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THE SOFT PHOTON THEOREM FOR BREMSSTRAHLUNG

Leon Heller

Theoretical Division, Los Alamos National Laboratory
Los Alamos, New Mexico 87545

ABSTRACT

We review this theorem and discuss the possible importance of the second term in
the expansion of the cross section in powers of the photon momentum, especially for
radiation from particles coming from the decay of resonances.

INTRODUCTION

The quantum mechanical amplitude for the bremsstrahlung process depicted in Fig. 1
is written e.M ", where e. is the polarization of the photon and M" is the matrix element
of the electromagnetic current J" between the initial and final interacting states. 3I"
depends on the momenta and spins of the N incident and emergent particles.

If one has a model for the interaction of the particles as well as a knowledge of their
electromagnetic moments, then M" can be calculated. This has been done for both
nucleon-nucleon and pion-nucleon bremsstrahlung in the energy region below the pion

PN

Fig. 1. Kinematics for the bremsstrahlung process.
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production threshold. The goal of the nucleon-nucleon experiments has been to distin-
guish between different potentials that fit the non- radi"tive data equally weil; for this
purpose the hardest photons are the most useful. The primary motivation for the pion-
nucleon experiments has been to learn the magnetic moment of the A(1232) resonance.

For soft photons it is possible to relate the radiative process directly to the non-
radiative process, without knowing the details of how the particles interact. This is the
content of the soft photon theorem.

SOFT PHOTON THEOREM

A schematic statement of the theorem originally proven by Low [i] is as follows. If
the matrix element M" is expanded in powers of the photon momentum k,

A .
M _' = -- + B*'+ O(k), (t)k

then both A_' and B _' can be calculated from knowledge of the physical, i.e., on-shell,
T-matrix for the non-radiative process illustrated in Fig. 2; derivatives of T also appear
in B r. The momenta p_ in Fig. 2 differ from the pi in Fig. 1 by O(k). (More on this
later.) Hereafter we shall refer to the non-radiative T-matrix and cross section by calling
them the ,'hadronic" T-matrix, T h, and the hadronic cross-section, a h, respectively.

Here are some important remarks about the theorem.
1. Although it is physically reasonable that for sufficiently soft photons the

bremsstrahlung process does not reveal anything new about the hadronic interaction, tile
surprising result is that two leading terms can be determined from on-shell information.
This is quite significant because the second term, even if small compared to the leading
term, does not vanish at k ---,0.

2. There is clearly an analogous statement for the bremsstrahlung cross sectior_,
(7_, since it is bilinear in M _'. Fbr example, the bremsstrahlung cross section summed
over the two states of photon polarization is proportional to

A.A"

-kM. M" - k 2Re A. B" + [-kB. B" + O(k)], (2)

!

r

!

Fig. '2. The non-radiative, or "hadronic", T-matrix_ Th.



so the first two terms are indeed determined bythe physical hadronic T-matrix. Part
of the third .erm is also, but there are additional contributions that involve off-shell
information.

The proof of the theorem begins by writing down the part of M" that is sing'ulav at
k = 0. ThisComes only from diagrams in which an external leg radiates, and involves T h
at an off-shell point. This is then expanded about a nearby on-shell point and results in

contributions to both A u and B" in Eq. (1). Gauge invariance is sufficient to completely
determine the contribution of the non-singular part of M u to B".

When the singular and non-singular terms are combined [1], A" is proportional to

(a kinematic factor multiplying) the hadronic T-matrix, T h, evaluated at the chosen
on-shell point. B" contains two types of terms: derivatives of T h, OTh/Opi, and also
magnetic moments multiplying T h. At this point one has the stated result that the first
two terms in the expansion of the bremsstrahlung matrix element in powers of k are

completely determined by the on-shell hadronic T-matrix and its derivatives, as well as
the charges and magnetic moments of the initial and final particles. Off-shell information
first appears in the term O(k) in Eq. (1).

The matrix element in Eq. (1) involves initial and final particles of definite (but

arbitrary) polarization and the cross-section calculated from it does also. If the spins of
ali theparticles are summed (ayeraged) over, giving the unpolarized bremsstrahlung cross
section, da _, then there is a very interesting result first proved by Burnett and Kroll [2]
for spin'0 and spin-i/2 particles, and generalized by Bell and van Royen [3] to arbitrary
spin. It says that the first two terms in the expansion of der_ (unpolarized) in powers
of k depend only on the unpolarized hadronic cross section, derh, and its derivatives.
Furthermore, all magnetic moments drop out of the second term.

Although this result can be written for an arbitrary photon polarization, we show it
for the case that the two states of photon polarization are also summed over, first giving

the square of the matrix element,

N 4-QiPi£:_iiL[-I-QJPJ[-k:Z ]
M M" = c_ . F-Q_Dj __2IThl2+ O(k). (3)

'= j=l spins

D i in Eq. (3) is a gauge invariant combination of derivatives,

D;= pj k, 0 0 (1)
k. pj Opj Opj'

and the + sign goes with a final (initial) particle, whose charge is Qi in units of the
proton charge; c_ is the fine structure constant. The bremsstrahlung cross section is
given by

der_ = - :li. M" dp, (5)

where dp contains the differential number of final states ['or both the particles and tl_e
photon, as well as the flux factor, and leads to

+Q'Pi l +Q;p;___j_ 1 d3k
._ _ + O(k). ((;)

der_ = -c_ _, -k- Z ' k: Z + QjDj do'h47r,_.,|



Dj in Eq. (6) acts only on the square of the hadronic T-matrix, not on the density of
states or flux factors.

Equation (6) can be rewritten in terms of the velocities of ttle particles as

[ ]-4-Qinx v_i. :t:Qjnxder_ = a _ 1- n- vi 1 -- n , vj + kQjn X Dj daa daki __' "'- 4_r2_3 + O(k), (7)

with n = k/k. As a function of the angle 0 between n and v, the factor (n × v)/(1-
n . v) is maximized at cos 0 = v. For non-relativistic motion, soft photons are emitted
primarily at right angles to the velocity of an initial or final particle, whereas for highly
relativistic motion they are emitted primarily along the velocity.

It is necessary to say a word about the choice of on-shell point at which T h or a _ is
evaluated. This is the question of how to relate the momenta p_ in the hadronic process
(Fig. 2) to the momenta pi in the bremsstrahlung process (Fig. 1). If the second term
in the brackets (the one containing the derivatives Di) in Eq. (6) or (7) is neglected,
then it is irrelevant what choice is made because the difference between a h evaluated at

two points with momenta differing by O(k) is itself O(k), and therefore contributes in
the same order as the Dj terms. If, on the other hand, the terms in Dj are kept then it
could make a difference.

The key to establishing the connection follows from the fact that the unpolarized
cross section, a h, does not depend on all N momenta of the incoming and outgoing
particles, but only on 3N - _0 independent scalars that can be constructed fronl them.
The first step is to choose a l_articular set of scalars, u_. For two particles in and two
particles out (N --- 4), for example, there are just two independent scalars, which could

' be taken to be u, = p_. p_ and u2 = p_' p_. Equations (3), (6), and (7) follow from the
prescription that _rh is evaluated at the same values of these scalars that they have in
the bremsstrahlung process, i.e., for

ua(P'I,'" ,P'N)= ua(p,,... ,PN), (S)

which is a set of 3N- 10 equations. The meaning of the derivatives that apl)ear in these

equations is

a x--" O (0)
Opj = _ Oqpj Out,'

: Comparing Eqs. (3), (6), or (7) with Eq. (2)shows that the terms IAI2/k and 2REA. B"
are present, but klBI 2 is not. It is not possible to obtain the latter just from a knowledge
of the unpolarized hadronic cross section; it is necessary to also know the phase of 7['t_,
as well as magnetic moments.

VALIDITY OF THE EXPANSION

lt is well known that the leading term in the expansion of cr"_,O(1/k), is.illst the same
as lhat in classical radiation theory, once radiated intensity is converted to numl),,r of
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photons [4]. It is seen above that the second term, 0(1), does not contain any additional
factors of h and therefore is also classical.

, The classical criterion for just keeping the leading term is

kb
a.,r = -- << 1, (tO)

' ' 'V

where r is the duration of the collision, b is the range of the force, and t, is the particle

velocity. From Eels. (3), (6), or (7) it is seen that the ratio' R, of the second term in the
expansion to the first goes like

k OFh

-F-;' Opj'
where

Fh = E lTh2' (li)
spins

If this ratio is not small one must wonder al)out the validity of the expansion. Indeed,
since ReA. B" can have either sign the absence of the terms klBI 2 could even lead to a

negative cross section.
On the other hand, R being small does not mean that the second term is negligible.

Although the percentage that the second term contributes vanishes as k -, 0, its absolute
value is non-zero there and may be comparable with the size of the possible discrepancy
between theory and experiment that is being discussed at this workshop.

If do" h is known at only one kinematic point then only the leading term of &r" can
be calculated. But if do"h is known at enough points to be able to compute the required

derivatives in Eq. (6) or (7), the second term of da'* can also be calculated, ektheoretical
model of do" h call, of course, also be used.

If the only scale in the problem is the overall size of the system then the ratio in

Eq. (li) just gives back Eq. ft0). But R can be larger either if crj_ is suppressc'd or
Ocrh/i)l)j is enhanced. The former situation can be the result of a symmetry [,5],or ,,Is("
an accidental cancellation of amplitudes. The latter can arise from a resonance, xvllicll
we now consider.

A. Radiation from Resonance Decay

'" 0 _ II\Ve are interested in a resonance that decays into one or more charged partlcl:s, w icl_

then radiate. If none of the products of a particular decay branch is strongly inter,_ct.ing,
as in p --, tt+/z - or _1--+ e+e-7, then the momenta of the particles in the final st,ale eatrv

I .If.IS I.,O OIIC tlhc itlformation about the resonance and Oo'h/i)pj will be large (when j 'e'," )t'

lhe charged particles from the decay). For an lladronic decay, such as p+ --+ rr+=°, tl_is
will be true only if final state interactions do \lot significantly smear out the inolnel_l_,

i.e., inove the particles off resonance.
As an example suppose a resonance created in the collision decays into two i_al'-

ticl,,s with monaeilta p_, al_d 1_. Choosing ,s = (l),, + ph)'a to be t_lae _)t' ll_e s,'_lar
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variables for describing the hadronic T-matrix, F h in Eq" (11) will contain a factor

[(s- m2) 2 + (mF)2] "1, where m and 1-' are the mass 'and width of the resonance (it'

m >> F). Assuming that this factor represents the dominant dependence ,0.f F h on p_

and Ph, ' "

OFh OFh -2(p_ + Ph) 2(s- m 2) Fh 2)Op--7= op--;- + ',

From Eqs. (9) and (12) it is seen that on the wings of the resonancethe second term in

the square bracket in Eq. (6) is approximately given by.

(QaD_ + QbDb)F h _ 4-_ Qa k. (pa + Ph)- (Pa + Ph) '+ (a _

where the +(-) sign refers to the low :(high) side of the resonance. Evaluating this

expression in the a - b center of mass system and going over' to the velocity notation of

Eq. (7), the second term in that square bracket becomes

( __ Qbncxvb)
2k_ Q_n_ x v= + F h, (14)

'la(Qan x Da + Qbn x Db) Fh _"t- T" -_-2n-_v_ l_ nc.vb .

where nc= kc/kc is the direction of the photon in the a - b center of mass system.

Equation (14) should be compared with the leading term in the square bracket in

Eq. (7), which is

=kQjn_ x vj Fh ' ([5
1- nc:v-j

' j

On. average, one would expect Eq. (14) to be smaller than Eq. (15) by approximately tl_(:

factor 2k_/F, but for some kinematics there could be significant departures up or down.

For a resonance with a very small width, such as the r/-meson, the factor '2k,:/I"

is very large for any photon energy of experimental interest, and hence just using l,l_c_

leading term of the soft photon theorem would be completely unreliable. But even for a

resonance with a large width, such as the p-meson, the second term in the expansion call

be very signficant. In the experiment of Chliapnikov et al.[6], for example, the photons

were required to have a laboratory momentum greater than ro,o/2, which is con_pa.t.'al)l_:

with F0/2. It should be expected, therefore, that if radiation from p decay prod_(:ts

is important then the bremstrahlung cross section will not be accurately given by _,1_(:

O(1/lc) term of the soft photon theorem. Conditions are better in the experimel_t, of

C,oshow ct al, J7] where the photon momenta are restricted to smaller values, btlt, _1_

(_)(1) term in the bremsstrahlung cross section is still not negligible.
We note that there are formulas for cr_ that differ from Eqs. (6) or (7) by O(k), wlli(.'ll

may be better suited to a system with resonances [5], but they require knowledge of t1_,,'

i;tlase of T h.



B. Higher Order Terms

It is appcrent that there is no Universal rule for deciding whether or not a photon is
dsoft". Part of the answer is contained in the second term in the expansion of da" iz_

powers of/_, and we have just seen that a resonance can make this tern: large even tbr'
values of k such that kb << 1. But this is still not the whole story because the term O(1,:)

in the cross section contains brand new information, :lot just higher derivations of the

t:adronic cross section.

Recall that the term B _' in the bremsstrahlung amplitude, Eq. (1), gets a contribution

from aTh/_pj and _lso from the magnetic moments of the particles , but that the lattcl'

information disappears from ReA. B" in the unpolarized bremsstrahlung cross section.

It does show up, however, in B.B', which is just one part of the term O(k) _s showl:

in Eq. (2). It was mentioned above that to be able to compute B.B', even for spinless

particles, requires a knowledge of the phase of the hadronic T-matrix, not just ]Th l.
For the nucleon-nucleon system below the pion production t_hreshold this information is

known from a complete set of elastic scattering experiments, and the B.B" contribution

to bremsstrahlung has been cnlculated as well as the two leading terms. We show ll:e
results of some c_lculations that were kindly provided by H. Fearing [8] on very shoL't,

notice in time for this workshop.

For pp --* pp',/the final state is completely specified by five variables, which are heL'e

taken to be the laboratory polar and azimuthal angles of the two final protons, (03, 6:_)

and (84,¢4), and the polar angle of the photon, Ok. In the experiment, of Kitching ,I

al. [9] ali particles are coplanar with the two protons emerging on opposite sides of tl_'
beam, i.e., Ca = 0° an(![ ¢4 = 1800. For the non-radiative process there is a unique x,alttc!

for 03 + 04 of approximately 87" at a laboratory kinetic energy TL = 980 MeV --- tl_,
sum is 90 o in the non-relativistic limit -- so the extent to which 03 + 04 departs fj'ol_l

87 ° is a measure of how h_rd the bremsstrahlung photons are.

Figures 3 and 4 show the leading contributions to da "r for two cases. The first I_:_s
03 = 0,t = 40°, for which the maximum photon energy (in the center of mass systet_:)is

/_:,:= 42 MeV. Based upon gq. (I0) one would expect that these photons a.re modet'at¢'lv

Soft since kb/v _ 0.4. No data were taken here because soft photons are not consi,.l,.l',,,I

interesting for learning about the nucleon-nucleon interaction. The second case It:_
03 = 12° and04 - 14°, for which the maximum value of k_ is 134 '),leV. Since tlli_ is

almost the entire e_vailable energy in the center of mass system, this radiation strol_gl3

perturbs the hadronic kinematics, and hence these photons are "hard".

Examination of Fig. 3 (the "soft" case)reveals some interesting things. The l¢_wc,:l

c::rve, which is just the [A[2/k term of ct'* [10], vanishes at Ok = 0° and 180 ° beca:,sc t,t'

the symmetric geometry. [This can be seen directly from gq. (7).] The near va_:isl_it_,g

of the I,.-l[_/k term at, 0k _ 70° seems to be an accidental cancellation.

Adding on the term 2ReA • B" to r10s" makes only a small change at, any val::e of 0_..

but the klB[ 2 portion of the O(k) term is quite substantial, presumably due to :'adiali,,ll

ft'ore the large magnetic moments of the protons. A dynamical calculation of cs", tlsil_e; ;:

potential energy (in the SchrSdinger equation)tl:at fits a h well over t_wide enet'gy :';_lt._'.
is wit,hin 10% of the soft, photon calculation that, includes the k]1312 term [8].

l:'or the hard l?hoton case shown in Fig. -1, ::or surprisingly the O(1/k) t,eri:: _:,1 II,,,
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O(1) term in the expansion of a _ do not come anywhere near the experimental data [9].
(Note that the cross section scale in Fig. 4 is down from that in Fig. 3 by a factor of
10; this is a reflection of the larger magnitude of k.) Addition of the substantial kB. 13"

term begins to resemble the data, but does not agree with it as well as a dynanlica.l
calculation using a potential [8]. '

.SUMMARY

In trying to decide whether or not a given photon energy is low enough to use an
approximation to the bremmstrahlung cross section that is based on the soft photon
theorem, several issues have been discussed. The first is the size of the parameter kb/t,,
which arises already in classical radiation theory, where b is the range of the interaction.
Even with a small value of this parameter it is clear that if the hadronic cross section
varies significantly when the momentum of one of the particles changes by O(k), then this
variation must be taken into account. This is just what the O(1) term in the expansion oi'

cr"r in powers of k does, maintaining gauge invariance in the process. This term becomes
especially important if the O(1/k) term is suppressed, or if a resonance is an important
part of the hadronic cross sectionl To evaluate it one only needs to calculate derivatives
of a _ with respect to a chosen, set of scalar variables, and this should certainly be done.
The prescription for doing this is spelled out in Eqs. (6) - (9).

Insofar as higher order terms in theexpansion of a "yare concerned, the klBI 2 portion
of the O(k)term can only be calculated if one knows the phase of T _ as well as its
magnitude. Magnetic moments also contribute here, whereas they cancel out of tlae
term 2ReA.B" in the unpolarized cross section. For the prot0n-proton bremsstrahltlllg
calculations shown in Figs. 3 and 4, klB 2 is larger than 2REA. B'. This is p,'esumal:,lv
due to the facts that (i) electric dipole radiation is suppressed, and (ii) the magnelic
moments are large. We would not expect this to happen in most systems.

Going from the hard photon case shown in Fig. 4 to the moderately soft case in F'i,,.;.
3 there is a considerable improvement in the accuracy of the leading term (]Al2/k) in tltc

expansion of _r"rin powers of k. But even with kb/v < 0.4, there are kinematic points Iso(:
Fig. 3] where IAI2/k is suppressed and consequently provides a very poor approximat ion
to the cross section. Near the peak in der'*at 0_ _ 30°, corrections to the leading l,(_,t'1_
a,re approximately 30%.
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