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We solve, in an ultrarelativistic limit, the time-dependent Dirac equation describ-
ing electron-positron pair production in peripheral relativistic heavy-ion collisions
using light-front variables and a light-fronts representation, obtaining nonpertur-
bative results for the free pair-creation amplitudes in the collider frame. Our result
reproduces the result of second-order perturbation theory in the small charge limit
while nonperturbative effects arise for realistic charges of the ions.

1 Introduction

In heavy-ion collisions at energies near the Coulomb barrier, quasi-bound
molecular states are formed with binding energies which dive into the negative-
energy continuum, resulting in a resonance which decays into an electron-
positron pair!. In contrast, for ultrarelativistic heavy-ion collisions at periph-
eral impact parameters, the ions execute straight-line trajectories and reside
near each other for only a very short time. The high charge of the individual
ions and the strong Lorentz contraction combine to produce fields sufficient
for electromagnetic pair production through a qualitatively different process.
Large cross sections for electromagnetic pair production in these collisions were
theoretically predicted ? and experimentally observed 3.

In lowest-order perturbation theory, the amplitudes for pair production in
heavy-ion collisions are calculated from two-photon exchange diagrams®. The
quantum field theoretical treatment of this process was reduced to a classical-
field approach ¢. Experimental observations of free pair production in the
energy range around ten GeV per nucleon (in the collider reference frame)
are mostly in good agreement with second-order perturbation theory 3. For
lower energies of a few GeV per nucleon (collider frame), experimental results
for free and bound-free pair production show deviations from the predictions
obtained from two-photon exchange diagrams®. This is likely due to two-center
Coulomb effects 7.
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In the near future, larger ultrarelativistic energies above one hundred GeV
per nucleon (collider frame) will be available. New nonperturbative effects
may become important at colliding-beam accelerators such as the Relativistic
Heavy-ion Collider (RHIC) at Brookhaven and possibly the Large Hadron Col-
lider (LHC) at CERN. These nonperturbative effects (or the absence thereof)
are the subject of our present work. One of the interesting aspects of this
physics is the opportunity to study nonperturbative QED over a continuous
range of charges and collision energies. For heavy, fully-stripped ions, the
effective coupling constant (Za) is not small (Za ~ 0.6).

In a nonperturbative treatment, starting from the QED Lagrange density
operator, the Euler-Lagrange equations of motion for the quantum fields are
equivalent, under physical assumptions, to the one-particle Dirac equation in-
teracting with classical, electromagnetic fields®. Calculations of probabilities
and correlations can then be reduced to solving the two-center time-dependent
Dirac equation, which describes the dynamics of an electron in the classical
field of two relativistically moving charges. In this paper, the Dirac equation
is expressed in a light-fronts representation, and hence in a simplified form
appropriate to ultrarelativistic energies. In this limit, an exact solution for the
Dirac equation is obtained describing free electron-positron pair-production in
the collider frame for small impact parameters 1°.

2 An ultrarelativistic limit for the time-dependent Dirac equation

Consider a collision between two ions with charges Z4 and Zp and velocities 82
and —fZ, respectively, moving parallel to each other at an impact parameter
of 2b. An external-field approach to the influence of these ions on the vacuum
is appropriate for peripheral impact parameters (i.e. b > Rnuc), heavy ions,
and ultrarelativistic energies. The two-center Dirac equation for an electron
in the field of these ions is given by:

i%@(f’?t)) = [I?o + Ha(t) + HB(t)] |8(7,1)) (1)

where |®(7,1)) is the Dirac spinor wave function of the electron, Hy is the free
Dirac Hamiltonian and H 4(t) and Hp(t) are each the interaction with one ion,

~Z4/po(la ¥ Bé,) .
VL F 82/ + (25 By

We are using natural units, and applying the conventional notation; 8 = v/c,
¥ =1/4/1 - B2. a is the fine-structure constant, & and ¥# are Dirac matrices

(2)
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in the Dirac representation; & are the Pauli matrices; and I, 09, I4, and 04 are
the 2-dimensional and 4-dimensional unit and zero matrices. We would like to
consider Eq. 1 in the ultrarelativistic limit in which § — 1, and v > b,»,.

Figure 1 shows the familiar form of the interaction energy of an elec-
tron with a single component of one ion. The interaction is large near the
z-coordinate of the ion with strength proportional to v, and the width of the
interaction is inversely proportional to 4. Note, however, that the long-range
”Coulomb tail” is largely independent of v for large «.

The interaction of the electron with distant ions should be included in the
definition of the asymptotic channel wavefunctions. Here, we consider free-pair
production, and are therefore interested in asymptotic channels where |t| — oo
and z ¢ # 0. In this limit, the asymptotic-time Dirac equation is written as

.0 " A 5 5 ~

i (027, 0) = [Ho + HR @) + HP @) 19°(71)), (3)
where | (7,t)) is the asymptotic channel solution, and H(t) and HF(2)
‘are each the interaction of the electron with one distant ion,

—Za/pa(ls F &;)
B2/ + (2 F 1)

Solutions to Eq. 3 are related to the Dirac plane-waves, {|¢,(7,1))}, through
multiplication by a space-time dependent phase factor 21!

IQSO(F’t)) = e-ix(z't)l‘ﬁp(f:’t)) ) (5)

(4)

ij"/B =

where

x(z,t) = Zgaln [—-7(t —2)+ /0% + ¥3(t - z)2]
+ Zpaln [+7(t+z)+ b2+72(t+z)2] . (6)

These solutions are the asymptotic channel functions for the collision.
The ezact transition amplitudes Agf ) (S-matrix) are then defined as

AP = lim (@ (7 1|9 (7, 1)) (M
where |W;(7,2;)) is the solution to the Dirac equation with the initial condition
Lm0 (7 4)) = [@F°(F 4:)) - ®)
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Figure 1: Plotted is (a) the scalar component of the original interaction, V0, of the electron
with a single ion, and (b) the short-range representation, WP, for the same component of
the interaction. This is presented for two different energies v = 10 (CERN-SPS energies),
and v = 100 (RHIC energies), as a function of a narrow range of the z-coordinate for ¢t = 0,

b= (1,0), and 71 = (2,0).
Using the time-evolution operator, U (t5,t:), the transition amplitudes may be
written in a symmetric form as

AP = lim (@ )10, 6P ) - ®)
ti—> =00

It is useful to define a new representation for the wavefunction through
multiplication by the inverse of the phase factor, e=*X(#*) used in describing
the asymptotic solutions, i.e.

¥5(7,2)) = eFHEON0 (7)) (10)
We may use this representation in expressing the transition amplitudes, i.e.
4P = lim (Gu(Fen)0, W () (11)
ti——00

where U5 (t7,t;) = et (4, 1;)e~*X(#:%) is the time-evolution operator in
the new representation. Equation 11 has the form of a transition amplitude be-

4



tween two asymptotic plane-wave states, i.e. states undistorted by interaction
with the ions. Writing the Dirac equation in the new representation,

ig?"l’(ﬁ 1) = [Ho+ Walt) + Wa(t)] 19(7,1) , (12)

where Wa,p(t) = Ha/p(t) - H a7p(t), one obtains a time-dependent equation
of motion with short-range interactions in the beam direction. The asymptotic
interaction of the electron with the two ions in the high-energy limit has been
included exactly in the phase of the short-range representation wavefunctions.
Figure 1 demonstrates the short-range character of the interaction Wa /B-
The short-range Dirac equation, Eq. (12), has a simple ultrarelativistic
limit, e.g. WA/B has a sharp, delta-function dependence on (t £ z) %19, i.e.

“—*—,f—:—bﬁ] - (13)

WA/B —(IsF o'zz)aZA/Bé(t Fz)ln [
The interaction has zero range in the projectile’s direction and a logarithmic
behavior in the transverse direction, similar to the potential of a line of charge.

3 The sharp Dirac equation in the light-fronts representation

In this section, Eq. (12), with the limiting form of the interaction in Eq. (13),
will be further simplified by changing into light-front variables and by introduc-
ing a new representation for the Dirac spinors, the light-fronts representation.
In terms of light-front variables, space-time and energy-momentum are de-
scribed by the 4-vectors (o, 74+,7-) and (§yL,p+,p-), where 7+ = (t £ 2)/2,
p+ = E, £ p,, and pyp_ = 1+ p3. The interaction is block-diagonalized by
introducing the light-fronts representation for the Dirac matrices,

1 I G,
7{i‘ght—fronts = A7I,;iracAt’ A= ﬁ (122 - &z) ’ (14)
1 0
cat_(I2 02
Ad Al = (02 _12) : (15)
A&‘lA'f:i((:),z ““’), & = (=6y, 02). (16)
& 09

With this notation, the short-range, two-center Dirac equation in the light-
fronts representation in the ultrarelativistic limit is

(163) = (07" ) (65) o



where |G4+) and |G-) are the upper and lower bi-spinor components of the
Dirac wave function in the light-fronts representation, and hg = I, — i - p,

(7L - b)?
b2

. - - ne2
AGFL, B EZAaln[ ] . B(71,8) = Zpaln l(—”;—b) (18)

The upper and lower bi-spinors are coupled by the free Hamiltonian. Each
interacts directly with the external field of one ion and feels the field of the
other ion through its coupling to the other bi-spinor.

Equation (17) has no discontinuities in the transverse direction. It is there-
fore useful to Fourier transform its solution with respect to 7. Two mixed
bi-spinors wave-functions, {g+(¢L; 74, 7-)}, are then defined by

|G:b(7-'l,7'+,7'-))E_/d‘ile'.r’*"”"|g:h(ﬂ;f+,7‘-))- (19)

lg+) and |g_), like |G4) and |G-}, are coupled by the free Hamiltonian.

Off the light fronts, i.e. for 7+ # 0 and 7_ # 0, the wave function satisfies
the free Dirac equation and Eq. (17) reduces to two coupled equations for the
mixed bi-spinors |9+ (qL; 74, 7-))-

. 6 oZe - . 6 - -
zﬂly+)=(b—w'u)|y—), zg;:ly—)=(12+lw'h)lg+>' (20)

A solution to Eqgs. (20) is given by the Dirac plane waves, which in the
light-fronts representation are

(’?8) = Alxp(7it)), |1FE) = / dF eI 2 (G Ty, 7)), (21)

F2(@es 74, 7-)) = 8(dL = Fu)e -P+HTP)ITY ), (22)

where the bi-spinors, |T'4.), satisfy the simple relation |I'*) = I"—;‘f_'ﬂ-ll‘i).

It is standard procedure in wave-mechanics to form piece-wise solutions
by satisfying continuity relations at the boundaries between free regions. A
é-function singular interaction at a light front results in a discontinuity in the
electron wave function which is given by a space-dependent phase shift 810,
For our case of Eq. (17), the discontinuity is given by

|G (ry = 0%)) = e BELD |Gy (14 = 07)), (23)
|G- (7= = 0%)) = e HACLD|G_(r_ = 07)). (24)
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Due to this phase-shift, the transverse momentum is not conserved and the
Fourier components of Eq. (19) are mixed when the light fronts are crossed,

lg4(d1; 7 = 0F)) = / 051 Qz, (P — T, FD)lgx(Frs e = 07),  (25)

where the transverse momentum transfer distribution is given by

- —-taZ
- . - 2
Q) = gt [ et [

Continuity is recovered in the limit Z — 0, as Qz (%, 3) — 6§(K). The properties
of the distribution Qz(%, b) for finite charge are considered elsewhere 1°.

4 A piece-wise solution to the sharp Dirac equation

The trajectories of the ions cut space-time along the light fronts into four re-

gions. A piece-wise solution is defined in each of these regions by |g+(qL; 74, 7-))
= |g(i‘)(¢j'_|_; 74, 7-)), where (i)= I for 74 < 0 and 7_ < 0, (i)=1II for 7 > 0 and

7. < 0, ()= I for 74 < 0 and 7— > 0, and (i)= IV for 74 > 0 and 7— > 0.

In each region, the wave function is continuous and solves the local free Dirac

equation. Consider the initial condition of a single plane wave with the quan-

tum numbers j, expressed in light-front variables as j = {fJ_, J+,J-,8;}. The

continuity off the light fronts gives the solution in region I,

19k (41)) = 6(71 = qu)e™"T=I++T+)|Ty) . (27)
The solution in regions II and III is obtained by applying Eqs. (25) for the
discontinuities across 7+ = 0 and then solving the coupled equations (20)
inside each of the intermediate space-time regions. We cross from regions II

and III into region IV by applying Eq. (25) again for the discontinuities across
7+ = 0 to obtain the solution on the hyper-surfaces adjacent to the light fronts,

|IV(I'C' . =0 ._. da —i 1+q§- T —E I;
g (ky;7- =0)) = [ dfiexp |—iry 7 Qz.(qL —kL,b)

- - =, 1+i&)‘-(j‘_|_
X Qzs(jL — q1,~b) (_J+__

) Ir%), - (28)

Y Rimy = 0) = [ diyexp [—ir (LEEL 5\ — k1,5
g+( LT+ = ))_ PL €Xp 1T— ] QZB(pJ. 1, )

% Qz.G1-71,D) (1—13‘—”—&) Iy (29)
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The integrand of the transition amplitudes, AU ), is the time-like compo-
nent of a conserved 4-vector current density1°. This transition current, (J, Jo),
is defined by Jo = xl ¥ and J= x;’c&'zb(j ). An equivalent form for the tran-
sition current in terms of light-fronts representation wave-functions includes

Je=JotJ, = 2FT Gy . (30)

We are now in position to use Gauss’ theorem on the hyper-surface enclosing
region IV to show that Ag" ) can be expressed as the hyper-surface integral over
the transition current flowing into region IV 10, i.e.

- R o0
AY) = 2/d1'-'_|_/ dr. Ju(ry = 0+)-2/dﬂ/ dry J_(r- =0%). (31)
o+ o+

The amplitudes are finally obtained by integrating over r; and 4, resulting
in the ezact solution of the sharp Dirac equation off the light fronts,

] 27|' 3 - - - - - - -
AP = (,—,r) {/dm Qzs(Pr — k1, —b) Qz,(j1 — P1,b)
‘. Tk |1 — i -;3'41"'_)
jok+ = (14 p3) + in(-1)%
- / 471 Qza(T1 —F1,5) Qzo(a — 1, D)

y (% |1 445 - g1 |T%)
Jrko = (14 g3) +in(=1)% [’

(32)

where 7 is an infinitesimal small constant, which can be omitted for pair-
production amplitudes corresponding to E; < 0 and Ey > 0, i.e. j+k3 <O0.
The small-charge perturbative-limit of the pair-production amplitude has
been previously calculated®. To leading order in o Z, the amplitude is given by
a sum over two Feynman diagrams, where each diagram describes a two-photon
exchange process. This second-order perturbation-theory result, S,f & ), for the
transition amplitude between an initial negative-energy state j and a final
positive-energy state k is available in the literature ®. In the ultrarelativistic
limit, @ — 1 and v > 1, this perturbative result reduces in our notation to

519 = [ dpyexpl-ib- (25 = o = Fu)]
i8 (aZ4)(@Zp) (TE|l—i&-po|TY)
(P —ku)? (FL—ju)? J-k+—(L+p1)
8




- / 47y explib - (241 — F1 — Fu)]
i8 (aZa)(@Zp)  (TCE|14iG-qL|T%)
(L - /;:'.L)2 (qr - .71.)2 jyk-—(1+ ‘Ii) '

(33)

It is interesting to compare the perturbative result of Eq. (33) to our non-
perturbative result of Eq. (32). In the small-charge limit of «Z — 0, the
leading-order perturbative limit for @z can be used !°,

Q2 (7, 5) — 8(R) — %%exp[ﬂ? A. (34)

Direct substitution shows that in this limit the nonperturbative result of Eq. (32)
exactly reproduces the perturbative result of Eq. (33).

5 Conclusions and Outlook

We have obtained a useful ultrarelativistic limit for the two-center Dirac equa-
tion, which allows for an exact solution off the light fronts, i.e. away from the
ions. The S-matrix amplitudes were calculated here in the ultrarelativistic
limit, assuming v to be large. No assumption was made on the value of the
charge times the fine-structure constant Za. When taking the limit of small
Za, we are able to show complete agreement with the ultrarelativistic limit of
the expression obtained from standard second-order perturbation theory ®.

In second-order perturbation theory, pair production is described as a
two-photon exchange process in which each ion exchanges one photon with
a negative-energy electron. The negative energy electron is kicked off its en-
ergy shell by the first interaction and then kicked back to the energy shell by
the second ion, but this time with a positive energy. The two diagrams that
contribute to the amplitude differ in the time order of these photon exchanges,
or ‘kicks’.

In our work, a very similar physical picture of the pair production as
a ‘two-kicks’ process is obtained in the ultrarelativistic limit within a rather
different, and completely nonperturbative approach. The electromagnetic fields
of the ions are confined to the light fronts by the extreme Lorentz contraction
and by the use of the short-range representation of the Dirac equation. As the
velocity of the ions approaches the velocity of light, each ion carries with it,
perpendicular to its trajectory, a wall of singular electromagnetic interaction.
An initial plane wave in the space between the approaching ions acquires a
space-dependent phase shift as this singular-interaction wall sweeps past. A
single plane wave between the ions gives a distribution of local plane waves in
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the space behind each ion. Had there been only one ion, no transition would
be allowed, i.e. no pairs would be produced. Pairs are produced because, as
the ions move past each other, the two phase-shift planes collide. As the ions
move apart, the solution in the space between them is determined by the non-
trivial boundary conditions on the light fronts. In the perturbative limit of a
small coupling constant, the effect of the singular field perpendicular to each
ion reduces to a single photon exchange. For realistic charges of the ions, the
perturbative linear dependence of the amplitudes on each charge is replaces
by nonperturbative, non-trivial phases in the integral representation of the
S-matrix, Eq. 32.
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