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ABSTRACT 

I n  a  sheared magnetic f i e l d ,  t u r b u l e n t  d i f f u s i o n  o f  e lec t rons  i n  

the  v i c i n i t y  o f  a  mode r a t i o n a l  sur face can e l i m i n a t e  the s t a b i l i z i n g  

i n f  1  uence o f  nonresonant e l  ect rons and l ead  t o  an absol u t e  i ns tab i  1  i t y  

a t  small b u t  f i n i t e  wave amplitudes. As the  turbulence grows, t he  

inverse  e l e c t r o n  Landau resonance i s  broadened i n  bo th  v e l o c i t y  and 

con f i gu ra t i on  space, and the  convect ive shear damping due t o  ions  i s  

  enhanced by t u r b u l e n t  s p a t i a l  broadening o f  the  mode u n t i l  s a t u r a t i o n  &.... 

occurs. 

The o r i g i n a l  work o f  p e a r l s t e i n  and ~ e r k '  i n d i c a t e d  the  ex is tence 

o f  an absolute un iversa l  i n s t a b i l i t y  o f  a  conf ined plasma (Vp f 0) i n  

a  sheared magnetic f i e l d .  Recently, numerical i n t e g r a t i o n  o f  the  exact 

d i f f e r e n t i a l  equat ion desc r ib ing  the  r a d i a l  s t r u c t u r e  of the  d r i f t  wave 

eigenmode showed the  absence o f  an absolute i n s t a b i l i t y ,  regardless o f  how 

weak the shear o r  how l a r g e  the  p o l o i d a l  wave The s t a b i l i t y  o f  

t he  un i ve rsa l  mode i n  these improved treatments i s  due t o  the i n c l u s i o n  

o f  nonresonant, nonadiabat ic  e lec t rons  i n  the  reg ion  about the mode 

r a t i o n a l  sur face where k,, ( r )  = [m - nq(r ) ] /Rq s w/vTe. Here, m and n  

a re  p o l o i d a l  and t o r o i d a l  mode numbers, respec t i ve l y ,  q ( r )  = rBT/RBp i s  

the  sa fe ty  f a c t o r ,  u i s  the mode frequency, and vTe = (2T /m ) ' I 2  i s  the  e  e  

e l e c t r o n  thermal v e l o c i t y .  Thus, i n s t a b i l  i ty  might  be recovered by an 

e f f e c t  a l t e r i n g  t h e  e l e c t r o n  response i n  the  reg ion  around the  r a t i o n a l  

surface. 

I n  t h i s  paper i t  i s  shown t h a t  t u r b u l e n t  d i f f u s i o n  o f  e lec t rons  

across the  r a t i o n a l  surface, due t o  a  combination of shear (ak,,/ar " 
-t -t 

kli # 0) and random E x B f l u c t u a t i o n s  and/or s tochas t i c  magnetic per-  

tu rba t ions ,  r e s u l t s  i n  a  f i n i t e  amp1 i tude-induced ve rs ion  o f  the 



abso lu te  un i ve rsa l  i n s t a b i l i t y .  Phys i ca l l y ,  the  t u r b u l e n t  s c a t t e r i n g  o f  

e l e c t r o n s  across the  r a t i o n a l  l a y e r  leads t o  an e f f e c t i v e  f i n i t e  value 

f o r  kl l  which destroys t h e  s t a b i l i z i n g  i n f l u e n c e  o f  the  nonresonant 

e lec t rons .  A t  l a r g e r  ampl i tudes, the  e l e c t r o n  growth i s  reduced and the  

i o n  shear damping i s  enhanced by s p a t i a l  broadening o f  t h e  mode, y i e l d i n g  

non l  i n e a r  s t a b i  1  i za t ion .  

The t u r b u l e n t  d i f f u s i o n  process i n  a  sheared magnetic f i e l d  pro-  

duces a  resonance broadening mechanism f o r  t h e  e lec t rons  which i s  funda- 
-t -t 

men ta l l y  d i f f e r e n t  than the  process, due t o  random E x B d r i f t s  alone, 

i n  a  shearless With shear, s tochas t i c  r a d i a l  mot ion combines 

w i t h  p a r a l l e l  e l e c t r o n  streaming t o  induce random p o l o i d a l  motion. The 

d e c o r r e l a t i o n  frequency r e s u l t i n g  from t h i s  random motion o f  e lec t rons  

i n  a  sheared f i e l d  can exceed the magnitude o f  the  he& p a r t  o f  t he  

1  i near eigenfrequency f o r  low 1  eve1 s' o f  turbulence.  

The e l e c t r o n  d i s t r i b u t i o n  func t ion . . fo r  a  t u r b u l e n t  plasma i n  a  
- .., " 

sheared magnetic f i e l d  i s  w r i t t e n  f, = Fe + fe, where Fe i s  the  phase 
* 

averaged p a r t  o f  fe and fe i s  the  f l u c t u a t i n g  response. The phase 

averaged d i s t r i b u t i o n  s a t i s f i e s  a  q u a s i l i n e a r  type o f  equat ion: 

( l a )  

+ 2 "  
where E = -V@, E = 1/2 mev , n = B/B, and brackets denote the  phase 

average. The f l u c t u a t i n g  p a r t  o f  fe s a t i s f i e s  the  non l inear  d r i f t  

equat ion:  



-+ 

Here, u,, i n x vFe/f,/(lelBaFe/e/ao) v i n  m = ke aFe/ar ( le l  B ~ T ~ / ~ E ) - '  

i s  t he  e l e c t r o n  diamagnetic frequency and kg = m/r i s  the  p o l o i d a l  

wave number. The e f f e c t s  o f  magnetic f i e l d  f l u c t u a t i o n s  have been 

neglected here, b u t  w i  11 be mentioned 1  a te r .  

I n t e g r a t i n g  Eq. (1 b)  along per tu rbed e l e c t r o n  t r a j e c t o r i e s  y i e l d s  
-+ 

4 " "k f o r  t he  phase coherent p a r t  o f  fe = C f e ( r ) e x p [ - i w t  + i (me - n@)]  : 

where @ = C &+(r)exp[- iwt  + i(me - n@) ]  and the  resonance opera tor  i s :  
k  

where w 1  = w - kII vII . The q u a r ~ t i  t y  i n  t h e  phase average i n  Eq. (3 )  
-+ -+ 

represents the  non l inear  response t o  random E x B  f l u c t u a t i o n s ,  e.g., 

d & r ( r ) / d r  = -Ve@/B. I t s  r o l e  i s  t o  broaden the l i n e a r  wave-par t i c le  

resonance w - kll vll S 0 over a  w id th  T ' , where rc i s  the  c o r r e l a t i o n  c 

t ime a r i s i n g  f rom the  t u r b u l e n t  s c a t t e r i n g . o f  t he  e l e c t r o n  o r b i t .  The 

terms a &o(T) and 6 4 4 ~ )  have been p rev ious l y  computed f o r  a  un i fo rm 

magnetic f i e l d . 4 y 5  The new term a kliJT6r i s  an a d d i t i o n a l  change i n  8 due 

t o  non l inear  r a d i a l  motion, d68/dr = -(vll /Rq)(a En q / a r ) & r ( ~ ) .  I t  gives 



the dominant broadening in a sheared f i e ld .  To show t h i s ,  the phase 

average i n  E q .  ( 3 )  i s  evaluated using a cumulant expansion: 

where, 

G ( @ )  = pD d r '  exp[-(r - r ' )2 / (2(5r2(r ) ) )  l @ ( r l  ) . (4b) 

The average disp'lacements appearing in E q .  (4)  may be evaluated by sub- + 
-k 2 s t i t u t i n g  f, from E q .  ( 2 )  into Eq. ( l a )  and taking the 60' and 6r moments 

L 

2 2 of the resulting diffusion equation for  5. This yields ~ 6 8  > = 2Deer/r 
* 2 

and <6r > = ~D,,T,  where the diffusion tensor fo r ,  e lec t ros ta t ic  turbulence 

is: 

The inclusion of f i n i t e  B effects  on the d r i f t  modes considered here 

resul t s  i n  an enhanced radia.1 diffusion coefficient due to magnetic 
6 fluctuations: 

Noting (6r( t1 )6r( t2)) = (6r2(1:tl --  t2 ( )) = 2Drr1 tl - t2 1 , E q .  (4)  becomes: 

2 where = kgDee i s  the shearless decorrelation frequency,4 and -ri1 = 

2 
[ ( k ' v  ) i s  the decorrelation frequency in a iheared magnetic II II 
f i e l d ,  which vanishes in the absence of wave-particle energy transfer.  

3 2 Note tha t  E, T ~ / T ~ ~  [CSDrr(kgnr vTe)-112/3, where Ls = R q  ( ) and 



Ar 2 k,' i s  the radial mode width. For tokamaks 5 << 1,  except 

near the value of Drr  required for  saturation of short  wavelength modes,' 

for  which 5 L 1. Henceforth, terms of 616)  are neglected. For 5 < 1, . 

2 2 G(O) $ m(r) + Drr' a War , representing turbulent broadening of o over 

a correlation length LC = qc. This contrasts w i t h  the shearless 

2 2 -1 2 case where Ar /(Lc5 ) % 1 and G(Q) = O(r) exp [ 7 k r D r r ~ ]  contributes 

to  the resonant wave part ic le  energy transfer.  

Using E q .  ( 7 )  t o  calculate the electron density perturbation, 

assuming \ i s  a Maxwell ian,  and. invoking the 1 inear ion response ( f o r  

<:..6. 1.) together wi t h  quasi neutral i ty.-yi.el ds. .the e i  genmode equation: 

In E q .  ( 8 ) ,  x = (r - r o ) / p i ,  where p i  = (Timi  ) ' / ' / e ~  i s  the ion Larmor 

radius, q ( ro )  = m/n defines the location ro  of the rational surface, and 
- 1 

A = [ I  + ~ ( l  - ro)  - contains the basic d r i f t  wave response. 
2   ere, r = T,/Ti, rn  = In(b)exp(-b),  and b = ( k e p i )  . The shear parameter 

- . . 

- 1 i s  u = T ( L n / L S ) ( ~ , e / ~ ) [ r O ( ~  + W* e  / ~ ) d - ~ ] ~ / ~ ,  w i t h  L;' = -a  en n / a r .  

The destabi 1 izing electron contributions are contained i n  ~ ( x )  = 

- 1 - - ooz[(.xe + i x c ) / x l y  where oO = - 1)a  d , xe - a w l ~ , ~ ,  xc - a w ~ / w * ~ ,  

a = (1/2 T me/mi)1/2 L S / L n ,  Z i s  the plasma dispersion function, and wC = 

1 /3 5 * 

[(k,;vTe)2~rr/31 3 .  TO perform the velocity space integrals of fe 

i n  terms of the Z-function, a Lorentzian form for  the resonance function'was 

2 chosen. The quantity d = (ro - r l ) ( r  + w,,/w) + 1 .2  i ( 1  - W / U * ~ ) ( U * ~ / U ~ ) X ~  

includes both ion gyroradius and turbulent broadening effects .  E q .  (8)  



2 2  i s  v a l i d  p rov ided .  (a en ro/ab)a /ax << 1  I n  a  sheared magnetic f i e l d ,  

t h e  n e g l e c t  o f  i o n  Landau damping i n  Eq. ( 8 )  requ i res  ( k  ref fvTi / )2 < 1, 

where reff = ~r + p i s  t he  mode w id th  A r  = Pi / l& l  broadened by the  i 

f i n i  t e  i o n  gy ro rad i  us. 

The tu rbu lence enters  t h e  e l e c t r o n  response func t i on  ~ ( x )  through 

t h e  e f f e c t i v e  c o l l i s i o n  frequency wc. However, turbulence does n o t  

a f f e c t  t h e  e lec t rons  i n  t he  same way as a  l o c a l  ( i n  r e a l  space) number 

conserv ing c o l l i s i o n  operator ,  which i s  known t o  have a  s t a b i l i z i n g  i n -  
+ + 

f l uence  on d r i f t  waves i n  s l a b  geometry.7 Indeed, t he  E x B ( o r  magnetic) 

f l u c t u a t i o n s  s c a t t e r  t h e  p a r t i c l e  o r b i t s  i n  r e a l  space, producing a  t u r -  

b u l e n t  f l u x  o f  e lec t rons  i n  t he  k i n e t i c  Eq. (1 )  f o r  fe. 

For oC << w, Eq. (8) reduces t o  the  e i  genval ue problem so lved i n  

Refs. 2 ,  3. A t  smal l  tu rbu lence l e v e l s  (which may be i n i t i a l l y  present,  

f o r  example, due t o  smal l  amp1 i tude t e a r i n g  a c t i v i t y ) ,  i t  i s  poss ib le  t o  

achieve oc > U. For u/u,, 5 1/3 and b  r 1 , UJ i s  a1 ready comparable t o  
C 

u f o r  a  t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t  nea r l y  as smal l  as the  neoc lass i -  

c a l  value. Thus, the  e f fec ts  o f  turbulence a re  w e l l  i l l u s t r a t e d  i n  t he  

l i m i t  o / w C  < 1. Then the  Z- func t ion  i n  t he  e l e c t r o n  response becomes 

p u r e l y  imaginar-y and the re  i s  no longer  any nonresonant e l e c t r o n  con- 

t r i b u t i o n ,  which prev i .ously  l e d  to. s t a b i l  i z a t i o n  o f  the  1  i n e a r  un iversa l  

mode i n  a  quiescent  plasma. 293 

The d e s t a b i l i z i n g  e l e c t r o n  c o n t r i b u t i o n  t o  Eq. (8) can be t r e a t e d  

by p e r t u r b a t i o l l  theory3 ( fo r  Imw/Rew < I ) ,  us ing  the  f u l l  e l e c t r o n  Z- 

func t ton .  The d i spe rs ion  ye!ation fey the . most . unstable modes becomes 

2 2  where 1 l w $ O ( x )  [o(x)/x]dx/Jw $;dx and mO(x) = exp( - ipx  /2 )  i s  t he  
e = O  0  



' lowest  o rder  eigenmode corresponding t o  the  propagation o f  

energy away from the  r a t i o n a l  surface1 f o r  x  > 161. Trea t ing  

awc/ax 2 0 fo r  1x1 < 161 y i e l d s  ze = 2 ioo f i  N [ -2 i (xe  + i x  c ) 6 l ,  where 

H(z) = r e - z t ( l  + t 2 ) - ' I 2  d t ;  The branch ~ e f i  > 0 f o r  Im < 0 i s  chosen. 
0 

. . . . .  

For r e l a t i v e l y  small values o f  w ~ / w + ~  2 0.1, the  f i g u r e  shows t h a t  

w i t h  kepi 2 1.0 and moderate shear (LS/Ln = 16). t he  turbulence destabi  1 i- 

zes i the  d r i f t  mode, w i t h  maximum, growth r a t e s  Iw/Rew 2, 0.2. There i s  

good agreement between the  numerical r e s u l t s  us ing the  shoot ing code 

described i n  Ref. 2  (which p red i c ted  s t a b i  1 i ty f o r  wc = 0) and the  

a n a l y t i c  d i spe rs ion  r e l a t i o n  i n  Eq. (9 ) .  As the  turbulence l e v e l  i n -  

creases, the e l e c t r o n  growth a r i s i n g  from ze i s  weakened and f i n a l l y  

reduced t o  a value where shear damping, enhanced by t u r b u l e n t  broadening 

of the  mode, leads t o  s t a b i l i z a t i o n .  There i s  a narrow range of values 

f o r  wc, 0.1 5 w ~ / w , ~  5 2, corresponding t o  a v a r i a t i o n  i n  Drr over 

three orders o f  magni tude, over which the nonl i near . . i  ns t a b i  1 i ty i s  

e x c i t e d  and f i n a l  l y  saturates.  

The value o f  wk, and hence the t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t ,  

requ i red  fo r  s a t u r a t i o n  of t h i s  i n s t a b i l i t y  can be determined by 

s o l v i n g  Eq. ( 9 )  a t  marginal s t a b i l i t y .  As the  turbulence grows, x c l  f i l  
approaches u n i t y  ( t h e  mode w id th  i s  l i m i t e d  t o  Ax > xc by t u r b u l e n t  

broadening). I n  t h i s  l i m i t ,  the  approximate s t a b i l i t y  c r i t e r i o n  becomes 

( . fo r  b 2 1, corresponding t o  t h e  .modes most .d.i f f s ' cu l  t t o  s t a b i l  i z e )  : 



where A. = Ad and vO = vd1I2. (Recal l  t h a t  xc = a u~/u,~, where a % 1 

depends on the  shear length . )  There i s  a l so  a non l inear  increase i n  the  f r e -  

quency determined by A0 = 0.6 p$o( I n  Eq. ( l o ) ,  t he  f i r s t  term represents 

broadened e l e c t r o n  growth, t he  second i s  due t o  l i n e a r  shear damping and 

the  l a s t  i s  enhanced shear damping r e s u l t i n g  from the t u r b u l e n t  s p a t i a l  

broadening o f  t he  mode which decreases the  e f f e c t i v e  shear length  [.the 

Q" term i n  G.(Q), c f .  Eq. (7)s. A s t a h i l i z a t i o n  mechanism s.im.i lar t o  

t h i s  l a t t e r  one has been computed f o r  a Q-machine i n  Ref. 8. There, however, 

Tc lTco >> 1, so t h a t  mode coup1 i ng i n '  the '  i o n  k i n e t i c  equation was the  

dominant nonl i n e a i i  ty ( w i t h  adi  aba t i  .. k . e lec t rons)  

The maximum d i f f u s i o n  c o e f f i c i e n t  obta ined from Eq. (10) occurs 

3 -2 3 
f o r  b I b, 2 (1  + .T) T (Ln/Ls) (milme), where the  nonl i near and 1 i n e a r  - 
shear damping become comparable. Typ ica l l y ,  b:l2 < bl 

-1 ; = ~ ( 1  + T) . ,  

(LS/Ln), where b 5 bl i s  s u f f i c i e n t  t o  neg lec t  i o n  Landau damping i n  

Eq. (8). A l s o , t h e  mode w id th  Ax z a b;I2 2 1, which j u s t i f i e s  the  

use o f  t he  d i f f e r e n t i a l  Eq. (8 ) .  The d i f f u s i o n  c o e f f i c i e n t  which 

r e s u l t s  from maxirnizi t~g Drr w i t h  respect  t o  b i s :  

w i t h  B i n  kg, T, i n  keV, and Ln i n  cm. The associated e l e c t r o n  thermal 

9 conduct ion c o e f f i c i e n t  i s  re = 312 Dry. For the  ISX-A discharge w i t h  

p la teau  regime e lec t rons ,  where the  main e l e c t r o r ~  energy 1 oss channel 

might  correspond t o  the  e f f e c t s  considered here, 'Eq. (11) y i e l d s  the 

c o r r e c t  o rder  o f  magnitude t o  account f o r  e l e c t r o n  heat  transport.  out- 

s ide  the  q = 1 surface. 



Equations (5-6) and ( 1  1) 'can be .used t o  est imate the  f l  uc tua t i on  

l e v e l  requ i red  t o  s t a b i l i z e  these.modes. . I f  magnetic b r a i d i n g  i s  t he  

-2 2  dominant s tochas t i c  mechanism, Eq. (6 )  i n d i c a t e s  b /B  Q l o e 8  i s  su f -  
. . 

I 
f i c i e n t  f o r  s tab i l i za t i on .1 °  If -. x - if turbulence i s  dominant, Eq. (5 )  

y i e l d s  'the f o l l o w i n g  r e s u l t  i n  the  s t rong turbulence l i m i  to ;  1 w': 

. . . . 

For t y p i c a l  ISX-A data, n/n % 0.04 i s  obta ined from Eq. (12).  

I n  conclusion, destabi  1  i z z t i o n  and s a t u r a t i o n  o f  the  d r i f t  mode 

i n  a  sheared f i e l d  have been shown t o  r e s u l t  f rom a  resonance broaden- 

i n g  mechanism t h a t  dominantly a f f e c t s  e lec t rons .  'This  con t ras ts  w i t h  

prev ious turbulence theor ies  i n  a shearless f i e 1  d Y 4  where nonl i n e a r  i o n  

damping l e d  t o  s a t u r a t i o n  and the  e l e c t r o n  dynamics were l i n e a r .  Thus, 

whereas recent  theory5 i nd i ca tes  t h a t  f o r  tokamak parameters, i o n  non- 

1  i n e a r i  ty i s  n o t  a  v i a b l e  s a t u r a t i o n  mechanism f o r  e l e c t r o s t a t i c  d r i f t  

modes, the  present  theory p r e d i c t s  s a t u r a t i o n  a t  modest f l u c t u a t i o n  

l e v e l s .  
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FIGURE CAPTION 

Figure 1 Growth rate (normalized to real frequency) vs wC 

(normal ized to w,,) for Te/Ti = 1 , L /L = 16, and S n 
various val ues of kepi, obtained numerically (sol id 

1 ine) and from analytic dispersion re1 ation (dashed 

1 ine) . 
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