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ABSTRACT

The eikonal approximation has been receht]y shown to be of significant
ﬁff]ity in the study of electron‘capture grbss sections for energetic ion-
atom collisions. The method generally gives much better égreemént with
available experimental data  than does the simple OBK approximation without
substantially increasing the difficulty of computation.

In the present work we have computed the total cross section for elec-

6 +8, and Fe+24

tron capture into an arbitrary'nz subshell of H+, c>-, 0 ions
from ground state hydrogen atoms, at energies of 40-200 keV/nuclear
(30-100 keV in the H* case). These species were selected because of their
importance in fusion studieé. Interesting variations'with 2 were obtained.
Cross sections for capture into an arbitrary final n-shell, or into all
final bound states were also obtained. |

We have successfully derived an analytic closed form expression for
electron capture from an arbitrary initial nam state to an arbitrary final
n‘e'm' state of a hydrogenic target. Numericalvresu]ts are presented for
all n' = 2,3 final states ih hydrogen, which may be subjected to experimental
test in the near future.

Fihé]]y, we have studied extension of the eikonal method to multielectron
targets. We find that there are ambiguities in the method requiring further

analysis. Agreemenf with experimental data is nevertheless satisfactory, but

the high energy results are suspect.



I. .Introduction:

In recent years the work of Eichler énd Chan has shown that the eikonal
approximation may be very useful for ca]culating’e1éctron capture cross sections
in energetic ion-atom collisions.. Since September 1, 1980, Dr. F. T. Chan
and Dr. M. Lieber have devoted an estimated 25% of their time to applications and
extensions of this method. They were assisted by Mr. T. S. Ho, a full time
graduate student. | |
- As a result of this effort three projects have been completed, and pépers
submitted to Physical Review A for each. (Preprints of those papers are appended.)
The three projects are: |
A. Eikonal Calculation of Electron Capture Cross Sections in Collisions
of H-atoms with Fast Projectiles

B. Eikonal Calculation of Electron Capture Cross Sections from an Arbitrary
nem-shell of a Hydrogenic Target into an Arbitrary n'z'ﬁ'-she]] of a
Fast Bare Projectile |

C. Eikona] Approximation for Charge Transfer from a_Mu1ti-Eiectron Atom

to Fast Projectiles
Those three projects are described briefly below. (At this writing the work

on He+, described in the original proposal, is in progress.)

II. Eikonal Calculation of Electron Capture Cross Section in Collisions -
of H-atoms with Fast Projectiles

We have employed the eikonal methdd to calculate the cross section for
“the captufe, into an arbitrary ng-subshell, of an electron, in co]]isioné be-
- tween hydrcgen atoms and fast,projeéti1es. The projectiles were protons,
C+6, 0+8, and Fe+24. The energy ranges considered were 30-100 keV in the -
praton case, and 40-200 keV per nucleon in the other cases. These projectiles
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weré sé]ected becauée of their'impbrtancé in fusion plasmas. For the highly

;harged.casé of Fe+24 we found that our formu]as,vwhile exact, involved a high -

degree of cancellation and produced unreliable numerical results, so that a

numerical integration of the penultimate formula was sdbstituted. In the

proton case agreement with recent experimental data is excé]]ent. (See Fig. 1).
For the three heavier projectiles we also calculated the cross section for

cabture to any bound state (Fig. 1), and to a specific n shell (a typical

“example, 0+8,.is shown iﬁ Fig. 3) and to a specific ng-subshell (0+8 case

shown in Fig. 4 for one selected energy and several values of n).

IiI. Eikonal Calculation of Electron Capture Cross Sections from an Arbitrary

nm Shell of a Hydrogenic Target into an Arb1trary n'g'm' Shell of a
Fast Bare PrOJect11e

Using techniques similar to those previously employed the eikonal
approximation was applied to the evaluation of the cross section for electron
capture from an arbitrary nam shell of a hydrogenic target atom into an
arbitrary n'e'm' of a fast hydrogenic projectile. The results were obtained
in exact analytical closed form. Numerical results were computed for the case
H + H(1s) » H(n'2'm') + H" when n'=2 and 3 and comparison made with the corre-
sponding OBK results. .In Fig. 5 we show the n'=2 results. While no experimental
data are available, the experiment may be done in the near future (R. Knize,
private communication). Some assistance in fhis project was provided by Mr.

David K. Umberger and Mr. Ray-Long Day.

IV. Eikonal Approximation for Charge Transfer from Multi-Electron Atom to
Fast Projectiles v

We attempted to extend the eikonal approach developed previously for
calculating electron capture cross sections for bare projectiles colliding

with hydrogenic targets to allow for multi-electron targets. Both the



-{mpact and wave pictures were employed and.fheirfequiva1énce discussed. As
- a first épproximation, each atomic orbital is épecified by the three hydrogenic
quantum numbers, an effective nuclear charge Zt', and an énergy~eigenva1ue in
the impact picture, or ionization potential in thé wave picture.  The Zé appeaf—
ifng in the eikona] phase factor is ambiquous because of incomplete information
on the many-body target. However, ahalytic expressions were derived for the
tﬁeoretica1 cross sections, and numerical values calculated for simple choices
of Z%. Those results were compared with existiné experimental data for C, Ne,

Ar, NZ’ 02, and He targets. As examples, we exhibit Figs.'ﬁ; and 7.

_In Fig. 6 we show several comparisons of data with the eikonal computa-

tfons; with Z, =.1 (which should be a good approximation if large distances
from the target are important), Z; = I ( which should be good if small dis-
tances dominate) and the 0BK results (Z; = 0). The data appear to lie within
the extreme eikonal cases Z; =1 and Z; = Zt. Bﬁt F%g. 7 shows data where

at the highest'energies the data begin to favor the 0BK result and generally
tend to lie above the eikonal calculations. We conclude that further investi-
_gation of the role of Z, is needed. |

Some assistance with this project was proVided by Dr. Kazem Omidvar of

NASA.

v. Pub]ications and Presentations

The results described in sections II, III, and IV have been submitted
for publication in Physical Review A. Preprints have been appended to this
report. ‘ |

In addition, the results of section Il were presented to the American
Physical Society meeting at New York on February 1,A1981 (Abstract, published
in the Bulletin pf the APS, is attached). The results of section III have
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been submitted for presentation.dt thé'XII I;C.P.E.A.C. meeting in Gatlinburg,
Tennessee in July, 1981. In additibn; Dr. M. Lieber delijvered an invited
colldquium address at Louisiana State University (Baton‘Rouge) where this re-
search was presented and discussed. Dr. Lieber and Dr. Chan attended the |
D.0.E. Contractors Workshop on April 1, 2 at Argonne.Natfonal'Lab; a éummary
of the present research was included in the proceedings of that meeting.

On April 7, 1981 Mr. Tak-Sén Ho successfui]y defeﬁded his Ph.D. disser-
tation, which was largely based upon the present research. Mr. Ho will re-
ceive his Ph.D. degree in May 1981 and will then go to the Hahn-Meitner

Institute in West Berlin to do postdoctoral research. -
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Fig. 1: Cross sections for the process H+_+ H(1s) - H{2s) +'H+, as a
function of the projectile energy. Theory: solid curve, present
calculations; dashed curve, Born approximation; dashed-dotted
curve, 7-state (4 hydrogenic and 3 pseudostates). close-coupling -
calculation; dashed-double-dotted curve, 34-state scaled, hydro-
genic close-coupling calculation. Experiment: T. J. Morgan
et al.; J. Hill et al. :
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Total cross sections, as a function of the projectile energy,'

of the processes: (i) c*b + H(1s) ~ cto o+ H+; (i) ot? + H(1s)

23

> 07 + 1y (i49) Fe™?t + H(1s) » Fe™3 + h.
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Fig. 3: Capture' cross sections into different principal shells as a function
of n at energies 40, 100, and 200 keV/amu for the process 0*8 + H(1s)
> 07 (n) + K. | |
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Fig. 4: Capture cross sections into ng subshells as a function of ¢ at
energy 100 keV/amu for the process 0*8 4 H(1s) » 07 (ng) +H*.
The heavy solid Tline denotes the principal. shell n at which the

curve peaks when o (v) is plotted against n.

1s-n.
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Fig. 5: Eikonal and 0BK cross sections for 1s - 32m.
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Fig. 6: Total electron capturg cross sections (in 107
of energy (in MeV/amu). The electrons are captured from K-shell of

atoms C and Ne, but from L-shell of Ar. Theory: upper solid curves,
3 =1, eikonal results; dashed curves, OBK results. Experiment (dotted)

16 cm2) as a function
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KeV/amu), of the electron capture from helium by a- particle.
Theory: upper solid curve, Z% = 1 eikonal results; lower solid
curve, Z% = Zt eikonal results; dashed curve, CBK results.

Experiment: o , Pivover et al.; a, Hvelpund et al.
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EIKONAL CALCULATION OF ELECTRON CAPTURE CROSS SECTIONS FROM
AN ARBITRARY nfm SHELL OF A HYDROGENIC TARGET INTO AN
- ARBITRARY n'Z'm* SHELL OF A FAST BARE PROJECTILE™

 T.S. Ho, D. Umberger, R. L. Day, M. Lieber,.and F. T. Chan

University of Arkansas, Fayetteville, AR 72701

. Using techniques similar to those previous]y_emp]oyed] the

. -éikonal approximation is applied to the evaluation of the cross

sections for electron capture from an-arbitrary nfm shell of a

hydrogenic target atom of nuclear charge Zt

into an arbitrary

n'2'm' of a fast hydrogenic projectile of nuclear charge Zp. The
cross section can be written as a two-dimensional integral

d;xm'n’.e'rn.’ )

= 2 119 e DN
=312 ~>
',GMM(P)] }%ng Clﬁ, 1)

with
N S I A .
B=-3viy(GE -5

and»ﬁl projection of B onto

the plane normal to V, the
~constant velocity of the
projectile. The quantities
Guem(®) and Guon (F) are

two Fourier transforms defined
through the following relations

37152'»1' (f)
= ) [ [P () /]

xep(<§- ) 4 (2)

o (10" em?)

| H"+ H(Is) ~ HRZ) +H*

~——— Eikonal
---~ OBK

) PR S S |

50 100
' EilkeV) .

Fig.1. Charge tapturé Cross sec-
tions for the process H + H(1s)
~ H(2,4 ,m') + H.



and . . A . o
 Guan ) = [ B D esplei [ Zae)erp GFT) L (3)

with the eikonal phase factor introduced in Eq.(3), and %QMz(Z)
and Dt () hydrogenic wave functions. We have succeeded in .
calculating @ - nieh (V) in an exact analytic, closed form. In
Figs. 1 ahd 2, our numerical results are presented for the case
“HY + H(1s) > H(n'2'm') + H" when n'=2 and 3. e note that the
curvatures of both eikonal and OBK curves for a specific transi-
tion are very much alike except the two curves come closer as the
energy increases. ’ '

] 14 L LR L L 1

Fig. 2. Chargé capture cross
| sections for the process
HY + H(1S) — H(3,£'m') + W'
as a function of the colli-
sion energy. '

N en (10"fcm')

H*+ H(ls) - HQm) + H”

| == Elkunal

- == 0BK

[ N SSUURN B S SO N | L
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Ei(keV)

1. F. T. Chan and Jérg Eichler, Phys. Rev. Lett. 42, 58 (1979).

*  Research supported in part by DOE under Contract No. DEASO5-
80ER10749. ' .



Eikonal Calculation of Electron Capture Cross Section

in Collisions of H-atoms with Fast Projectiles

- T. S. Ho, M. Lieber, and F. T. Chan

~University of Arkansas, Fayetteviile, Arkansas 72701

‘We have employed the eikonal method to calculate the cross secticn for
the capture,into an-arbitrary ng-subshell, of an electron, in collisions
between hydrogen atoms and fast projectiles. The projectiles were

+6 +8, and Fe+24.

protons, C ~, O ' The energy ranges considered were 30-100
keV in the proton case, and 40-200 keV per nucleon in the other cases.
These projectiles were selected because of their importance in fusion
plasmas. In the proton case agreement with recent experimental data

is excellent.
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INTRODUCTION

Recently there has been recognized a need to study certain charge-

]’2. For -

transfer reactions in controlled thermonuclear fusion research
example, in fusion plasmas, one of the most promising methods of heating
and fueiing a Tokamak fusion plasma is by injection of fast neutral H®

and D° atoms. However, tﬁere is usually a considerable amount of highly
stripped impurity ions such as C, 0, N, Si, Ar, Fe, Co, Cu, Nb, Mo, or

W contained in the plasma. When the injected H® or-D° atom collides with
one of these impurity ions, it is quite probable that the injected particle
will lose its electron, either by charge exchange or ionization. If this
occurs on the outer edge of the pfasma, the ionized H or D atom will be
magnética]]y deflected out of the plasma, strike the container walls and
therefore produce more impurity atoms. On the other hand the heated plasma
may lose its energetic fuel particles (p, d, or t) via charge exchange.
Furthermore,_the optical spectroscopy of highly chargedlions, e. g. iron,
provides the means of localized diagnostics of the interior of the plasma

which is important in fusion reactor mode1ing%’4

One of the speculations
in the observed spectrum ié the large rise of the Fe+23 light intensity
during the high-power neutral beam injection. The most consistent
-explanation of this phenomenon has been the esnanced recombinatidn of

the helium-like Fe™¢4

through charge-exchange with tHe neutraTH0 or D°
atoms supplied by the beams. So we need to have a knowledge of cross
sections of such charge transfer reactions. In this paper, we carry

. . 5,6 .
out, using the eikonal approach , a detailed study of electron capture



+8

1 +6 , and Fe+

from H (or D) by H* » C 24

, 0 projectiles in the eneray range
404200 keV/a.m.u. Reliable information on these three reéctions4 is parti-
cularly imbortant and is urgently needed for tﬁe diagnosis of the role
played by impurities in neutral-beam heating of fusion plasmas. Cur
confidence in the eikonal approach js based on the success already aéhieved 5,6
in describing a large body of experimental results. In the proton case
excellent agreement with recent experimental datg is particularly impressive.

In summary, we present in this paper calculations on the capture processes

listed below,

(1) WY+ H(1s) —» H(2s) + H'

(2) < o+ HOs) — Plzn, ) o+ W

(3) 0" + Has) — o(z,n,m) + H O,
and |

(4) Fet2% 4+ H(1s) —  Fet?3(z, n,ong) + H'

 Here, we remark that (I) the energy ranges fromv20 keV to 100 keV for
the process (1) while 40 keV/amu to 200 keV/amu otherwise; (II) the symbol g
inside each parenthesis denotes the summation over all possible final bound
states (indexed by the conventional quantum numbers n, %, and m) of the

23

hydrogenic atoms; (III) the ground state {n=1) of Fet23 is excluded among

its final states in our calculations because of the previously occupied

+24 (Pauli exclusion principle); and (IV) the ion Fe’»L24 is

K-shell of Fe
approximated as a bare projectile because the two K-electrons are so

tightly bound by the highly charged nucleus.



-~ METHOD OF CALCULATION -

Let Mp be the mass of a bare projectile with nuclear charge Zp impinging

on a‘hydrogen-like atom with nuclear charge Zt and mass Mt' We denote the

position of the electron with respect to the center of mass, the target, and
the projectile nucleus by ¥, ?£ =7+ &ﬁ, and ?b =7 - (]—d)ﬁ, respectiVe]y,

with ¢ = Mp / M+ Mt) ahd E the relative displacement between two nuclei

P
inyo]ved. The propagation of the projectile is defined along a rectilinear

trajectory ﬁ(t) =B+ fR(t) =B + Vvt with B its impact parameter and V its

incident velocity (assumied to be constant in time). Energies (atomic units

1.2 1 .2
are used throughout) e, = -7 Zy and €y = - ?’Zp

electron, initially b0undvto the target in the 1s-state, and eventually to

/n2 are introduced for the

the projectile. In evaluating the transition amplitude of the charge transfer
‘process the prior form is adopted for the sake of convenience. We briefly

outline the formulae as follows. The transition amplitude is
- | . = + ) ‘ZP ' | '
Asngm B V) =i [ at i -Z 1Y, > .
where
c . " .-’ . . .
W, = (D) op(alet) anp (-4 AT T-gdoiva) , g
anc

Voo™ B (0 (i) 2spli-o0F P-4 20-aP e ]

.xeXP (—lm%d'{) o v , o 3



- Here 5%; and ,9%zn; are the ground state and arbitrary n,e.,m state wave

8

functions of a hydrogenic'atom, respectively. The translation factors® and

9 are also introduced. The cross section of the

the eikonal phase factor
capture'into arbitrary n,2,m levels of the incident bare ion is then written

as
q;-nlm(v) = jIAJS-nim (F’U), d°b . (4)

With the help of two well-known sum rules, over m and gm, respectively,

the capture cross sections into n and ng shells, respectively, can be

5,6

expressed in closed form™*", through the relations

Os-ng (V) = Zn: Os-nem (V)5 ' (5)
and
Is-n (v) = O/;-n.m s . (6)
Aym ‘ :

In computing the total capture cross section (into £), we simply sum aver

n in equation (6) given above, i. e.,

) O,;-.z“”=Z Osn (V). i (7)'

We remark here that equations (5), (6), and .(7) are used in performing

calculations for all processes studied in this paper excépt the case



*2% 4 H(1s) —  Fe*®(ne) + H' with n>12. In that situation

of Fe
‘the computer results from the closed form Arandom]y showed negative signs for
some of the O','s,,,!(.tf)'s R which is obviously physically unacceptable. The
- reason forj this_un‘expected consequence is believed due to the improper trun-
cation of summands, in the closed form considered, which vary drastically
in magnitude and alternate in sign. To circumvent this difficulty in
computer summation, we replaced it by performing a»numerical integrat_ion
over PLb (the projection on the two-dimensional j’mpact parameter, B—space
of the Four‘ier counterpart of ?p - the position vector of the electron
relative to the projectile) rather than using the closed form (which is

obtained by analytically performing the 3b'integration.). The integral
| form employed in numerical work for - Q7. p(V) is given below:

| 8. o555 |

4

O;;-né (v) =

Y L
X (2£+l) 2 7 (n-A-3)7 [(21+l_)!JL ( n*

(= /p2 [R*+(Bv)? )7 {42
X i o[ﬁ, (&L+ B;'*Z;)u”“ 7 ( Z,A) ‘

. ! 4 N2 (B-7 )
(Bt Z)) (B +B+Z0)* Ze (B +373)
| (1 +72:%) }
* e’ T (hehy )

x{zF‘; -n+l+1 5 n+f41 5 £+1 (Zr/n) )}2

7 epy) (8)

4 . | :
with _8—--;—(2;——%{1-) and B} =-—£’-‘U‘+’Z£ .



In our case, with a hydrogenic target, the charge Zi is equal to 1
 and the charge Zi' appearing in the eikonal phase factor is set equal to

-Zt in the final computation.



. DISCUSSION OF RESULTS

The latest known experimental resu]fs7 along with several theoretical
calculations quoted therein for the prdcess Y o+ H(1s) — H(2s) + H*
at energies rahging from 20 keV to 100 keV are compared with our present
calculations in Fig. 1. Notice that the eikonal approximation requires
that. the collision time be small compared with the trangition time (i. e.
the reciprocal of the transition energy in atomic units): The present results

are far superior to other theoretical data in the energy range (greater than

25 keV in this case) in which the eikonal approach is appropriate.

. Results for processes (2), (3), and (4) are shown in Figs. 2-8. Figure 2
shows the total cross sections. As expected, it degreases with increasing
impact energy. In Figs. 3-5, we present the capture cross section into
different prfncipal shells as a function of n {with smooth interpoléting
curves to guide the eye) at energies of 40, 100, and 200 keV per nucleon.

" The shift of the peak values (indicated byoarrows) toﬁafd smaller n as

the impact energy is increased illustrates the fact that, as expected on
physica]‘grounds, momentum-matching is a dominant mechanism in the capture
process when thé impact energy is very high, while energy-matching dominafes

at low energies.

More structural information is shown in Figs. 6-8 where we have plotted
the capture cross section into n2 subshells versus orbital angular quantum
number %. The heavy solid 1ine'indicates that the "n" indexing the line
is the principal quantum number at which the value of 91s-n peaks for a

specific energy when it is plotted versus n (see Figs 3-5). The detailed



structure of the (rapidly) oscillating profiles appearing on these curves
may serve as a sensitive fest of the eikonal method, if aﬁy of these obser- .
- vations is experimentally available. We also tébu]ate the numerical data
for easy reference in tables (1) and (2).

‘As mentioned, we performed. numerical integrations (Eq. (8)) in calcu- .

25 4 H(1s) — FetPB3(ng) 4wt

+
; y
lating °1s-nz(v’ for the case Qf Fe
with n > 12. We believe that the numerical results are as accurate as
they would have been had the computer difficulties mentioned previously
not prevented our using the exact closed form expressions, because we

summed these cross sections over % and obtained agreement with the

corresponding %1s-n obtained from exact closed form expressions.
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EXPLANATION OF TABLES

A1l electron capture cross sections are 1isted'1n units of 10']6 cmz.

The impact energies are specified inside the parentheses; they are all in

keV/amu.
| n = principal quantum number*
'.'z = orbital angular quantum number
* In the n2 notation, n's.correspond to the peak c]S_n(v) at the
energy specified, e. g. fn the case of C+6 +‘ H(1s) — C+5(nz) + H+,

the subscript n=8 appearing in cls-n=8,z(v) means that T15-n=8 is

peaked at n=8 when g, .

is plotted against n (at the energy 40 keV/amu).



Table 1. The cross section of electron capture for C+6'+ H(1s) —e

¢*2(n2) + H' at impact energies 40, 100, and 200 keV/amu (in
' ]0']6cm2). Subcripts n index peak cross section into the
principal shell at different energies.

:JZ o (40keV/amu) (100keV/amu) (200keV/amu)
: 1s-n=8, £ : 1s-n=6, ¢ 1s-n=5, £
0 2.583(-1) 2.445(-2) 2.933(-3)
1 4.609(-1) 1.087(-1) 1.702(-2)
2 1.357 1.300(-1) 1.899(-2)
3 1.209 3.183(-1) 4.447(-2)
4 2.767 2.671(-1) 1.123(-1)
5 2.545 1.200
6 5.252 |
7 1.054(+1)

Table 2. The cross section of electron capture for 0+8 + H(1s) —e -
0+7(nﬁ) + 1 (in.lo']s cmz). =
(40keV/amu) o (100keV/amu) - {200keV/amu)

k 1s-n=10, ¢ 1s-n=8, ¢ 15-n=6, {

0 1.796(1) 2.667(-2) 3.206{-3)

1 8.291(-1) 1.000(-1) - 2.083(-2)

2 9.243(-1) 1.391(-1) 1.698(-2) .

3 2.061 2.602(-1) 6.003(-2)

4 1.790 2.784(-1) 3.421(-2)

5 3.692 5.305(-1) 2.105(-1)

6 2.948 5.090(-1)

7 6.578 1.798

8 5.165

9 1.931




Table 3. The cross section of electron capture for Fe

v

W
o

+ H(1s)
= Fe?3(n0) + 6 (in 1076en?).
(40keV/amu) (100keV/amu) (200keV/amu)
/Q 1s—n=31,1 1s—-n=25, 2 1s-n=19, £
0 4.121(-1) 1.102(-2) 3.759(-3)
1 1.696 1.352(-1) 1.613(-2)
2 8.867(-1) 5.135(-2) 1.920(-2)
3 1.962 3.272(-1) . 3.808(-2)
4 1.923 7.877(-2) 3.555(-2)
5 2.307 5.434(-1) 6.131(-2)
6 2.833 . 9.191(-2) 5.357(-2)
7 3.409 7.815(-1) 8.699(-2)
8 $3.809 1.143(-1) 7.412(-2)
9 4.386 1.005. ¢ 1.170(-1)
10 4.681 2.138(-1) 9.867(-2)
N 5.655 1.135 1.546(-1)
12 5.422 4.832(-1) 1.309(-1)
13 7.350 1.122 2.071(-1)
14 5.803 9.230(-1) 1.820(-1)
15 9.851 1.093 2.957(-1)
16 5.531 1.336 2.941(-1)
17 1.320(+1) 1.348 5.035(-1)
18 5.252 1.549 7.745(-1)
19 1.677{+1) 2.028
20 4.700 1.791
21 2.303(+1) 3.121
22 1.661 2.580
23 3.001(+1) 5.350
24 7.188 5.595
. 25 - 2.447(+1) '
26 2.602(+1)
27 2.371(+1)
28 3.676(+1)
29 4.566(+1)
6.719(+1)
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"FIGURE CAPTIONS

Cross sections for the process H + H(1s) —» H(2s) + H+, as a
function of the projectile energy. Theory: solid curve, present
calculations; dashed curve, Born approximation; dashed-dotted
curve, 7-state (4 hydrogenic and 3 pseudostates) close-coupling
calculation; dashed-double-dotted curve, 34-state scaied, hydro-
genic close-coupling calculation. Experiment: @, T. J. Morgan
et.al.; & , J. Hill et al. (Ref. 7).

Total cross sections, as a function of the projécti]e energy,

of the processes: (1) C+6 + H(1s) = C+5 + H+; (i) O+8 + H(1s)
- 07 +HY (1) Fet? + H(1s) = FetZ3 4 4.

Capture cross sections into different principal shells as a

function of n at energies 40, 100, and 200 keV/amu for the

*6 L H(s) » cP(n) + K

process C
Capture cross sections into different principal shells as a
function of n at energies 40, 100, and 200 keV/amu for the
pracess 0+8 + H(1s) - 0+7(n) + H'.

: Capture cross sections into different principal shells as a

function of n at energies 40, 100, and 200'keV/amu for the
process Fet24 4 H(1s) = Fe+23(n¥1) + K.

Capture cross sections into n# subshells as a function of £
at energy 100 keV/amu .-for.the process ¢t 4 H(1s) — C+5(n1)
+ H+. The heavy solid line denotes the principal shell n

at which the curve peaks when OTS_n(v) is plotted against n.



Fig. 7:

Fig. 8:

~energy 100 KeV/amu for the process Fe

16

Capture cross sections into nf subshells as a function of £ at energy
100 keV/amu for the process 0*8 4 H(1s) = O+Z(n2)'+ HE.

Capture cross sections_into n subshells as a function of £ at
Y24 4 H(1s) = FetP3(ngn=1)

+H.
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Eikonal Approximation for Charge Tkansfer'from
Multi-Electron Atom to Fast Projectiles

T. S. Ho, M. Lieber, F. T. Chan

Physics Department, UniverSity of Arkansas,'Fayetteville, AR 72701
and

K. Omidvar

Laboratory for Planetary Atmospheres
NASA/Goddard Space Flight Center, Greenbelt, MD 20771

The eikonaT‘approach déve]oped previously for calculating electron
capture cross sections for bare projecti]es co]]iding with hydrogenic
targets is extended here to allow for multi-electron targets. Both thé
impact and wave pictures are employed and their equivalence is discussed.
As a first approximation, each atomic orbital is specified by the three
" hydrogenic quantum numbers, an effective nuclear chargé Zt , and an energy |
eigenvalue in the impact picture, or ijonization potential in the wave
picture. The Zé appearing in the eikonal phase factcr is left undetermined
because of-incomp]eté information on the many-body target. However,
analytic expressions are derived for the theoretical cross sections,Aand
numerical values calculated for simple choices of'Z£. Those results are

compared with existing experimental data for C, Ne, Af, N2, 02, and He

targets.



vI. Introduction

Electron capture processes.in ion-atom collisions, e.g., A+ +B —
A +.B+, are of great interest both in terms of basié theory and 1n.varioﬁs
b?actica] applications. In'particulaf, capture cross section from atomic
oxygen or iron are essential in finding the charge equilibrium of a high-
energy beam passiﬁg through different gases, or in finding the radiation

of cosmic rays passing through intersteller matter.

It is well known thdt the Oppenheimer-Brinkman-Kramers approximatidn]
gives roughly correct shabe for the dependence of the total electron capture
cross sections upon the collision energy but considerably overestimates
the observed data by AS much as an order of magnitude. Many efforts have
beeh devoted to obtain a simple semi-empirical formula of the capture cross
section by scaling down the OBK results through the comparison with the
'existing éxperimenta1 measurementsz. The physical significance of this
scaling behavior was not quite understcod until the very recent elegant
and instructive illustration furnished by the study within thé eikonal
approximation3. This eikonal approach has been further studied since
then and has been very successful in predicting the cross sections of
the electron capture for the bare projectile — hydrogenic target systems4"8.
Among them the cross sections of the capture (i) from nZinitial state to

n'g' final state6 8

, and (ii) from ngm initial state to n'2'm' final state
have been obtained in closed form, a very astonishing cohsequence considering

most of other approaches (other than OBK) are so complicated that one must

have recourse to numerical methods.



In this paper; we generalize this eikona]vapproach to describe, in
(i) the impact picture and (ii) the wave picture, the capture process of
‘a single electron from a multi-electron atom into a fast bare projecfi]e.
As a first.approxiMation, each atomic orbital is specified by the three
hydrogenic quantum numbers, an effective charge, and an energy value |
(more accurately, an energy eigenvalue in the impact picture or an ioniza-
tion potential in the wave picture).

In Sec. II, two techniques in formu]ating the capture cross section
are presénted, i.e., (i) a straightforward extension from one of our recent
papers8 and (ii) a generating operator (a differential operator, or, for
short, a differentiator) and a generating function (an exponential function)
~ are introduced in manipulations. In Sec. III, a discussion on the equiVa]énce
of the wave and impact pictures is given. And finally, in Sec. IV, our
calculations are compared with the existing experimental data for capture

cross sections from C, Ne, Ar, Né, 0,, and He.



"II. The Theory

We shall derive the éapture cross section in (R) impact picture and (B)

wave picture. Atomic units are used throughout.

(A)} Impact picture derivation

In Ref. (8) (hereafter called paper I), we have obtained a closed form
for the cross section of the electron capture from anvarbitrary ngm state of
a hydrogenic atom to a specific n'2'm' state of a fast bare projectile,

| starting from the integral

(TP) 442 e
a.;llm-h’,e'ml (v) = _2 z;zzf{‘37#1'7"-’CF"‘.V),z[Gﬁlm(F.)(l}&:P dlﬂ (])
. , X |
where |
i - 1pt (T2 :
Soghe (F) = ™ [ ﬁ“?f‘—r' exp (P ) AT (2)

Grom (P) = V™[ (B B e Ztae) ] oqp (P TN AR (3)

Aand

By =-4v+ne . : | @

Here, ﬁ,emCF:) and %’g’m’ (?p) are the hydrogenic wave functions which
describe the initial and final bound states of the electron, respectively.

The factor v= is the impact velocity of the projectile with respect to

B

the target and is kept constant throughout while the quantity €= €p - €4

with €, and €x the energy eigenvalues of the initial and final electron



bound states. Furtherﬁére,'fhe-eikoné] phase factor® is introduced in Eq; (3).
The effective target.charge Z; has been -introduced in the final state, allowing
| Z't&z Zt for multi-electron effects. In the case where the target is a multi-
e]ectron,étom, the initial nem bound state energy eigenvalue &, does not have
the form -%—Z%/n2 and can be ca]cd]ated through the Hartree-Fock method]0

for each atom of interest, while the final n'2'm’' bound state ehefgy eigen-
value still keeps the form'-%-Zﬁ/n'?-(becausé the final bound’state is hydrq-

genic, i.e., bare projectile plus one electron). Consequently, the equality

2 . LS )
.(Bb+v)"+—§,& =_l%{’+—‘?£ A . | (5)

n&

which holds in.the bare projectile — hydrogenic target systems is no longer

true in the bare projectile — multi-electron target systems.

Now, let us consider the situation where the active electron is initially
in an arbitrary nfm state of the target, a multielectron atom, and finally
is captured into a specific n' state of the bare projectile. The cross section

can then be written as

0‘;32-,,' v) = 1«,2, O'n(;;)-n',ymz ) | | (6)
1 m : A : '
Then Fock's sum rule')
= I?nft'm' (5) I’. = .772.(2&:(.?;;;),:; (7)
2m' _ '

can he introduced here and the cross section becomes

5 .
G;-(el’iz)-n' (v) = —?-'-i?l—:.z}ﬂ.. / [Gagm () * }
| v [R*+(R+v)*+ ?P‘/nu]i B

d*n )
3=E§ b . (8)

There are two different ways to formulate the quantity lGan (F)]z',

-



(Ai) First Method

-In paper I, we have given an ana]yt1ca1 expression, hav1ng twelve f1n1te
summat1ons and depend1ng upon p through pg, to the quant1ty l@n:mfp),

Therefore, the 1ntegrat1on (8) over pb can be carried out by employing the
formu]a]2

L, . P : .
j 76.) (@-*X) (x'i' a‘) dx (3 ﬂrw B(V)Iu‘y*”)iﬁ(/‘()‘)jﬂ*f;l"(i:-)) (9)

and the cross section can be expressed, in closed form, as follows
= oxp [-21 2{ tan (- 7B3 [20)]

(n-2-1)! (24+1) ( £~pwi)] - 0 n-d-r (FLITY]
x ! o2 2 | (—7-{) Z
n(n+0)! 27" (Hwa)]

6, &'z0 v, vizo

[&iﬂ] o T+, e L-im=2T+2¥, f-iml-2T'+2¥’ T2V, elel=3p'
sy s 5T

T, T =0 Y, %0 §,8 =0 od,d =0

R{SJH’D So-' (n,2) Np(lﬂ') Nv' (1, o) T;;U?,’m) .ru (4m) Mf (z,»)
x My (4,7) Dyt ) Dy (252 A (60 Ad.' (a",w')}-z w0

< (00104 P(2+o's3) 8 3 aca'+o-' p-p’) ~d-a
(r(e+3)]* (4 )
208~ ml -z-t’+y+8')-8-8 -d

X B} . ' (l"g"t‘ld F&)

‘ 8-’ N
<QEAABYT T B(srd-i1% , £ro42-§-ariE)

xBORAE jpre 282 40%) - (q7)
cqimirte V4Vt =3¢ =2/ - (2h+ 6+~ §-8~a-o)-3
’ / ’
x B+ Tttt van'- 29 11, 264§ -5~ A -iMI=T-T V-V pspl s
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where B(x,y) is the usual Beta function,

S&(n,l) = (-|)"' _(n+2)!

(n-l-l-c')j (xL+i40) g1 2

- Y (ﬂi)u ‘-)v
N,) (£,6) (-1) TEE AR,

N ot 2! (ag-aw) o .
T‘L (,Q,m.) - ( D -t ti(f-mj=a)!

. _ (ttv)! »
Mg (n2) = riceiv-i

‘ _ (1.1m1—a’t+aa*)!
DS ,¥) = 4 (£-1ml-27T+23-8)!

| Cooti-a0-a)!
o P) =
AL (0?) al (eat-ay-d)y ’

Pt + 2
‘ n

I

)

and
/

Q Ze

nt

Il

C Po;'“’):L +

Here we have approximated the initial atomic orbital by a hydrogenic wave

function.

(Aii) Second Approach

. . . . = TP .
We introduce a generating function expl-@%e + 44l - %] with
(@ a scalar and ,E?a 3-dimensional vector héving components Alx s My s and
a1ong ‘three rectangular coordinates and a generat1ng operator (a d1fferent1ator)

: Dﬂ!m(@;ﬂ) which is a linear combination of 2., 2_ , 2 , 2 and



. 2 2 » "
0 o 2
their higher order counterparts, e.g., —7§- s 9““?@ Jry7E etc.,

such that the wavefunct1on is given by

| ?;Lfm(?;) = { '67117;1 (@),Z?)'QXPE-_@TI‘ 'f/:,zz,-aj}@-’:mg; | (”).

L =

In this expression the parameters G 'and‘Z? are assigned definite constant
values after the differentiation. We remark that the scalar @ will take

the value Zt/n if the hydrogenic function.is chosen for 9%1”1(22).

Substituting Eq. (11)’in Eq. (3) and interchanging the order of the

f:-integration and.differentiatoriﬁﬂl,n . we have
R R
Gﬂ!m(?) = {Dﬂlm(@"‘?)/\-(?’@’A)}%f:‘:”‘t' (12)

with

A (P50,2) = Gy  explonnid R espl-d] Gt Jesplep - RIdre . (13)

The Eq. (13) can be written in a more convenient way by introducing the

integral represcntation of the eikonal phase factor]3, namely,
(% Z AN - (14)
e —£ g [ “ACTe=3]dA .
| wp(i], ZLat’) = = w) Yeep LA LT ~3)] AR |

- Therefore, Eq. (13) becomes

A @;e,2) = L
J

P(‘A')Zx)f J‘exf’c-@&-{-,,,u ) A"Z& !

x exp [-A (K ~30)] exp CAF B dPn dx (15)



The integral (15) can be carried out by first intégrating over'?; (radial =

part follows angular part) and then over A . Introducing a complex vector

K = P+ -47\3 ’ (16)

Eq. (15) can be written as follows

NP0, 2) =

J mdl‘}L"‘.?h’-‘ °°dr }’1 ox [-((3,%,-
.Qm)”*r’(-,«")?;)j;' f, t e exp ):J

x/wdgf j“o(coa.a exF(-c'KYzCDSa) s (17)

14

where the quantity K is defined through the relation

K = /lﬁ’+,¢2]“+(@+#3-ix)“ . - (18)

The 3-dimensional integral (17) can be easily evaluated and one gefs

i =) - 4 m P R *2‘4')2:&'
D(Pse, 2) Erema s &I AR)

x'[a(s-.z,:(rs-ux;)]“‘??‘ i,i@(m") 2 )

N (e IF+AI) }

: 19
2 LR-Af+up) a2

In this approach (hydrogenic radial wave functions are not required), one
first has to find a correct form for the differentiator Dpym (8,) (via

Eq. (11)), then use Egs. (12) and (19) to obtain Gn:m(?) . Finally, one

‘can insert this QMm(F’) in Eq. (8) to get the capture cross section.
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A closed form for the ‘cross section can be expected since we note that the
'only calculations made in deriving the result are the derivétives'of

A @¢,%), which is expressed analytically.

 We remark'here that although the cross section-of the capture from an
inftia] nt stéte.to a specific n' state can be obtained by directly summing
~over m (also divided by a quantity (2.£+ 1) which accoﬁnts for the degen-
eracy of a spedificrLQ stafe) in Eq. (10), there is another way, presented
in Ref. (6) (hereafter called paper II), to carry it out. But we would
like to point out here that the extension to the case involving multi-
electron targets Suggested in paper II is'fnépprbpriate because a faulty
approximation made in that paper, i.e., the equality (5) was assumed.“ Further
investigation of this point will be postponed to the final section where
numerical data are displayed. Nonetheless, we exhibit here the correct

4

final form (using theAproper replacement for equality (5)):



m

| x{Sc?(n,l) Sc,,(n,,Q) Nv (—2}6") N},, (1’» ')

x T.-c(ﬂ) Aals ») A (,°) '.</Q252t) -

O (I (OFT) 0y
Y -8

o D214 [ Gata'ss) C4)° 4
[reevk)]>

(BT e 5
’ (1;.*-;; By " (2. ur) *
xlB (a+é -;72{}£-+r+1’;d-8+,‘721’)
xB (@484 geel4a-d -8 -4 ) |
x@) ™ a¥*t gy, aed-g)
-xf‘(l)35a+£5l--§‘-j)’ C(20)

vialat IPCATE)[? |
|  (n-p-1) ]
x exp[-202{ fan™ (=N PB3/(2¢)] ‘ -
| pL-27 2 4an™ ( Bl t?]‘zrn (n+2)]
Y I S o N - B ¢
*(5) > 2 2
¢,¢'=0 v »'=0 T=o
O +=2Y, o'¢1 -2y’ A-2T Ttdy T’ ' Gaad, @ 2y’
g ST Ty >
d.' d =ze =0 ;3’,3”30 5, g'=0
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with

A=Q@Avav - - a4,
‘ﬁ‘;—'— 24 + 0o -+o"+4-d.'-—d.'-6-8',

and

(af-a1)!

: PR 4
- T =6 T

(B) Wave Picture Derivation

- We now proceed to study the same capture process as that mentioned in
Sec. II-A but in a fully wave treatment. Let'E? be the position vector of the

projectile with respect to the center of mass of the target,ij? be the position

vector of the center of mass of the projectile plus the active electron with
respect to.the center of mass of the target nucleus plus all inactive electrons,
“and E} = /uiV'}and E} = 1457 are the initial and final relative momenta of
the colliding systems, respectively, with A and Mg the initial and final

reduced masses, i.e.,

R Mp(Mt'“)l
ﬂ, = Mot Mot 7. (21a)
and
= (M) Me
Ay = MM ~w) ,
14

The capture cross section can then be written as follows

S A =g

(WP) Cwcup B 2
0hny 0 = Tt 2E J1 Tl da, @



13 -
where

T =0 -E N> - | @

4

in the prior form. Here, subscripts i and f denote the initial and final
bound states of the‘system. And if the electron is captured from an arbitrary

nm state of the target into a definite n'2'm' state of the projectile, the

wave functions used in Eq. (23) are specified as follows

2 =

Y, = é""f"‘r,%mcﬂ) | | (24a)

while the eikonal final state eigenfunction behaves asymptotically as

.—’,-" . - . =y ”Zr., ’
LA NN e ) e e gt - (24)
m

Using Egs. (2), (3), (24a), and (24b), the matrix element Tif can be expressed |

as

- " .

M rad .= -—
B I I A A

Ty = C2pem> [ e

x ;ﬂ;;n'(?) Grom ()% AP dzrl; dre . (@25)

By introducing the momentum changes of the projectile and the target, i.e.,
—> -
q K

we have the following relationship

- = — ] ‘
= ake-K; and "= bk - with a =M /(M +1) and b= M/(M+1),

-_z.f+ﬁi.; =P % +7 T . S (28)

Here the relations & =b T, -f‘: and F'= Y& =&Y have been assumed.
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After some manipu]ations,AEq. (25) feduces to
Ty = -2 s g* =3 -
A5 = P(Q'R’) gn’x'ml (3' ) Gnhn(f )- : (27)
The cross section for the nfm —n'2m' capture then becomes
(wp)

B ‘ * = 12 'y
G;zlm—n’,z’m' (U), = Al (l'“_')“ Zf’l _ﬁ{ j{‘ I o €5 [ Gnem (7)1 }d'Q + (28)

Moreover, the cross sections for the ngZm —n' and nZ-—n' captures-are

given as follows, respectively,

e w o= 3 M )

nLmm-n’ ! ntm-n't'm .
' -\ 2
6 3 25 4 GmM(rOI
=iids 2’ Lo —F /{ . ]
o LLegn*+ 22
xsine do (29a)
and °
(we) | (wp)
o,”l"ﬂ' (V) T ad+i ;n: ,C%M' G"nlm -n 7y
_ , | &
= , 6,3 2 ks j G
= -2—1—“ /u»‘uf 27 n'3 [(}I) . ﬂ] Z,;n' )1-!»1 ‘
xS'ne d6 . ‘ (29b)

Here, we have used Fock's sum rule and chosen spherical polar coordinates
(r,& ,% ) with polar axis in the direction of the incident beam. And,
2 2

furthermore, the analytical forms of [Gnem (PPl and é‘GﬂIM(F”” are
already given in papers I and II. We note that, in the wave treatment,
“energy and momentum must be conserved, and the former gives
'gil - g“l _‘AI
A T aM T -

= IP -1, 4 _ - (30)




‘where Ip and It'are the ionization energies of the electron in its initial
and final bound states, respectively. This can be significantly different

from the (EP"EL> eigenvalue difference whichAenters into the impact picture

development, as will be discussed below.

15
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III. :A Discussion of the Equivalence of the Wave and Impact Pictures

This section is devoted to a demonstration that within the eikonal
approximation the cépture cross section obtained in the wave treatment is
_equivalent to that obtained in the impact piéture. We remark here that

the arguments to be made below utilize the fact that the inequality

T ‘
v >> f;ﬁ. | | (31a)

holds within our method, which requires that the collision time between

the colliding systems be small cdmpared.to the typical transition time, i.e.,

i AT | ‘
w Tz, v < | . (31b)

in atomic units. This can be easily seen because of the largeness of the A .

We shall discuss the case of the ngm — n' capture as an example and
the generalization can be made without any trouble to other situations.
The cross. section for this process; i.e., Eq. (29a), can be, after changing
the integration variable 8 to a new variable Y o= QUM v"-wm"-g-
(noticing that -eingds = 2 ol 4.* £ ) and, recognizing that the new
integration upper limit Ymax = 44 vi | may be virtually regarded
as infinite (4« and 4 are obviously very large and v is always greater

than unity within the approximation), further approximated by

o= (WP (v) x ZmE ‘f“ [Gnem (P I
o

?7£th' = Va'n,'s [%‘L+ zpl/n,x]l ol? . (32)
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(IP)

Here we have used the fact that Ky = ‘kf.‘ The similarity between o7, ..

(v)
Eq. (8), and o-f;f:_n,(‘f) could have been noticed when we used the relation

df =wdR* in Eq. (8). Now, we need to evaluate the absolute values of the

s pardl - 1 1
quantities q' and p', to an accuracy of the order of 7 - and % . They
| _ ! . My e,
can be easily derived and are written as follows, namely, :

- ‘ 2 .
(¥)* = (fv+nal)” + dalisly v Lon -g , (33a)
and
| , L L, .
(p) = (-Ltvear)t + b viac . (33)

. . -
Furthermore, an approximate expression of the z-component of p' can be.

obtained, by using the inequality (31a) and Eq. (30), namely,

g =75
Lﬁ; - ‘gs Cos@

= (—%-&-761) + (L_"_"V_‘)_y : | (34a)

314(;'11'

Similarly, the z-component of q' is

’ — "/\
4 =7 -3
= Q Ry wso - .
| __‘_‘_E) | |
= -(3tal) + sy, (34b)



The last factors in both Eqgs. (34) are much .smaller than the integration
-variable y (because of large 4; and s ) and can be neglected throughout,

i.e.,
F}, = ("% *Yldl)l ’
.‘and

§; = -(¥% +nar) .

Therefore, after substituting the above two equations in Eqs. (33), we

ﬂobtain
PV = () + (§) | : (352)

and

A(z’,)z (ﬁ,')" + (%,fv):\. | .(35b)4

— — -
with the components of p' and g/ on the x-y plane

(R = 4l My v ain® S

Y - | " (35¢)

and the z-component of ?

’ | : ‘ '
B =-Lvanal | (35d)
| | @p wp
From Eqs. (35a) = (35d), we can see that Gj gpm-n(¥) and G nom- e (v)

would be equivalent to each other if IEtI (the energy eigenvalue used in

18
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impéct picture) were equal to It‘(the ionization energy used in wave piéturé).
We have found that the two quantities |&| and It are close in many
practical cases, see Table I. The quantities [&] and Ip are the same,

i.e., '%-Zg/n'z because the projectile and the céptured electron form a

hydrogenic system.



IV. Results and Discussion

We have pointed out that in the extension from the case involving the

hydrogenic target to that of multielectron target the kep]acément of the
2

p 3
-~ by the quantity 8,’+1;x; (which is equivalent to

quantity (ﬁg+v)?+
assuming that the equality (5) holds) is inaccurate (paper II). ‘In Table
II, we list the resﬁ]ts of the correct calculation (this work) and the
ihbrober ca]cufation (paper II) for the capture of the electron frém L-shell
of argon atom by a fast proton. For the sake of easy comparison, we adopt
the definition from paper II for fhe ionization energy I;==0§ é%? with

@ = 0.412 and 0.550 and assign Zt = 13.85 a.u. for Ar - L-shell. We

find that the deviation of the results of paper II from the present exact

results is quite significant, especially when the proton energy is low

where the difference could be as much as a factor of three.

One of the weaknesses in our approach in formulating the cross section
of the electron.capture from a mu]ti-e]ectron'atom is the indeterminacy of
the effective nuclear charge Z;, which is introduced fhrough the eikona] |
phase factor, due to the lack of information on the many-body system (i.e.,
the muTti-e]ectron atom in the present case). Nevertheless, we could expect
that the va]ue-of ZL should lie in an interval bounded by unity (when the
electron is promptly removed from the target at the time of the capture)
and Z, (when the electron stays in its initial orbit around the target for
a very long period of time; compared with the orbital period around the
projeéti]e after the capture). In our ca]éu]ations we consider two extreme

. .
cases, Zt = 1 and Zt = Zt’ and compare the results with the experimental

20
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data fori the capture cross s‘ections f«rorﬁ C, Ne, Ar, N2, 02, ahd He. -Oﬁe' '
" could expecty that the experimental data fall in the area enveloped by the
curves corresponding to" these two 1imits. The values of Zt’ |g;1 10" and
ItJS for the ind;iVidual atomic shells, used in the 'calculations, are tabu-
lated in Table I. Ana]yti; expressiohs corresponding to the K- and L-

shells electron capture are written explicitly as follows,

5§ o ¢
(v) = AME2Z T

Os- 3
v Sk (TN 23)

nl

x exfa[-i"l 2. 73;' ("R’s/gr)]

5 ay | Bi \ 1,2
il I A Rl D

SUNCEPRTREE- IS EX
(B qa) F G155 )

’ U4 N . Q,
+ 5 (7 80)F (314 "zg)}) (36)
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where

“and
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00, (v) = iy o
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In Figs. 1 - 5, we present the results of calculations of the total
capture cross section, as a function of the impact energy, and the compar-

. . '
isons with the data avai]able.are made. It is found, that the-Zt = ] eikonal
.
out. Furthermore, the first two curves become even closer as the nuclear

curves are closer to the OBK curves than the - Z; = Zt eikonal curves through-

charge Zt increases because the electron - target interaction involved in
the eikonal phase factor, describing the deviation of the eikonal approxi-

mation from the OBK approximation, is virtually equal to zero as the nuclear
1.
charge is very large while the quantity Zt takes on a small value, e.g.,

. ) .
approximately unity. The Zt = 1 and the Z, = Zt curves become closer as

t
the energy increases, reducing the uncertainty in our results in the large

energy limit. Most of the experimental data, Fig. 1 - 3, 1ie in the region

between the two eikonal curves, except for the capture from He (light nucleus)

t.
of the energy range and shift toward the OBK calculation as the energy in-

where the data match fairly well with the Z_ = 1 eikonal curves in large part

creases (Figs. 4 and 5). The irregularity of the data distribution over
’ [}
various targets illustrates the crucial dependence of the quantity Zt on Zt’

and probably also on other parameters, e.g., v‘and_Z , and requires rigorous

p
[

study of the properties of-Zt

An alternative approach to reduce the uncertainty discussed in the

preceding section is to use the post form formulation of the eikonal methodls.

Here the projectile (proton) - active electron interaction potential is (- %-),

. p
and consequently the eikonal distortion (due to this potential) is weak.
]
On the other hand, we have (- Zt/rt)~in the matrix element of the post form
. '
of the transition amplitude. Setting Zt = Zt is now a good approximation N



since the main contribution from Zt is-governed by the initial bound state

wave function with an effective charge Z Therefore the uncertainty in

t-.

t : .
states‘canhot-then be used to simplify calculations. One has to evaluate -

all capture cross sections gpg.n/2’ individually and then average over the
initial states and sum over the final states. Such alcompUtation is quite
'lengthly and time-conSuming. We conclude that the present status of the
eikonal approxihation for charge transfer from multi-electron atom is not

entirely satisfactory and further investigation is heedéd.

Z_ is reduced in the post form formulation. However, sum rules over final

25
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Tables Caption

Table I: Values of effective nuclear charge Zt,-the energy eigenvalue |&¢l

(Ref. 10), and the ionization energy I, (Ref. 15) of the individual -

| t (
atomic shells.

Table II: Comparison of the total (summed over all possible final bound states)
cross sections for the electron capture from L-she]] of argon by’
proton‘betweenAthe present exact calculations (0]) and the approx-
imated ﬁa]cu]ations (o;) in paper II (Ref. 6) at various energies.
The ionization energy is defined as. It = 9.J2—(Z§/22)w1'th 8= .412
and .55, and Z, = 13.85 a.u..



Table I
Target  Configuration 7 (a.u.) 1€l (a.u.) It(a.uQ)
He 15 1.618  0.91795 0.90334
c 15 5.588  11.32551. 10.43733
N 152 6.570 °  15.62905 14.70047
252 4.504 0.94532 0.74696
2p° 3.547  0.56758 0.53436
0 152 7.553  20.66865 19.55163
22 5.254 1.24431 1.04520
2p* 3.547 0.63190 0.50033
Ne 152 9.516  32.77244 31.86328
Ar 252 14.533 12,3215 10.65784
2p® 13.322 57146 9.04079
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Table II

AE‘I

@ = .412

Nex

o3

(MeV/amU) (]0‘]6cm2) (]0']6cm2)

0 -
a5

.55

Oz

(10']6cm2) (10']6cm2)

10.
20.

N W N
. . » L] L] - L] ] .
O O O O O O O o A~ N O

.745(-3)
.162(-3)
.951(-4)
.574(-4)
.994(-4)
.916(-4)
.574(-5)
.559(-5)
.029(-5)
.334(-7)
.224(-8)

N W

O N O

776(-8)
.372(-4)
L441(-4)
.805(-4)
.358(-4)
.039(-4)
.243(-5)
.247(-5)
.519(-6)
.980(-7)
.938(-9)

.433(-3)
.002(-3)
.108(-4)
120(-4)
.745(-4)
.780(-4)
.555(-5).“
559(-5)
.054(-5)
455(-7).
.248(-8)

5.641(-4)
4.074(-4)
2.988(-4)

2.226(-4)

1.682(-4)

—

.288(-4)

w

.984(-5)
.506(—5)

—

6.556(-6)
3

.345(-7)

—

.064(-8)
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Figures caption

16 cm2) as a function of

Fig. 1: Total electron capture cross sections (in 10~
energy (in MeV/amu). The electrons are captufed from K-shell of
atoms C and Ne, but from L-shell of Ar. Theory: upper solid curves,
Z;'= 1 eikonal results; lower solid curves, the Z; = Zt eikonal

results; dashed curves, 0BK results. Experiment (dotted), Ref. 17.

16 cm2) as a function

Fig. 2: Total electron capture cross sections (in 10~
of energy (in MeV/amu) from K- and L- shells of molecule N, .
The theoretical values for molecule N, are equal to twice of the
theoretical values for atom N. Theor¥: upper solid curves, Zt =]
eikonal results; lower solid curve, Zt = Zt eikonal results; dashed
curves, OBK results. Experiment: @ , Toburen et al. (Ref. 18);
3, Welsh et al. (Ref. 19); A, Berkner et al. (Ref. 20);
O, Acerbi et al. (Ref. 21). |

16 cmz) as a function

Fig. 3: Total electron capture cross sections (in 10~
of energy (in MeV/amu) from K- and L-shells of molecule 0,.
The theoretical values for molecule 02 are equal to twice of Fhe
theoretical values for atom 0. Theor¥: upper solid curves, Zt =]
eikonal results; lower solid curve, Zt = Zt eikonal results; dashed

" curves, OBK results. Experiment:@® , Toburen et al. (Ref. 18);

O, Acerbi et al. (Ref. 21).

Fig. 4: Total cross sections (in 10-]6 cm2), as a function of energy (in KeV/amu),

of the electron capture from helium atom by proton.

'Theory: upper solid curve, Z; = 1 ejkonal results; lower solid

curve, Zt = Zt eikonal results; dashed curve, OBK results.

Experiment: O , Barnett et al. (Ref. 22); @ , Toburen et al. (Ref. 18);

O, Welsh et al. (Ref. 19); &, Schryber (Ref. 23);B§ , Williams

(Ref. 24); /A, Berkner et al. (Ref. 20).




Fig. 5:

Total cross sections (1n 107 16 cmz), a; a function of energy (in
KeV/amu), of the electron ‘capture from helium by

cl- part1c1e Theory upper solid curve, Z = 1 eikonal resu]ts,
lower solid curve, Zt Z, eikonal results, dashed curve, 0BK

t
results. Experiment:Q , Pivover et al. (Ref. 26); A\, Hvelplund

et al. (Ref. 27).
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Eikonal Calculaticn of Electron Capture Cross Sections from

an Arbitrary ngm Shell of a Hydrogenic Target into an .

Arbitrary n'g'm' Shell of a Fast Bare Projectile

T. S. Ho, D. Umberger, R. L. Day, M. Lieber, and F. T. Chan

Department of Physics, University of Arkansas, Fayetteville AR 72701

Using technigues similar to those previously employed the eikonal-
épprpximation is applied to the eva1uatioh of the cross section for-
electron capture from an arbitrary ngm shell of a hydrogenic target
atom into an arbitrary n'Q'm' of a fast hydrogenic projectile. The
results are obtained in exact analytical closed form. Numerical
~results are presented for the case HE + H(1s) — H(n'&'m') + H

" when n'=2 and 3. Comparison is made with the corresponding O0BK

results.



I. Introductfon

Charge transfer processes have been'of interest since the early days
of Quantum Mechanics; Thfs interest has increased considerably in the past
few years, the focus being on processes relevant to magnetically confined
fusion -plasmas and astrophysical plasmas. Knowledge concerniné the charge
transfer from a hydrogenic atom to a,bare ion is important not only with
regard to thesé applications but also from a fundamental point of view

since such a process is the simplest type of a rearrangement reaction.

An approach for treating electron capture into arbitrary principle
shells of energetic projecti]eslbased on the eikonal approximation was
developed by Chan and Eich]er]. They later amended their approach for
capture into arbitrary n', £' sublevels of a fast projectile from the
. ground state2 as well as from an‘arbitrary initial.n, £ sub]eve13'of a
hydrogenic target. The results obtained agree well with experimental
findings for hydrogen and helium targets. In this paper we extend the
eikonal treatment to cover h,‘Q, m contributions. There are at least .
two reasons why sucH a study is interesting. Firsf of all, specification
of these contributions allow for a sterner test of captufe theories.

Such a test is realjzablé since techniqueé for measuring charge exchange
for p + Nz - N; + H(n'=3,2',m') have recently been deve]oped4 and
a corresponding study of charge capture for.p + H collisions is now under

way at Harvard Universitys. The present study is partiy motivated

by these experimental interests. Secondly it is the most general case



and it contains all the previous r‘esu1ts]'3

as special cases. In addition,
it furnishes information not avai]able from classical trajectory Monte Carlo

" calculations®.

- In Sec. II, we use the eikonal approximatidn to calculate the croés
section fbr the capture of an electron into a (n',2',m') state of an energetic
projectile from a hydrogenic térget initially in the (n,¢,m) state. The
result is obtained in closed form, and is éxact within the eikonal approxi-
mation. In Sec. III, we discuss dUr results and present some theoretical
data for the reaction. H + H(1s) = H(n‘=2,3,£',m') + H'. The 0BK results

are obtained as a limiting case and are given in an appendix.



I1. The Theory

We consider the prbcess in which an electron, initially in the n,g2,m

state of a hydrogenic target atom of charge Zt’ is captured into a given

n',2,m' state of a bare prOJect11e jon of charge Zp We assume that the
time which the projectile spends in the vicinity of the target nucleus is
eam]] compared with the transition time of the electron. Let ¥, ’?t=’?ﬂﬂ3,
and F;='?L(1-00ﬁ' denote the position of the electron with respect to the |
ceq}er of mass, the target nucleus, and the projectile nucleus, respectively,
with A= Mp/(Mp+Mt). The projectile is supposed to move rectilinearly and
that its trajectory is given by Tz’(t) = p+vt (B.V=0, [Bl=classical impact
parameter) with respect to the target nucleus. The cross section can then

be written as7

= 2 42
%m-n’l’m’(v) 'fIAMm-n'l’m' (b ’V)l b (1)
_ where the exact eikonal transition amplitude is, in its prior”form, given by

Aum s ,(b v) = "/(j<]f(;:11m/ %Iy:wm> dr b (2)

with the time-dependent wave functions

Vo = @, (F)explitet)exp(id F-P-iidn) (3)

and
Wt & P () exp Cibpt ) exp [4G-) P =10 it ]
xexp(-,cf 7: J;(') (4)

Here, we have introduced the hydrogenic wave functions %,,MCF;) and

-



9%1,,(7’) -, and their e1genenerg1es 8v' 2 t/n and Er— '2" /n 2,

- (atomic units are used throughout). Furthermore, the translat1on

factors and fhe eikonal phase factor are fncluded iﬁ the ane functions.

The effective target charge Zt' has been introduced in the final‘state,
allowing Zt# Zt' fof multi-electron effects. It is associated with the inter-
action between the target nucleus and the captured e]ectrbn. We could also
obtain the OBK results by setting Zt'= 0 (Appendix). The approach being
used here to obtain the cross section in a closed form is very much the same
as that developed in references (1) and (2). First of all, we employ the
integral representation of Gau and Macék for the eikonal phase factor8,

namely,

g’ _ /" <Nz o
2‘F(f =L dr') = e Jo ° e"F[A(Y‘ *dA 5 (s

. 1 . . _
with "] = vy and introduce two Fourier transforms ngmf)and gn 2 m.(g)

by the relations .

Gren (7) = @Y™ [ B (O iy [T el -3} ar ]

Y,
x e C P oA3T,

XP( P ) T - | (6)

and _ |

A (%)
F A f R

G §) = ™ [ B P GEp L -

- We can, after introducing anm and Intg'm into momertum version of

integral (2) and sohe manipulations involving the Dirac delta function,
then reduce a 6-dimensional integral (1) to a two-dimensional integral,

over a-two-dimensional momentum space which is normal to the incident



velocity Vv

4 42 o o | a2 .
et 2! (v) = .Q_L.Z_P-f{lgw[m,(f’-ﬂl)l |G7u’m(f’)l }Pz %d R 2 (8)

where By =-1fv+)e with E=Ep-& . We shall proceed to evaluate
these two integrals of Eqs. (6) and (7), exhibiting some detail, and, fina]]y;
carry out the'BB integration in the remainder of this section. To start

7, we stﬂ]

with, we consider the integral (7). A]though it is well-known
brleﬂy describe the steps as foHows The Schrodinger equation for a

hydrogenic system can be written as

i a : 3 A -
2 v Sft',t'm’ +V 93‘«1(’772’ - En' /71{8,777., B (9) :
. 7.2
with \/=. Zr  and E,, =--=£ ; therefore
. rp n Ln'2
14007 — I Zz — a
Eot = i (L e = 7 St

and

Py — (2’?)') 3 Z o
Gt F) = 3 f"(?’ e"f’(*f‘ ) F5=V) % 1 (10)
After‘integrating by parts twice and some manipulations, we obtain

| 2 o -3/ 3r. ¢ 7 ¥y
Do (F) = 'zfz%" Cz"”’zf”‘ o Lo OF) ep G R) 5 (1)

v

where £, = _7%{3 and the Fourier transform of the hydrogenic wave function

A4 5 » -3h _ — v -
B @ = ™ [ @ ) ep )

n

is given in closed formg, namely,

e )= s Ntanat L



with : ' ,
L pintelol ()t 2
Nne = a7 ~or
5+ 4.
and . a
B t §

¥ _ ' ' ‘
Here Cﬂ(x) is the Gegenbauer po]ynomia1]0. Taking absolute magnitude square

= .
Of, gﬂ(m,(Z) results in
A2

A 2_ga 42 .
[Cran (£ ] T B 10

’ ! /
B (D2 = 2 Noi? En” 8™
‘élm L= sl (37;'&-* ;:.)u’ﬁ,

Now]_]

v 4 (L4m))!

T ) = i G i (ewop) eplin'dp) . i)

Ly
“Its absolute square, when Rodrigues' formu]a” for P)Z/ (Codei») is used,
_ results in ,
' 2™ 2(,@ 0]
,Y' '(?)ll.____ flli-H a-—;m 9’ Cy;\.&i”) (ch.9
" | [1' n(‘e'*""")’ 222 een* Y
-2 (') ‘
x At m =
Z H (£5m) H o (£ ) (o 63) | ()
AL u'=0

with

We can also write the Gegenbauer polynomial as]z

A% Z — 6z+,e ) _ 2
C -1-—( +Z°)‘—(7z,( “). (u_’-u)j ;F(ﬂte-fl 7”!'” I*L)z??"i )




n'=2'=1 | . 3‘1‘. .

n'+2)! <. (nt g |
= 7 (nyoy %
Gaganierm g, TR Grlo (a7) -
where L
s .: | W+ R'+1) (—n'-u'“)
K, @)% = & A
R 3 , with (), — N@+8)
o (L+%), A | ( )ﬁ-———-——r‘(a)
Using Eas. (15) and (17) with Z=(F%v) and cs8y = 2tV
- - B=By, ¥ VR *+ (B4
we get
| S EH [ = 2244 28 ety L agien) 2t i)
. ni'm - ) e n/("l"ll")!Ca!‘,‘")!ll(fiﬂm’l‘)!
nte'e (4w

x Z ' i K‘.(n',l') Kk'(n;ll) HA(AQ;"')HM'@,M’)

&""co A, uz0

2L~ 1m' ) - umea’)

x (By+v) Rl
’
. ‘ -u"l'ﬁ."ﬂ/ y N ‘ﬁ%‘_"&#‘.u.
x [ B>+ Byt v)+En ] LR*Gy+wY] , (18)

Here [a] denotes the integral part of the real number a . Next, we compute

the integral Gﬂ!m(?) » i.e. Eq. (6). Inverting the order of integration
results in

] 671277; (F) = —‘_ ‘/; A-‘:’]g:-'%ﬂ[;n cp) A) d/-L 2

Peane) (19)

where

Bnim T = )™ [Gory (R Eatr-gn) oGP DA% . (20)

. ) \
Furthermore, -we define a cumplex vector
b vid =y .

K= pP-4n%3

and use the relation

Pram (%) = anc&)yim(a)) | . . (ﬁa)



where the radial part given exb]icit]y by13

l 2 7
Rmcw-(g‘)”./%}‘"—;ﬁ'

72-£-1 ' '
> S (’bl)@—) & ("25") };clfr (210)

with

N (n+e)!
| Sc- (n,2) = ¢ ) (2= ) A1+ 07 )

We also have

exr(A R =4m s 3 kT (DT ), (22

L=zo M=-L

where al(KﬁQ is the spherical Bessel function but with complex argument,

since

K = mﬁaxkg-ﬂf' . . (23)

Inserting Eqgs. (21a) and (22) in Eq. (20), the orthonormality of sphericai

harmonic functions gives
"%ﬂfm CF”Q f— Y:emék)f Rm()})exp(ﬂrx) 5‘1"" Y A% . (24)

The use of the explicit form for Rm(&) enables one to carry % -integral
(24) out easily. Furthermore, expressing Sanlk) , in the same way as when
evaluating é£m£¢n R in a finite polynomial permits us to perform the

‘ A -integration for the integral C;nlan°) . Notice that because the vector

R’is complex we have (od6» = ._.i'_":_’l__ and ;{4,1@2, a_.f;:t_. , where @E’
_ z

is independent of A . We find then that
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ooy g B fn-a-0! cape)! (=)
| () = —A g By */ﬂ
GM’" J PEinee) 2-(x) 2n t+e)! 477 (L+1mi)]
ml ) oo/
1) Be _..p ANk 2ty T2
V‘W (2'7%'14Pa)) (Pa.'f '.’T.)

{ n-L-y [’%'J [%LJ T+v  Leimi-aT+2d ~tl-av
%

=0 VY=o Tzo  ¥=o &=o ' dZ;
x sr(n,ﬁ) Ny (49,6_‘) .T'.t (4,m) Ma, ) Ds(T,i)A‘((d;V)

x ("‘:)8 26" I"(;f.{.o"-}]) ( 1:),:16“-#]-2)’—0(.
Pie+3s) . n

A-iml a2 +ap-8§

Sy =3
B} (2%“‘7’"‘33)

b 4

x B(s+4-40% , ,e+o-+z-5‘—'¢-f4'?)2,')' :

i +20THY - ) 2 ~@to+2) +3+d.}
R (P*+%)

x exf sz¢F. )

where
. e ('rx+1’)!
Setn,a) = (1) (-2 -¢)! (ag1+e)t el
. . Py (:‘g';.-_.)»’ (-%)'
N, (4,0) = =9 (e+34), V! ?
| ' _ [ ¢ap.
T. (4») = 0t 2! (L-am)

TLU-T)! (U-pml-22),



Mf - Yi(r+v+0)!
D, (v.r) = _tLoimiarras):
T8 | $1(L~Imj-2¢c+2¥-5)/
| . o » o (6 +1-20)1
\ A e =

LI (T+[-2)-)]

;thJ\.¢%9 "== -7%%:— )

and B(X,g) is the usual Beta functionm, defined by

= Tex) T’(Ag)-
B (x,y) | P"‘*Z’

with X and j complex in the present case. We remark, for the case of

hydrogenic target, that the following equality holds, namely

2 2 '
= +
(R rv)+ B = (26)
2, Zr
because of £=-é —,f;-('-z" nf)-. Combining Eqs. (18) and (25), and

inserting in Eq. (8), the integral over 5; may be done immediately

‘via]5

| fw ™ <,+x)'”‘”< ><+/;)")dx = Bu->2),F (0, AN M -8)

The resulting expression for the cross section is

0o
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with

a =-(htll+m+)
b :lMl‘l’fl‘h-'"k?'f?'i»'t*t'-g-bﬂ.‘.l,
and |
c = 22+22 4640’ a5 -8 - u-p+¢,

where

‘ n v 8 So5 2
08K — 277 2¢ 2? . 2 _23_ -5
o () = s Ry + =%)
is the 0BK result for capture from the n-th shell of the target to the n'-th
shell of the projectile. In particular, the capture cross section for the

o
1s =(n',2'.m') is of current interest and is rather simple, namely

mnzd
sinf (nNzf)

Ors - gl (VY = O;s"_“r‘:j(vys-. expl-272cAan CB3/20)]

(el ely 225t ) (2~
nIn-2= ) [T (L (D)) n'

2.0-2 (™| gy [AS
F (Bytv) = 5 R
. 3':»! ‘ﬁ/ ‘ap AL, “'=o

* G K02 Kp o 2) Hu (5m) Hogr(2)

/
x (B}+v)"ﬁ‘“£’ (g;-,- EN)

=28 R- R +1m' -5 +3

/
*aF (CAor" sy b5 204 7 435

/ - Pttae )
(F3 +v)*



where

and

I

I

N2t
420 (B +2¢)

v?t,<ﬁ} = 734’2;() -

1+ 2
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III. Results and Discussfon

In Sec.II we managed to obtain a closed form for the most general
capture process, i.e. {(n,2,m) - (n',2',m') transition for tﬁe bare
projectéle-hydrogenic target system. EBecause of the coﬁplexity of the
results, we have checked several special cases. For example, we sﬁmmed
over the final m' level for a specific n; ahd A' and éompared the resulting
AexpressionsAwith that obtained previous]y]’2 for the transitions 1s-1s,
15-25, 1s-2p, and 1s-3d; moreover, we compared our calculations with those
done independently for the separate transitions, i.e. 2s-(n',f',m') and
2pt1,0-(n',¢',m'). For all of these comparisons, complete agreement has
been obtained. As mentioned in Sec. I, we are particularly interested in
the case where the distinct final subievels m' could possibly be experimentally

4,5

distinguished in the near future'®”, i.e., specifically, the transitions

- + - .
Zp +  H(ls) — (Zp + e )n'z'm' + H  for all n'=2,3 st;tes. The

cross sections of these specific processes are as follows,

¢IS"1PO ™) = o'rfi S 3 (1)28', zﬁ, Poé) -5 2}:& (Fos'f V)z
3 i . '
' 521 CJ' A //(4*3) > ' (29a)

| | | .
— ’ 5 2 . __A___
Tsonpt @ = 02 Fed,2,8)- 1 % J“Z"CJ G aig) 7 (290)

Tracys 0 = 0% ) FOe,2,0) -5~ 2 GAT ]

|
A3 25. Zp 2 A2 1-2% , 2
ap TG Tyt ()
2l r e 6 Yoy AT

w G ey (S gl @

Y
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| | N .
. = ' 527 2 )
Ca-3p0 (V) = 0K Fr(nzd 2, 7)) ZX () J{‘.C"A

2
A’ Zp, 2 2o 4
Qo s @ dn 1 O'Ey
6 _A”! . ' '
-4 (_e) (—55-) b o (29d)

. : . ,’A ’ ' ‘ . 3
Os-3p1, 7 = 07% ) 3(71‘:,2,, B) = 2 (Z)* s Cy

i=!
{_A*
*A (447) 3+3) ) (:+3)(4+3)
- '
+4(FE) (i) (£+3) }os ~(-29e)

is- 3do™) = O'OBK(W 3 (12¢ ZeyPy) -

3 .
2p 14 >, C-A"a
(-32) j:, J

L A - ﬂs*‘f (Bstr) A .
xi”‘*‘a')(»**a‘)('**a‘) (64)) (c17) © (645) Jr(a9r)
G- 542™ = O'Dsk("’ g*(nz,,z‘,ﬁs) "'—( 2)° (B‘;-fv)
,_, (6#3)(.(‘13) | ’y (29g)
and’ : , 4 :
| ! . 2
%312 = -7 ) 5’«(72,,29 p) S ()
' 3 ' -5 : '
. A '
' JZ;:, CJ (6+7)C4j) (wi3) (29n)
where
Bzl 2, ) = L exploamal fun -P3120]
sinf (mn3{)
and

A = Po;' “'Z; .
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In table I, we have.1isted numerically the capture cross seétions of
the cd]lision'processes H + H(ls) — H(n',[',m‘) + H" with n'=2 and 3
for the proton energy ranging from 25 keV to 200 keV in both the eikonal
and 0BK calculations. Furfhermore, to see the relative roles played by
distinct final n', 2', m' sublevels, we have also plotted these cross sections,
as a function of thé proton energy, in Figs. 1 and 2. We notice that the
eikonal result is about several times»sﬁaller'than its'OBK counterpart for
all these transitibné and is almost independent of the collision energy.
To be more acéurate, the curvafures of both eikonal and OBK curves (the
cross section versuS the collision energy).for a specific trans%tion, i.e.
Is-(n',¢',m') with n'=2 or 3, are very much alike except the two curves

come a little bit closer as the energy increases.

In conclusion, we would iike to point out that although our final’
expression, G;zgn-rveﬁn'(to of Eq. (27), is the most gengra] result and
is exact within the eikonal approximation, no direct experimental verification
involving m'(magnetic quantum state) contribution has been reported yet.

]'3,which~are special cases of our

Since previous eikonal theoretical results
present results agree well with existing experimental data, we have cohfidence
in the theory presented in this paper. Detaf]ed experimental measurement

is needed to test the limitations of the general eikonal approach and

‘therefore would be of great value.

O
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Aggendixzi‘The 0BK formula for q;lnw-nw?ﬁ (v).

The OBK result which corresponds to our exact eikonzl form has been
previously obtained by Si1]6 only for‘the n=f initial targét state. By
simply setting Zt'=0 in ouf result, Eq. (27) the general OBK result may
be obtained. Because of the complexity of that formu]a,_we present here
a §imp1e and more transparent derivation of the OBK~resu1t. It should
be noted that the O0BK result has ten finite summations, whereas the

eikonal result has 17, counting the hypergeometric function in each case.

We recall Ed. (8), namé]y, ’

. \ “Zu | - 12 " - j2) . g%
hem-n'l'm' (‘V) - —Z_%E—L {Igh'e',n/(ﬁ+1f)’ IGnEm(F)‘ }P}=EJd Pb, (A])

q .
Notice that Gnlm( P) in this case is just the Fourier transform of the

, - .
spatial representation of the hydrogenic wave function Qz(m(r;) , i1.e.

.2

T -3 - P P . : |
Gopm (P} = W) | @ (%) e Y, | (A2)

A L -
which has been expressed in a closed form, Eq. (13), while ?,,g_,;,,f ( P*V)
is the same as before, Eq. (18). Substituting CSihnand ékﬁt?n"1n Eq. (A1)

after some manipulations, gives
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: 0BK R 0Bk 22’ (n'+l) (3£41)
(r‘ v = ()
. um-n'xim’( )‘ n-n’ ( 28 7 n =)l [(2 1+l)']2'

L Gl 241: (Zept it ) (a8r)
(L ﬁ'm.'D.’ n:

(n-AL-1)! [(24+1)! ]2 _:

(I‘IMU’ no At L%‘:!‘] E?-l
T2+41mh)/ o
(I.”M') R, R=o Ay a'=p ¥ "'}I='-°
) e :
S T K Ktn 0
 Vao ' -

e H, (2 n) Hﬂ.(f,'m') D, (%, £) D, (7,4)

X -r-.: (j,m) Tt' (I,M) Ad (V/ p;- [ t‘)

. ( R,é tv).).(l'-lm',«i-ﬂ + 7&’)’3 2(,(_"”,_*9“)/‘_0‘.)

’ ’ /o -] =
x(Bs"* )-(;.e-,«.u FR+R 4P lof\l Jm'l-a)

x B(2£+24 Y040 = In1=d 48, [l 4w +d+1)

X ’~F1 (— R-A-u-ud, w+lu'l+d+l521+.z,e’fV+V'-/fW'~*é;

R f’}x 2‘
I WIS ) s (A3)
" where .
.Du (n 1) = m+L+1)y (~n+L+41)y
/ ([-fJ/,_)y u’" :
and

ok

: v+’ + T+
Agtwiye) = (0 )
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Table I: 'Calculated'charge capture cross sections‘cris_n.g.m. (in 10']6 cmz)
for the reactions 3H+ + H(1s) — H(n'2'm") + H+, with n'=2 and 3, as a function

of energy. .The results for both eikonal (denoted by a) and OBK (denoted by b)
are tabulated.

E; 25 50 . 75 100 150 200
(keV/amu) X :
n'L'm' ] 3 .

200 23:88(-1) 9.55(-2) 3.20(-2) 1.28(-2) 2.90(-3) 8.92(-4)

by 84 4.93(-1) 1.62(-1) 6.27(-2) 1.33(-2) 3.87(-3)

210 6.10(-1) 1.12(-1) 2.80(-2) 8.83(-3) 1.39(-3) 3.25(-4)

| 2.76 5.44(-1) 1.33(-1)  4.07(-2) 6.00(-3) 1.33(-3)

211 6.20(-2) 1.05(-2) 2.49(-3) 7.56(-4) 1.14(-4) 2.53(-5)
3.05(-1) 5.73(-2) 1.35(-2) 3.99(-3) 5.66(-4) 1.23(-4) -

300 1.35(-1)  3.26(-2) 1.07(-2) 4.23(-3) 9.40(-4). .2.85(-4)

5.12 1.52(-1)  5.09(-2) = 1.98(-2) 4.19(-3) 1.21(-3)

310 2.17(-1)  4.23(-2) . 1.07(-2) 3.35(-3) 5.23(-4) 1.21(-4)

8.01(-1) 1.86(-1) 4.78(-2) - 1.48(-2) 2.20(-3) 4.87(-4)

311 2.04(-2) 3.70(-3) 8.93(<4) 2.73(-4) 4.11(-5)  9.34(-6)

8.04(-2) 1.82(-2) 4.54(-3) 1.38(-3) 1.99(-4) 4.34(-5)

320 3.05(-2) 4.98(-3) 1.01(-3) 2.64(-4) 3.03(-5) 5.54(-6)

1.10(-1)  2.12(-2) 4.38(-3) 1.12(-3) 1.23(-4) 2.14(-5)

39 6.92(-3) 1.08(-3) 2.14(-4) 5.46(-5) 6.11(-6) 1.10(-6)

| 2.65(-2) 5.08(-3) 1.02(-3) 2.58(-4) 2.77(-5) 4.77(-6)

, é'z 5.28(-4)  7.77(-5) © 1.49(-53) 3.71(-6) 4.05(-7) 7.19(-8)

(

2.13(-3) 3.98(-4) 7.94(-5) 1.98(-5) 2.09(-6) 3.56(—7)»
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Figures Caﬁtion

Fig. 1:

_Fig. 2:

Charge capture cross sections into a specified n'=2,{',m' sheil

of the impact proton from the K-shel] of a hydrogen atom, i.e.

H + H(1s) — H(n‘=2,£',ﬁ'3 + H+, as a function of the impact
energy. So1id_¢urve$ are the eikonal calculatioﬁs while dashed
curves.are the<OBk calculations. Each curve is indexed at both
ends by a set of three digits representing the hydrogenicA

quantum numbers n', £', and m', respectively. -

Charge capture cross sections for the process H+ + H(1s) —
H(n'=3,2',m') + Kt as a function of the impact energy. Solid
curves are the eikonal calculations while dashed curves are the
0BK calculations. Each curve is indexed at both ends by a set
of three digits représenting the hydrogehic'quantum numbers

n',£', and m', respectively.
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