo Renonnaliza- 

t i o n  Group methods3 have been done. The O(4) model has.al;o been s tudied  

-38- 

using strong coupling merh~ds  t o  xigher orders.6 The Hamiltonian is, 

where 22 is the  angular mmne.ntum square3 i n  N dimensions and ~ ( m )  i s  an N- 

compc.nent u ~ i t  vector on the  . spa t i a l  lac t ic ,? .  The lowest ly ing exci ted  

s r a t e s  of t i e  s t rong couplina l i m i t  of 3q. (4.13) consti t .ute an N-fold 

degenerate subspace. A membsr of t h i s  aubs?ace a t  zero nomentum i s  described 
C 

by the  wave function,  

where 1 0 )  i s  the strong c o u ~ l i n g  vacuum. 

2 
J 11m) 10) = 0 

apprspr ia te  f o r  N > 1. TO disc-lss the N + - l i m i t  i t  is convenient t o  s ca l e  

the  coupling constant,  

Then the mass gap s e r i e s  can be a r i r t e r ~  i r  the  form, 



and the coefficients am have finite N -t limits. Explicit calculations 

give the first five coefficients of Eq. (4.16), 

These coefficients were obtained by axtending the O(N) poup theory techniques 

of ref. 30 t~ handle the produzt of six spins on a site. The general N calcu- 

lation was checked against the N = 2,3,4 and mean spherical model results 

already in the literature. Nore thar the explicit expressions are well- 

bekaved in t'xe region N > 1 whsre the state Eq. (4.14) lies above the vacuum 

Eq. (4.14). (Since .J2 = j(j + N - 211, the spin 1 state has greater energy 

than the spin zero state only for N , 1). The 6 functioxs for the O(N) models 

are obtained from these series as described for the SU(N) x SU(N) models. 

The resulting curves are shown in Fig. (4). In addition, the constants C H 

can be obtained from these fits as described above and using our result for 

A / A  they can be rewritten as results for the more interesting constants C. 
H 

These results are tabulated in Table 3. Just as in the SU(N) x SU(N) models 

the values for n in Eq. (4.13) were fixed by requiring that the renormalized " be equal to unity at the matching point onto weak couplin~ behavior. In 

the O(N) models the one loop renormalization of n is given by, 

We learn from Fig. (4) that as N is increased the crossover from weak 

to strong coupling becomes less abrupt and shifts to larger g. As a con- 

sequence of this the constants C decrease from 3.40 ? .30 for :he O(3) model 

to 1.00 for the N + m limit. Some of these results can be compared with 

others in the literature. The N + - limit of Eq. (4.13) is soluble27 and 

one can determine lim C = 8 and lim C = 1 in excellent agreement with our 
N-- N-- 

approximate analysis. This is not a new result--it was observed in ref. 27 

and 28 that short strong coupling series describe the crossover region of the 

mean spherical model to good precision. It is more interesting to consider 

the O(3) model result. A recent Monte Carlo Renormalization Group study3 of 

the Euclidean version of the O(3) model determined the correlation length 5 

in terms of A 
E' 



c-' is p r e c i s e l y  t h e  mass gap o f  t h e  theory .  S ince  we ba-e c a l c u i a t e d  lE/,, 
27.212...  f o r  N  = 3,  Eq. (4.19) kcomes ,  

i n  good agreement wi th  o u r  r e s u l t  

These two s u c c e s s e s  of  o u r  c a l c u l a t i o n s  sugges t  t h a t  they  3ze q u a n t i t a t i v e  

f o r  a l l  N. 

And f i n a l l y ,  compare t h e s e  r e s u l t s  wi th  SU(N) gaug.5 t h c o r i e s  i n  3  + 1 

dimensions.  The Hamil tonian is  

where E' i s  t h e  q u a d r a t i c  Casimir  g e n e r a t o r  of  SU(N) on t1.e l i n k )  of  a  th-ree- 
"2 

dimens iona l  c u b i c  l a t t i c e  and U(p) is t h e  u n i t a r y  f ~ n d m e r . t 3 1  r e p r e s e n t a t i o n  

of  t h e  product  of group e lements  on t h e  boundary of a  ~ 1 a c : u e t t e .  As d i s -  

cussed  a t  l e n g t h  e l sewhere ,  t h e  ana log  of  t h e  mass gap of &e s p i n  system is  

t h e  s t r i n g  t e n s i o n  T of t h e  gauge theory .  It can be ccmput,ed by s t r o n g  ccx~p- 

l i n g  methods. 

2  
wte re  X = g  N is t h e  a p p r o p r i ~ t e  coup l ing  c o n s t a n t  t o  d i s c u s s  t h e  N + - l i m i t  

3 1  
s i n c e  t h e  c c e f f i c i e n t s  w t h e c  have f i n f t e  l i m i t s .  These c a l c u l a t i o n s  have 

.. 
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been done t i r o u g h  O(X ) .  As i n  t h e  s p i n  systems,  t h e  expansion f o r  T l e a d s  

t c  an expansion f o r  t h e  E. f u n c t i o n  by r e q u i r i n g  t h a t  T be a  f i x e d ,  p h y s i c a l  

q c a n t i t y  independent  of t h e  l a t t i c e  spac ing .  The 3 f u n c t i o n  a t  weak coupl ing  

is, 

and t h e  H a m i l t m i a n  l a t t i c e  A3 parameter  i s .  

Fkom p l o t s  25 Eq. (4.24), t h e  d e r i v e d  B f u n - t i o n  s e r i e s  cnd Eq. (4.25)  we 

ds te rmine  t h e  B f u n c t i o n  c u r v e s  shown i n  F ig .  (5 ) .  Furthermore f i t s  of t h e  

s t r i n g  tensior;  s e r i e s  t o  t h e . a s y r r p t o t i c a l l y  f r e e  s c a l i n g  law Eq. (.4.26) g i v e  

e t h a t e s  of t h e  pa ramete rs  C.H. Using c a l c u l a t i o n s  i n  t h e  l i t e r a t u r e  which 

r e l a t e  l a t t i c e .  It paramete rs  t o  ccn t inuun  q r r a n t i t i e s  we can de te rmine  t h e  

c o n s t a n t s  C ,  

vhere  t h e  s u b s c r i p t  P.V. r e n i n d s  us t h ~ t  t h e  continuum r e g u l a r i z a t i o n  pro- 

cedure is t h a t  of P a u l i - V i l l a r s .  From ~ e f s .  23, 25 and 29 we have 



A e l h  = .On68 exp ( 3 n ' l l l ~ ~ )  

N ~ - 1  
AH/AE = . 6 l l l  exp [g (T) ] 

The values of C f o r  various N a r e  recorded i n  Table (4). 

. Now l e t  us b r i e f l y  d iscuss  these r e s u l t s ;  The 6 , funct ions  show the  

'same t rends  a s  the  SU(N) x SU(N) m a t r i ~  models. Note, however, t ha t  the  

crossover region i s  even more abrupt hsre .  The N -+ - curve goes from the  

weak coupling m t c h  t o  . 9  i n  abo .~ t  2.5 un i t s  of g ' ~  while t he  N = - curve 

of th sp in  system requires  8.5 a n i t s .  This d i f ference  a l s o  shows up i n  

t he  m n s t a n t s  C. They increase  v i t h  increas ing N but t h e i r  absolute values 

a r e  mnsiderably  l a rge r  i n  t h e  gauge theory i n  3 + 1 dinensions than i n  the  

sp in  system i n  1 + 1 dimensions. 

And f ina l2y a word about t he  t heo re t i ca l  e r r o r  estimazes i n  Table (4 ) .  

The SLl(3) e s t i n a t e  of C comes from a hLgher order caPculatlon reported i n  

ref. L .  It was observed the re  t h a t  although shor t  s e r i e s  vere  adequate t o  

ob ta i a  a good F function i n  the intermediate and s t rong coupling regions,  

they .*ere not s u f f i c i e n t  t o  determine C t o  b e t t e r  than a fac tor  of 2-3. 

In  eszimating the  values of C fcr  higher N we have assumed tha t  the  same 

systematic trer.ds observed i n  the SU(3) ca l cu l a t ions  occur fo r  a l l  N. It 

i s  c l e a r  from the  p lo t s  of t he  B functsons t h a t  C increases  with N but our 

c a l c u h t i o n s  a r e  not strong enougx t o  give good quan t i t a t i ve  estimates.  For 

N = 2 and 3 the r e s u l t s  of Table (4) a r e  i n  good agreement with computer 

simulations.  1 
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Appendix A: L a t t i c e  Propaga tors  

We wish t o  d i s c u s s  some p r o p e r t i e s  of l a t t i c e  p r o p g a t o r s  here .  The 

f i r s t  is a n  e x p l i c i t  e v a l u a t i o n  of t h e  two dimensional  E c c l i d e m  square  

l a t t i c e  propagator  a t  t h e  o r i g i n .  We s t l a l l  f i n d ,  

where K i s  t h e  complete e l l i p t i c  i n t e g r a l  i n  tk n o t z t j o n  of r e f . ( j g )  and 

u2 = m2a2 . I n  t h e  l i m i t  t h a t  t h e  i n f r a r e d  mass m is taben to zero,  Ec-. (A.1) 

becomes 

u s i n g  a n  asymptotic  expansion i n  r e f  (32). This  r e s u l t  is f r e ~ w e n t l y  used i n  

t h e  s t a t i s t i c a l  phys ics  l i t e r a t u r e .  We begin with t h e  definition of t h e  

l a t t i c e  propaga tor ,  

[ - ~ 4 u '  ] G (x) =x PG (x) - G (x+v) - G(x-v) + u2((x) - 6=, I 
where t h e  sum runs  over t h e  two u n i t  v e c t o r s  of t h e  squaze  l a t t i c e  and t h e  

r i g h t  hand s i d e  is a kronecker symbol. In t roduc ing  t h e  l o u r i ~ r  t ransform o f  

G(x). 

and s u b s t i t u t i n g  i n t o  Eq. (A.3) we f i n d  

a s  used i n  t h e  t e x t .  Note t h a t  i n  Eq. (A.4) we have u s d  the  t a c t  t h a t  t h e  

B r i l l o u i n  zone corresponding t o  a square  two dimz-nsiorul l a t t i - e  i s  a 
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square ,  -n<k <n,i=1,2.  G(o) can be ob ta ined  from Eq. (A.4) by i n t e -  
i 

g r a t i n g  f i r s t  over  k2 s i n c e  t h i s  is a ~ . z a n d a r d  t r i g o c o m e t r i c  i n t e g r a l .  

Next chamze v a r i a b l e s  t o  r - s i n 2  (+ .kl., 

which l s  an e l l i p t i c  i n t e g r a l  of  t h e  f i r s t  k ind ,  

I n  trle c o t a t i o n  of r e f .  GQ:), Eq. (A.3) a n  be w r i t t e n  a s  t h e  more f a m i l i a r  

complete e l l i p t i c  i n t e g r a l  K a s  s taked  i n  Eq. (A.1) and t h e  logar i thm and 

t h e  s c n l e  of t n e  l o g a r i t h u  i n  G(o) fo l low from t h e  asymptotic  expansion of 

h . Tne f a c t  t h a t  G(o) depends l % a r i t l u n i c a l l y  on u is c l e a r  from Eq.(A.4) 

and i A . 5 ) .  It t a k e s  cons iderab le  c a r e ,  mwever, t o  f i a d  t h e  s c a l e  i n  t h e  

l o g a r t t h n  - t h e  f a c t o r  of 32 - and ttds is t h e  q u a n t i t y  c r u c i a l  t o  t h e  d i s -  

cuss ions  of A " ~ '  /AL  giuen  i n  t h e  m x t .  

Ne=t we need t o  sl~ow chat  

t o  corrplete t h e  d e r i v a t i o n  of Eq. (2.40). F i r s t  cons ider  Eq. (A.4) f o r  x = l ,  

(A. 104 



We exponent ia te  t h e  denominator using t h e  i d e n t i t y  

(D 

and f i n d ,  

where we have i d e n t i f i e d  t h e  kl and k2 i n t e g r a l s  a s  t h e  Besel  f u n c t i o n s  

1 1  (28) and Io(2B), r e s p e c t i v e l y .  Next cons ider  t h e  r i g h r  hand s i d e  of 

I,, -,, 

where Eq. ( A . U )  was used t o  exponent la te  t h e  denouinator  p2(k) and the  

i i esse l  f u n c t i o n s  112 11(2$) and Io(2E) were i d e n t i f i e d  ur,ing r e f .  (32).  SO 

Zq. iA.13) is i d e n t i c a l  with Eq. (A.12) and we a r e  done. It wai important  t o  

c l ~ c c k  t h a t  the  i n f r a r e d  n a s s  v2 e n t e r s  b o t l ~  express ion  i d e n t i c a l l y .  

Anpendix B: Ouadra t ic  Casimir Onerators  and Grouo 1 J e i ~ h t . s  f o r  f e n e r a l  SU(N) 

Croup theore t ica l .  i n n u t s  i n t o  t h e  s t r o n z  cotloling exnansion c o e f f i c i e n t s  

inc lude  t h e  va lues  C2(A) of t h e  q u a d r a t i c  f a s i m i r  o p e r a t o r  f o r  v a r i o u s  

r e o r e s e n t a t i o n s  A and so-cal led grouo weiphts  Cn,!(Al,A2-..) which deoend on a l l  

n o n t r i v i a l  r e ~ r e s e n t a t i o n s  (A anoearing i n  a ~ i v e n  oranh. The C2(h) ' s  
i 

anoear i n  t h e  e n e r w  denoninatnrs and "I(A1,P.2-. .) t e l l s  us how t o  i.rei~.,ht t h e  

c o n t r i h u t i o n  from each s e t  of r e p r e s e n t a t i o n  (A1.A2.-+.). The e n t i r e  e raah  

w i l l  then g ive ,  

[cons tan t ]  x [GJ(Al.A2-..) 1 -  [Function of C ? ( A ~ )  , c ~ ~ A ~ ) . .  - 1  (B.1) 
Al,A2"'  

m e  [cons tan t ]  f a c t o r  depends onlv on t h e  geometrv of  t h e  p.raoh (e.p. ,  on t h e  

dimension of space time) and n o t  on t h e  s m e t r y  Kroun. Zn t h i s  apaendix v e  

show ha7 t o  c a l c u l a t e  C2(A) and ClJ(Al,A2...) f o r  t h e  groun SI!@T). 

Table R . 1  l ists lcm l v i n ~  r e p r e s e n t a t i o n s  of  SU(:T) and some of t h e i r  

p r o p e r t i e s .  The second column l a h e l s  r e n r e s e n t a t i o n s  i n  terms of (!I-1) i n t e ~ e r s  

ai ( 2  0) , rhere ,  

qi  = (r-umher of hoxes i n  r01.1 I )  - (number of hnxes i n  row (1 1 ) )  (0.2) 

Columns 3 and 4 g ive  t h e  dimension of t h e  r e n r e s e n t a t i o n  and t h e  va lue  of t h e  

q u a d r a t i c  Casimir o p e r a t o r ,  C2.  A u s e f u l  formula f o r  t h e  l a t t e r  n u a n t i t v  can 

be found f o r  i n s t a n c e  i n  r e f .  (33) 

2C2 = t2 + 2s.; 

-+ 
where L: h i c h e s t  w e i ~ h t  v e c t o r  



2:: C; = sum o v e r  p o s i t i v e  r o o t  =c:ors 
a>O 

(Mote t h a t  t h e  Casimir  o p e r a t o r  of r e f .  (33) d i f f e r s  hv .a f a c t o r  of  2  from o u r  

+ 
C2.) Given t h e  q i ' s  one  can c a l c u l a t e  L f o r  any i r r e d u c i t - l e  r e p r e s e n t a t i o n  i n  

terms o f  t h e  (N - 1 )  s o  c a l l e d  fundamental  we igh t s  2':) (r = 1 , 2 , . .  .G - 1 )  

+ 
and 2R can h e  found i n  t h e  l i t e r a t u r e  ( s e e  n. 5r oE :ef.(33) and n. 299 

of r e f .  (34) .  For  completeness  they a r e  renroduced j n . T a b l e  0.2.  The com- 

Donen-s o f  t h e  v e c t o r s  i n  Table R.2 a r e  n o t  a l l  indersnrle7t  and ohey, 

N 
1 components = n 
1 

Civen Tab le  R.2 and e q u a t i o n s  (0 .3 ) ,  (C.4) one can d c r f v e  t h e  C2's  l i s t e d  i n  

Tab le  R . 1 .  

Isle now E O  on t o  d i s c u s s  croun w e i c h t s  f o r  th.8 s r r c n r  counlinf! d1ap.rams. 

P e c a l l  t h a t  t h e  z e r o t h  o r d e r  vacuum is determined hy h=inp. a l l  s i t e s  i n  t h e  

s i n c l e t  s t a t e .  1.!e deno te  i t  hv 

Ivacuum> = I.> ' s i t e s  

('.) on I v a ~ u m n > ~  a t  v a r i o u s  s i t e s .  Exc i ted  s t a t e s  a r e  o b t a i n e d  hv a n n b i n g  

1le s h a l l  l a h e l  s i n g l e  s i t e  s t a t e s  :7v, 

The i n n e r  product  < I> ts def ined  thrc-uch t h e  i n v a r i a n t  i n t e ~ r a t i o n  o v e r  

d~  and eq. c B . 6 )  follor.!s from, 

t 
(I.!e use  :he n o t a t i o n  6 = U .) 

a B - 3 a  

. Let  

be t h e  p r o j e c t i o n  o p e r a t o r  o n t o  t h e  s u h s r a c e  snanned by I.4:afl> f o r  f i x e d  A. 

We w i l l  5 e  i n t e r e s t e d  i n  c a l c u l a t i n g  f h e  E o l l o ~ ~ i n ~  e x n e c t a t i o n  v a l u e  a t  each 

a c t i v e  s i t e ,  

hi = anv r e p r e s e n t a t i o n  t h a t  can anpear  i n  t h e  

i n t e r m e c i a t e  s t a t e s  

The r r ~ : ~ :  hand s i d e  of en .  (R.4) i n t r o d ~ c e s  t h e  o u a n t i t i e s  P a  a  (A1..42..s) 
1 ?..- 



which can be regarded a s  "pro jec t ion  onera tors"  on to  t h e  s e t  of r e p r e s e n t a t i o n s  

(Ai}. Henceforth t h e  term " p r ~ ~ j e c t i o n  opera tor"  w i l l  r e f e r  t o  t h e  P ' s  and n o t  

t o  :he f ' s  of eq.  (B.8). The l a t t e r  a c t  on t h e  H i l h e r t  space.  

To o b t a i n  t h e  group weikht. ~ ? ( A ~ , A ~ .  . .) f o r  a  piven s t r o n p  counliny. granh 
hlh2' ' ' 

one f i r s t  w r i t e s  down t h e  p r o j e c t i o n  o p e r a t o r s  P ({Pi)) ." 
a1a2' ' '%+l hk+l({hi)) 

f o r  each a c t j v e  s i t e .  llependirg on whether vi = N o r  fi t h e  i n d i c e s  a i  and hi 

musc be  r a i s e d  o r  lowered apprc.priately.  P i n a l l v  a l l  i n d i c e s  ai, b a r e  
i 

concrac ted  o ~ t  among the  a c t i v e  s i t e s  i n  a  wav d i c t a t e d  by t h e  p a r t i c u l a r  

graph. Ide w i l l  g ive  examples c f  such grouu weiah t  c a l c u l a t i o n s  l a t e r  i n  t h i s  

appendix. Here we f i r s t  d i s c u s s  how t o  ohcain t h e  P ' s .  

The u n i t a r y  r e p r e s e n t a t i o n  mat r ices  of  SU(H) can h e  r e l a t e d  t o  each o t h e r  

v i a  t h e  Clebsch-Gordan S e r i e s  

where (A6IIAlb1;h2b2) C-G c o e f f i c i e n t  and (h2a2:Alal(lAa: is ohta ined  from . 
(Aall? a  .A a  ) hy lowering t h e  upper i n d i c e s  and r a i s i n k  t h e  lower i n d i c e s .  . 1 1 . 2 1  

The C-C, c o e f f i c i e n t s  obev 

Eq. (R. 10) czn be used repeateCly t o  o h t a i n ,  

(n. l l h )  

C Each term i n  t h e  sum corresponds t o  a p r o j e c t i o n  of  t h e  f o m  (B.9). 
A2 , A j -  ' 

So one s e e s  t h a t  

(A2,A3,. *A,-,? = '& (product  o f  C-C c o e f f i c i e n t s )  
'ala2. . .a k+l 

a2'a3. ' '  (R.12) 

(We omit A and $ s i n c e  they alwavs r e f e r  t o  t h e  N o r  2 r e n r e s e n t a t i o n s . )  1 

I n  p r a c t i c e  i t  is s impler  t o  use C-C s e r i e s  t o  come i n  hoth from t h e  

r i g h t  + ( 0 >  and from t h e  l e f t  4 l - r .  Take f o r  examnle t h e  c a s e  k = 3 (411's) 

(v,) (vl) 
u l o > =  C (v2a2;vlal l l~a)  ( M I  b1h,:vph2),,~iA) lo> 

a2Ub2 al hl A,a,B (R. 13) 

(v,) u(v3) _ C a 3  b 3  ,,, , a t  , B ,  
(~ ' a ' l ( ;~a~: ; , , a~)  (; 3 3 ' 4 4  h .; h I ~ A ' R ' ) < o  1 ,,fiB, (A') 

Upon usinff  

b b b b  
p 4(A) =-l- ( ~ ~ l b ~ h ~ : ~ ~ h ~ )  ( x ~ l l v ~ b ~ : ~ ~ h ~ )  

/dimA 6 

one f i n d s  from (B. 13) t h a t  

I n  t h e  sa&e wav one f i n d s  f o r  6 I J ' s :  

(R. 15) 



blh2. * ' 

and a s imi l a r  expression f o r  P 

Once one has t he  C-C coe f f i c i en t s  one car. c a l c ~ l a t e  the  Eroun weiphts. 

We mention here t h a t  s ince  a l l  the  "mape t i c  indice$" ai amd b a r e  contrzcted 
i 

out one should be able  t o  express the  ,f!rou~ weight Cl.i(X1,A2. .) i n  t e rns  of 

quant iz ies  such a s  dimA and 6-j svmbols t h a t  depend cnlvom the renresenta t ions  

( A 2  . In o ther  words one can obta in  withomt s e r  having t o  make the 

ai ,  b dependence i n  Pa a 
i 

e x n l i c i t .  9or SLT(2) and SU(3) we were indez-2 
1 2"' 

ah l e  t c ~  simplify the  CW calcula t ions  considerablv b- u3l.y~ ex i s t i np  tahles  c.f 

6-) synbols. For general  N ,  however, such t ab l e s  ase  ?a v a i l a h l e  and oxe 

has t o  go through e x p l i c i t  exuressions f o r  the  P ' s .  

I n  the  next appendix we derive C-C coe f f t c i en t s  f o r  peneral:!. 

Plugging then t n t o  equations (B.15) and 03.16) we a-rive al exnressions for  

the  P ' s  summarized i n  tahles  B.3 and R.4. As one :sses .z f a i r  amount of nota t ion  

and de f in i t i ons  had t o  be introduced t o  make un thzse . t sb les .  J.et ua f i r s t  

explain what the svmhols mean. 

With thfs  normalization one hss  

where a l l  repeatee indice3 a r e  summed from 1 t o  El, and a l so  

!n - .k  - I)!  

A n t i s m e t r i z a t i o n  svmhnls 

['la2] z L ( ~ ' ~ ~ ~  - (;:::) 
blh2 2 . bl kg 

['la2'3] 1([81%],5:1 - ['lat];;: - [a1:2]6:1) 

blb2h3 3 , klb; -. h P 2  "113 - 

'In penerzl 

a a - - .  
I = i 2  ak%+i' ' 'C*~c 

(:1 - k)!k! b l h 2 m - . h k ~ k + l - ' . ~ N  (U.21) 

Svmmetrization Svmhols: 

These synt .01~ a l so  ohev 

a a a  
1 2 3  - 1  ala2 a3  a a la2  ,(3 

Ihlb2b31 = 3 (lblb216b3 + ] h:b:I6h: + 1 hlhl 1 C2)  



We hope Tables B.3 and B.4 a r e  now a l i t t l e  l e s s  mysterious. A l l  

repeated dummy var iahles  a r e  summed from 1 t o  M. Projec t ion  opera tors  f o r  

o ther  combinations of 4 o r  6 11's and/or fi's can be obtained bv anproar ia te lv  

r a i s ing  and lowering indices .  h e  should a l s o  mention t h a t  the o v e r a l l  s igns  

of the  P's  a r e  j u s t  a matter of convention. Thev do not a f f e c t  the  Erouo 

Symbols with mixed upper and lower indices  

These a r e  of the  form 

weights i n  which the P's a r e  alwavs paired together  and appear a s  

- - 
Let us now work through a sample Rroup weight ca lcula t ion .  Consider 

the  4th order graph of Fig. B .1 .  Vle l ahe l  the  three  ac t ive  s i t e s  1, 2 and 3 

from l e f t  t o  r i gh t  and follow the t i m e  evolution a t ,  each s i t e .  

The" a r e  t r ace l e s s .  i . e . ,  the" vanish iden t i ca l l "  when contracted with 6:' 
i 

o r  6 i k,  j k .  Examples t ha t  we need are :  
j 

s i t e  1: (R. 24) 

(eq. (B.29) i s  a spec i a l  case of eq. (p.14)) 

(B. 30) s i t e  3: 

s i t e  2: 
The antisymmetric analogue of (R. 26) i s  

(R. 31) 

By multiplping (B.291, (R.30) and (0.31) one ohtains:  
h e  f i n a l  objec t  t h a t  q p e a r s  i n  Tahle R.4 is 

n 

(B. 28) 
1 '  

This i s  t o  be iden t i f i ed  with lTd(A2.A3,A4) 
f 

6!, . where i t  i s  necessarv 



1 a '  B 
t o  f a c t o r  o u t i  6a 66 ,  t o  properly take i n t o  account tke  normalization of our 

one p a r t i c l e  s t a t e .  So 

Bblb2 I a 1 . 3  ( N 'aala2 a1a2a')(p blb2$' ) . ~ ~ ! ( A 2 . A l . i 4 ) - F 6 a o , l  (B. 33) 

To evaluate  the  l e f t  hand s ide  of (n.33) one looks 11r. t he  apa r rp r i a t e  P ' s  f n  

Table B.4. 1Je must choose the case (v1,v2,"'v6) = ~ r n - T T i )  ~ . d  one sees  t ha t  

t he re  a r e  6 P ' s  t o  consider. 

Take f o r  instance the  f i r s t  P i n  Table B.4 

Simi lar ly  P 
Bblb2 

1. (n + 2)(n + 1) 6 a ' 6 ~  (R.35) So the  l e f t  hand s i d e  of eq. 0 . 3 3 )  = 
N 

68 a 6 '  

and one reads off  

cw(a,m,iW = 
(?.I + 2) :PI + 1) 

2 
(R. 36) 

6!7 

One can go throuph s imi l a r  procedures f o r  the  ot'ler f i v e  nosrLble P's  to 

obta in  t he  r e s u l t s  l i s ' ted  i n  Table l3.5. 

Ap~endix C: Clebsch-Gordar: Coeff ic ients  f o r  General SU(N) 

Let @a and 5, (a  = 1.2, ... N) denote two N dimensional (Covariant and 

contravsr iant )  vectors  correspcnding t o  =he N and i representa t ions  of 

SZiiN). In t h i s  appendix we consider .the cases M>2, so  t h a t  N and a r e  in- 

ec-uivdrnt .  However, with a few provisos t he  r e s u l t s  a r e  a l s o  appl icable  t o  

the  SU(;), case. I r reducible  rrpresentatLons can be found by decomposing 

Kronedcer prod.~cts  of @'s  .and c's.  Q an8 5 a r e  r e l a t ed  by 

In Table C . l  we express the  represe2ta t ions  zlready introduced i n  Table B . l  

a s  tensors  b u i l t  out of @'s and 6 ' s .  W e  use t he  same symbols defined i n  eq. (B.17) 

through OB.28). They can ac tua l ly  be  v i ~ w e d  a s  generalized Kronecker d e l t a s  e.g. 

A well  kr.own example i s  t he  decomposit ia.  of the  product of two @ ' s  i n t o  a t o t a l l y  

s-etr-c and a t o t a l l y  arttisynmetric p a t .  

From eq. (C.2) c,ne reads off the  followjug CTG coe f f i c i en t s  



More complicated CTG coe f f i c i en t s  can be  obtained i n  t he  same manner. We give 

a few more examples 

1 al ;2 bl P . b2 A .l b2) (bl (bp Aa2 .= 6bl a2 + cb2 ([%: 
+ 6a2 6b1 t 

Eq. (C.4) l e d s  t o  

Consider a l e s s  t r i v i a l  example. 

The f i r s t  t e r n  gives 

The l a s t  two terms i n  Eq. (C.6) can be  wr i t t en  a s  (using t h e  symmetry under 

interchange of al and a2) 

One then notes t h a t  
bl b2 1 4 $ 6 must be  propor t ional  t o  I m p >  . So 

3 
Eq. (c.8) becomes 

(C = normalization constant)  

The constant C is fixed by the  condition Eq. (B.l la)  o r  

So (C.9) becomes 

In  Table C.2 we list other  C-G coe f f i c i en t s  t h a t  were obtained i n  the  

(C. 10) 

same way. From them one can cons t ruc t . t he  projec t ion  opera tors  of Table B.3 

and B.4 . 
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Table Can t i o n s  Table 1 

~ x p a n s i o n  z o e f i i c i e n t s  f o r  the  m a s s  p.an of t h e  SU(?l) x SlI(?T) s n i n  svstems. 
. .  . 

The. c o n s t a l t s  and C f o r  tbe  SU('1) x FIICT) models. 

Same a s  Table 2 h u t  f o r  t h e  8(11) s p i n  systems. 

The cons taq ts  'C f o r  t h e  SU(N) gauge t h e o r i e s .  These do not  i n c l u d e  6 c o r r e c t i o n s .  

Lor? l v i n g  i r r e d u c i b l e  r r n r e s e n t a t i o n s  of  S1!(!1). 

Fundamental w e i r h t  v e c t o r s  of SU(Y). 

P r o j e c t i o n  o n e r a t o r s  f o r  4 C's  ( see  t e x t  f o r  d e f i n i t i c n  of t h e  s v r ~ h o l s ) .  

P r o j e c t i o n  o p e r a t o r s  f o r  6 U ' s .  

Croun weiCfits f o r  t h e  granh of r i p .  n.1. 

Tensor n o t a t i o n  f o r '  t h e  r e p r e s e n t a t i o n s  of  SI:(W). 

Clebsch-Cordan c o e f f i c i e n t s  f o r  Sl:(?l). 



Table 2 

Table 3 

Table 4 

Your:g Tableau (qlm72- .-qF1-l) Dimension nuad. Casimir. C2 

fl Z fundamental N-2) N N 2 - 1  
:1,0 2N 

EL 1(3,0G2) 6 2N N(M + 1) (N + 2) 3(s - 1)(N + 3) 

~ ( r 1 ~  - 1 ) -  
2 

( I , ~ . C - ~ )  
3(N - 3) 

3 2?1 

F4 ?l(F1 - l ) ( Y  - 2) 3('1 + 1)CI - 3) 
( f c r  il>?) ( c , c , ~ , o  1 6 21 

. , 
A 

( f c r  11>2) 



T a h l e  B.2 T a h l e  R.3 

?T-l{ I Ad) 1 [I: : =I] 
E a3 



Tahle R.4 Table B.L (cont'd) 

hdj 



Table B . 4  (cont'd) 

.- 

Ad, &I@ 

Tahle B . 5  

A3 lr4 Grouo ! J e i ~ h  t 

a m  (N + 1) (N + 7) 

6?l2 



Table C . l  Ta'>le C.2 

"Magnetic" Index 
Young Tableau a Tensor 3enres entation 



,* T a b l e  C.2  ( c o n t ' d )  F i r u r e  Captions 

F ig .  1 6 f u n c t i o n  f o r  t h e  SU(2) x SIT(?) model. 

F ig .  2  6 f u n c t i o n s  f o r  t h e  SU(ll) x SL'(:?) s p i n  sys tems .  The c h o i c e  of  s c a l e .  

which d i f f e r s  from t h a t  of F ig .  1 .makes t h e  SU(2) x SI!(?) curve 

i d e n t i c a l  t o  t h e  0!4) model c u r v e , o f  F ig .  4 .  

Fig.  3 ?lass gap f i t s  t o  asympto t ic  freedom. The l a b e l l e d  l i n e s  a r e  t h e  

& d l  s t r o n g  c ~ u p l i n g  s e r i e s  f o r  - and t h e  s t r a i g h t  l i n e s  a r e  a$, o f  
6 

Eq. (4.113). 

F ig .  4  6 f u n c t i ~ n s  f o r  t h e  O(N) models. 

Fig.  5 6 f u n c t i o n s  f o r  SU(!l) gauge t h e o r i e s .  The X used h e r e  d i f f e r s  from 

t h a t  o f  r e f .  5 by a  s q u a r e  r o o t .  

F ig .  B1 Example of  a f o u r t h  o r d e r  diagram. Arrows p o i n t i n g  upwards (downwards) 

represent u(U) m a t r i x  e lements .  A2, A and A s t a n d  f o r  r e p r e s e n t a t i o n s  3 4 

of SU(N) t h a t  can occur  i n  t h e  i n t e r m e d i a t e  s t a t e s .  



SU (2 )  x SU ( 2 )  Model p Funct ion 

x = ~ ~ N  

Fig. 1 

Weak Coupling Expansion 

. . 

1 

4 8 12 16 2 0  24 - 28 32 

X=CJ*N 



O(N)  Model p Functions 

F i g .  4 



SU (N') . . Gauge Theory 

p' Functions 
. . 

h z g 2 ~  

Fig. 5 




